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Univariate time series processes

xt ft = 1; :::; Tg is sample of T observations from a time series process with pdf f(x1; :::xT )

Properties

mean=E(xt) = �

var(xt) = E(xt � �)2 = (0)

cov(xt; xt�s) = E(xt � �)(xt�s � �) = (s) s = �1;�2; :::

cor(xt; xt�s) =
(s)
(0) = �(s); 0 � �(s) � 1

(s) is called the autocovariance function

�(s) is called the autocorrelation function

Weak stationarity (or covariance stationarity)

xt is called weakly stationary if E(xt); E(xt � �)(xt�s � �) exist and do not depend on t:

Strong stationarity

xt is strongly stationary if f(x1; :::xT ) = f(xT+s+1; :::x2T+s) i.e. the whole distribution, and

not just the �rst two moments, are independent of time.

Point estimates of � and (s)

_
x =

^
� = 1

T

PT
t=1 xt

c(s) =
^
(s) = 1

T�s
PT

t=s+1(xt �
_
x)(xt�s �

_
x)

r(s) =
^
�(s) = c(s)

c(0)

The estimates are consistent if the process is ergodic (approximately, strongly stationary)

A plot of r(s) against s is called the correlogram

White noise process
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If xt is stationary, E(xt) = 0; Et(x
2
t ) = �2 and E(xtxt�s) = 0 for t 6= s then xt is called a

white noise process.

We will denote this process et: It is also called an i:i:d(0; �2) process, meaning that each et is

independently and identically distributed.

Lag operator (backward shift operator)

Lsxt = xt�s

Lead operator (forward shift operator)

L�sxt = xt+s

Some univariate time series models

We assume that E(xt) = 0 in the next sections.

If E(xt) = � 6= 0 then we replace xt below by xt � �:

1. Moving average process - MA(q)

xt = et + �1et�1:::+ �qet�q

= [1 + �1L:::+ �qL
q]et

= �(L)et

is called a qth order MA process and written MA(q).

Properties

E(xt) = E(et) + �1E(et�1):::+ �qE(et�q) = 0

V (xt) = E(xt � E(xt))2 = E(x2t )

= E[
Pq

s=0 �
2s
s e

2
t�s + 2

Pq
s=0

Pq
r=s �s�ret�set�r]

= (
Pq

s=0 �
2s
s )�

2
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2. Autoregressive models - AR(p)

xt + �1xt�1:::+ �pxt�p = et

[1 + �1L:::+ �pL
p]xt = et

�(L)xt = et

is called a pth order autoregressive process and is written AR(p).

Properties

For convenience, consider an AR(1) process

xt = �xt�1 + et

(i) Invertibility

An AR process can be inverted and written as an MA process provided the roots of the auxiliary

equation �(L) = 0 are all greater than unity in absolute value.

For the AR(1) there is one root. It is

�(L) = 1� �L = 0

L =
1

�

Invertibility therefore requires that j 1� j > 1 or j�j < 1:

In this case, by successive substitution we can write xt as the MA(1)

xt = et + �et�1 + �
2et�2 + :::

=
P1

s=0 �
set�s
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or

�(L)xt = (1� �L)xt = et

xt =
et

1� �L

= (
P1

s=0 �
sLs)et

=
P1

s=0 �
set�s

Note that j�j < 1 guarantees that lims!1 �
s = 0, the key requirement for invertibility.

These results can be generalised to higher order processes. For example, an AR(p) with p

distinct roots can be factorised as

�(L) = (1� �1L)(1� �2L)...(1� �pL)

For invertibility - into an MA(1) - we require that j�ij < 1 for all i, i.e. all of the roots are

greater than unity in absolute value. Similarly, an MA(q) process can be inverted to an AR(1)

provided the roots of �(L) = 0 are all greater than unity in absolute value.

(ii) Variance, autocovariance and autocorrelation

Assuming invertibility we can show that

E(xt) = 0

V (xt) = (
P1

s=0 �
2s)�2 =

�2

1� �2

cov(xt; xt�1) = E(xt; xt�1)

= �E(x2t�1) + E(xt�1et)

= �
�2

1� �2
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cov(xt; xt�s) = E(xt; xt�s)

= �s
�2

1� �2

Hence

�(s) = �s

This tells us how the autocorrelation function would look for an AR(1).

We note that the autocorrelation function coe¢ cients are also the MA coe¢ cients obtained

by inverting the AR process. This is true more generally. The coe¢ cients of the AR process are

called the partial autocorrelation function. The partial autocorrelation function of an MA process

is obtained by inverting it to an AR process.

3. ARMA(p,q) models

A more general model combines the AR(p) and the MA(q) to give

�(L)xt = �(L)et

Again this can be written as either an AR(1) or an MA(1) provided the invertibility conditions

are satis�ed.

In practice the advantage of the ARMA is that much smaller values of p and q will represent

xt than for either an AR or an MA.

4. Non-stationary models

Consider the AR(1) with � = 1; i.e. a unit root process,

xt = xt�1 + et

�xt = et
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This known as a random walk

If et is not an i:i:d(0; �2) process, for example if E(e2t ) is not constant, but has zero mean,

then xt is known as a Martingale process.

The properties of xt are more complicated

xt = x0 + et + et�1 + et�2 + :::e1 for x0 a �xed number

=
P1

s=0 et�s otherwise

E(xt) = 0 in both cases provided x0 = 0

Assuming that x0 = 0;

E(x2t ) = E(
Pt�1

s=0 et�s)
2 =

Pt�1
s=0E(e

2
t�s) = t�

2

As this depends on t; it violates the assumption of covariance stationarity.

Note: limt!1E(x
2
t ) =1: Thus the variance of random walk is unbounded.

In e¤ect xt needs to be �rst di¤erenced to become stationary.

xt is therefore also known as an I(1) process.

Another implication of xt being I(1) is that any shock et has permanent e¤ect on xt; i.e. it

never disappears, or dies away over time. When xt is I(0) a shock is temporary and does die away

over time, i.e. it has a transitory e¤ect.

6. Random walk with drift �

�xt = �+ et

xt = x0 + �t+ et + et�1 + et�2 + :::e1 for x0 a �xed number

Thus, xt has a linear trend.
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In e¤ect xt consists of the sum of two processes:

a random walk without drift and a linear trend.

xt = zt + x0 + �t

�zt = et; z0 = 0

The linear trend will �dominate�the random walk.

7. ARIMA(p,d,q) processes

�(L)�dxt = �(L)et

�d denotes that xt needs to be di¤erenced d times to make xt stationary. Thus xt is an I(d)

process.

Usually, d = 1 is su¢ cient. In practice, d = 2 is likely to be the maximum required in economics

- possibly for the price level and the money supply, or more generally for nominal variables.

8. Fractional Integration

There is no necessity for d to be an integer, it can be a fraction, typically with 0 < d < 1: If

d � 1
2 then the process is non-stationary.

The aim of fractional integration is to capture long memory parsimoniously, i.e. economising

on the number of parameters. Fractionally integrated processes are popular among time series

analysts, but not among economists as there is no obvious economic justi�cation for them.

In general

(1� L)dxt = (1� dL+ d
2

2!
L2 � d

3

3!
L3 + :::)xt

= �(L)xt

Hence, using just one parameter it is possible to represent an AR model with a long distributed

lag. The issue is whether the data satisfy such a restriction.
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Multivariate time series processes

Let xt = (x1t; x2t; ; xnt)
0 and et = (e1t; e2t; ; ent)

0 be n-dimensional vectors with

E(et) = 0

E(ete
0
t) = �

E(ete
0
t�s) = 0 s 6= 0

1. Vector moving average process - VMA(q)

xt = et +B1et�1...+Bqet�q

= [1 +B1L:::+BqL
q]et

= B(L)et, B0 = In

where Bs are n� n matrices.

E(xt) = 0

V (xt) = B(1)�B(1)0

2. Vector autoregressive process (VAR)

xt +A1xt�1:::+Apxt�p = et

[1 +A1L:::+ApL
p]xt = et

A(L)xt = et; A0 = In

We can write the VAR(1) as

xt = Axt�1 + et
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3. VARMA process

xt +A1xt�1:::+Apxt�p = et +B1et�1:::+Bqet�q

A(L)xt = B(L)et

Some properties of the VAR

1. In general xit and xj;t�s will be correlated for all fi; jg and ft; sg

2. In general eit and ejt will also be correlated.

3. In general a shock to ejt will a¤ect xi;t+s:

4. Impulse response function (IRF)

This is de�ned as the reponse of xi;t+s to ejt:

The IRF can be obtained in three ways.

(i) Recursive substitution in the VAR

xt+1, xt+2,... can be written

xt+1 = �A1xt � :::�Apxt�p+1 + et+1

= (A21 �A2)xt�1 + (A1A2 �A3)xt�2 + :::+A1Apxt�p �A1et + et+1

xt+2 = �A1xt+1 � :::�Apxt�p+2 + et+2

= �A1[�A1xt � :::�Apxt�p+1 + et+1]�A2xt � :::�Apxt�p+2 + et+2

= (A21 �A2)xt + (A1A2 �A3)xt�1 + :::+A1Apxt�p+1 �A1et+1 + et+2

= [�(A21 �A2)A1 + (A1A2 �A3)]xt�1 + :::+ (A21 �A2)et �A1et+1 + et+2

etc
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Hence,

@xt+1
@et

= �A1

@xt+2
@et

= �A1
@xt+1
@et

�A2

= A21 �A2

etc

(ii) Inverting the VAR to a VMA

Pre-multiplying the VAR by A(L)�1 - assuming that the inverse exists - we obtain a VMA in

B(L) that is of in�nite length, i.e. a VMA(1)

xt = A(L)�1et

= B(L)et

The impulse response function can now be written as

@xi;t+s
@ejt

= fBsgij

(iii) Using the companion form

In the special case of a VAR(1), the VMA is easily obtained by successive substitution or by

inversion.

xt = Axt�1 + et

=
P1

s=0A
set�s

@xt+s
@et

= As
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The companion form converts a VAR(p) into a VAR(1) and hence makes it is possible to

exploit this special case.

Companion form

If xt is an n� 1 vector de�ned by the VAR(p)

A(L)xt = et

then, if we de�ne the np� 1 vector z0t = (x0t; :::; x0t�p+1), the VAR(p) can also be written as

zt = Azt�1 + ut

where

A =

2666666666666664

�A1 �A2 :: �Ap�2 �Ap�1

In 0 :: 0 0

0 In :: 0 0

:: :: :: :: ::

0 0 :: In 0

3777777777777775
ut =

2666666666666664

et

0

0

::

0

3777777777777775
It follows that

zt = Azt�1 + ut

=
P1

s=0A
sut�s

@zt+s
@ut

= As

Since xt = (I; 0; :::; 0)zt and et = (I; 0; :::; 0)ut,

@xt+s
@et

=
(I; 0; :::; 0)@zt+s
(I; 0; :::; 0)@ut

= (I; 0; :::; 0)As(I; 0; :::; 0)0

Individual variables and shocks can be selected by de�ning the vector `i = (0;...; 1;...; 0) which is

zero except fpr the ith element. Thus

@xi;t+s
@ej;t

= `iAs`0j

11



5. Forecasting with a VAR(1)

s-step ahead forecast

The aim is to forecast xt+s using information available at time t: Consider a VAR(1). The

solutions for xt+1; xt+2; :::; xt+s are

xt+1 = Axt + et+1

xt+2 = A2xt + et+1 +Aet

xt+s = Asxt +
Ps�1

i=0 A
iet+s�i

Hence the best forecast conditional on information at time t is

Etxt+s = A
sxt

When A is unknown, it is replaced with an estimate.

For a VAR(p), we construct the companion form and then extract the forecast for xt+s from

this.

s-step ahead forecast error

For A known, this is

xt+s � Etxt+s =
Ps�1

i=0 A
iet+s�i

Hence the variance of the forecast error is

V (xt+s) = E(xt+s � Etxt+s)(xt+s � Etxt+s)0

=
Ps�1

i=0 A
i�Ai0

For A unknown, we must take account of the additional error due to replacing A with an

estimate. Most computer programmes do not do this; they treat A as though it were known.

For a VAR(p) we again use the companion form.
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s-step ahead forecast error variance decomposition

An issue of interest is how much of the forecast error variance can be attributed to each of the

shocks in the VAR. In particular, how much is due to its �own� shock and how much to other

shocks? To answer this question we invert the VAR as an VMA and express the forecast error in

terms of the VMA. Thus

xt+s = B(L)et+s

=
P1

i=0Biet+s�i

The forecast is then

Etxt+s =
P1

i=sBiet+s�i

the forecast error is

xt+s � Etxt+s =
Ps�1

i=0 Biet+s�i

and the variance of the forecast error is

V (xt+s) = V (xt+s � Etxt+s) =
Ps�1

i=0 Bi�B
0
i

The forecast error variance for xkt is given by

V (xk;t+s) =
Ps�1

i=0 fBi�B
0
igkk

In general, this will depend on contributions from all of the shocks et; and not just on its own

shock, ekt. Only if the shocks are uncorrelated, and so � is diagonal, will the own shock be the

only source of forecast error. In this case

V (xk;t+s) =
Ps�1

i=0 fBig
2
kk�kk

Nonetheless, we may wish to know how much of the forecast error variance is due to its own

shock and how much to the others. And we may wish to know this for all forecast horizons
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s = 1; 2; 3; :::: The way to do this is to transform the other shocks so that they are orthogonal to

the own shock. Thus we re-write the VMA as

xt = B(L)Q�1Qet

= C(L)"t

where Q is chosen so that

E("t"
0
t) = diagonalf�11; :::; �nng

It follows that

V (xk;t+s) =
Ps�1

i=0 fCig
2
kk�kk

This can be achieved by using a Choleski decomposition - which makes Q lower triangular - with

xkt ordered �rst. (We will study Choleski decomposition in detail in later lectures.) We can then

obtain the additional contribution of the other factors by subtracting this expression from the

original forecast error variance of xkt:

Innovation accounting

A plot of the forecast error variance decomposition at each horizon and the impulse response

function comprise what is known as innovation accounting.

A note on re-basing VAR forecasts

Suppose that we have estimated a VAR and used it to forecast s�periods ahead. After the �rst

period of the forecast horizon has passed, should we continue to use the original VAR forecasts or

should we re-base the forecasts?

More precisely, if we estimate the VAR over t = 1; :::; T and then forecast periods T+1; :::; T+s;

in period T +1 should we use the original forecasts for periods T +2; :::; T +s, or should we re-base

the forecasts by using xT+1 as the starting values?
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Consider the AR(1)

xt = �xt�1 + et

The forecast for t+ s is

Etxt+s = �
sxt

Hence the mean-square forecast error is

MSE(s) = Et[xt+s � Etxt+s]2

= E[
Ps�1

i=0 �
iet+i]

2

= �2
Ps�1

i=0 �
2i

= �2
1� �2s
1� �2

Thus

@MSE(s)

@s
= �2�2 ln� �2s

1� �2 > 0 for 0 < � < 1

It follows that the MSE increases the longer the horizon.

For example.

MSE(1) = �2

MSE(2) = �2(1 + �2)

The implication is that it is always best to reduce the horizon by re-basing the forecast on the

most recent starting values.

And, since @2MSE(s)
@s2 < 0, the greatest gains are for s small, i.e. over short horizons.

Estimation of the VAR

A(L)xt = et
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This can be re-written as

xt = Bzt + et

where zt =

26666664
xt�1

:

xt�p+1

37777775 and B = [�A1; :::;�Ap�1]

Suppose that et is assumed to be NID(0;�)

i.e. et is serially independent and each et has a N(0;�) distribution.

then

f(xtjxt�1; :::; x1) = f(et) =
1

(2�)
n
2 j�j 12

e�
1
2 e

0
t�

�1et

and

f(x1; :::; xT ) =
QT
t=1 f(xtjxt�1; :::; x1) =

QT
t=1 f(et)

=
1

(2�)
Tn
2 j�jT2

e�
1
2

PT

t=1
e0t�

�1et

=
1

(2�)
Tn
2 j�jT2

e�
1
2

PT

t=1
x0tA(L)

0��1A(L)xt

The log-likelihood is therefore

lnL = �[Tn
2
ln(2�) +

T

2
ln j�j+ 1

2

PT
t=1 x

0
tA(L)

0��1A(L)xt]

= �[Tn
2
ln(2�) +

T

2
ln j�j+ 1

2

PT
t=1(xt �Bzt)

0��1(xt �Bzt)]

Maximising with respect to � gives

@ lnL(B;�)

@��1
=
T

2
�� 1

2

PT
t=1(xt �Bzt)(xt �Bzt)

0

Setting this to zero and solving gives the MLE estimator of � as

^

� =
1

T

PT
t=1(xt �Bzt)(xt �Bzt)

0

Substituting this back into the likelihood function gives the concentrated likelihood

lnL(B;
^

�) = �[Tn
2
ln(2�) +

T

2
ln j

^

�j+ Tn
2
]
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Maximising this with respect to B is identical to minimising ln j
^

�j with respect to B:

@ ln j
^

�j
@B

=
@ ln j

^

�j

@
^

�

@
^

�

@B

= 2
^

��1
PT

t=1(xt �Bzt)z
0
t

Setting this to zero and solving for B gives the MLE of B as

^

B
0
= (
PT

t=1 ztz
0
t)
�1(
PT

t=1 xtz
0
t)

Note

1. This is just the multivariate least squares estimator of xt = Bzt + et

2. It does not involve �:

3. It can be calculated by applying OLS to each equation separately.

To see this re-write each equation of the VAR as

xi = Z�i + ei

where

xi =

26666664
xi1

:

xiT

37777775 ; Z =

26666664
z1

:

zT

37777775 ; ei =

26666664
ei1

:

eiT

37777775
and �0i is the i

th row of B.

x = Z� + e

where

x =

26666664
x1

:

xT

37777775 ; Z =

26666664
Z ::: 0

:: :: ::

0 ::: Z

37777775 = In 
 Z; ...e =
26666664
e1

:

eT

37777775 ; :::� =
26666664
�1

:

�n

37777775
17




 denotes a Kronecker product.

Hence e is N(0;
) where 
 = �
 IT :

Generalised least estimation again gives the MLE.

^

� = (Z0
�1Z)
�1
Z0
�1x

= (��1 
 Z 0Z)�1(��1 
 Z 0)x

= (In 
 (Z 0Z)�1Z 0))x

=

26666664
(Z 0Z)�1Z 0x1

:

(Z 0Z)�1Z 0xn

37777775
Thus

^

�i = (Z 0Z)�1Z 0xi

V (
^

�i) = �2i (Z
0Z)�1

i.e. OLS applied to each equation separately.

This is only true if � is unrestricted.
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Selecting the lag length of the VAR

This is a major practical problem in VAR analysis.

In general, in econometric modelling there is a trade-o¤ between

- the biases due to omitting variables that should be in

- the ine¢ ciencies (i.e. inaccurate coe¢ cient estimates) due to costs building estimating coef-

�cients that are really zero

To avoid the �rst we start with a general model and carry out speci�cation tests.

- this give rise to the problem of pre-test bias as the size of the test (the probability of rejecting

the correct model) increases after each test. Need to correct for this.

To avoid the second we start with a simple model and carry out misspeci�cation test. In

general the problem with this is that it is not clear how the model should be re-speci�ed when

the model is rejected.

Using the �rst approach to choose the lag length of a VAR, start with a general model and

then either

(i) �nd the lag length that maximises R2.

The problem with this is that E(R2) = k, the number of explanatory variables - here the order

of the lag. As E(
_
R
2
) = 0, this is why we should use

_
R
2
instead.

(ii) �nd the maximum lag length by testing each equation separately using standard t-tests.

Choose for the whole model the maximum lag in any equation.

There are many problems with this, not least that of correcting for the size of the test due to

pre-test bias, i.e. previous decisions (data-snooping) a¤ects the size of the type I error.
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The outcome is usually a model with too high a lag and with a large number of insigni�cant

coe¢ cients at lower lags.

The aim of a VAR is to approximate the xt process.

It has been shown that for most purposes it is better to have a model with as small a number

of lags as possible. This can be accomplished by having a very strict signi�cance criterion (i.e.

very small size of test).

There is even a danger in this. Consider a dynamic that cyclical behaviour.As the cycle nears

zero the coe¢ cients will become insigni�cantly di¤erent from zero. Is it really correct, therefore,

to set them to zero or, even worse, to truncate the dynamic and assume that from this point

onwards all of the coe¢ cients are zero?

Information criteria

An alternative way of selecting the model is to use an information criterion such as AIC,

Schwarz or HQ. If k = number or parameters estimated. Like
_
R
2
, they all aim to penalise the

number of coe¢ cients in the model. The aim is to choose k to minimise the criterion.

Akaike information criterion (AIC)

AIC(k) = min
k
fln�2i + 2

k

T
g for a single equation

= min
k
fln j�j+ 2 k

T
g; for n equations

Schwarz�s Bayesian information criterion (or just SIC, but sometimes called BIC)

SIC(k) = min
k
fln�2i +

k lnT

T
g for a single equation

= min
k
fln j�j+ k lnT

T
g; for n equations
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Hannan and Quin (HQ) - for � > 2

HQ(p) = min
k
fln�2i + �k

ln(lnT )

T
g for a single equation

= min
k
fln j�j+ �k ln(lnT )

T
g; for n equations

One criterion can be used throughout, or each criterion can be computed and compared the

over all results compared. As they di¤er only in the term penalising the number of coe¢ cients

estimated it is possible to guess how the criteria will compare among themselves.

A comparison of the three criteria turns on the degrees of freedom correction. Thus, for any

value of k, the AIC criterion will tend to be lower than the SIC criterion if T > 8 (i.e. lnT > 2).

Similarly, HQ>AIC if T > exp(exp( 2� )).

- for � = 1; T > 1618; � = 2; T > 15 etc

:

Recall the aim is to choose k to minimise the criteria and the criterion that tends to give the

lowest value is the AIC. However, the AIC criterion still tends to select a model with too many

parameters. So the information criteria, although widely used, are not that helpful.
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Numerical Example

To illustrate these ideas we consider a two variable VAR in in�ation (�pt) and growth (�yt),

where pt=log price US level and yt=log US real GDP. The data are monthly from 1947.1 -2002.4.

All estimation is carried out in EViews4.

The data are

The ADF statistics for �pt and �yt are -3.77 and -10.38. The lag length for �pt was one, and

for �ytwas zero; both were based on the SIC. We can therefore reject the null hypothesis that

they are I(1) in favour of I(0).

The correlation between the two series is -0.155.

The autocorrelation and partial autocorrelation functions show that �yt has almost no mem-

ory, but �pt has a very long memory. In fact, although not reported, the autocorrelations are

signi�cant even at a 36 month lag.
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Inspection of the AC and PAC give us an idea of the values of p and q that we should choose

if we wish to model a process as an ARMA(p,q). The PAC for �yt and the geometric decline of

the AC suggest that we need an AR(1). Further estimation and tests show that an AR(1) does

�t �yt best and has an
_
R
2
= 0:118: The process generating �pt is clearly more complicated. The

PAC suggests p should be at least 2. An AR(4) is the best �t and has
_
R
2
= 0:665.

We now consider a VAR in �pt and �yt

The lag selection criteria starting witha maximum lag of 12 are

The asterisk denotes the lag length selected by each criterion. The information criteria suggest

a lag length of 2, whilst the likelihood ratio test indicates 5. We note, however, that in the in�ation

equation the maximum signi�cant lag is 10 (for �pt�10).

The problem is that including insigni�cant lags reduces the e¢ ciency of the coe¢ cient estimates

(but does not bias them) and increases the forecast error variance, but it is perfectly possible for

the shape of the lag structure to be wave-like, with some higher lags more sigin�cant than lower

lags. It is therefore a potential trade-o¤ between statistical e¢ ciency and economic relevance.
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To see if the lag makes much of a di¤erence we look at the impulse response functions for

VARs of lag lengths 5 and 12.

Although the shapes are similar, the VAR with lag length 12 has more action in the IRF than

that with lag 5.

The forecast error variance decomposition for the two VARs, based on a Choleski decomposition

with �yt ordered �rst, are respectively
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Puttting �pt �rst in the Choleski ordering for the VAR(12) gives

The clear message from these variance decompositions is that each variable is almost entirely

explained by past own shocks. Growth is almost completely unexplained by in�ation, and in�ation

is little explained by growth. Using a longer lag increases the explanatory power of growth for

in�ation. This suggests that perhaps the longer lag is preferable.

As far as monetary policy is concerned, controlling in�ation by using interest rates to control

output seems likely to be rather ine¤ective in the sense that shocks to output brought about by,

for example, unanticipated interest rate changes seem to have only a weak impact of in�ation. We

have not, of course, established that interest rates do a¤ect output; only that output shocks from

whatever cause seem to have a weak e¤ect on in�ation.
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