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Abstract

This paper develops �nite mixture models with �xed e¤ects for two families of dis-
tributions for which the incidental parameter problem has a solution. Analytical results
are provided for mixtures of Normals and mixtures of Poisson. We provide algorithms
based on the expectations-maximization (EM) approach as well as computationally
simpler equivalent estimators that can be used in the case of the mixtures of normals.
We design and implement a Monte Carlo study that examines the �nite sample perfor-
mance of the proposed estimator and also compares it with other estimators such the
Mundlak-Chamberlain conditionally correlated random e¤ects estimator. The results
of Monte Carlo experiments suggest that our proposed estimators of such models have
excellent �nite sample properties, even in the case of relatively small T and moderately
sized N dimensions. The methods are applied to models of healthcare expenditures
and counts of utilization using data from the Health and Retirement Study.
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1. Introduction

In analyzing panel data in the context of linear models, the random e¤ects and �xed

e¤ects models provide a central paradigm for data analysis. Finite mixture (�latent class�)

models (FMM), which are appealing generally because of the additional �exibility they

o¤er within the parametric context, have been used extensively for modeling cross-section

data and also, more recently for modeling panel data. The extensions to panel data have

been for either pooled or population-averaged (PA) models or the random e¤ects (RE)

models; see, for example, Skrondal and Rabe-Hesketh (2005) or Bago d�Uva (2005). The

case of �nite mixtures with �xed e¤ects (FE) has attracted much less attention. However,

the �xed e¤ects model has a special place in the microeconometrics literature because it

makes weaker, and, perhaps more plausible, assumptions about the correlation between the

unobserved individual speci�c e¤ects and the observed regressors included in the model.

In this paper we take the �rst steps to extend the FMM framework to panel data that

includes �xed e¤ects.

Since the �nite mixture models appeared in the statistical literature in the 1960s and

1970s, they have proved to be a useful way of modeling and capturing discrete unobserved

heterogeneity in the population based on the intuitive idea that di¤erent "types" may cor-

respond to di¤erent latent classes or subpopulations. The key idea is that the unknown

population distribution may be empirically approximated by a mixture of distributions with

�nite, but small, number of mixture components. Thus a mixture of normals has been ex-

tensively used as an approximating distribution for continuous outcomes. The monograph

by McLachlan and Peel (2004) documents the enormous popularity of the mixture for-

mulation in many areas of statistics, especially since the appearance of the path-breaking

work on the expectations-maximization (EM) algorithm by Dempster, Laird and Rubin

(1977) and Aitkin and Rubin (1985). The EM algorithm made the computation of the

�nite mixture (latent class) models accessible to applied researchers. The importance EM

algorithm is demonstrated by the fact that it is used almost exclusively as the estimation

method of choice in all the examples in the McLachlan and Peel monograph.

In recent years the �nite mixture models has found many applications in health eco-

nomics, especially for models based on cross section data; see Deb and Trivedi (1997, 2002),

Conway and Deb (2005). The extension of the FMM to panel (or longitudinal data) has
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lagged somewhat. Bago d�Uva (2006a,b) has applied the FMM framework to British panel

data; but the approach essentially uses the panel as a pooled cross section and does not

explicitly introduce either �xed or random e¤ects. This "population averaging" approach

is an alternative to the RE/FE approaches. However, from the linear panel data literature

it is known that if the data generating process (d.g.p.) has �xed e¤ects then both RE

and PA models yield inconsistent estimates. On the other hand, if the d.g.p. has random

e¤ects, the FE estimator is still consistent. So the �xed e¤ects estimator has some im-

portant advantages. However, in nonlinear models some standard ways of handling �xed

e¤ects do not necessarily work, so the FE model, and by implication the FE-FMM model,

is potentially problematic to estimate.

Our solution of the FE-FMM estimation problem is based on two key insights. The

�rst, which is well-known in the panel data literature, is that the �xed e¤ects (treated as

nuisance parameters) can be eliminated either by transformation or, in fully parametric

model, by concentrating them out of the likelihood and then maximizing the concentrated

likelihood. This is equivalent to conditioning on a su¢ cient statistic for the �xed e¤ect;

hence the approach is commonly referred to as conditional likelihood (Lancaster, 2000).

Then the full-data concentrated likelihood can be maximized using the EM approach.

We develop this approach in the context of Normal and the Poisson regressions. Our

numerical illustrations use both Monte Carlo simulation and real data within the context

of 2-component �nite mixtures.

Section 2 establishes the notation, the context, and the solutions for the standard

one-component model. Section 3 introduces our extension to �nite mixtures. Section

4 develops the EM algorithm Section 5 reports the results of a Monte Carlo study of

di¤erent estimators. Section 6 provides two empirical illustrations. Section 7 concludes

with discussion and remarks.

2. Handling Fixed E¤ects in Panel Data Models

For simplicity and to establish notation we begin with a brief review of the familiar linear

panel data model with the outcome variable denoted as yit; the covariates denoted as a

K-component vector of exogenous regressors xit; and individual speci�c e¤ects �i; where

i = 1; :::; N and t = 1; :::; T:
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Three widely used speci�cations are as follows:

Pooled (or population-averaged) model

yit = �+ x
0
it� + "it; i = 1; :::; N ; t = 1; :::; T (1)

Individual-speci�c random e¤ects model in which the random e¤ect is uncorrelated

with the regressors and the idiosyncratic component "it speci�es

yit = �i + x
0
it� + "it; (2)

E[�ijx0it; "it] = 0; t = 1; :::; T (3)

Individual-speci�c �xed e¤ects model consists of (2)plus the assumptions E[�i jxit] 6= 0;
and E["itjxit] = 0, i = 1; :::; N ; t = 1; :::; T:

Throughout we assume that the covariates are strictly exogenous and include at least

one variable that is time-varying. Lagged dependent variables and endogenous regressors

are excluded. For simplicity we assume a strongly balanced panel, though this restriction

can be relaxed with some additional notation. Some relatively straightforward extensions

are mentioned later. The unobserved errors "it are assumed to be i.i.d.

2.1. Incidental parameters problem

The most direct approach is to jointly estimate �1; :::; �N and �. Consistent estimation

then relies on asymptotics that assume that the panel is "long", and N ! 1. But in
microeconometric applications a short panel is more plausible, and the asymptotic theory

assume only that T is �xed while N ! 1. This raises the possibility that the joint

estimator of (�1; :::; �N �) will be inconsistent when T is "small". We note, however,

that some have argued that the approach may still work, at least for some nonlinear

models, when T ' 10. In essence this is an extension of the "least-squares-with-dummy-
variables" approach for linear panel models to nonlinear panel models; see Heckman (1981),

Greene (2004a, 2004b) and Allison (2009). Drawing support from Monte Carlo evidence,

Greene argues that for some nonlinear panel models the dummy variable approach produces

satisfactory results even for relatively small T: Lancaster (2000) surveys a number of other

approaches for handling the incidental parameter problem.
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More commonly in short panels, transformations are applied to eliminate the individual-

speci�c �xed e¤ect parameters �i after which the main interest lies in estimating identi-

�able components of �. In linear models with additive �xed e¤ects, �rst di¤erencing and

"within" transformations are leading examples of this approach. It is well known that

these transformations also sweep out the parameters of time invariant factors. In nonlinear

models with multiplicative �xed e¤ects, this approach has been extended to moment-based

estimators for some nonlinear panels (Chamberlain, 1992). Quasi-di¤erencing analogs of

within- and �rst-di¤erencing transformations are available for speci�c nonlinear panel mod-

els (Cameron and Trivedi, 2005). While such semiparametric approaches are attractive,

they are di¢ cult to extend to �nite mixture models (Deb, Ming, Trivedi et al., 1997). We,

therefore, pursue solutions that can be implemented in a fully parametric framework.

In this paper we will take Andersen�s (1970) conditional maximum likelihood approach

in which the �xed e¤ects are eliminated by conditioning on a su¢ cient statistic, provided

such a su¢ cient statistic is available. In this approach maximum likelihood is applied after

conditioning on a su¢ cient statistic for �i. Computationally this is equivalent to concen-

trated (pro�le) maximum likelihood after concentrating out the nuisance parameters. In

Normal linear models, this approach is also equivalent applying the within-transformation.

Whereas this approach has limited applicability because the conditioning step is not always

feasible, no di¢ culty arises in the case of the two leading cases considered in this paper.

2.1.1. Normal regression

Given (1), assume "it � N [0; �2]:Denote the sample means T�1
P
yit and T�1

P
xit by

(�yi; �xi) respectively. Then the within transformation yields

yit � �yi = (xit � �xi)0� + ("it � �"i);

= (xit � �xi)0� + vit

where vit = ("it � �"i) and the �xed e¤ect �i is eliminated, along with time-invariant
regressors since xit � �xi = 0 if xit = xi for all t. At this step the time-invariant

If, instead, a �rst-di¤erencing transformation is applied, we obtain

yit � yi;t�1 = (xit � xi;t�1)0� + ("it � "i;t�1);
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where again the time-invariant regressors do not appear in the transformed model.

The su¢ cient statistic for �i is
P
i;t yit, or T �yi: Then, under normality assumption MLE

of � alone is based on the conditional likelihood:

LCOND(�;�
2;�) =

NY
i=1

f(yi1; :::; yiT j�yi)

=
NY
i=1

f(yi1; :::; yiT ; �yi)

f(�yi)

=
NY
i=1

(2��2)�T=2

(2��2=T )�1=2
exp

(
TX
t=1

� 1
2�2
[(yit � x0it�))

2

+(�yi � �x0i�)
2]

)
: (4)

The resulting conditional ML estimator b�CML eliminates the �xed e¤ects and solves
the �rst-order conditions

TX
t=1

NX
i=1

[(yit � �yi)� (xit � �xi)0�)](xit � �xi) = 0; (5)

which coincide with the �rst-order conditions from least squares regression of (yit � �yi) on
(xit� �xi). Hence in this case, b�CML equals the within estimator. Again the �xed e¤ects �
are eliminated by conditioning on yi , so we may maximize the conditional log-likelihood

function with respect to � and �2 only.

2.1.2. Poisson regression

We next consider the Poisson panel model under the strong assumption that the regressors

are strictly axogenous. In the standard formulation, the mean parameter is �it and the

individual speci�c e¤ect �i impacts �it multiplicatively, i.e.,

yit � P (�it�i) (6)

�it = exp(x0it�): (7)

In this case also the su¢ cient statistic for �i is
P
i;t yit, or T �yi: So one can apply

conditional maximum likelihood. This is equivalent to concentrating out of the likelihood
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the parameters �i. The full log-likelihood is

lnL(�;�) = ln
hY

i

Y
t
fexp(��i�it) (�i�it)yit =yit!g

i
=

X
i

h
��i

X
t
�it + ln�i

X
t
yit +

X
t
yit ln�it �

X
t
ln yit!

i
: (8)

The �rst order conditions with respect to �i; @ lnL(�;�)=@� = 0; yield

b�i =X
t

yit=
X
t

�it: (9)

Substituting (9) back into (8) yields the following concentrated likelihood function after

dropping terms not involving �:

lnLconc(�) _
X

i

X
t

h
yit ln�it � yit ln

�X
s
�is

�i
: (10)

Consistent estimates of � for �xed T and N ! 1 can be obtained by maximization of

lnLconc(�): Speci�cally @Lconc(�)=@� = 0 gives the �rst-order conditions.

NX
i=1

TX
t=1

xit

�
yit �

�it
��i
�yi

�
= 0; (11)

where ��i =
P
t �it=T: Again time-invariant regressors drop out of the ratio �it=��i and their

coe¢ cients cannot be identi�ed.

3. Mixture Models with Fixed E¤ects

We wish to extend the conditional likelihood approach to �nite mixture models based

on, respectively, the Normal and the Poisson distributions. Before considering details we

note that the above the conditioning approach "works" for the Normal and the Poisson

regression but it will not work for the mixture of Normals or mixture of Poissons because

in these cases a su¢ cient statistic for the �i is not available. However, the approach can

work if we �rst apply it individually to the mixture components and then form a mixture

of concentrated marginals. In the following section we apply such an approach.

The standard de�nition of a C-component mixture (or C latent classes) of an arbitrary

density with �xed e¤ects �ji, f(yitjxit;�j ; �ji), j = 1; 2; :::; C is
CX
j=1

�jf(yitjxit;�j ; �ji) (12)
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where 0 < �j < 18j = 1; 2; :::; C;
P
j �j = 1; i.e.

yit � f(yitjxit;�j ; �ji) with probability �j (13)

Throughout the paper we consider the case of �xed mixing proportions, leaving to

future work the task of extending this to the case where �j is parametrized as a function

of observable variables.

3.1. Normal mixture

As stated previously, under this formulation we cannot use the concentrated likelihood

approach. However, as a su¢ cient statistic does exist for each component separately, we

propose to form the mixture model using the component-wise conditional density. That

is, we construct the mixture using the conditional likelihood for each component Normal

regression. Thus, for i = 1; :::; N;

f(�j ;�
2
j j�) =

(2��2j )
�T=2

(2��2j=T )
�1=2 exp

(
TX
t=1

� 1

2�2j
[(yit � �yi)� (x0it � �x0i)�j ]

2

)
(14)

and the mixture distribution is

CX
j=1

�jfj(�j ;�
2
j jyi;xi) (15)

and 0 < �j < 18j = 1; 2; :::; C;
P
j �j = 1:

The expression (15) would be convenient to use if the latent class assignment of each

observation is given. As this is not the case, for the purposes of estimation it is more

convenient to work with the full-data likelihood. This is obtained by �rst de�ning dit

to be an indicator variable that identi�es individual i0s latent class at time t. Assume

observations are permanently assigned to just one latent class during the panel period,

which implies that dit = di. More precisely,

dji =

�
1 if i belongs to the component j
0 otherwise

; (16)

dji is not observed.
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Then the complete-data likelihood for this model, under the assumption that the ob-

servations are independent across individuals and over time, based on the concentrated

density is

Lconc(�;�
2j�) =

NY
i=1

TY
t=1

CX
j=1

�
�jf(�j ;�

2
j jyit;xit))

�1(dji=1) : (17)

The maximization of this likelihood is based on the expectations-maximization algo-

rithm. Details are given later in the paper. Later we also show that in this speci�c case

of linear panel model, it is possible to avoid using the EM algorithm altogether and to

instead use the marginal likelihood expressed in terms of transformed data (ey; ex) where
tilde denotes either within- or �rst-di¤erence transformation.

3.2. Poisson mixture

Again our approach uses the fact that for each component of the distribution a su¢ cient

statistic is available. Therefore, we can derive the conditional (on the su¢ cient statistic)

component distributions and use them to de�ne a �nite mixture based likelihood function.

Speci�cally we have

yitjxit;�(j)it ; �ji � P [�ji�
(j)
it ]; j = 1; 2; :::; C (18)

where �(j)it = exp(x
0
it�j):

Then using (9) we obtain

yitjxit;�(j)it ; b�(j)i � P
" X

t

yit=
X
t

�
(j)
it

!
�
(j)
it

#
;

and the C-component mixture distribution is

yitjxit;�it; b�i � CX
j=1

�jP

" X
t

yit=
X
t

�
(j)
it

!
�
(j)
it

#
: (19)

Then the full-data concentrated likelihood can be formed combining (19) and (16) which

yields

Lconc(�) =
NY
i=1

TY
t=1

CX
j=1

�
�jP (�

(j)
it )
�1(dji=1)

: (20)

Again this likelihood can be maximized using the EM algorithm.
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4. EM Algorithm

Consider a panel with units i = 1; 2; :::; N observed at times t = 1; 2; :::; T . Suppose

that an observation yit can be drawn from one of C latent classes, each of which has a

density f(yit; �j). Let yi = (yi1; yi2; :::; yiT ) be the vector of observed values for unit i. Let

di = (d1i; d2i; :::; dCi) de�ne a set of indicator variables such that dji = 1 if the unit was

drawn from the latent class j; dji = 0 otherwise and
X

j
dji = 1. Then, the panel �nite

mixture model speci�es that (yijdi;�;�) are independently distributed with densities

CY
j=1

(f(yi1; �j)� f(yi2; �j)� :::� f(yiT ; �j))dji =
CY
j=1

 
TY
t=1

fj(yit; �j)

!dji
and (djij�;�) are i.i.d. with multinomial distribution

CY
j=1

�
dji
j ; 0 < �j < 1;

CX
j=1

�j = 1:

Thus

(yi1; yi2; :::; yiT j�;�) ~
CX
j=1

 
�j

TY
t=1

f(yit; �j)

!dji
:

The likelihood function is then

lnL(�;�jy) =
NY
i=1

CX
j=1

 
�j

TY
t=1

f(yit; �j)

!dji
:

and the log likelihood function is

lnL(�;�jy) =
NX
i=1

CX
j=1

dji

 
ln(�j) +

TX
t=1

ln(f(yit; �j))

!

Replacing dji by its expected value, E[dji] = bzji; yields the expected log-likelihood
(EL),

EL(�jy;�) =
NX
i=1

CX
j=1

bzji [ln fj(yi;�j) + ln�j ] : (21)

The M-step of the EM procedure maximizes (21) by solving the �rst order conditions

b�j � PN
i=1 bzji
N

= 0; j = 1; ::; C (22)
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NX
i=1

CX
j=1

bzij @ ln fj(yi;�j)
@�j

= 0: (23)

The marginal probability that an observation comes from the class j is the average of all

individual observation probabilities of coming from the jth population. The E-step of the

EM procedure obtains new values of E[dji] using the (22).

The posterior probability that unit i belongs to population j, j = 1; 2; :::; C, denoted

zji is given by

zji =
�j
YT

t=1
fj(yit; �k)XC

j=1
�j
YT

t=1
fj(yit; �j)

:

The expected log likelihood function then is given by

lnL(�;�jy; z) =
NX
i=1

CX
j=1

zji

 
ln(�j) +

TX
t=1

ln(fj(yit; �j))

!

For a given set of parameters, f�j ; �jgj=1;2;:::;C the E-step consists of calculating zki
which gives the set of posterior probabilities of classi�cation for each unit and also the

values of f�jgj=1;2;:::;C for the next M-step. Given f�jgj=1;2;:::;C , the M-step consists of
maximizing the expected log likelihood function. The E- and M-steps are repeated in

alternating fashion until the expected log likelihood fails to increase. At that point, we

conduct a �nal M-step in which the f�jgj=1;2;:::;C are also estimated. The last step does
not change any of the values of f�j ; �jgj=1;2;:::;C but is appealing because it provides stan-
dard errors for the estimates of f�jgj=1;2;:::;C which the preceding E-step estimates do not
provide.

4.1. Simpli�ed computation for the Normal mixture

The conditioning statistic in the case of the Normal mixture does not depend on unknown

parameters. This implies that replacing (yi ; xit) by (eyi; exit), whereedenotes the within
transformation, and then maximizing the mixture likelihood is numerically exactly equiv-

alent to applying the full EM algorithm. Estimation of a mixture of Normals with �xed

e¤ects can proceed therefore in essentially the same way as for the standard FM model for

cross-section data. This implies also that �xed e¤ect models with more than 2-components
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do not pose additional di¢ culties; they can be handled using the same software as for

models without �xed e¤ects. Inference procedures for determining the number of mixture

components also extend to �xed e¤ect panels.

A �nite mixture likelihood based on �rst-di¤erenced observations also does not require

the EM algorithm. However, these results will not be numerically identical to those from the

EM algorithm. First-di¤erencing decreases the number of available time series observations

from T to T�1; and it induces residual serial correlation, both of which reduce the e¢ ciency
of the standard estimator.

While the analysis has focussed on individual-speci�c e¤ects, the approach extends

straight-forwardly to cluster- or group-speci�c e¤ects if clusters and groups are directly

identi�ed; within-individual transformation is replaced by within-group transformation.

5. A Monte Carlo Study

The main objective of the set of Monte Carlo experiments is to examine the �nite sample

properties of the proposed estimators. But we also discuss (a) what parameter a standard

�xed e¤ects model (which may be thought of as a one-component �xed e¤ects model)

identi�es and (b) the biases of standard �nite mixture models that do not account for the

random or �xed e¤ects of the data generating process (d.g.p.).

5.1. Normal mixtures

5.1.1. The d.g.p.

In the case of Normal mixtures, we specify the data generating process as follows.

yit �
�
N(�1it; �1) with probability �
N(�2it; �2) with probability (1� �)

where � and � denote the mean and standard deviation of the Normal distribution respec-

tively and

�jit = �1jxit + �ij :

The experiments are based on the following parameter con�gurations, T = (4; 8), NT =

10000, �1 = �2 = 1, �11 = 1, �12 = 2, and xit is drawn from a uniform distribution scaled

and translated to have a mean of 1 and a standard deviation of 1. In one set of experiments,

11



the individual e¤ects are assumed to be uncorrelated with xit, i.e., �i1 and �i2 are drawn

from i.i.d. N(0; 1). In the second set of experiments, the individual e¤ects are correlated

with xit. More precisely, they are correlated with xi: which are the within-group means of

xit with the correlation generated by specifying �ij = uij+
p
Txi: where uij are drawn from

i.i.d. N(0; 1). Note that Var(
p
Txi:) = 1: Finally, �ij are rescaled to have unit standard

deviation.

The Monte Carlo design we have used implies a direct connection of our FE model with

the Mundlak-Chamberlain type conditionally correlated random e¤ects (CCRE) model,

which posits a relationship between �i and observable variables zi such as

�i = �1(z
0
i + �i);

where �i is an i.i.d. random e¤ect and E["it�i] = 0. The constant �1 is chosen so that �ij

has unit standard deviation. Thus conditional on including zi as regressors, the FE panel

may be treated as a RE panel. Adding zi as additional regressors then implements the

"Mundlak correction". Given our d.g.p., the xi: corresponds to zi; therefore, adding xi:

as an additional regressor and then maximizing the marginal likelihood (without the EM

algorithm) will yield the same results as the EM algorithm.

In empirical analysis, there is no a priori reason to believe that the individual e¤ects will

be of the Mundlak-Chamberlain type. Therefore, to evaluate the performance of alternative

speci�cations in the case of individual e¤ects which are not of the Mundlak-Chamberlain

type, we specify

�i = �1 exp(z
0
i + �2�i)+�i;

where �i is an i.i.d. random e¤ect and E["it�i] = 0. The constants �1 and �2 are chosen so

that �ij has unit standard deviation.

5.1.2. Estimator comparison

We estimate and compare the following estimators:

1. FE1: a standard �xed-e¤ects linear regression which ignores the mixture aspect of

the d.g.p.;

2. FM2: a standard 2-component �nite mixture of Normal densities which ignores the

mechanism generating individual speci�c e¤ects;
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3. FM2-M: a standard 2-component �nite mixture of Normal densities with Mundlak

correction;

4. FM2-FE: a 2-component �xed-e¤ects �nite mixture of Normal densities which ac-

commodates the individual speci�c e¤ects, using the EM algorithm.

Note that the �rst two models are misspeci�ed relative to the correctly speci�ed third

and fourth models. Each model identi�es parameters that may di¤er from the target

parameter.

For example, for two component distributionsN(�1; �
2
1) andN(�2; �

2
2); and the mixture

�N(�1; �
2
1)+(1��)N(�2; �22); the closest 1-component distribution (in the Kullback-Leibler

metric) that minimizes the expected distance measure is N(�; �2) where

� = ��1 + (1� �)�2
�2 = ��21 + (1� �)�22 + �(1� �)(�1 � �2)2:

This particular N(�; �2) is regarded as a projection of the two-component model on the

one-component model. FE1 identi�es (�; �2).

The misspeci�ed one-component model therefore identi�es �; �2 which are weighted

functions of the underlying parameters. When the two components are well separated,

so that �1 >> �2; variance estimator b�2 is not a weighted sum of the two variances but

instead is contaminated by a multiple of the "cross-parameter" factor (�1 � �2)2 which
will also in�ate the estimated variance of b�. In the special case of a scale mixture, where
�1 = �2, but �

2
1 6= �22, the one-component model provides a consistent estimate of the

mean and of the weighted variance parameter ��21 + (1� �)�22:

5.1.3. Results

The Monte Carlo results for the Normal mixtures are shown in Tables 1-3. Both RE and

FE speci�cations are considered. The summary statistics are based on 1000 replications.

Table 1 is for the (orthogonal) RE d.g.p., for T = 4 and 8, respectively, and 2 for the

corresponding (correlated) FE speci�cation.

Under the RE d.g.p., and given that the regression has only one time-varying regressor,

FE1 yields a consistent estimate of � = ��1 + (1� �)�2 = 1:5: The result for both T = 4
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and T = 8 are consistent with the theoretical expectation. Under the RE formulation,

each component of the two-component mixture is overdispersed, a feature neglected by

the standard �nite mixture of Normals. Yet the estimator retains its consistency property.

The Monte Carlo results are again in line with the theoretical expectations; the results for

T = 8 are more precise, but the estimator is not e¢ cient.

For the FE d.g.p. speci�ed using the Mundlak-Chamberlain formulation, FE1 is a

consistent estimator of � = ��1 + (1� �)�2: FM2 is not a consistent estimator of �1 and
�2: The Monte Carlo results indicate a larger bias for both coe¢ cients of around 35% for

the T = 4 case and a smaller bias of around 25% for the T = 8 case. On the other hand the

mixing fraction � shows almost zero bias (though we currently do not have any theoretical

results to support this simulation result). FM2-FE should be consistent and the results

are once again satisfy this expectation. As expected, applying FM2-M leads to results very

close to those from the EM algorithm for maximizing the full-data likelihood.

Finally, for the FE d.g.p. speci�ed using a non-Mundlak-Chamberlain formulation,

FE1 is still a consistent estimator of � = ��1+(1��)�2: As with the other FE case, FM2
is not a consistent estimator of �1 and �2: The Monte Carlo results indicate a large bias

for both coe¢ cients for both T = 4 and T = 8 cases. Unlike the results of the previous

case, the results reported in Table 3 show that applying FM2-M leads to biased coe¢ cients

for �1 and �2 as well as for �. Only the results from FM2-FE are consistent.

5.2. Poisson mixtures

5.2.1. The d.g.p.

In the case of Poisson mixtures, we specify the data generating process as follows:

yit �
�
P (�1it) with probability �
P (�2it) with probability (1� �)

�jit = �ij exp(�1jxit)

� exp(�1jxit + � ij):

where �ij � exp(� ij). The experiments are based on the following parameter con�gura-

tions, T = (4; 8), NT = 10000, �11 = 0:2, �12 = 1:0, and xit is drawn from a uniform

distribution scaled and translated to have a mean of 1 and a standard deviation of 1. In
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one set of experiments, the individual e¤ects are random, i.e., � i1 and � i2 are drawn from

i.i.d. N(0; 0:4). In the second set of experiments, the individual e¤ects are correlated with

xit. More precisely, they are correlated with xi: which are the within-group means of xit

with the correlation generated by specifying � ij = uij +
p
Txi: where uij are drawn from

i.i.d. N(0; 1). Note that Var(
p
Txi:) = 1: Finally, � ij are rescaled to have unit standard

deviation.

5.2.2. Estimator comparison

Given these data generating processes, we estimate and compare

1. FE1: a standard �xed-e¤ects one-component Poisson regression without �xed e¤ect

adjustment;

2. FM2: a standard 2-component mixture of Poisson ignoring individual speci�c e¤ects;

3. FM2-M: a standard 2-component mixture of Poisson with "Mundlak-type" correction;

4. FM2-FE: a 2-component �xed-e¤ects �nite mixture of Poisson individual speci�c

e¤ects, using the EM algorithm.

The �rst three are misspeci�ed models and the fourth is correctly speci�ed.

In the case of FE1 and FM2-FE, if every outcome yit for a particular group i is zero,

then that group of observations must be dropped from the sample prior to estimation. This

occurs with a reasonably substantial frequency in the case where T = 4 but is less probable

when T = 8.

5.2.3. Results

The results for the Poisson simulations are given in Table 4-5. Once again, the summary

statistics reported are based on 1000 simulations. The results for the (orthogonal) RE

d.g.p. are in Table 4, and those for the FE d.g.p. are in Table 5.

A RE Poisson mixture is an overdispersed model, so under the RE speci�cation the

d.g.p. is a mixture of two such overdispersed models. The simulation results con�rm that

FE1 and FM2 are inconsistent estimators. This result is signi�cantly di¤erent from that for

the standard (one-component) Poisson model in which the Poisson MLE remains consistent
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under overdispersion. On the other hand, FM2-FE remains consistent under the RE d.g.p.;

and there is very little di¤erence between T = 4 and T = 8 outcomes.

In the case where the d.g.p. is a 2-component Poisson mixture with �xed e¤ects, the

maximum likelihood estimators of the two misspeci�ed models are again both inconsis-

tent. By contrast, our proposed �xed e¤ects MLE for the mixture model has a very good

performance both when T = 4 and T = 8; with bias not signi�cantly di¤erent from zero.

Given the nonlinearity of the conditional mean, the "Mundlak correction" that we apply

no longer has a formal mathematical basis. In fact, neither the existence nor the form of

the appropriate correction is known to us. So including the same additional regressor as

in the Normal case is speculative, and it does not remove the bias due to the correlated

random e¤ect.

6. Empirical Applications

We further apply the models described in the Monte Carlo study above using panel data

from six waves of the HRS: 1992, 1994, 1996, 1998, 2000 and 2002, The empirical question

of interest is the e¤ect of turning 65 and becoming Medicare eligible on medical utilization

among those who have been uninsured compared to others conditional on a broad set of

measures of the use of health services and health status available in the HRS. We study the

expenditures on healthcare excluding zeros and the number of o¢ ce-based doctor visits.

Speci�cally, we model the logarithm of expenditures using the normal family of models

and visits using the Poisson family of models.

The motivation for the investigation is as follows. Medicare eligibility at age 65 results

in a large and abrupt decline in the probability of being uninsured in the U.S. The large

decrease in the chance of being uninsured at age 65 should help to reduce disparities in

the use of health services after age 65 compared to before. We investigate the e¤ect of

universal health insurance coverage on health outcomes and the use of health services by

exploiting the natural experiment that changes the insurance status of most Americans at

age 65; that is, eligibility for the Medicare program. Since almost all individuals turning

65 become automatically eligible for Medicare, a di¤erence-in-di¤erence design arguably

provides unbiased estimates of the e¤ect of insurance on the use of health services, since

individuals are not selecting Medicare coverage based on current health status or other
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variables. In most di¤erence-in-di¤erence studies, the data are a cross-section, thus it is

not possible to identify individuals after age 65 who were uninsured before age 65. Instead,

a synthetic control group is used consisting of similar individuals before age 65. (Card, et

al. 2008) Because the HRS is a panel of individuals, many of whom turn 65 during the

surveys, panel data methods should be able to control for individual-speci�c unobserved

heterogeneity much better than is possible with cross-sectional data. Thus we estimated

models under RE assumptions using pooled cross-sectional methods including standard

FM2 and FM2-FE panel data models.

6.1. Data

The HRS is a population-based sample of U.S. community dwellers aged 51 to 61 in 1992

(and their spouses) with follow-up interviews every two years. During the past few years,

the HRS has become one of the most widely used data sets for analyzing health and the use

of health services in the U.S. (for example, Smith and Kington, 1997; Smith 1998, Johnson

and Crystal, 2000).

We analyze data for age eligible respondents and their spouses, if the spouse is within

the 51 to 61 year age range in 1992 and if they are in the data in at least four waves. We

eliminate any individual who is on Medicaid or Medicare at any time before turning 65.

Our �nal sample size across six waves totals 30,293 person-wave observations. The �nal

data set is a mildly unbalanced panel.

Approximately 17 percent of our sample has been uninsured before the age of 65. Table

6 contains descriptive statistics for dependent variables measuring the use of health services

and health status both for those who have been uninsured before the age of 65 and for those

who were consistently insured. Those who have been uninsured have signi�cantly lower

log expenditures and number of doctor visits. But these di¤erences cannot be thought

of as causal impacts of uninsurance because of observed and unobserved heterogeneity.

The summary statistics show that they are less likely to be married, and more likely to

have lower education and income. Older Americans who have experienced uninsurance

are, statistically, more likely to be black, Hispanic and female. With so many di¤erences in

observed characteristics, one may reasonably conclude that there are substantive di¤erences

in unobserved characteristics as well, motivating the importance of the �xed e¤ect approach
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to eliminating individual-speci�c unobserved heterogeneity.

6.2. Results

In the models for log expenditure shown in Table 7, the estimate on the interaction term in

OLS estimation is positive and signi�cant (0.328). Thus, Medicare eligibility for those who

have been uninsured substantially increases expenditures compared to those who have been

insured. The e¤ect sizes are considerably di¤erent between the two classes of individuals.

For the majority of individuals (b� = 69%), the e¤ect is large and signi�cant (0.444) while
for a substantial (31%) minority, the result is small and insigni�cant. The estimates in

the �rst two columns of Table 3b show that the results do not change much when all the

time-invariant covariates are dropped from the model. The introduction of individual �xed

e¤ects does make a substantial di¤erence. First, a comparison of OLS with a linear �xed

e¤ects model in Table 8 shows that the coe¢ cient on the interaction term increases from

0.328 to 0.474. The results in Table 8 show that the e¤ects for each of the two components

in the FM model with FE are larger than those in the FM model without FE. Indeed,

now the coe¢ cient for the smaller group is statistically signi�cant and almost three times

larger.

Results for the models of counts of doctor visits are shown in Tables 9 and 10. Note that

the expenditure analysis pertains to those with positive expenditures, where as the count

analysis includes individuals with some zero doctor visits. The estimates from a Poisson

regression show that Medicare eligibility for those who have been uninsured increases the

number of visits by 23.4% compared to those who have been insured. This estimate de-

creases to 17% once �xed e¤ects are introduced; note the contrast with the direction of the

change in e¤ects with the introduction of �xed e¤ects in the case of positive expenditures.

Both the �nite mixture models with all covariates reported in Table 9 and that with only

time varying covariates reported in Table 10 show signi�cant e¤ects for both components,

with the larger e¤ect observed for the component with the higher probability of occurrence

(b� = 0:862). Once �xed e¤ects are introduced into the FM Poisson regression, the e¤ect

size for the second component becomes substantially smaller and statistically insigni�cant.

The coe¢ cient for the �rst component is a little larger than the corresponding estimate in

the model without FE.
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7. Conclusion and quali�cation

This paper has focussed on the �xed e¤ects panel MLE for 2-component �nite mixtures

of Normal and Poisson distributions. We extend the concentrated (conditional) likelihood

approach of Andersen (1970) for handling the �xed e¤ects to a mixture model. Our Monte

Carlo results con�rm that under correct speci�cation of the d.g.p. this approach works

satisfactorily. We also show the connections with the correlated random e¤ects model.

The approach can be extended to �nite mixtures with more than two components, as well

as to other families of distributions that share some properties of the Normal and Poisson

models.
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Table 1: 2-Component Mixture of Normals with
Orthogonal Random E¤ects

T = 4 T = 8
Parameter True value Mean Std. Dev. Mean Std. Dev.

FE: Fixed E¤ects Linear Regression
� 1.501 0.017 1.500 0.018

FM2: 2-Component Mixture
�1 1.0 0.995 0.075 1.002 0.078
�2 2.0 2.000 0.075 2.003 0.079
�1 0.5 0.497 0.063 0.503 0.067

FM2-M: Mixture with Mundlak Correction
�1 1.0 0.997 0.076 1.004 0.078
�2 2.0 2.000 0.078 2.000 0.080
�1 0.5 0.498 0.064 0.502 0.068

FM2-FE: Mixture with Fixed E¤ects
�1 1.0 0.945 0.034 0.991 0.022
�2 2.0 2.054 0.033 2.010 0.022
�1 1.5 0.499 0.028 0.501 0.022
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Table 2: 2-Component Mixture of Normals with
Mundlak Type Correlated Random E¤ects

T = 4 T = 8
Parameter True value Mean Std. Dev. Mean Std. Dev.

FE: Fixed E¤ects Linear Regression
� 1.500 0.016 1.499 0.019

FM2: 2-Component Mixture
�1 1.0 1.349 0.072 1.233 0.077
�2 2.0 2.345 0.072 2.251 0.074
�1 0.5 0.500 0.060 0.494 0.064

FM2-M: Mixture with Mundlak Correction
�1 1.0 1.000 0.056 1.000 0.054
�2 2.0 2.000 0.056 1.997 0.056
�1 0.5 0.500 0.046 0.500 0.047

FM2-FE: Mixture with Fixed E¤ects
�1 1.0 0.951 0.058 0.991 0.022
�2 2.0 2.060 0.055 2.010 0.022
�1 1.5 0.505 0.052 0.501 0.023
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Table 3: 2-Component Mixture of Normals with
non-Mundlak Type Correlated Random E¤ects

T = 4 T = 8
Parameter True value Mean Std. Dev. Mean Std. Dev.

FE: Fixed E¤ects Linear Regression
� 1.501 0.017 1.500 0.018

FM2: 2-Component Mixture
�1 1.0 1.304 0.087 1.329 0.135
�2 2.0 2.277 0.138 2.248 0.243
�1 0.5 0.563 0.091 0.616 0.153

FM2-M: Mixture with Mundlak Correction
�1 1.0 1.184 0.067 1.211 0.094
�2 2.0 1.885 0.043 1.873 0.054
�1 0.5 0.559 0.071 0.586 0.119

FM2-FE: Mixture with Fixed E¤ects
�1 1.0 0.977 0.055 1.000 0.051
�2 2.0 2.086 0.053 2.012 0.037
�1 1.5 0.529 0.050 0.507 0.052
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Table 4: 2-Component Mixture of Poissons with
Orthogonal Random E¤ects

T = 4 T = 8
Parameter True value Mean Std. Dev. Mean Std. Dev.

FE: Fixed E¤ects Poisson Regression
� 0.769 0.012 0.775 0.013

FM2: 2-Component Mixture
�1 1.0 0.401 0.024 0.402 0.026
�2 2.0 0.903 0.017 0.904 0.017
�1 0.5 0.601 0.014 0.601 0.016

FM2-M: Mixture with Mundlak Correction
�1 1.0 0.401 0.025 0.401 0.026
�2 2.0 0.903 0.017 0.905 0.017
�1 0.5 0.601 0.014 0.601 0.016

FM2-FE: Mixture with Fixed E¤ects
�1 1.0 0.235 0.021 0.243 0.020
�2 2.0 0.982 0.013 0.988 0.011
�1 1.5 0.513 0.015 0.523 0.016
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Table 5: 2-Component of Poissons with
Correlated Random E¤ects

T = 4 T = 8
Parameter True value Mean Std. Dev. Mean Std. Dev.

FE: Fixed E¤ects Poisson Regression
� 0.775 0.010 0.778 0.011

FM2: 2-Component Mixture
�1 1.0 0.466 0.022 0.445 0.020
�2 2.0 0.990 0.015 0.956 0.014
�1 0.5 0.585 0.012 0.586 0.015

FM2-M: Mixture with Mundlak Correction
�1 1.0 0.349 0.022 0.348 0.020
�2 2.0 0.919 0.015 0.915 0.014
�1 0.5 0.571 0.012 0.570 0.015

FM2-FE: Mixture with Fixed E¤ects
�1 1.0 0.192 0.034 0.277 0.019
�2 2.0 0.960 0.015 0.994 0.009
�1 1.5 0.459 0.038 0.544 0.021
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Table 6: Summary Statistics of HRS Data

ever uninsured = 0 ever uninsured = 1
Variable mean sd mean sd
total expenditures (given > 0 ) 7,342 24,949 7,420 29,380
logarithm of total expenditures 7.630 1.534 7.461 1.603
number of visits to the doctor 6.145 8.025 5.479 8.831
age 59.70 4.504 60.34 4.342
Medicare eligible (M) 0.111 0.315 0.121 0.326
married 0.799 0.400 0.684 0.465
income quartile 1 0.109 0.312 0.364 0.481
income quartile 2 0.243 0.429 0.298 0.457
income quartile 3 0.305 0.460 0.188 0.391
female 0.525 0.499 0.566 0.496
black 0.110 0.313 0.169 0.375
hispanic 0.0452 0.208 0.188 0.391
other race 0.0153 0.123 0.0279 0.165
high school dropout 0.145 0.352 0.421 0.494
high school degree 0.404 0.491 0.331 0.471
college attendee 0.219 0.414 0.160 0.366
lives in midwest 0.273 0.445 0.177 0.381
lives in south 0.376 0.484 0.510 0.500
lives in west 0.163 0.369 0.182 0.386

Note: N=25,282 for the sample of ever uninsured = 0 and N=5,011
for the sample of ever uninsured=1. Sample sizes for positive expenditures
(and its logarithm) are 24,324 and 4,403 for the two samples respectively.
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Table 7: Models of (log) Expenditures

OLS FM Normal FE Regression
Variable component1 component2
age 0.074** 0.086** 0.048** 0.127**

(0.003) (0.005) (0.009) (0.003)
Medicare eligible -0.021 -0.026 -0.003 -0.033

(0.040) (0.069) (0.107) (0.040)
been uninsured -0.168** -0.136** -0.233** -0.187**

(0.028) (0.049) (0.082) (0.063)
been uninsured X Medicare eligible 0.328** 0.444** 0.072 0.474**

(0.074) (0.120) (0.161) (0.083)
married -0.060* -0.077 -0.017 0.072

(0.024) (0.042) (0.070) (0.052)
income quartile 1 -0.255** -0.153* -0.501** -0.108**

(0.033) (0.062) (0.100) (0.042)
income quartile 2 -0.135** -0.037 -0.358** -0.060

(0.026) (0.048) (0.075) (0.034)
income quartile 3 -0.058* 0.028 -0.252** -0.002

(0.024) (0.043) (0.066) (0.029)
female 0.023 -0.121** 0.362**

(0.018) (0.038) (0.056)
black -0.047 -0.150** 0.192*

(0.029) (0.054) (0.094)
hispanic -0.152** -0.118 -0.219

(0.039) (0.068) (0.112)
other race -0.114 -0.066 -0.272

(0.069) (0.130) (0.232)
high school dropout -0.075* 0.035 -0.334**

(0.032) (0.058) (0.100)
high school degree -0.109** -0.009 -0.339**

(0.025) (0.046) (0.074)
college attendee -0.035 0.094 -0.344**

(0.028) (0.050) (0.084)
lives in midwest 0.019 0.007 0.041

(0.027) (0.049) (0.081)
lives in south -0.011 0.004 -0.047

(0.025) (0.045) (0.074)
lives in west -0.020 -0.038 0.025

(0.031) (0.055) (0.091)
�1 0.691

(0.037)
lnL -52439.030 -52253.789 -46410.991
Observations 28,727 28,727 28,727

Standard errors in parentheses
** p<0.01, * p<0.05
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Table 8: Models of (log) Expenditures

FM Normal Mundlak FM Normal Fixed E¤fects FM Normal
Variable comp.1 comp.2 comp.1 comp.2 comp.1 comp.2
age 0.088** 0.044** 0.150** 0.066** 0.174** 0.043**

(0.005) (0.009) (0.006) (0.012) (0.004) (0.003)
Medicare eligible (M) -0.021 -0.031 -0.062 0.038 -0.044 -0.020

(0.069) (0.114) (0.072) (0.128) (0.049) (0.043)
been uninsured (U) -0.132** -0.351** -0.252* 0.021 -0.077 -0.430**

(0.048) (0.082) (0.120) (0.221) (0.077) (0.069)
U X M 0.435** 0.109 0.554** 0.283 0.547** 0.289**

(0.119) (0.166) (0.143) (0.221) (0.101) (0.092)
married -0.060 -0.122 0.077 0.043 0.090 0.025

(0.042) (0.071) (0.092) (0.157) (0.065) (0.055)
income quartile 1 -0.224** -0.510** -0.100 -0.156 -0.004 -0.302**

(0.059) (0.100) (0.076) (0.139) (0.051) (0.045)
income quartile 2 -0.084 -0.394** -0.076 -0.019 0.031 -0.220**

(0.047) (0.077) (0.061) (0.111) (0.042) (0.036)
income quartile 3 0.007 -0.299** 0.023 -0.081 0.047 -0.096**

(0.043) (0.069) (0.053) (0.094) (0.035) (0.030)
�1 0.703 0.721 0.637

(0.040) (0.036) (0.006)
lnL -52310.674 -51911.336 -48721.800
Observations 28,727 28,727 28,727

Standard errors in parentheses
** p<0.01, * p<0.05
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Table 9: Models of Number of Visits to the Doctor

Poisson FM Poisson FE Poisson
Variable component1 component2
age 0.050** 0.064** 0.032** 0.083**

(0.001) (0.001) (0.002) (0.001)
Medicare eligible (M) -0.115** -0.208** -0.061** -0.097**

(0.010) (0.016) (0.022) (0.011)
been uninsured (U) -0.157** -0.247** -0.046* -0.094**

(0.008) (0.015) (0.018) (0.019)
U X M 0.234** 0.201** 0.121** 0.169**

(0.017) (0.029) (0.032) (0.022)
married -0.048** -0.023* -0.090** -0.026

(0.006) (0.010) (0.013) (0.015)
income quartile 1 -0.083** -0.208** -0.023 0.038**

(0.009) (0.016) (0.018) (0.012)
income quartile 2 -0.028** -0.071** 0.102** 0.020*

(0.007) (0.012) (0.015) (0.010)
income quartile 3 0.009 0.028** 0.146** 0.033**

(0.006) (0.010) (0.015) (0.008)
female 0.219** 0.247** 0.170**

(0.005) (0.008) (0.011)
black 0.073** 0.123** -0.010

(0.007) (0.012) (0.016)
hispanic 0.022* 0.035 0.044

(0.010) (0.019) (0.023)
other race 0.004 -0.119** -0.075*

(0.018) (0.036) (0.038)
high school dropout -0.097** -0.224** -0.037*

(0.008) (0.014) (0.018)
high school degree -0.094** -0.166** -0.132**

(0.007) (0.011) (0.015)
college attendee -0.035** -0.096** -0.015

(0.007) (0.012) (0.016)
lives in midwest -0.097** -0.084** -0.113**

(0.007) (0.012) (0.016)
lives in south -0.129** -0.136** -0.117**

(0.007) (0.011) (0.014)
lives in west -0.066** -0.090** -0.019

(0.008) (0.013) (0.018)
�1 0.862

(0.002)
lnL -145795.089 -98542.228 -75565.675
Observations 30,293 30,293 29,996

Standard errors in parentheses
** p<0.01, * p<0.05
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Table 10: Models of Number of Visits to the Doctor

FM Poisson FM-Linear Mundlak FM-Fixed E¤ects
Variable comp.1 comp.2 comp.1 comp.2 comp.1 comp.2
age 0.064** 0.031** 0.095** 0.062** 0.084** 0.082**

(0.001) (0.002) (0.001) (0.002) (0.001) (0.001)
Medicare eligible (M) -0.209** -0.041 -0.154** -0.003 -0.105** -0.085**

(0.016) (0.022) (0.018) (0.024) (0.014) (0.019)
been uninsured (U) -0.289** -0.051** -0.096** 0.017 -0.096** -0.090**

(0.015) (0.018) (0.031) (0.041) (0.026) (0.028)
U X M 0.221** 0.137** 0.150** -0.216** 0.266** 0.042

(0.029) (0.033) (0.040) (0.048) (0.029) (0.035)
married -0.114** -0.128** 0.019 -0.047 -0.036 -0.011

(0.010) (0.013) (0.023) (0.030) (0.019) (0.024)
income quartile 1 -0.231** -0.012 0.004 0.063* -0.050** 0.181**

(0.015) (0.017) (0.020) (0.026) (0.016) (0.019)
income quartile 2 -0.103** 0.088** 0.018 0.094** -0.037** 0.123**

(0.011) (0.014) (0.016) (0.021) (0.013) (0.016)
income quartile 3 0.000 0.107** 0.048** 0.145** -0.018 0.125**

(0.010) (0.014) (0.013) (0.019) (0.010) (0.014)
�1 0.862 0.863 0.842

(0.002) (0.002) (0.005)
lnL -99373.994 -98052.544 -92428.822
Observations 30,293 30,293 29,996

Standard errors in parentheses
** p<0.01, * p<0.05
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