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1 Introduction

Real-life matching problems always face a variety of distributional constraints. One
of the most common and natural constraints is the capacity or ceiling constraint,
which places the maximum number of such as positions or people that can be ac-
cepted. Essentially, every organization encounters this constraint. The other most
common and natural constraint is the floor constraint, which imposes a minimum
number on the distribution of resources or rights to ensure certain fairness and main-
tain sustainability. For instance, a hospital needs to have a certain number of doctors
and nurses in order to operate properly.

This paper aims to study a general and practical matching market consisting of a
finite number of doctors, hospitals, and regions. Hospitals are located in different dis-
tricts or regions. Doctors have preferences over hospitals. Hospitals have preferences
over sets of doctors. Both hospitals and regions must satisfy certain distributional
constraints. Every hospital (region) faces a ceiling constraint and a floor constraint,
which give the maximum and minimum number of recruited doctors in the hospital
(the region), respectively. The floor constraint on the number of doctors of each hospi-
tal is to ensure that the hospital can properly function, and the floor constraint on the
number of doctors of each region is to guarantee that the region can provide at least a
certain level of medical services for its residents. In China, such floor constraints are
very important as the country is huge and varies greatly from one region to another.
Without such constraints, less developed regions could have a severe shortage of doc-
tors; see for instance Li and Zhong (2006); Yu and Yang (2008); Zheng (2019); Report
(2020); Xia et al. (2021); Report (2021) who pointed out uneven and inefficient distri-
bution of medical resources and called for improvement in China. We believe such
problems can also occur in other nations with many regions of unequal development
and similar problems arise from civil service sectors and other sectors.* We investi-

gate how to assign doctors to hospitals and regions under their distributional con-

“Every level of government in every region and its departments need to provide services to its

residents and also face their respective floor constraint and ceiling constraint.



straints in terms of (Pareto) efficiency, fairness, stability, and incentive-compatibility.

To deal with this market with complex distributional constraints, we propose two
new solutions that exhibit several desirable and important properties. The first solu-
tion satisfies efficiency, fairness, and strategy-proofness. The second solution satisfies
group stability and fairness within the same quota type.

Stability is the most fundamental solution concept in two-sided matching mar-
kets; see Gale and Shapley (1962) and Roth and Sotomayor (1990). It is well-known
that markets without distributional constraints possess at least one stable matching.
For such markets, stability is defined via blocking pair, which can make both mem-
bers of the pair better off and at least one member strictly better off via themselves.
However, when there are distributional constraints, a feasible matching has to satisfy
all the constraints. Not every pair can form a blocking pair against a feasible match-
ing, because matching the blocking pair together may violate some of the constraints.
It seems natural to require that a pair can block a feasible matching if matching the
blocking pair together does not violate any constraint. Unfortunately, stable match-
ings via such blocking pairs are too strong to exist.

To break the impasse, we introduce a novel concept of blocking pair called ad-
missible blocking pair. A doctor-hospital pair (d,h) forms an admissible blocking pair
against a feasible matching y if either matching the pair together results in a feasible
matching or the hospital’s hiring the doctor with the intention of replacing another
doctor d’ € u(h) later and keeping all its hired doctors y(h) satisfies all the constraints
except the hospital’s capacity constraint. This temporary violation of the hospital’s
capacity constraint was inspired by a common practice that many organizations do
give their dismissed employees a grace period of time to leave. Clearly, after the
dismissed doctor d’ leaves the hospital, this will result in a feasible matching. A feasi-
ble matching is (pairwise) stable if there does not exist any admissible blocking pair.
We can analogously define admissible blocking coalitions and group stability. Group
stability implies efficiency and pairwise stability.

Fairness is another fundamental concept concerning equitable distribution of re-



sources and means that agents at their assignments do not envy each other.” We find,
however, that fairness is not compatible with pairwise stability. To maintain and be
compatible with stability, we relax fairness to fairness within the same quota type.
In our model, doctors who can be assigned to a hospital are constrained by the quo-
tas that the hospital and its region face. Fairness within the same quota type means
that doctors who share the same quota type do not envy each other and their asso-
ciated hospitals do not envy each other. Nonwastefulness concerns a different kind
of efficiency.® In the current context, we say that a feasible matching is nonwasteful
if there do not exist any doctor and any hospital who are unmatched such that the
doctor prefers the hospital to her assignment and the hospital has unfilled positions
and wants to hire the doctor and doing so does not violate any constraint. We show
that in our model, pairwise stability implies nonwastefulness, but (Pareto) efficiency
and nonwastefulness do not imply each other.

To achieve the two proposed solutions, we develop two new mechanisms. The
tirst one is called the deferred acceptance algorithm with distributional constraints
(the DA-D algorithm). This mechanism can be seen as a significant generalization
of the celebrated deferred acceptance algorithm of Gale and Shapley (1962). It is
shown that the outcome generated by the DA-D algorithm is fair and efficient, and
the algorithm is strategy-proof for all doctors. Strategy-proofness is a fundamental and
appealing property for a mechanism to be successful and guarantees that it is in the
best interest of all doctors to reveal their preferences truthfully. This property has
been widely discussed in the literature.” In the DA-D algorithm, because of regional

floor and ceiling constraints, we have to use a picking order rule to adjust and balance

5See Foley (1967) and Varian (1974) for earlier studies and Abdulkadiroglu and Sonmez (2003);
Sun and Yang (2003); Andersson et al. (2010); Kesten and Yazici (2012); Sonmez and Switzer (2013);

Fragiadakis and Troyan (2017) for recent studies of various matching models.
This concept is studied by Balinski and Sonmez (1999); Ehlers et al. (2014); Kamada and Kojima

(2017).
7See e.g., Hurwicz (1973); Dubins and Freedman (1981); Roth (1982); Roth and Sotomayor (1990);

Abdulkadiroglu and Sonmez (2003); Ausubel (2006); Hatfield and Milgrom (2005); Sonmez and
Switzer (2013); Sun and Yang (2014); Kamada and Kojima (2015, 2018); Fragiadakis and Troyan (2017).



the number of doctors among all hospitals and all regions. Kamada and Kojima (2015)
initialized the use of such a rule for their model with ceiling constraints on regions.
Our second mechanism is called the sequential deferred acceptance algorithm with
distributional constraints (the SDA-D algorithm). This mechanism makes use of the
DA-D algorithm repeatedly by adjusting doctors in hospitals and regions according
to their demands. We prove that the matching found by the SDA-D algorithm is
group stable and fair within the same quota type. We also find an impossibility result
that regardless of whether a market faces ceiling constraints or floor constraints or
both, there is no strategy-proof and nonwasteful mechanism that doctor-dominates
the DA-D or SDA-D algorithm. Related results are due to Abdulkadiroglu et al. (2009)
and Kesten (2010). Furthermore, we compare our stability solution with two closely

related concepts of Kamada and Kojima (2015) and Akin (2021).

1.1 Related Literature

We briefly review a number of previous studies on matching markets under distri-
butional constraints. Ehlers et al. (2014) considered a school choice matching model
in which schools set their lower bound and an upper bound for the number of stu-
dents of each type. They showed the existence of nonwasteful and fair assignments
of students to schools. Kamada and Kojima (2015) studied the Japanese medical res-
idency matching market in which each region/hospital faces a ceiling constraint.®
Their major result shows that their flexible deferred acceptance algorithm finds a sta-
ble matching and is strategy-proof for doctors. Kamada and Kojima (2017) proposed
two notions of stability for a similar model with more general ceiling constraints. Ka-
mada and Kojima (2018) identified necessary and sufficient conditions on the struc-
ture of ceiling constraints for matching models under which strategy-proof and stable
mechanisms exist. Our model is close to these three models but differs from them in

one crucial aspect that our model also permits each hospital/region to accommodate

8Regional ceiling or floor constraints in matching models make these models crucially different

from those with ceiling or floor constraints only on hospitals or schools.



a floor constraint besides a ceiling constraint. Our solutions are considerably dif-
ferent from theirs. Akin (2021) investigated a doctor-hospital matching model with
regional floor constraints where each hospital has a ceiling constraint but has no floor
constraint. She introduced the floor respecting stability concept and proposed a mod-
ified deferred acceptance algorithm for finding her solution. Our model differs from
this model in one crucial aspect that our model allows every hospital /region to have
both a floor constraint and a ceiling constraint. Our solutions differ from hers sub-
stantially.

Motivated by the college admission in Hungary, Bir6 et al. (2010) studied a match-
ing model in which each college has a floor constraint and a ceiling constraint on the
number of students. They showed that checking whether a stable matching exists
or not is NP-complete in the theory of computing complexity but found a condition
under which a solution exists. See also Huang (2010) for a similar problem. Goto
et al. (2015) presented an algorithm for improving fairness in nonwasteful matching
for a market with regional minimum quotas; see also Goto et al. (2014). Fragiadakis
et al. (2016) proposed strategy-proof mechanisms for a matching model in which each
school has a floor constraint and a ceiling constraint. For a similar model, Fragiadakis
and Troyan (2017) introduced a mechanism that possesses efficiency, fairness and in-
centive properties. Tomoeda (2018) presented a sufficient condition for the existence
of stable matching in the sense of Ehlers et al. (2014).

This paper is organized as follows. Section 2 presents the model and its solutions.
Section 3 contains the two mechanisms and their key properties. Section 4 discusses
other properties of our mechanisms and compare our stability with others. Section 5

concludes. Most of the proofs are given in the appendix.



2 Model

2.1 Preliminaries

There are a finite set D of doctors with n = |D|, a finite set H of hospitals, and a finite
set R of regions. Let hy stand for every doctor’s outside option with an unlimited
capacity. Each doctor d has a complete, strict, and transitive preference >, over H U
{ho} with h >4 ho forall h € H. Forany h,h' € H, h =4 I’ ifand only if h ;4 I
or h = h'. Let =p= (>4)4ep be the preference profile of doctors. Each hospital
h has a strict preference > over D U {@} with {d} >, @ for alld € D and faces
a ceiling quota g(h) and a floor quota (k). We assume that the preference relation
>, is responsive for every hospital h.” Let =py= (>})cn be the preference profile
of hospitals. Let () denote the set of all agents” preference relations. Hospitals are
located at different regions. Let r(i) € R be the region where hospital h € H is.
Let H, be the set of hospitals in region » € R. Thatis, H, N H, = @ if r # ' and
H = U,crH,.

A matching u is a mapping that satisfies (i) p(d) € HU {ho} for all d € D, (ii)
u(h) € Dforall h € H, and (iii) forany d € D and h € H, u(d) = h if and only if
d € u(h). Let A be the set of all matchings.

Hospitals and regions face distributional constraints. Let L = (I(i));cgug and Q =
(q(7))icaur be the vector of floors and ceilings on hospitals and regions, respectively.
These floor and ceiling constraints are hard constraints. Without loss of generality,
we assume that Y, [(h) < I(r) < q(r) for all ¥ € R and that the ceiling constraint
of every region r € R has either q(r) < Yjep, q(h) or q(r) > Yyen, q(h).1° Let R” be

the set of regions with ceiling constraints satisfying q(r) < ¥_jcp, 4(1) and R" the set

9Hospital h’s preference >, is responsive if, forany S € D, d € D \ S and d" € S, we have
(Su{d})\ {d'} =, Sif and only if we have {d} =, {d'}. See Roth (1985); Roth and Sotomayor
(1990); Kamada and Kojima (2015) for this widely-used condition. Note that here the definition of

responsiveness is not related to the hospital’s floor or capacity constraint.
19Note that in the latter case, if one can fill the ceiling capacity q(h) of every hospital & € H, in

region 7, we must have q(r) > Y, 4(h) so it is harmless to set q(r) > Y ey, q(h).



of regions with ceiling constraints satisfying q(r) > Y ,cp, q(h).

We represent the described market by a tuple M = (D, H, >p, >y, L, Q) or sim-
ply by M. Let Q) be the family of all such markets M. Observe that the distributional
constraints are not binding if (i) /() = 0 for every hospital h € H; and (ii) I(r) = 0
and Y ¢, q(h) < q(r) for every region r € R. When distributional constraints are not
binding, the market (D, H, >p, =g, L, Q) reduces to a standard one with no distribu-
tional constraints.

A matching u is feasible if [(h) < |u(h)| < g(h) forallh € Hand I(r) < |u(r)| <
q(r) for all 7 € R, where j(r) = Upep, #(h). Let A/ be the set of feasible matchings.
We assume that the number of doctors is greater than or equal to the sum of every
region’s minimum quota, i.e.,, n > Y.z [(r). So we have at least one feasible match-
ing. A matching y is individually rational if (i) u(d) =, ho for all d € D and (ii)
{d} =), @ foralld € u(h). Note that every feasible matching is individually rational.
A feasible matching u is (Pareto) efficient if there does not exist a feasible matching
v such that v(i) = u(i) foralli € DUH and v(i) > wu(i) forsomei € DUH. A
related efficiency concept is non-wastefulness. A feasible matching y is wasteful if
there is a doctor-hospital pair (d,h) with h >4 u(d) and |u(h)| < q(h) and if one can
make a new feasible matching v with v(d) = hand v(k) = u(k) forall k € D\ {d}.
This implies that it is possible to match the wasteful pair and improve their welfare
without violating any constraint. A feasible matching is non-wasteful if there does
not exist any wasteful doctor-hospital pair.

A mechanism ¢ is a procedure that generates a matching ¢(>~p, -pg) € A for ev-
ery instance (>=p, =p) € Q. A mechanism ¢ is feasible if ¢(>p, =) € Af for every
(>p,>H) € Q. A mechanism ¢ is strategy-proof for doctors if ¢;(>p, =) =i @i(>!
,=_i;>pg) foralli € D. It is well-known that no mechanism can be both strategy-
proof and stable for both sides of a market and all possible preference profiles even
for the basic Gale-Shapley marriage matching model; see e.g., Roth and Sotomayor
(1990). It is common and natural to focus on the doctor side’s incentive.

In order to design a mechanism for finding a desired matching between doctors,



hospitals, and regions that satisfies the distributional constraints, we need to intro-
duce a recruitment quota system consisting of hospital rigid quota t,;, for h € H, re-
gion rigid quota 7, for r € R, and region elastic quota 7, for r € R. These quota types
are represented by Ty = { T then, TR = {Tr}rer, and Tre = {Ter }rer, respectively.
Let 7, stand for the null quota type which has a sufficiently large capacity, say, at least
the number n of all doctors. Let 7 = Ty U Tr U Trg be the set of all quota types.
The quota of every T € T will be denoted by x (7). For each hospital /1, we define its
rigid quota by x(7,;,) = I(h) the floor bound of doctors for the hospital that must be
occupied. For each region r, we define its rigid quota by x(7y) = I(r) — Lpep, ()
the difference between the floor number of the region and the sum of the floor num-
ber of every hospital in the region. This number «(7) of doctors can be distributed
to any hospital in the region and must be fulfilled. For each region r, we define its
elastic quota by x(7.r) = q(r) — I(r) the gap between its ceiling number and its floor

number. This elastic quota of doctors has some flexibility so need not be distributed.

2.2 Stability

Stability is a key solution concept used in matching models. The standard stability
concept of Gale and Shapley (1962) has been extensively studied in the literature.
Recall from Roth and Sotomayor (1990) that given a matching y, a doctor-hospital
pair (d, h) is a blocking pair if (i) h >, u(d); (ii) either {d} >} {d'} for some d’ € u(h)
or |u(h)| < q(h). A matching is (pairwise) stable if it is individually rational and there
is no blocking pair. Note that with an abuse of notation, we write a doctor-hospital
pair as (d, h) meaning the set {d, h}.

An intuitive and straightforward way of adapting the above definition of block-
ing pair to the current model with distributional constraints is to ensure that when
a feasible matching is blocked by a doctor-hospital pair, we should match the pair

together and make the new matching respect all the constraints. Formally,

Definition 1 A feasible matching u is perfectly blocked by a doctor-hospital pair (d, h)
if (i) h =4 u(d); (i) either |u(h)| < q(h) or {d} =, {d'} for some d’ € u(h); and (iii) there



is a feasible matching v that satisfies either v(d) = h and v(k) = u(k) forall k € D\ {d},
orv(d) =h,v(d") = hpand v(k) = u(k) forallk € D\ {d,d'}. The pair (d,h) is called a
perfect blocking pair.

A feasible matching is perfectly stable if it is not perfectly blocked by any doctor-
hospital pair. Appealing as this concept may appear, the following example shows

that it fails to exist.

Example 1  There are two doctors D = {dy,dy} and two hospitals H = {hq,hy} in one
region with q(hy) = q(hy) = 1, I(hy) = I(hy) = 0, and q(r) = 1 and I(r) = 0. The

preferences of doctors and hospitals are given by
=dy: ha, I =dyt 1, ho
=yt d,do =hyt d2,d1

We will see that this example has four feasible matchings given in Table 1 but has no

perfectly stable matching.

Table 1: Feasible matchings in Example 1.

Matching | hy hy hg
p|dr @ dp
po | @ dy d
ps | d2 @ dy
pa | D dy dy

Let us show that every feasible matching is perfectly blocked by a doctor-hospital
pair. Indeed, y; is perfectly blocked by (dy,h2), as hy >4, p1(d1) = hy, |p1(h2)| <
q(h) , matching d; and h; and keeping the rest intact makes a new feasible matching.
Similarly, p4 is perfectly blocked by (dy, 1), as hy =4, pa(da) = ha, |pa(h1)| < q(h),

matching d> and h; and keeping the rest unchanged makes a new feasible matching

10



V. Jip is perfectly blocked by (da, h2), as hy =4, u2(d2) = ho, dp >, d1, and matching
hy and d; by rejecting d; makes a new feasible matching v. Similarly, u3 is perfectly
blocked by (dq,h1), as by =4, pus(di) = ho, di >p, d>, and matching iy and d; by
rejecting d, makes also a new feasible matching. This demonstrates that there does
not exist any perfectly stable matching.

The above example suggests that the concept of doctor-hospital blocking pair
should be modified in a more sensible way. To achieve this, we first introduce the

following two new concepts.

Definition 2 Given a feasible matching y, we say a new matching v is permissible at u if
there is a nonempty group D’ of doctors such that v(d) # u(d) foralld € D', v(d") = u(d’)
foralld € D\ D/, |v(h)| > 1(h) forallh € H,and I(r) < |v(r)| < q(r) forallr € R.

By definition, a new matching v is permissible at y if the reassignment of a group
D’ of doctors without altering any other doctor’s assignment violates neither floor
constraints on hospitals nor distributional constraints on regions. It is possible that
the number of doctors in some hospital may exceed its ceiling constraint. As both
ceiling and floor constraints on every region are satisfied, it is always possible to
make every permissible matching v into a new feasible matching when matching y is

feasible.

Definition 3 A feasible matching y is admissibly blocked by a doctor-hospital pair
(d,h)if (i) h =4 u(d); (ii) either |[u(h)| < q(h) or {d} =y {d'} for some d' € u(h); and (iii)
there is a permissible matching v that satisfies v(d) = hand v(k) = u(k) forallk € D\ {d}.
The pair (d, h) is called an admissible blocking pair of .

In the current model, all distributional constraints are hard constraints so must be
respected. The definition says that a pair of doctor d and hospital & can possibly
block a feasible matching yu if they both can cooperate to make themselves better off
by breaking almost none of the hard constraints and requiring no aid of any other

member.

11



By definition, if the number of doctors in hospital & at u is less than its capacity
q(h), then hospital h hires doctor d and the new matching v is a feasible matching.
However, if the number of doctors in hospital /1 at u is equal to its capacity g(h),
then hospital % hires doctor d but still keeps doctor d’ and the matching v satisfies all
the distributional constraints except the capacity constraint of hospital . Counter-
intuitive as it may appear, this temporary violation of the capacity constraint is ac-
tually very common and mild, because in practice many firms give their dismissed
employees a grace period of time to leave. In fact, many organisations have an of-
ficial and open policy that if they decide to terminate an employee’s job, they will
inform the concerned employee of the decision several weeks or months in advance.
In the definition, as v satisfies all other constraints, it is possible to fire d or assign
her to work at some hospital so that all the distributional constraints will be satisfied.
Namely, there always exists a feasible matching in which / accepts d and rejects d’.

Observe that in the admissible blocking pair (d,h) of p, doctor d either has no
position (i.e u(d) = hp) or works at a hospital u(d) # ho whose number of hired
doctors at i exceeds its floor constraint [(1(d)). Therefore d can leave hospital u(d)
without violating the constraint. There are two possible cases: Case 1. The pair (d, h)
are in the same region. In this case, all doctors and hospitals in the other regions will
remain unchanged as in y and hiring d to work at & will not change the number of
doctors in the region. Case 2. The pair (d, h) are in different regions. In this case, the
number of hired doctors at y in the hospital /’s region is strictly below its regional
capacity. Therefore, d can leave his hospital y(d) and move out of the region to work
at hospital i without violating any floor constraints on hospitals or any distributional
constraints on any region.

From the above discussion it is easy to see that every admissible blocking pair
must be a perfect blocking pair. We will show by Example 1 that the reverse is not
true. Clearly, perfect blocking pairs (dy, h) and (dy, 1) are also admissible blocking
pairs. However, the perfect blocking pair (dy, hy) of yp is not an admissible block-

ing pair, because h;’s accepting d, without rejecting d; will violate the region’s ceiling

12



constraint. Similarly, the perfect blocking pair (d1, i1 ) of y3 is not an admissible block-
ing pair, because h;’s accepting d; without rejecting d, will also violate the region’s
ceiling constraint. This shows that perfect blocking pairs are strictly more general
than admissible blocking pairs so are hard for perfectly stable matchings to exist.

In the following, we refer distributional constraints to the floor constraints on hospitals

and both floor and ceiling constraints on regions in order to ease description.

Definition 4 A feasible matching is (pairwise) stable if it is not admissibly blocked by

any doctor-hospital pair.

It is easy to check that in Example 1, matchings pp and 3 are stable but matchings
u1 and py are not. To facilitate a better understanding of the above concepts, let us

consider the following more general example.

Example 2 Thereare three doctors D = {dy,dy, d3} and four hospitals H = {hy, hy, h3, hs}
located in two regions r1 = {hy,hy} and vy = {h3, hy} with q(h1) = q(h2) = q(h3) =
q(hy) = 1,1(hy) = 1(hy) =1, 1(h3) = 1(hy) =0, q(r1) =10, q(r2) =1, 1(r1) = 2, and
I(ry) = 0. The preferences of doctors and hospitals are given by

>_d1: h4/ h3/ hl/hz >_d2: h2/ h3/ h4/ hl >_d3: h3/ h4/ hl/hz
=n: d1,d3,d> >yt Ao, d3, d1 =hyt do,d1,d3 >yt da, do, dy

Table 2 lists all feasible matchings. We need to consider the following two cases.

Case (1): |u(h)| < q(h). For instance, (d3, h3) is an admissible blocking pair of y»
as h3 =4, ha, |u(h3)| < q(h3), and moving d3 to hj3 is feasible. However, the blocking
pair (dy, hy) of matching y; is not admissible, because moving d; to hy will violate the
floor constraint of ;.

Case (2): {d} >, {d'} for some d’ € pu(h). In this case, when there are only
ceiling constraints, matching d and h by rejecting d’ is feasible. However, it may
not be feasible when there are floor constraints. Consider matching pg9. There are

two possible blocking pairs (dy, 1) and (dy, hp) against yg. Matching d, and hy and

13



keeping d; at hp makes an admissible blocking pair. In this case, dp leaves h3 and
region r; to join hy in region rq. As hy still keeps dj, it overuses its capacity but all
other constraints are satisfied. Observe that the pair (d1, i) is not admissible because
dy’s leaving h; violates the floor constraint of ;.

In this example, u1, us, ys, and p1p are stable, as none of them has any admissible

blocking pair against it.

Table 2: Feasible matchings in Example 2.

A r 2 Admissible blocking pair Admissible blocking coalition
hi hy hs hy (pairwise stability) (group stability) when |S| > 2
pp | diy dy ds3 @ %) 1%
o | dy dy @ ds (ds, h3) )
pz | dy dy dy O (da, hy) 1)
pa | di ds D dy (d2, h3), (d2, ha) {da, ha,d3, h3}, {da, ha, d3, hy}
ps | dp di dz O @ {dy, hp,dy, 1}
e | dp di @ ds (ds, h3) {dy, hp,dy,h}, {do, hp,dy, hy.d3, h3}
pr | dy dy dp @ {da, ho, d3, h }
pug | do dz O dy @ {dy, hy,ds, 1}
Mo | ds di dy O (d2, ha) {d1, ha,da, 2}, {ds, ha, d1, h1,da, ha}
(d2, h2), (d2, h3) {d1, h3,da, ha}, {d3, ha, d1, h1,da, ha}
Mo | ds di @ dy
{d3, h3,d1, ha,do, ho }
pu | ds dy dp @ (d1, ha) @
pip | d3 dy @ dy @ %)

In this example, admissible blocking coalitions S for each matching include admissible blocking pairs and

admissible blocking coalitions of |S| > 2.

The following observation follows immediately from the definition of pairwise

stability.

Lemmal A pairwise stable matching must be nonwasteful.

14



Note that in the previous example, (pairwise) stability may not be strong enough
to exclude some undesirable outcomes. For instance, the stable matching ys is inef-
ficient as it is Pareto dominated by p; or blocked by the coalition {dy, hy,da, hp}. The
stable matching pg is also inefficient as it is Pareto dominated by 1, or blocked by
the coalition {dy, hy, d3, h1 }. This shows that inefficiency can be caused by the limited
scope of blocking pairs. It is therefore necessary and important to consider larger

coalitions. We introduce a new notion of group stability.

Definition 5 A feasible matching u is admissibly blocked by a coalition S C D U H

consisting a group of doctors and hospitals, if there exists a redistribution v°

among the agents
in the coalition such that

(i) vS(d) € S for everyd € SN D;

(i) for every h € SN H, d € v°(h) impliesd € SU u(h);

(iii) v° (i) =; (i) forall i € S and v (i) =; u(i) for somei € S;

(iv) matching v given by v(i) = v°(i) foralli € SND and v(i) = (i) foralli € D\ S

is permissible at .

A matching y is blocked by a coalition if there exits a redistribution among coalition
members such that each coalition member becomes weakly better off and some coali-
tion member becomes strictly better off. Similar to pairwise stability, a coalition S
is admissible to block a matching y if assigning every coalition member i € S with
the redistribution v° (i) and maintaining every other doctor’s (outside the coalition)

assignment as the same as in u will not violate any distributional constraint.

Definition 6 A feasible matching is group stable if it cannot be admissibly blocked by any

coalition.

Let us look at Example 2 again. In this example, p; and y1; are group stable as neither

of them can be admissibly blocked by any coalition

Lemma 2 Every group stable matching is (pairwise) stable, efficient, and non-wasteful.
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Proof: Let u be a group stable matching. By definition, y is feasible and therefore
individually rational. Suppose yu is not pairwise stable. By definition, there exists a
doctor-hospital pair (d, 1) blocking u admissibly. That is, {d, h} blocks p, contradict-
ing the assumption. Suppose matching y is not efficient. There exists another feasible
matching v such that v(i) »=; u(i) for every i € DU H and v(i) =; u(i) for some
i € D U H. By definition, the grand coalition S = D U H blocks the matching y, con-

tradicting the assumption. O

Lemma3  Efficiency and nonwastefulness do not imply each other.

Proof: We prove by example. Suppose that there are two doctors D = {dq,d»}
and two hospitals H = {hy,h} located in one region r. Their quotas are given by
q(h1) = 1,q(hy) =2,1(hy) = I(hp) =0, q(r) = 20, and I(r) = 0. The preferences of

doctors and hospitals are given by
=dy: h2, I =d,: 1, ho
>-h11d2,d1 >-h22d1,d2

Consider the matching y satisfying p(d1) = u(da) = hp and u(hy) = {dy,d»}.
Clearly, we have |u(hy)| = q(ha). u is efficient, because any other feasible matching v
must satisfy |v(hy)| < q(hy). Such matching v makes h, worse off than at u. However,
p is not non-wasteful, because the pair (da, 1) have hy >4, hy, |u(h1)| < q(h1) and
we can make a new feasible matching v satisfying v(dy) = hy, v(h1) = da, v(d1) = hy
and v(hy) = d;. This shows that an efficient matching is not necessarily nonwasteful.

We now prove that a nonwasteful matching need not be efficient. We use the
same example by only modifying the capacity of h; from 2 to 1. Consider a matching
p satisfying p(d1) = hy, p(hy1) = dy, p(d2) = hp and p(hp) = dp. This matching p is
non-wasteful, because |p(h)| = g(h) for all h € {hy,h,}. However, p is not efficient,
because another feasible matching o’ satisfying p’(d1) = hy, p(h2) = dy, p'(d2) = I
and p’(hy) = dp makes all doctors and hospitals better off. O

16



2.3 Fairness

Fairness is a fundamental concept concerning equitable distribution of resources and
has long and widely been explored in the literature. We will adapt this concept to
our current model. Given a matching u, we say that doctor d and hospital & who
are unmatched at y form an envious pair if & >, u(d) = h' and d >, d’ for some
d" € u(h). Roughly speaking, the condition means that doctor d envies every doctor

hired by hospital & and hospital h envies hospital i’ which hires doctor 4.
Definition 7 A matching is fair if there does not exist any envious doctor-hospital pair.

The following result shows incompatibility between stability and fairness.
Lemma 4 [n general, there does not exist a matching that is both stable and fair.

Proof: We prove this by the following example. There are two doctors dy,d,, three
hospitals h1, hy, h3, and two regions rq, 7, with r; = {h1} and r, = {hy, h3}. The max-
imum and minimum quotas for hospitals and regions are given by q(h;) = q(hy) =
q(hs) =1,1(hy) = 1(hp) = 1l(h3) =0,4(r1) = q(r2) =20,1(r1) = 1,and I(r) = 0. The
preferences of doctors and hospitals are given by

hs, hy, M

dy, dq "y -

~=d. -

Lo ha, hs, o ey,

H -

>h -

L dy, dq > h, -

. dl/ dZ
2
All feasible matching are shown in Table 3. Matchings p, and 4 are (pairwise)

stable but not fair. While matchings y; and p3 are fair but not stable. O

Table 3: Feasible Matchings
Matching hy hy h3

I di dy ©
M2 di @ d
13 dy O dy
Ha dy dp @
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The above lemma indicates that fairness is too strong for stable matchings. To
maintain stability, we need to relax the notion of fairness. Recall that 7y stands for
the null quota type which can have any large positive integer quota, say no less than
the number 7 of all doctors. A hospital can hire a doctor beyond its rigid quota only
if a quota from the region rigid quota and elastic quota is distributed to the hospital.
In other words, assigning a doctor to a hospital is possible if the hospital is given a
quota from the hospital’s rigid quota, its region rigid or elastic quota. A mapping
o:D — T U{1} is a quota mapping if it satisfies |c~1(7)| < x(7) forall T € 7. The
condition says that for any quota type T, the number of doctors who are assigned the
quota type should be no greater than the quota x(7).

We can also use a pair (y,0) of matching y and quota mapping ¢ to represent an
outcome if (i) 0(d) € {Tn, Ty(n), Tern) } for alld € p(h) and h € H; (ii) o(d) = 1o for
alld € u(hg); and (iii) |c~(7)| < x(7) for all T € Tgg, and |c~1(7)| = x(7) for all
T € Tg U Tr. Condition (i) says that every doctor hired by a hospital has either the
hospital’s rigid quota type or its regional rigid or elastic quota type. Condition (ii)
states that any unemployed doctor must be assigned the null quota type. Condition
(iii) says that the number of doctors who are assigned any regional elastic quota type
is not more than the elastic quota, and that the number of doctors who are assigned
any rigid quota type must equal the rigid quota. We can now introduce the following

concept of fairness with respect to every outcome.

Definition 8 An outcome (y,0) is fair within the same quota type if there does not exist
any doctor-hospital pair (d,h) such that d,d’ € o= (1), u(d') = h =4 u(d) = h' and
{d} =y, {d'} for some type T € Tr U TRrEg.

An outcome (y,0) is fair within the same quota type if there does not exist any pair
(d,h) of doctor d and hospital i unmatched at u such that doctor d prefers & to his
current match y(d) and hospital & prefers d to any doctor d’ hired by the hospital
at u who shares the same quota type T with doctor d. In other words, doctors who
share the same quota type will not envy each other and to some extent the associated

hospitals will not envy others. We use the following example to illustrate this concept.
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Example 3  There are three doctors dy, dy, three hospitals hy, hy, h3, and two regions r, 12
with vy = {h1} and ry = {hy, h3}. The maximum and minimum quotas for hospitals and
regions are given by q(h1) = q(hy) = q(h3) = 1, 1(h1) = l(hy) = 1(h3) =0, q(r1) =8,
q(r2) = 8,1(r1) =1, and I(ry) = 0. The preferences of doctors and hospitals are given by
hs, hy, M g4 hs, hy My

ds, dy, d

>d1 :

~hy

hs, ha, hp =4,

dy, di, d3 =hy -

, i dy, d3, dy >y -

3 -

In this example, there are no rigid hospital quota, one region rigid quota 7, of rq,
seven region elastic quota 7., of r1, and eight region elastic quotas T, of 1. Any
feasible matching u with p(hy) = @ or u(hs) = @ is neither efficient nor pairwise
stable. Therefore, we will only consider efficient matchings shown in Table 4.

In the outcome (}2,02), doctor d; obtains the region rigid quota T, of ry; d3, d>
obtain the region elastic quotas T,,, of 5. We can see that this outcome is not fair
within the same quota type because there exists a doctor-hospital pair (d3, h3) such
that d3,dy € 0 (Ter,), #(d2) = h3 =4, hy and d3 >, dy. Similarly, we can show that
matchings u3 and yus are not fair within the same quota type. Matchings y1, y4, and
e are all group stable and fair within the same quota type. In fact, y; is fair but py

and pg are not, because at y4 doctor d envies d; and at pg doctor d3 envies d.

Table 4: Efficient matchings in which all doctors are recruited.

Matching hy hy h3 | Quota Matching | T, Ter, Ter,
1 dy dy dj 01 di dy d3
M2 dy ds dy 02 dp ds  dy
13 dy ds dy 03 dy d3 dy
Ha dy dy dj 04 dy di d3
Hs d3 dy dy 05 ds di  dy
He dy dy dy 6 d3 dy dy
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3 Main Results

In this section we propose two mechanisms. We will show that the first mechanism
tinds a fair and efficient matching and is strategy-proof and the second mechanism
finds a group stable and fair matching within the same quota type. The second mech-
anism is built upon the first one. The first mechanism can be seen as significant gener-
alization of the deferred acceptance (DA) algorithm of Gale and Shapley (1962) from
the setting without distributional constraints to the setting with complex distribution
constraints. In each step of our mechanisms, every hospital can hire doctors by using
either its rigid quota, region rigid quota or elastic quota. In the mechanisms a pick-
ing order rule will be used in order to balance region rigid quotas and elastic quotas
among hospitals and regions. Kamada and Kojima (2015) introduced a first picking
order rule for their model with regional ceiling constraints.

Let rankp/(d, h) be the ranking of every doctor d in a given set D’ on the preference
list of any given hospital k. For instance, if d is hospital h’s first choice among all
doctors in D/, then rankp/(d, h) = 1.

Let B, € D be a set of doctors who apply for a position at hospital . Let B =
Unen Bn be the set of all such doctors. Let = be a tie-breaking order of hospitals,
for instance, by using a lottery. This determines an order by which doctors will be
assigned to hospitals when there is a tie between hospitals. A picking order >p
is constructed such that for any d € Bj, and d’ € By, we have d >p d’ if either
rankg, (d,h) < rankg,(d',1') or rankp, (d,h) = rankg (d',h') and b =" ' for b # I'.
This picking order stipulates that first every hospital & calculates its own ranking
rankg, (d, h) for every doctor d € Bj, and then all doctors in B will be ranked such
that a doctor with a higher ranking should be ranked higher than any lower ranked
doctor and a doctor with a higher ranked hospital should be ranked higher than any
doctor of the same ranking with a lower ranked hospital.

Given a tie-breaking order !, we can now present our first mechanism, which

will be the key building block of our second mechanism.
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Deferred Acceptance Algorithm with Distributional Constraints (The DA-D

Step 1.

Step 2.

Step 3.

Algorithm)

Every doctor who has not yet made any proposal or has been rejected previ-
ously proposes to her favorite hospital that she has not previously proposed to.

Otherwise, she will not make any proposal but match with /. Go to Step 2.

(Distribute hospital rigid quota) Every hospital i € H selects its favorite doctors
up to its capacity g() from those who have just proposed to the hospital or have
been tentatively accepted by the hospital, but rejects all other doctors who have
also proposed to it. Let M), be the set of doctors who are currently selected by
the hospital. If there exists any rejection, go back to Step 1. Otherwise, every
hospital & tentatively accepts the first min{x(7,), | M|} top doctors from M, by
using its rigid quota. Let Dy, denote this set of tentatively accepted top doctors.
If every doctor is tentatively accepted by a hospital, go to Step 4. Otherwise, go
to Step 3.

Let B, = My, \ D, for every hospital i and B = U,y By,. Based on the given tie-
breaking order of hospitals !, construct a picking order 5. Do the following

operation:

Process 1. (Distribute region rigid quota) Pick doctors from B one by one according

to the picking order ~p and assign each of them to the hospital which has
selected her, until there is no region rigid quota. Let B be the set of doctors
who are assigned to hospitals in this step. Any doctor who is assigned to a
hospital in this step is tentatively accepted by the hospital. If B = B, go to
Step 4. Otherwise, go to Process 2.

Process 2. (Distribute regional elastic quota) Pick at most the number of

min{n — ) I(r), }_ min{q(r) = 1(r), }_ q(h) —1(r)}} (1)

reR reR heH,
doctors one by one from the remaining ones in B \ B according to the pick-

ing order >p and assign each of them to the hospital which has selected
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her, until there is no regional elastic quota. Any doctor who is assigned to
a hospital in this step is tentatively accepted by the hospital. Every doctor
in B\ B who is not tentatively accepted will be rejected by her proposed
hospital. If there is no rejection, go to Step 4. Otherwise, go to Step 1.

Step 4. In the end, any doctor who has been tentatively accepted by a hospital will
match with the hospital. Any doctor who has not been accepted by any hospital
will have no position. Any hospital which has not accepted any doctor will

have no doctor. The algorithm stops.

Note that in formula (1) the first term n — Y,z [(7) is the number of doctors still
available after they fill every region’s minimum quota, and the second term reflects
that the total number of doctors can be possibly filled after doctors fill every hospital’s
minimum quota and every region’s minimum quota. The minimum of the two terms
is the actual number of doctors that will be distributed after they fill every hospital’s
minimum quota and every region’s minimum quota. We call the number the total
distributable elastic (TDE) quota. We can rewrite formula (1) as follows:

min{n — Ty 1), Syer min{q(r) — (r), Tyep, a(h) — (1) }}
= min{n, }.,cg min{q(r), Lpen, 9()}} — Lrer L(r).

The following result implies that the DA-D algorithm will generate a feasible

matching.

Proposition1  In each round when the DA-D algorithm processes to Step 3, we have

B\ B| > min{n, ) min{q(r), }_ q(h)}}— ) I(r).

reR heH, réeR

The algorithm distributes rigid and elastic quotas among hospitals and regions
and checks whether any distributional constraint is violated or not. We have the

following result for the algorithm.

Theorem 1 A matching u produced by the DA-D algorithm is feasible, fair and efficient.

Theorem 2 The DA-D algorithm is strategy-proof for all doctors.
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Now we give an example to illustrate the process of the DA-D algorithm.

Example 4 There are six doctors D = {dy,dp,d3,dy,ds,de} and five hospitals H =
{h1,hy, h3, hy, hs} located in two regions R = {ry,ro} with r1 = {hy,hy} and r, =
{h3, hg, hs}. The maximum and minimum quotas for hospitals and regions are given by
q(h) = q(h2) = q(hs) = 2, q(h3) = 3, q(hs) = 1, I(l) = I(h2) = I(h3) = 0,
I(hy) = I(hs) =1, q(r1) = 2, q(r2) = 20, 1(r1) = 2, and I(rp) = 2. The preferences of

doctors and hospitals are given by

=dy Tdy Tdy Tdy Tds  dg ~hy "Thy ~hy “hy " hs
hi hi  hy hy hs h3 dy dy dy ds ds
hy hy hy h  hy Ay dy dg dy dy
A dy  dy  ds  dy  dy
Iy hs d  dy Ay
s . : .

According to the distributional constraints, we can calculate the number of quotas

with each type shown in Table 5.

Table 5: Quotas for Example 4.

Region 7 o)

Hospital h hy h3 hy hs
region elastic quota €(Ter,) = q(r1) —1(r1) =0 K (Ter,) = 18
region rigid quota | x(T,) = 1(r1) — LheH,, I(h) =2 k(Trr,) =0
hospital rigid quota | x(Ty,) =0 k(Ton,) =0 K(Tony) =0 | &(Typ,) =1 | () =1

The process of the DA-D algorithm is shown in Table 6. In the table, we record
each round of the algorithm and count the process of the algorithm as a new round

as soon as it goes back to Step 1. In each round, at most

min{n — Y_1(r), ) min{x(wr), ) q(h (r)}} =2

réeR reR heH,
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the total distributable elastic (TDE) quota can be used in each region. The tie-breaking
order for hospitals is given by P = (hy, hy, h3, ha, hs). Doctors underlined in the last
column are selected according to the picking order. Doctors in boxes are temporarily
accepted by hospitals in each round when hospital rigid quota, region rigid quota,

regional elastic quota, and TDE quota are used.

Table 6: Illustration of the DA-D algorithm for Example 4.

Region ] 12 Picking Order
Hospital hq hy hs hy hs P = (hy,hy, h3, hy, hs)
Round 1 | dy,|dy| | da,|ds|| |ds)|de ~p: do, dy, de, d1,d3, ds
Round 2 | dy, |d3| | dy,|di|| |ds)|de| ~p: d,d1,de,da,ds, ds
Round 3 | dy, |d3| | o, |d1|| |ds)|de] ~p: d3, d1,de, da, do, ds
Round 4 | |ds di| | do|ds)|de|| |ds =p: ds, dy, de, ds, d>

Round 5 , dy,

Round 6 ds, | dy|, d6‘ ’dz‘ =B d3,d1,ds,de, d5
Round 7 ds dq dyl|de dy, |ds
Round 8 | |d3 dq dy, |de ds @ =B d3,d1,dy, ds

To facilitate a better understanding of the algorithm, we explain several rounds in
detail. In Round 1, d; and d;, propose to hy, d3 and dy propose to hy, and ds and dg
propose to k3 in Step 1. We have My, = {dy,dz}, My, = {d3,ds}, My, = {ds,de},
Dy, = Dy, = Dy, = @ in Step 2. At Step 3, we have By, = {d1,d»}, By, = {d3,ds},
and By, = {ds,de}, and the picking order >~p: dy,d4,de,d1,d3,ds. In Process 1, dp
is temporarily accepted by h; and d4 by hy. In Process 2, ds and dg are temporarily
accepted by h3, and then d; and d3 are rejected by h; and hjy, respectively.

In Round 2, d3 proposes to h; and d; to hy in Step 1. We have M, = {d»,d3},
My, = {d1,ds}, My, = {ds,de¢}, Dy, = Dy, = Dy, = @ in Step 2. At Step 3, we
have By, = {d>,d3}, By, = {d1,d4}, and By, = {ds,des}, and the picking order >p:
d3,dy,de,d2,ds,ds. In Process 1, ds3 is temporarily accepted by hy and d; by hp. In
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Process 2, ds and dg are temporarily accepted by h3, and then d, and dy are rejected
by h1 and hy, respectively. Round 3 is omitted.

In Round 4, d, proposes to hi3 and dy to hy in Step 1. We have M;,, = {d3}, M), =
{d1}, My, = {dy,ds,de}, My, = {ds}, Dy, = Dy, = Dy, = @ and Dy, = {d4} in Step
2. At Step 3, we have By, = {d3}, By, = {d1}, and By, = {d»,ds5,dcs}, and the picking
order >p: d3,dq,ds, ds, d2. In Process 1, d3 is temporarily accepted by h; and dy by hy.
In Process 2, ds and dg are temporarily accepted by /3, and then d; is rejected by h3.

In Round 5, d; proposes to hy in Step 1. hy takes d, in by rejecting dy in Step 2. We
have Mj, = {d3z}, My, = {d1}, My, = {ds,ds}, and Mj,, = {d>} in Step 2. Then the
algorithm goes back to Step 1. Rounds 6 and 7 are omitted.

In Round 8, d; proposes to hs in Step 1. We have M, = {d3}, M;, = {di},
My, = {dy,de}, My, = {ds}, My; = {d2}, D, = Dy, = Dy, = @, Dy, = {ds}, and
Dy, = {d»} in Step 2. At Step 3, we have By, = {d3}, By, = {d1}, and By, = {ds, d¢},
and the picking order >p: d3,d1,ds,de. In Process 1, d3 is temporarily accepted by
hy and dq by hy. In Process 2, d4 and dg are temporarily accepted by h3. There is no
rejection so the DA-D algorithm stops with the following matching:

<h1 hy  hy  hy h5>
U=
ds di {ds,de¢} ds do
Observe that this matching y is efficient and fair but not (pairwise) stable as it can be
admissibly blocked by either (ds, hy) or (dy, hy).

Given a feasible matching y, let M, (h) = {d € D | h =; u(d)} be the set of doctors
d who prefer hospital / to her assignment (d). For any doctor d € D and any set H'
of hospitals, let Hf/(d) ={h € H | h =; u(d)} be the set of hospitals h that doctor d
prefers to her assignment y(d), i.e. h =4 u(d). Let N, (r) = {h € H, | |u(h)| < q(h)}
be the set of hospitals & located in region r which still have vacant positions under
matching p.

A doctor d is underdemanded if she has no position in any hospital, i.e. j1(d) = hy.
A hospital / is underdemanded if M, (k) = @ and |u(h)| = I(h). A hospital  is un-
derdemanded at matching y if the number of doctors hired by the hospital at u equals
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its floor quota /() and no doctor who is not matched with the hospital prefers the
hospital to her assignment. A region r is underdemanded if |y(r)| = I(r) and either
Nyu(r) = @ or Upen, (r) M(h) = @ when N, (r) # ©. A region r is underdemanded at
matching p if the number of doctors hired by the region r equals its floor quota I(r)
and either the number of doctors hired by every hospital 1 € H, in the region equals
its ceiling quota q(h) or there exists some hospital in the region which has vacant
positions, but no doctor whose assignment is not the hospital prefers the hospital to
her assignment. A region r is nonwasteful if [p(r)| > I(r) and either N, (r) = @ or

Uneny ) M(h) = @ when Ny(r) # @

Proposition2  Let u be the matching produced by the DA-D algorithm. There exists
either

(a) a doctor d which has u(d) = hy, or

(b) a hospital h which has My (h) = @ and |u(h)| = I(h), or

(c) a region r which has Ny (r) # @ and Upen () M(h) = @, or

(d) a region r which has N (r) = @.

We have the following Corollary.

Corollary 1 Let u be the matching produced by the DA-D algorithm. There exists at least
one underdemanded doctor, one underdemanded hospital, one underdemanded region, or one

nonwasteful region.

Based on the DA-D algorithm, we propose the following mechanism for finding a

teasible and group stable matching.

Sequential Deferred Acceptance Algorithm with Distributional Constraints (The
SDA-D Algorithm)

Step 0. Start with a given market M. Set M! = M and k = 1. Go to Step k.

Step k. Implement the DA-D algorithm for the market M* which yields matching y*.
Remove every underdemanded doctor d from MK by setting u*(d) = hy. Do
the following:
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— For every removed doctor d with p*(d) = hy, remove every remaining
hospital h € J,egn Hﬁ{ (d) from every remaining doctor d’s preference list,
where d is given by d =, d. Let k = k + 1 and go back to Step k for the

remaining market MK,

If 4 does not have any underdemanded doctor, remove all underdemanded
hospitals & and their hired doctors from MF by setting u*(h) = u*(h). Let
k = k+ 1 and go to Step k for the remaining market M¥.

If 4¥ does not have any underdemanded hospital, remove all underdemanded
regions and their hospitals / and their hired doctors from M* by setting 1*(h) =
1*(h). Let k = k + 1 and go to Step k for the remaining market M¥.

If 1% does not have any underdemanded region, remove all nonwasteful regions
and their hospitals  and their hired doctors from M* by setting u*(h) = u*(h).
Let k = k + 1 and go to Step k for the remaining market M¥.

The algorithm stops with the matching * when no doctor is left.

We say that a market is sparse if the number of available positions is larger than the
number of available doctors in the market, i.e. n < Y ;g g(h). Otherwise, the market
is thick. The SDA-D algorithm is a general mechanism that can deal with both sparse
and thick markets. When the market is sparse, a sensible quota system should be
given such that every doctor will find a position, i.e. n < Y,cr min{g(r), Y4, q(h)}.
In this case, every doctor can find a position so there will be no underdemanded
doctor.

Again we use Example 4 to illustrate the SDA-D algorithm. Note that the market
in this example is sparse. We use the same tie breaking order P = (hy, hy, h3, hy, hs).

Table 7 shows the process of the SDA-D algorithm for Example 4. In each step of
the table, we indicate those underlined doctors who have gotten their final assign-
ments. In Step 1, doctor d3 is assigned to hy, d; to hy, both d4 and dg to h3, ds to hy,
and dj to hs. hs is underdemanded so removed together with its hired d, from the

market. In Step 2, doctor d3 is assigned to hq, dy to hy, both ds and dg to h3, and d4
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to hy. hy is underdemanded so removed together with its hired d4. In Step 3, doctor
dy is assigned to hy, d3 to hy, and both ds and dg to h3. Both regions ry and r; are
nonwasteful so removed together with the three hospitals and the hired doctors. The

algorithm now stops and gives the following matching;:

. hi hy  hs  hy hs
]/l =
di dz {ds,de¢} dy do

The outcome (p*, o) is efficient, nonwasteful, group stable, and fair within the same

quota type, where
dy dy ds dy ds dg
o= :
T Ths Try Thy Tery Terp

Table 7: Illustration of the SDA-D algorithm for Example 4.

Region 1 o Removed agents
Step1 | Hospital | hy | hp | h3 | hy | hs underdemanded hospital /5
ul! d3 | di | da, de | d5 | da with p*(hs) = {d>}
Region r 9) Removed agents
Step 2 | Hospital | hy | hy h3 hy underdemanded hospital /4
u? d3 | dy | ds,de | dy with p*(hy) = {dy}
Region 1 5) Removed agents
Step 3 | Hospital | hy | hy hs nonwasteful regions r; and r, with
w dy | ds | ds,ds pr(hh) = {dv}, p*(h2) = {ds}, u*(h3) = {ds, de}

We have the following two results for the SDA-D algorithm. Let D¥ and H* stand

for the set of doctors and hospitals in the market M, respectively.

Proposition 3  Given any given problem M, let K be the last round in the processes of
the SDA-D algorithm. Let 1* be the matching produced by the algorithm for the remaining
market M¥ in round k (k < K). Then every doctor d € D¥ has u*+1(d) =4 u*(d).
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Theorem 3  The matching found by the SDA-D algorithm is feasible, group stable and

fair within the same quota type.

Recall that a group stable matching must be efficient, pairwise stable and non-wasteful.

4 Comparison and Discussion

In this section, we discuss compatibility between several solution concepts used in

this paper and compare our stability with two closely related stability concepts.

4.1 An Impossibility Result

We first discuss compatibility among several properties including non-wastefulness,
fairness, and strategy-proofness. Let P denote the class of problems under considera-
tion and let ¢ and ¢ be two different mechanisms designed for the problems. We say
that a mechanism ¢ doctor-dominates another mechanism 1 if, for every problem,
every doctor weakly prefers the matching produced by ¢ to that by ¢ and if, for some
problem, every doctor weakly prefers the matching produced by ¢ to that by ¢ and
some doctor strictly prefers the matching produced by ¢ to that by 1. Formally, we

have

Definition 9 A mechanism ¢ doctor-dominates 1 if
(i) forall P € P, ¢;(P) >=; ¢;(P) forall i € D; and
(ii) for some P € P, ¢;(P) =; ¢;(P) forall i € D and ¢;(P) =; ¥;(P) for some i € D.

Let us reexamine the outcomes generated by the SDA-D algorithm and the DA-
D algorithms for Example 4. We can see that doctors prefer the matching produced
by the SDA-D algorithm to that by the DA-D algorithm. This is because the SDA-D
algorithm is based on the DA-D algorithm and there exists a dominance relationship
between the two algorithms. Let ¢p°P* be the SDA-D algorithm and ¢P4 the DA-D

algorithm. By Proposition 3, we immediately have the following observation.
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Proposition4d  The SDA-D algorithm ¢SP4 doctor-dominates the DA-D algorithm ¢P4.

Let "W represent a mechanism that yields a non-wasteful matching and is strategy-
proof for all doctors. Let 9”4 denote the DA-D mechanism. Then we have the fol-

lowing general result.

Proposition 5 Regardless of whether a market faces ceiling constraints or floor constraints or
both, there exists no strategy-proof and non-wasteful mechanism eN" that doctor-dominates

the DA-D mechanism ¢P4.

Abdulkadiroglu et al. (2009) found an impossibility result for a school choice model
without distribution constraints saying that there is no strategy-proof mechanism that
dominates the deferred acceptance mechanism. Kesten (2010) discovered another
impossibility saying that there is no efficient and strategy-proof mechanism selecting
a fair and Pareto-efficient matching.

We have the following immediate Corollary.

Corollary 2 There exists no strategy-proof and group stable mechanism that doctor-dominates

the DA-D mechanism ¢P4.

Obviously, by this result and Proposition 4, there is no strategy-proof and group sta-

ble mechanism that doctor-dominates the SDA-D mechanism.

4.2 Stability of Kamada and Kojima (2017)

Kamada and Kojima (2017) studied a market with general ceiling constraints by ex-
tending Kamada and Kojima (2015) . They propose a feasibility constraint f : ZE{‘ —
{0,1} such that x < y implies f(x) > f(y) and f(0) = 1, where 0 means the zero
vector and Z is the set of nonnegative integers. Each coordinate x;, in the vector x
indicates the number of doctors assigned to hospital # € H. x is feasible if and only
if f(x) = 1. Otherwise x is infeasible. If x is feasible and 0 < y < x, y is also feasible.

A matching is feasible if and only if f(w(u)) = 1, where w(u) := (|u(h)|)nen-
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Their weak stability is defined as follows. A doctor-hospital pair (d,h) block a
feasible matching u if h >4 p(d) and either |u(h)| < q(h) and {d} >, @ or {d} >} {b}
for some b € y(d). Given a feasible constraint f, a feasible matching y is weakly stable
if it is individually rational, and whenever there is a blocking pair (d, ), we must
have (1) f(w(u) +e(h)) = 0 and (2) {b} =, {d} for every b € u(h), where e(h) is
the h-th unit vector in RIF!. Condition (1) says that adding one doctor to hospital /
without changing anything else violates feasibility. Condition (2) means that hospital
h prefers all its doctors in u(h) to doctor d but likes to hire doctor d to fill its vacant
position. So, this weak stability does not eliminate certain blocking pairs that still
satisfy the feasibility constraint. They also introduced strong stability. They proved
the existence of weakly stable matching but disproved the existence of strongly stable
matching in their model.

We use the following example to show that their weak stability is not suitable for a

market with floor constraints. Clearly, their strong stability cannot be applied either.

Example 5  There are one doctor D = {d} and two hospitals H = {hy, hy} located in one
region r with maximum and minimum quotas q(hy) = q(hy) = 1, 1(hy) = 1, I(hy) = 0,
q(r) = 2, and I(r) = 1. The preferences of doctors and hospitals are given by > 4: hy, hy,

=pys dand =y, d.

It is easy to see that this problem has a unique matching u with u(hy) = d, u(d) = hy,
and y(hy) = @. By definition, (d, hy) is a blocking pair of . Hypothetically matching
the blocking pair (d, h) together without removing d from h; would satisfy all the
constraints but violate the above condition (1). Hence, u is not weakly stable. We can
also look at this issue from a different perspective. Because of the floor constraint on
hy, there exists no feasible matching that can assign d to hy, as y is the only feasible
matching.

In summary, without floor constraints, removing d from h; would not cause any
problem with feasibility. However, the presence of floor constraint makes the move-

ment of doctor d from hospital /1 impossible.
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By our definition in Section 2, y is stable, because (d,h;) is not an admissible
blocking pair.

Note that for any given matching model with unbinding floor constraints, i.e.,
I(i) = 0 for all i € H U R, weak stability in Kamada and Kojima (2017) and our
concept of pairwise stability do not superset each other, because every weakly stable

matching is fair but every pairwise stable matching is non-wasteful.

4.3 Stability of Akin (2021)

We now discuss the notion of floor respecting stability of Akin (2021) for a doctor-
hospital matching model with floor constraints. Following Akin (2021), a feasible
matching y is blocked by coalition A C D U H if there is another feasible matching
such that (i) /(d) € Aand p/'(d) >4 p(d) for all doctors d € AN D; (ii) u'(h) C A and
w'(h) =, u(h) forall h € AN H; (iii) ' (i) >; u(i) for some doctor or hospital i € A;
and (iv) if doctor d ¢ A, then u/(d) = u(d) or ' (d) = @. A feasible matching u is floor
respecting stable if it is not blocked by any coalition. (iv) is a key condition, saying that
a coalition can block a feasible matching  if there exists another feasible matching
when in the new matching ' any doctor not in the blocking coalition can either keep
her previous position in y or has no position at all.

Although Akin (2021) did not discuss blocking pairs, we can immediately use her
definition to define a doctor-hospital blocking pair. We say that a feasible matching
is floor respecting pairwise stable if it is not blocked by any doctor-hospital pair. We
compare these two concepts with our pairwise and group stability concepts.

Let FRS be the set of floor-respecting stable matchings, and PWFRS the set of

floor-respecting pairwise stable matchings.

Proposition 6  Forany given matching model with unbinding-disjoint regions, i.e., g(r) >
Yhen, q(h) forallr € Rand H- NHy = @ for all v,¥' € R, we have the relationship
PWS C PWERS.

The following example shows that a floor-respecting pairwise stable matching need
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not be pairwise stable.

Example 6  There are two doctors D = {dy,d,} and two hospitals H = {hy, hy} located
in one region r with quotas q(h1) = q(hy) = 1,1(hy) = 1(hy) = 0,q(r) = 20,and I(r) = 2.
The preferences of doctors and hospitals are given by =4,: hy, hy and =;,: hy, hp, =y,: da, d4,

and ™yt dr, d;.

Table 8: Feasible Matchings in Example 6.
Matching | hy hy

pi | dy da

po | dy dq

There are two feasible matchings y; and pp as shown in the table. Both y; and
p2 are floor-respecting stable matchings. But only i is pairwise stable, as it is not
admissibly blocked by any doctor-hospital pair and y4 is admissibly blocked by the
pair (dp, hy).

Similarly, we have the following result.

Proposition 7  For any given matching model with unbinding-disjoint regions, i.e., q(r) >
Yhen, q(h) forallr € Rand H- N H, = @ for all r,¥' € R, we have the relationship
GS C FRS.

The above example shows that y; and yuy are floor-respecting stable but only > is

group stable.

5 Conclusion

Many real-life markets face a variety of distributional constraints. This paper is moti-
vated by the Chinese doctors, hospitals, and regions matching problem. In the prob-
lem, hospitals are located in different regions of the country. Because of the hetero-

geneity of the development in hospitals and regions, some hospitals or regions are
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much more popular than others. To ensure certain fairness and a proper level of ser-
vices at each hospital and each region, floor constraints on the number of doctors are
imposed upon every hospital and every region, besides their ceiling constraints.

To deal with this matching market problem with complex distributional constraints,
we have introduced two solutions. The first solution is efficient, fair, and strategy-
proof, while the second one is group stable and fair within the same quota type. Un-
like the conventional two-sided matching problem without distributional constraints
where every coalition can be formed as a blocking coalition, in the current market
some coalition cannot be formed because it may violate the distributional constraints.
We have proposed an intuitive, novel, and practical concept that a blocking coalition
is admissible if a new matching resulted by the coalition satisfies all the constraints
except some hospital’s ceiling constraint but can be made feasible after a grace period
of time for dismissed doctors. A feasible matching is (pairwise) group stable if it can-
not be blocked by any admissible coalition (any admissible pair). Pairwise stability
implies nonwastefulness but is not compatible with fairness. We have weakened fair-
ness to fairness within the same quota type. The latter means that doctors sharing the
same quota type do not envy each other and their associated hospitals do not envy
each other. Group stability implies efficiency and pairwise stability.

We have proposed new mechanisms for finding the two solutions. They are called
the deferred acceptance algorithm with distributional constraints (the DA-D algo-
rithm) and the sequential deferred acceptance algorithm with distributional constraints
(the SDA-D algorithm). We have proved that the outcome generated by the DA-D al-
gorithm is fair and efficient, and the algorithm is incentive-compatible for doctors,
and the outcome by the SDA-D algorithm is group stable and fair within the same
quota type. The DA-D algorithm can be viewed as a significant generalization of
the deferred acceptance algorithm and the SDA-D algorithm is built upon the DA-D
algorithm. We found that efficiency and nonwasteful do not imply each other. We
showed that there exists no strategy-proof and nonwasteful mechanism that doctor-

dominates any fair mechanism. We compared our stability concepts with two closely
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related concepts by Kamada and Kojima (2017); Akin (2021).

In summary, we have introduced a general matching problem with practical and
complex distributional constraints by taking doctors, hospitals and regions matching
as premier examples. Similar problems arise from civil service sectors and others. We
hope this study has given fresh insights into this important class of resource allocation

problems.

A Appendix: Proofs

Proof of Proposition 1: In each round when the DA-D processes to Step 3, |(My,)eg| >
Y er1(r) > Ypen l(h) holds. Otherwise, there does not exist a feasible matching be-
cause each hospital is acceptable for each doctor and vice versa. Moeover, at Step 2 of
each round of the DA-D procedure, every hospital / tentatively accepts at most I ()
number of doctors by using its rigid quota. So |Dy,| < I(h) holds for each h € H.

Now we consider any round when the DA-D processes to Step 3. Clearly, |B| =
|(My \ Di)nenl > |(Mp)nen| — Ypen [(h) holds true. At Process 1 of Step 3 of the
round, hospitals in every region r can tentatively accept in total at most [(r) — Y_,cy, [ (h)
doctors by using their region rigid quota. So |B| < ¥.,cr(I(r) — Lyen, [(h) holds and
hence [B\ B| > |(Mp)nen| — Lner!(h) — (Lrer(I(r) — Enen, 1(h))) = |[B\ B| >
|(Mp)nen| — Xper 1(r) holds true. We need to consider the following two cases.

Case 1. min{#n, }_,cg min{q(r), Lyep, q(h)} } = n. In this case, the total distributable
ealstic (TDE) quota is n — Y, I(7). The total number of hospital rigid quota, region
rigid quota and region elastic quota that can be distributed is n. In the DA-D pro-
cedure, a doctor will match with iy when she has proposed but been rejected by
all hospitals; every hospital i will reject a doctor from M; when all hospital rigid
quota, region rigid quota and region elastic quota have been completely used. It im-
plies that |(My,)ney| = n holds true. Hence, |B\ B| > |(Mp)nen| — Lrerl(r) =
B\B| = n—E,ex () = [B\ B = min{n, ,cq min{q(r), Ther, 900} — Trer (1)
holds true.
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Case 2. min{n, ;cg min{q(r), Cpen, 4(h)}} = Lrermin{q(r), Lpen, q(h)}. In
this case, the total distributable ealstic (TDE) quota is }_,cg min{q(r), Lpep, 9(1)} —

Y ,erl(r). The total number of hospital rigid quota, region rigid quota and region
elastic quota that can be distributed is } ,cg min{q(r), Tycpy, q(h)}. In the DA-D
procedure, a doctor will match with hy when she has proposed but been rejected
by all hospitals; every doctor in Mj; will be rejected by h when all hospital rigid
quota, region rigid quota and region elastic quota have been completely used. It
implies that |(My,)ner| > Lyegr min{q(r), Lyey, (1)} holds true. Hence, [B\ B| >

|(Mp)nen| — Lrer 1(r) > Lrer min{q(”)/ZheH, q(h)} — Lrer I(r) holds.
O

To prove Theorems 1, 2, and 3, we need to introduce several new definitions and
lemmas. Let u be the matching produced by the DA-D algorithm and K be the last
round. We first show that as long as hospital & rejects some doctor at Step 3 in some
round k, the number of region rigid quota and region elastic quota distributed to / in
any later round will not exceed the number of the quotas obtained by & in round k.
Let D*(h) and D*(h) be the set of doctors who are temporarily accepted at Step 2 and

at Step 3 in round k, respectively.

Lemma 5 If hospital h rejects some doctor at Step 3 of the DA-D algorithm in round k, then
forall K > k, we have | DX (h)| = |DX(h)| = I(h) and |D¥ (k)| < |D*(h)].

Proof: Suppose hospital / rejects some doctor at Step 3 in round k.

We first show that ]Dk/ (h)| = |D*(h)| = I(h) for all K > k. Hospital h rejects
some doctor at Step 3 in round k. It indicates that hospital / has completely used its
rigid quota to recruit doctors in round k, i.e. |[D*(h)| = I(h). In the DA-D procedure,
a hospital rejects a doctor who has been tentatively accepted by using the hospital’s
rigid quota only when the hospital receives a more preferred doctor’s proposal. So
|D¥' ()| = I(h) for all K’ > k holds true.

We further prove the case of |f)k, (h)| < |D¥(h)| for all K’ > k by induction. When
k' = k, it is obvious that |D¥(h)| < |D¥(h)| holds. We will show that if [D"™ (k)| <
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|D¥(h)| holds true for all rounds m where k < m < K, |D"+1(h)| < |D*(h)| will hold
true in round m + 1. Suppose the relation does not hold such that (i) |[D" (k)| >
|D™(h)| in round m + 1. Hospital & rejecting some doctor at Step 3 in round k of the

DA-D procedure indicates that all region rigid quotas T,,(j,) and the number

min{n — Y_ 1(r), Y min{x(t), Y q(h) —1(r)}}

reR reR heH,

of region elastic quotas has been distributed. Therefore,  obtaining additional region
rigid or elastic quotas means that either (1) hospital /' in region () loses at least
one region rigid or elastic quota in round m + 1 or (2) hospital %" in other region
r # r(h) loses at least one region elastic quota in round m + 1. So the hospital #’ has
(if) D™ (h')| > [D"*H(R')].

In the DA-D procedure, region rigid quotas and region elastic quotas are dis-
tributed one by one to hospitals to hire doctors according to the picking order given
the tie-breaking order >!. According to the rule of the picking order, we have (iii)
D™ (h')| < |D¥(h)| + 1 because h rejects some doctor at Step 3 in round k; and (iv)
|D"™ 1 (h)| < |D™+1(K)| + 1 because K’ rejects some doctor at Step 3 in round m + 1.

According to relations (i),(ii),(iii) and (iv), we have the follwing relation
D" ()] < D" +1 < [D™(K')| < [DF(R)| +1 < [D™F(m)],

so that |D"*1(h)| = D" (W)| +1 = |D™(I')| = |D*(h)| + 1 holds true. Accord-
ing to the rule of the picking order, we have i’ ! h in round m while i =! }’ in round
m + 1, which yields a contradiction.

O

Proof of Theorem 1: Let u be the matching produced by the DA-D algorithm and K
be the last round in the procedure.

(i) Feasiblity: First, matching p does not violate ceilling constraints on hospitals and
regions. Step 2 of the DA-D algorithm shows that every hospital only accepts a set of
doctors up to its capacity. Step 3 of the algorithm shows that the number of doctors
accepted by hospitals in any region will not exceed the ceiling of the region in every

round.
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Second, matching y does not violate floor constraints on hospitals and regions.
Suppose that some floor constraint is violated in matching y. There are two cases.

Case (i). There exists some doctor d with y(d) = hg. It means that doctor d has
been rejected by all hospitals. In the algorithm, no hospital rejects any proposal from
acceptable doctors as long as it has undistributed hospital rigid quotas and its region
rigid quota. Hence, all hospital rigid quotas and region rigid quotas are filled in this
case, which contradicts the assumption.

Case (ii). There exists no doctor d with ji(d) = hy so that |i| = n. It indicates that
n < Y,ermin{q(r), Lyen, (1) }. According to the quota system, the TDE quota is

min{n — Y_ 1(r), Y min{q(r) = 1(r), Y q(h) —1(r)}} =n—)_1(r).

reR reR heH, rerR
So the total number of distributable quota in the market is nn. Every doctor is matched

with a hospital associated a quota from either hospital rigid quotas, region rigid quo-
tas or region elastic quotas. If there exists some hospital & with |u(h)| < I(h) or some
region r with |u(r)| < I(r), then at least one distributable quota is undistributed, i.e.
\1t| < n, which contradicts the assumption.

(ii) Fairness: Ineachround of the algorithm, every hospital selects its most preferred
set of doctors according to the currently available proposals. In each round, d >, d’
implies (d,h) =p (d',h) forall h € H. By Lemma 5, if h >, u(d), then d’ >, d for all
d € u(h).

(iii) Efficiency: Suppose that y is not efficient. There exists another feasible matching

v such that v(i) »=; u(i) foralli € DU H and v(i) >; (i) for some i € D U H. Under
strict preference, there exists some hospital 1 € H such that v(h) >} u(h). Otherwise,
matching y is not individually rational. When v(h) >, u(h), we need to consider the
following cases:

Case 1. Hospital h has |v(h)| < |u(h)|. Due to the responsiveness of the preference
of h, there exists some doctor d € v(h) \ u(h) such that {d} > {d'} for some d’' €
#(h). Under strict preference, we have h -; u(d), which contradicts fairness.

Case 2. Hospital & has |v(h)| > |u(h)|. Based on the algorithm, we have |u| =

min{n, Y,cg min{x(Ter), Lpep, (1)} } and hence || = |v|. There exists some hospital
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W with |[v(h'")] < |u(K")|. Due to the responsiveness of the preference of /, there exists
some doctor d € v(h') \ u(l') such that {d} > d’ for some d’ € u(h'). Under strict

preference, we have 1’ > j(d), contradicting fairness. O

The following proof of Theorem 2 generalizes the well-known argument given
by Dubins and Freedman (1981) for the Gale-Shapley marriage matching model to
our current more sophisticated model in which both hospitals and regions face their

own floor and ceiling constraints on the number of doctors.

Proof of Theorem 2: Let >p be the set of true preference profiles for doctors and
1 = ¢(>p) be the matching produced by the DA-D algorithm under >p.

Consider any preference profile >, Let v = ¢ (=) be the matching produced by
the DA-D algorithm under >7,. We show that we only need to consider a specific kind
of misrepresentation. Consider a manipulator d,, who makes a simple equivalent
misrepresentation >/1/): (>_l/im’ - dm) such that the manipulator d,, simply puts his
match in v(d,,) to the top of his list. That is, d,, prefers v(d,,) to all other hospitals.

We have the following Lemma 6.

Lemma 6 Letv = @(~p) and v' = ¢(~1). Then, the set M = {d € D | v(d) >; v'(d)}
is empty.

Proof: By Theorem 1, matching v and v are fair under preference >/D and >/1/3, re-
spectively. Since the only change from >ID to >g is d,, who moves v(d,,) to the top
of his preference list, v is also fair under preference >—/[/). Let N = (v(d))gem- If the
manipulator d,, receives different assignments at v’ and v, i.e. v (dm) # v(dp), then
v(dm) >2m V' (dy), and hence d,, € M.

Suppose M # @. We have the following claim .

Claim (1). Either v(d) = h or v(d) %i v/(d) = h for every doctor d € v'(h) with
h € N. Proof: Supoose there exists v'(d) = h >;l v(d) for some d € v'(h) withh € N.
It indicates that the dotor is not the manipulator, i.e. d # d;; and hence >/, =>//. Since

matching v is fair under >" and h >:1 v(d), then d’ = d (d’ >} d) for each doctor
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d" € v(h). Since h € N, there exists some doctor " € M who has v(d") = h >/, v'(d)

so that (d’, h) forms an envious pair, which contradicts fairness of matching v/. O

Let k be the earliest round in which some doctor d € M is rejected by v(d) in the
procedure 4>(>/1;). By Claim (1), every doctor d who has been assigned to hospital
v(d) at v/ is assigned to either v(d) or a better choice at v. No doctor d’ who has
v(d") >—;, v(d) applies to v(d) in round k. (Otherwise, we have d’ € M, and hence k is
not the earliest round.) Therefore, each doctor who makes a proposal to v in round k
of the procedure ¢(~) is assigned to either v(d) or a worse choice at v. According
to the fairness of the DA-D procedure, d >~/ @ d’ holds true for each doctor d’ who
is assigned a worse choice than v(d) at v, i.e. v(d) >/, v(d'). So, no doctor d’ who
has v(d) !, v(d") is tentatively accepted by v(d) in round k of the procedure $(~p)
because of the rejection of 4. This implies that the number of doctors tentatively
accepted by v(d) in round k of the procedure ¢(>p,) is smaller than |v(v(d))|. Hence,
the rejection of doctor d is not because of v(d)’s capacity, which means that doctor d
is rejected by v(d) in Step 3 of round k; and by Lemma 5, |v' (v(d))| < |v(v(d))| hold.s
true, which means that v(d) loses at least one region rigid quota or region elastic
quota (in round k) at v/ than that at v.

Because doctor d has been rejected in Step 3 of round k of the procedure ¢(>1p,),
all region rigid quota of region r(v(d)) and all distributable region elastic quota have
been distributed in round k. So there must exist some hospital &’ (1) (tentatively)
obtaining the “losing” quota so that the number of doctors tentatively accepted by 1’
is more than |v(h')| in round k; and (2) assigning to some doctor d’ who has a higher
priority (of obtaining the ”“losing” quota) than d at the picking order >p in round
k of the procedure gb(>/l;). By Lemma 5, 1/’ has not rejected any doctor in step 3 of
procedure ¢(>-").

Given the set of proposals from doctors, the picking order constructed in each
round of the DA-D algorithm depends on the number of doctors tentatively accepted
by each hospital and the picking ordering among hospitals. Therefore, hospital 1’ is
underdemanded at v such that no doctor d” ¢ v(I') prefers h' to v(d”). Otherwise,
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doctor d” who has v(d”) >, h' (so that d” # d, and = ,,=>,) has higher priority
(of obtaining the “losing” quota) than d, which causes a contradiction to the fact that
v(d) = h. Therefore, doctor d’ has v(d’) >, II". Thatis, d’ € M\ {d} and d’ is rejected
by v(d’) before round k, which contradicts the assumption.
Consequently, M = @. Therefore, we have v(d,,) = v'(dy).
O

According to Lemma 6, compared to >7,, no doctor becomes worse off under the
simple misrepresentation >/,. Since v(d,,) is the top choice of d,, under >, we have
v(dy) = v (dy). Therefore, we only need to consider the simple misrepresentation of
the manipulator d,,.

Let u = ¢(>p) be the outcome produced by the DA-D algorithm under true
preference profile and v = g0(>/D) be the outcome produced by the algorithm un-
der preference profile, where doctor d,, makes a simple misrepresentation >':im and
other doctors present their true preference. That is >ID: ( >;lm, >~_a, ). ltis clear
that matching y is fair under the simple misrepresentation >},. We prove that d,,’s
simple misrepresentation cannot be successful. By Lemma 6, we have the following

Corollary.

Corollary 3 If v(dy) >4, u(dm) or v(dm) = u(dn), then v(d) =4 p(d) or v(d) = u(d)
for every d € D.

We continue the proof of Theorem 2. Suppose the manipulator d,, has v(d,,) >,
w(dm) orv(dy) = u(dp). Let k be the round when doctor d,, proposes to y(dy,) in the
process of ¢(>p). We will show that every doctor d € D who proposes to ji(d) in
round k or later has v(d) = u(d). There are three possibilities:

Case 1. If u(d) = @, then v(d) = @. Otherwise, there exists a doctor d with p(d) =
@ having v(d) € H. According to the DA-D procedure, the total number of quota
that can be distributed to hospitals in the process of ¢(>~p) is the same as that in the
process of ¢(>1,). So there exists some doctor d’ € D\ {d,,, d} with y(d’) € H having
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v(d) = @, ie. u(d) =, v(d'), which contradicts Lemma 6 that {d € D|u(d) >,
v(d)} = @. Therefore, if u(d,;) = @, then v(d,,) = @ holds.

Case 2. If d,, proposes to u(d,) € H in the last round K of the process ¢(>p),
then every doctor d including d,,, who proposes y(d) € H in the last round K of the
process ¢(>=p), hasv(d) = u(d).

Let MK be the set of those doctors who have proposed in the last round K. Sup-
pose that there exists a doctor d € MK such that v(d) # u(d). By Corollary 3, we have
v(d) =4 u(d); By Lemma 5, j(d) rejects no doctor in the process of ¢(>p). (Other-
wise, round K is not the last round.) So |v(p(d))| < |u(u(d))| holds true by Corollary
3. This implies that (i) at matching p, u(d) consumes at least one region rigid quota
or region elastic quota, and at least one region rigid quota or region elastic quota is
available in last round K; (ii) at matching v, compared to the quotas obtained by u(d)
at y, iu(d) loses at least one region rigid quota or region elastic quota. From (i), any
rejection by hospitals which can potentially obtain the “losing”quota is caused by ca-
pacity in the process of ¢(>-p) so that those hospitals have no capacity to accept the
additional “losing”quota. From (ii), there exists some hospital & which obtains the
“losing”quota at v but rejects no doctor in the process ¢(>>p). By Corollary 3, doctor
d" € v(h)\ u(h) has h >y u(d'), contradicting the fact that 1 rejects no doctor.

Case 3. If d,,, proposes y(dy,) in round k < K of the procedure ¢(>~p), then every
doctor d including d,,, who proposes y(d) in round k' where k < k' < K, has v(d) =
1(d). We prove this by induction. Let M’ be the set of doctors who have proposed
in round i of matching y. From Case 2, we have shown that v(d) = u(d) for every
doctor d € MX. The inductive part is that if v(d) = u(d) for every d € M¥+1, then
v(d) = u(d) for every d € M¥ . Suppose that there exists some doctor d € M* having
v(d) # u(d). By Corollary 3, we have v(d) >, u(d). Let Mj = {d’ € D|h >y u(d")}.
There are the following cases:

Case 3.a If [v(u(d))| < |u(u(d))|. This implies that (i) at matching u, u(d) is
distribued at least one region rigid quota or region elastic quota; (ii) at matching v,

compared to the quotas obtained by p(d) at u, u(d) loses at least one region rigid
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quota or region elastic quota. According to the DA-D algorithm, there exists some
hospital " with [u(h")| < |v(h’)| which obtains the “losing” quota.

We first show that all region rigid quota of r(h’) and distributable region elastic
quota have been distributed before round k' of the process ¢(>~p). Let d* € M;, be
the most preferred doctor by i’ among doctors from M/,. Then, we show that d* is
rejected by I’ at Step 3 of some round s < k’ of the process ¢(>-p). Since |u(h')| <
\v(h')|, I rejects d* at Step 3. Suppose that d* is rejected by /' in round k' or later.
By the inductive assumption, v(d*) = u(d*). According to Corollary 3 and |u(h')| <
lv(h')|, there must exist some doctor d who is rejected by /' before round k" in the
process of ¢(>=p) and has v(d') = K. Then, ' =4 v(d*) and d* >, d’ holds true,
which contradicts fairness of matching v.

Recall that y(d) obtains at least one region rigid or region elastic quota in the pro-
cedure ¢(>>p) but loses one such quota in the procedure ¢(>,). p(d) accepting d in
round k' of ¢(>p) implies that there must exist some hospital /" losing the “losing”
quota and rejecting some doctor d' # d,, in or after round k. By inductive assump-
tion, we have v(d”) = u(d"). Since I’ rejects d* at Step 3 before round k' and " loses
the “losing” quota until round k' or after round k’, d” should have priority over d*
according to the picking order. In the process of ¢(>~,), i’ obtains the “losing” quota
while 4" does not (d” ¢ v(I")), which contradicts the fact that d” has priority over d*.

Case 3.0 If [v(pu(d))| > |u(p(d))|. By Lemma 6, M;(d) # @ holds true. Let d* be
the doctor who is most preferred by p(d) in M; (¢)- Recall that d makes his match
1#(d) in round k’ of the procedure ¢(>~p). This means that d* is rejected by p(d) in
or later than round k’ so that d* proposes his match u(d*) at u after round k’. Hence,
d* # dy and v(d*) = u(d*) holds by the inductive assumption. In the procedure
@(1,), there exists some doctor d € M;(d) \ {d*} with v(d') = u(d). So d* () @
and p(d) >4+ v(d*) hold true, which contradicts fairness of v.

We have now proved that every doctor d € D, who proposes to y(d) in round k

or later, has v(d) = p(d). So dy,’s mispresentation cannot be successful. O

Proof of Proposition 2: Let i be the matching produced by the DA-D algorithm and
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K be the last round. Suppose that at matching y, there does not exist (a) a doctor d
who has yu(d) = hy; or (b) a hospital 1 which has M, (h) # @ and |u(h)| = I(h); or (c)
a region r which has N, (r) # @ and Unen, () M, (h) = @; and (d) a region r which
has N, (1) # @. In other words, at matching y, the following cases hold

Case 1. Every doctor d has u(d) # hy.

Case 2. Every hospital & has either M, (h) # @ or |u(h)| > I(h).

Case 3. Every region r has Ny (r) # @ and Upen, (1) Mu(h) # ©.

Let ZX be the set of doctors who propose to their match at u in round K. Consider
any doctor d € ZK. According to Case 1, d has u(d) € H. According to Lemma 5
and Case 2, u(d) has M, (u(d)) = @ and |u(u(d))| > I(u(d)). So there remains (at
least) either one undistributed region rigid quota, or one undistributed region elastic
quota such that distributable elastic quota are not fully distributed in the last round
K. Otherwise, K is not the last round. According to Case 3, there exists some hospital
W' # u(d) in region r(pu(d)) with |u(h')| < g(h") who rejects some doctor at Step 3
of some round before round K. According to the DA-D algorithm, the rejection indi-
cates that one of the following situations holds: (1) all region rigid quota of r(u(d))
have been distributed before round K; (2) all distributable elastic quota have been

distributed before round K. Either situation yields a contradiction. O

Before we prove the Theorem 3, we first prove Propositions 3 and 8.

Proof of Proposition 3: Let M* be the remaining market in round k (k < K), and ¥
be the matching produced in round k. According to the SDA-D algorithm, D1 C DF
holds true for every round 1 < k < K; and every doctor who is removed in round k,
ie.d € DF\ D1 has u*(d) = 1 (d).

Now, we show that every doctor d € D¥! has u**1(d) =4 uk(d). Let ZFK+1 C
D**1 be the set of doctors who have y*(d) =4 #**1(d). Suppose to the contrary that
ZH1 o£ @. Let v be a matching that v(d) = u*(d) for all d € D*+1. The following two
claims hold true.

Claim (1). For every doctor d € ZK1, y*(d) # hy. According to the SDA-D
algorithm, if 4*(d) = ho, then u**1(d) = ho because doctor d is underdemanded and
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removed in round k.

Claim (2). Matching v is feasible for the market M**!, and if doctor d € D**!
prefers a hospital 1 € H**! to v(d), then d’ =, d for all d’ € v(h). Since p* is feasible
for M¥, clearly v is feasible for M**1. By the DA-D algorithm, y* is a fair matching
in M¥. So if there exists some doctor d who prefers i € H* to u*(d), then d’ =, d
holds for all d’ € u*(h) Since H**! C H* and D¥+! C D*, Claim (2) holds true.

Let doctor d € Z¥+1 be the first doctor among doctors from Z**! rejected by their
match at ¢ in the SDA-D procedure for the market M**1, Let s be the step of round
k + 1 of the SDA-D procedure for M**1in which d is rejected by h = p*(d). According
to Claim (2), each doctor d’ € p**1(h) \ u*(h) has v(d') =z h and hence d' € Z¥+1,
Since d is the first doctor rejected by his match at 4 in some step s of round k + 1
of the SDA-D procedure, every other doctor from Z*+1 has not been rejected by their
match at ¥ in step s. Since y**1 is fair in M**! (Theorem 1), any doctor who is less
preferred than d by & is also rejected by / in or earlier than step s. So h rejects d in
step s of round k 4 1 because all region rigid quotas and all distributable elastic quota
have been distributed; and the number of doctors who are tentatively accepted by h
at step s is smaller than |p*()|. According to Lemma 5, |p*(h)| > [u*+1(h)| > 1(h)
holds.

So compared to u*(h) produced in round k of the SDA-D procedure for M, h
loses at least one quota from region rigid quotas or region elastic quotas in step s of
round k + 1. According to the SDA-D algorithm, all region rigid quotas and region
elastic quotas obtained by each i € H*! will remain in round k + 1. There exists
some hospital i’ € H*1\ {1} (temporarily) obtaining the “losing” quota in step s
of round k + 1. So that the number of doctors tentatively accepted by /' in step s
is larger than |u*(h')|. Since d is the “first” doctor, some doctor &' € H**! who has
W =g uk(d") is tentatively accepted by /' in step s. This implies that d’ has a higher
priority (of obtaining the “losing” quota) than d in round k + 1. In the round k of the
SDA-D procedure for M¥, 1 obtains the “losing” quota while &’ does not. So d must
have a higher priority (of obtaining the “losing” quota) than d’ in round k, which
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yields a contradiction, because all markets M* use the same picking order rule and

the tie-breaking order of hospitals.

We now introduce the following result.

Proposition 8  Let u be the matching produced by the DA-D algorithm for problem P. If
there does not exist any underdemanded doctor, underdemanded hospital, or underdemanded
region, then any hospital h which makes a rejection has either |u(h)| = q(h) or |u(r(h))| =
q(r(h))-

Proof: Let u be the matching produced by the DA-D algorithm and K be the last
round. According to Proposition 2, there must exist at least one nonwasteful region
r with [p(r)| > I(r) such that either (i) Ny(r) # @ and Upen, () Mu(h) = O, or (i)
N,(r) = @.

In case (ii), we have |v(h)| = g(h) forall h € r(h) so the Proposition holds immedi-
ately. Now suppose that the Proposition is false. Then there must exist a region with
[u(r)| > I(r) such that Ny,(r) # @ and Upen, (r) Myu(h) # ©. Then there exists some
hospital 1 € r which makes a rejection, having |u(h)| < g(h). So h must have rejected
some doctor at Step 3 in some round k < K. This means that all region rigid quotas
of region r and the distributable elastic quota have been used in round k. According
to the DA-D algorithm, we have the following fact that (i) any hospital in region r
which is assigned an extra quota from region rigid quotas and region elastic quotas
of r in any round later than k will cause a rejection; and (ii) any hospital in region
' # r which is assigned an extra quota from region elastic quota of ' in any round
later than k will cause a rejection. Therefore, in the last round K, there exists at least
one underdemanded doctor or one underdemanded hospital or an underdemanded

region, which contradicts the assumption. O

Proof of Theorem 3: Let y be the matching produced by the SDA-D algorithm and K
be the last round. Let 1* be the matching produced in the round k for subproblem P¥.

Let k(i) denote the round when doctor or hospital i finalizes their match (7).
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Feasibility: Since the DA-D algorithm is feasible, the SDA-D algorithm produces a
feasible allocation ¥ in each round k for problem P¥ and therefore matching u is
feasible.

Group stability: Suppose that matching y is not group stable. There exists a coalition
S

S C D U H which can admissibly block . That is, there exists a redistribution v
among S such that

(i) v5(d) € Sforeveryd € SN D;

(i) for every h € SN H, d € v°(h) implies d € S U u(h);

(iii) v° (i) =; u(i) foralli € S and v°(i) =; u(i) for somei € S;

(iv) matching v given by v(i) = v°(i) foralli € SN D and v(i) = u(i) for all
i € D\ Sis permissible at y.

First, since any feasible matching is individually rational, coalition S will not be a
single doctor.

Second, we show that any underdemanded doctor will not make any improve-
ment in the coalition S. According to the SDA-D algorithm, any underdemanded
doctor will be removed in the first round. If there exist underdemanded doctors, then
the TDE quotais }_,.g min{q(r) — I(r), Lpepn, 9(1) — I(r) } and all distributable elastic
quotas are distributed. So (i) the ceiling constraint of each region r € R’ is filled; and
(ii) the capacity of each hospital in each region r € R" is filled. Suppose that there
exists some underdemanded doctor 4 who makes improvement in the coalition S, i.e.
v(d) € H. By definition, matching v given that v(i) = v°(i) for alli € SN D and
v(i) = u(i) foralli € D\ S is permissible at y. By definition, every doctor d’ € S has
v(d") =4 u(d’) so that each doctor d’ € S with u(d’) € H has v(d’') € H, and every
doctor d’ € D\ Shasv(d") = u(d’). So |v| > |pu|. According to the DA-D algorithm,
all hospital rigid quotas, region elastic quotas and distributable elastic quotas are dis-
tributed at p. It indicates that matching v is infeasible. Therefore, a coalition S does
not necessarily include any underdemanded doctor.

Let X = {d € S|v(d) =4 u(d)} be the set of doctors in the coalition S who make

improvements under the redistribution v. Suppose doctor d € X is the earliest doctor
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who finalizes his match u(d) among doctors from X. Let H (k) be the set of hospitals
removed in round k. We will prove that any hospital /1 € Ullz(:dl) H(k) will not make
improvement at y so that 4 will not be matched to any hospital i € UI;(:dl) H(k) at
v under strict prferences of hospitals. Since d is the “earliest” doctor, k(d) < k(i)
holds for every doctor i € X, and hence i € D¥(") holds for every h € Ui(:dl) H(k)
and every doctor i € X. According to Proposition 2, each hospital /1 € U],i(:dl) H(k) has
either M, «u) (h) =@ or |u(h)| = q(h) in round k(h). We will prove it by showing the
following two claims hold.

Claim (1) No hospital 1 € Uﬁ(:dl) H(k) with M, k) (h) = @ will make improvement
at v. According to Proposition 3, every doctor i € S prefers her match (i) to h
because i € D¥(") holds.

Claim (2) No hospital i € U,’ifl) H (k) with |pu(h)| = g(h) will make improvement
at v. Suppose & is in the coalition S such that v(h) >, p(h). There must exist some
doctor d € X whohas v(d') = h =4 u(d')and d’ , d" for some d € u(h) because
of the responsive preferences of hospitals. Since u¥(") is fair for problem P¥") (Theo-
rem 1) and d’ € DF, 4", d holds for all d" € u(h), which yields a contradiction.

According to Claims (1) and (2), hospital u(d) € Ui(:dl) H (k) will make no im-
provement at v. So y(d) is not in the coalition S because d is not assigned to & at
v. Since matching v is permissible at y, hospital u(d) is not underdemanded, i.e.
\u(u(d))| > |v(u(d))| > I(u(d)). According to the SDA-D procedure and p(d) is
removed in round k(u(d)) = k(d), region r(p(d)) is either underdemanded or non-
wasteful at matching #*(*(@) for subproblem Pk(#(@),

If region 7(j(d)) is underdemanded at matching u*(") for problem P(%), then
\u(r(u(d)))| = I(r(u(d))) holds. According to Claims (1) and (2), no hospital in
r(p(d)) makes improvement at v so that v(d’) ¢ H,;(4)) holds for each doctor d’ € X.
This implies that the number of doctors matched to every hospital in r(u(d)) at v is
no larger than that at . The “earliest” doctor d becomes strictly better at v so that
v(d) ¢ r(u(d)) and hence |v(r(pu(d)))| < I(r(u(d))), which contradicts the fact that v

is permissible at p.
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So region r(1(d)) is nonwasteful i.e., |(r(u(d)))| > I(r(u(d))) at matching p*(")
for problem PK("), We will complete the proof work by proving that d will not be
matched to any hospital i € U]K:k(d)—i-l HJ atv. Suppose v(d) € U]Iik(d)Jr1 H/ in contra-
diction. According to the SDA-D procedure, there does not exist any underdemanded
doctor, underdemanded hospital or underdemanded region in round k(d) because
the removed region r(y(d)) is nonwasteful. So in round k(d), all nonwasteful regions
are removed for problem P*("). According to Proposition 8, every remaining region
r € RO+ has |4k (r)| = g(r). Otherwise, region r has |u*@ (r)| = ¥),c, q(h) so
that the region is nonwasteful in round k(d), which should have been removed. We
have shown that no doctor i € X is matched to hospital i € Ui(:dl) H(k) atv. If d is
matched to some hospital h € U]K:k( d)+1 H/ at v, then some region r € RK@)+1 has

lv(r)| > Y, q(h), which contradicts the fact that v is permissible at p.

Fairness within the same quota type: In the SDA-D algorithm, every doctor who is

accepted by a hospital occupies a quota from hospital rigid quotas, or region rigid
quotas, or region elastic quotas. Let (1, c*) be the outcome produced by the SDA-D
algorithm in round k. Suppose that (y, 0) is not fair within the same type quota. That
is, there exists a pair (d,h) such that d,d’ € ¢ 1(7;), u(d') = h =4 u(d) and d =, d’,
where 7; € T; U 7,. This implies that r(u(d)) = r(u(d")). Otherwise, d and d’ will not
obtain the same type quota.

Let k be the round when region r = r(h) is removed by the SDA-D algorithm.
Hospital & receives at least one quota from region rigid quotas or region elastic quotas
of r(h). So hospital & is removed in round k because any hospital i/ € r removed
before round k is underdemanded so that o~ !(%;) N u(h) = @ (i € {7, Tr}). The
assignment of positions with region r’s rigid quota or elastic quota is determined
in round k. Let H' be the set of underdemanded hospitals in region r(h). Clearly,
u(d), u(d") ¢ H' holds because an underdemanded hospital does not obtain a quota
from region rigid quotas or region elastic quotas. So p(d), u(d') € r(h) \ H'. Since u*
is fair (Theorem 1) and d,d’ € Dk, then d’ > » d holds, which yields a contradiction.

O
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Proof of Proposition 5: We prove via an example that acting truthfully is not optimal
for doctors in a non-wasteful mechanism that doctor-dominates the DA-D mecha-
nism. Suppose that there are two doctors D = {dj,d»} and three hospitals H =
{h1,hy, h3} in two regions with r1 = {hy,hy} and r, = {h3}. Consider the following

market distributional constraints:

- Binding ceiling constraints and unbinding floor constraints for the two regions:

q(h) = q(h2) = q(h3) = 1,1(hy) = I(h2) = I(h3) = 0and q(r1) = q(r2) = 1 and
I(r1) =1(rp) =0.

- Unbinding ceiling constraints and binding floor constraints for the two regions:

q(h1) = q(h2) = q(h3) = 1,1(h1) = I(h2) = I(h3) = 0 and q(r1) = g(r2) = o0
and I(r1) =1land I(rp) = 1.

- Binding ceiling constraint for the region 1 and binding floor constraint for the

region 2:

q(h) = q(h2) = q(hs) = 1,1(h1) = I(h2) = I(h3) = 0, q(r1) = 1,q(r2) = o0 and
1(1’1) = 0,1(7’2) =1.

Let P be the true preference profile in which the preferences of doctors and hospi-

tals are given by

=, h1, s, ho =y ho, h3,

=yt do, dq =yt d1,d2 =yt d1,d2

Under any of the three given distributional constraints, there are only four feasible
matchings as given in the Table 9. For the given preferences, fair matchings are j,
U2, and u3, and non-wasteful matchings are y, and 3.

Consider the DA-D mechanism ¢P4 and any non-wasteful mechanism ¢N" that
doctor-dominates ¢”4. Under the preference profile P, according to the precess of
the DA-D mechanism ¢P4, it produces one matching from y,, and u3. We prove the

proposition by discussing the following two cases.
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Table 9: Four feasible matchings.

Matching | hy hy h3
p|da @ dy
po | @ dy dy
s | di @ ds
pa | © dv dy

Case (1). Under the preference profile P, the DA-D mechanism produces ¢P4(P) =
142. Then the mechanism ¢N" (P) = u; because there is only one non-wasteful match-
ing y» that doctor-dominates yp under P.

We show that doctor d; has an incentive to misreport his/her preference. Consider

the following d;’s preference:
>_/dl : hl/ h2/ h3

Let P* be the corresponding preference profile, in which doctor d; reports >—&1 and
other doctors and hospitals report their true preferences. Under the preference profile
P*, fair matchings are yi1, 43, p4 and non-wasteful matchings are y», 3. There are two
sub-cases. Case (1.a). When the tie between hospitals = has hy = hy, the DA-
D mechanism produces ¢P4(P) = p4. Case (1.b). When the tie between hospitals
~! has h; =! hy, the DA-D mechanism produces ¢P*(P) = 3. In both cases, the
mechanism ¢N"(P*) = u3 because non-wasteful matching 3 doctor-dominates 74
under P* and no other non-wasteful matching doctor-dominates p3 and py4.. In this
case, qogi W(P*) =4 q)gg W(P). Clearly, doctor d; has incentive to misreport his/her
preference.

Case (2). Under the preference profile P, the DA-D mechanism produces ¢P4 (P) =
p3. Then the mechanism ¢N"(P) = u3 because non-wasteful matching u3 doctor-
dominates y3 under P and no other non-wasteful matching doctor-dominates y3.

We show that doctor d; has an incentive to misreport his/her preference. Consider

the following d,’s preference:
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%;22 hy, h1, h3

Let P’ be the corresponding preference profile in which doctor d; reports >} and
other doctors and hospitals report their true preferences. Under the preference profile
P’, fair matchings are i1, 4o, f4 and non-wasteful matchings are py, p3. There are two
sub-cases. Case (1.a). When the tie between hospitals > has hy > hy, the DA-
D mechanism produces ¢P4(P) = u,. Case (1.b). When the tie between hospitals
~! has hy =! hy, the DA-D mechanism produces ¢P4(P) = ;. In both cases, the
mechanism ¢™N"(P’) = u, because non-wasteful matching p» doctor-dominates p
under P’ and no other non-wasteful matching doctor-dominates y1 and pp. In this
case, (pgi W(P') =4, (pg W(P). Clearly, doctor dy has incentive to misreport his/her
preference.

In summary the mechanism ™" is not strategy-proof.

O

Proof of Proposition 6: Let j be a feasible matching. Suppose y is not floor-respecting
pairwise stable. There exists a doctor-hospital pair (d, 1) that can block u such that
one of the following cases happens:

@) if |p(h)| < g(h), then matching u’ satisfying y'(d) = h and y'(d") = u(d’) for
alld’ € D\ {d} is feasible;

(i) if [p(h)| = gq(h), then matching y’ satisfying u'(d) = h, y'(d") = hy for some
d' € u(h),and p'(d") = u(d"”) foralld” € D\ {d,d'} is feasible.

We will show that y is not pairwise stable either. In both cases (i) and (ii), that 3’ is
feasible indicates that a new matching v satisfying v(d) = y/(d) and v(d") = u(d’) for
alld’ € D\ {d} is permissible at u because all floor constraints are satisfied and all
regions have unbinding ceiling constraint. Therefore, (d, 1) is an admissible blocking

pair of y and y is not pairwise stable. O

Proof of Proposition 7: Let j be a feasible matching. Suppose y is not floor-respecting
stable. There exists a coalition S that blocks y via a feasible matching u’ such that

(i) #'(d) € Sand y'(d) =4 u(d) for all doctorsd € SN D
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(i) #'(h) C Sand y'(h) =, u(h) forallh € ANH

(iii) ¢’ (i) >; u(i) for some doctor or hospital i € S

(iv) if doctor d ¢ S, then p/(d) = pu(d) or p'(d) = @.

We show that y is not group stable. Since ' is feasible, then a new matching v
satisfying v(d) = y/(d) foralld € S and v(d) = u(d) foralld € D\ S is permissible
at p because all floor constraints are satisfied and all regions have unbinding ceiling
constraints. This means that S admissibly blocks ¢ and hence y cannot be group

stable. O
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