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Abstract

In this paper, we develop a unifying econometric framework for the analysis of
heterogeneous panel data models that can account for both spatial dependence and
unobserved common factors. To tackle the challenging issues of endogeneity caused
by both the spatial lagged term and the correlation between regressors and factors,
we propose to approximate common factors by cross-section averages of independent
variables only, and deal with the spatial endogeneity via the instrumental variables.
We develop the individual estimators as well as the Mean Group and the Pooled
estimators, and establish their consistency and asymptotic normality. Monte Carlo
simulations confirm that the finite sample performance of our proposed estimators
are quite satisfactory. We demonstrate the usefulness of our approach with an appli-
cation to a gravity model of bilateral trade flows for 91 pairs of 14 European Union
(EU) countries, and find that the trade flows between the UK and EU members
would fall substantially following a hard Brexit.

JEL Classification: C13, C15, C23.
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1 Introduction

The increasingly globalised nature of the world economy and pervasive evidence of cross-
section dependence (CSD) found in many empirical studies (e.g., Pesaran (2015); Mas-
tromarco et al. (2016a,b)) have driven considerable interests in developing panel data
models that can explain observed patterns of comovement among macroeconomic and
financial variables. Two strands of work have been proposed in the literature. The
first uses a spatial-based approach which aims to explain cross-sectional comovement by
assuming that the behaviour of each spatial unit is related to the behaviour of a finite
number of its neighbours. The second strand uses a factor-based approach which allows
each individual to be affected by unobserved common factors with different intensities.
Chudik et al. (2011) show that the common factor structure characterises strong CSD,
as its influence does not die out as the number of cross-section units, N, grows, whilst
the spatial dependence characterises weak CSD as its influence becomes negligible as N
becomes large.

With the exception of a small number of studies, the existing literature adopts ei-
ther a factor structure or a spatial dependence structure but not both. To date, limited
progress has been made on the development of unified models incorporating both spatial
dependence and common factors. Pesaran and Tosetti (2011) allow the error components
in the panel model to be spatially dependent and contain unobserved common factors.
They propose to use the common correlated effects (CCE) estimator advanced by Pe-
saran (2006). Mastromarco et al. (2016a) propose a technique for modelling stochastic
frontier panels by combining the exogenously driven factor-based approach and an en-
dogenous threshold regime selection mechanism advanced by Kapetanios et al. (2014).
Bai and Li (2014) consider a static homogeneous spatial autoregressive panel data model
with common shocks, and develop quasi maximum likelihood (QML) estimation. Using
a similar modelling framework, Yang (2018) develops a consistent estimator that com-
bines CCE and instrumental variable (IV) / generalised method of moments (GMM)
estimation, see also Wang and Lee (2018). Furthermore, Bai and Li (2015) develop
a bias-corrected principal components (PC) estimator for spatial dynamic panel data
models with common shocks, see also Shi and Lee (2017), Lu (2017) and Kuersteiner
and Prucha (2018).

All the aforementioned studies have approached a joint analysis of the spatial and
the factor dependence under the simplifying assumption that the slope parameters are
homogeneous. In practice, in a data rich environment, slope homogeneity is a very
restrictive assumption, as the strength and even the direction of the spatial dependence
between entities may vary over space and time. Slope heterogeneity allows the data to
speak about the relative susceptibility of each spatial unit to external conditions. In
the spatial literature, there are a few empirical studies advocating to use heterogeneous
spatial coefficients. Examples include Behrens et al. (2012), who derive a gravity model
of trade flows with heterogeneous spatial coefficients. Bailey et al. (2016) develop a multi-
step estimation procedure that can distinguish CSD that is purely spatial from one that
is due to common factors. They apply it to house price inflation data from Metropolitan



Statistical Areas in the US and find strong evidence of parameter heterogeneity. There
are also a small number of theoretical papers that explicitly allow the spatial coefficient
to be heterogeneous, see Aquaro et al. (2019), LeSage and Chih (2018), and Shin and
Thornton (2020).

Following this research trend, our primary objective is to develop a unifying econo-
metric framework for the estimation of heterogeneous panel data models that can jointly
accommodate spatial and factor dependence. To achieve this objective, we will tackle
the challenging issues for developing a consistent estimator in the presence of spatial
heterogeneity as well as endogeneity caused by the spatial lagged term and the correla-
tion between regressors and unobserved factors. In this paper, we follow Yang (2018),
and propose to combine the CCE and IV estimation procedures. We first approximate
unobserved common factors by the CCE approach, and then deal with the spatial en-
dogeneity using the IV method. However, unlike almost all the studies in the CCE
literature that use the cross section averages (CSA) of both dependent and independent
variables, denoted by 7; and &, as factor proxies, we propose to use &; only.

In the literature on the spatial panel data models with interactive effects, most stud-
ies rely heavily on the assumption that the independent variables share the same factors
as the dependent variable (e.g., Pesaran and Tosetti (2011); Bai and Li (2014, 2015); Lu
(2017); Yang (2018)), which is rather restrictive and untestable. Following the macroe-
conomic and financial forecasting literature, e.g., Boivin and Ng (2006), Bai and Ng
(2008), Kelly and Pruitt (2015), we allow the dependent and independent variables to
be influenced by different sets of unobserved factors. In this general case, we develop
consistent estimation directly by controlling the factor components, that are correlated
with the independent variables through using &; only. Furthermore, as has been almost
neglected in the literature, the traditional use of 7; as factor proxy in the CCE esti-
mation could cause bias estimation due to its correlation with the idiosyncratic errors.
Such correlation would be non-negligible unless N is large and can be even stronger in
spatial panel data models, depending on the magnitude of the spatial coefficient and
the sparsity/density of the spatial weighting matrix. Since we propose to use only &,
as factor proxies, the factors specific to the dependent variable may be left unaccounted
for. This could lead to efficiency loss, but does not affect the consistency of the proposed
estimators. We show, through Monte Carlo simulations, that the efficiency gain from
the use of the additional ; does not offset the increase in bias in the sense that the root
mean squared error (RMSE) for the estimator using (¢, ;) as factor proxies is similar
to that for the estimator using &; only. Another motivation for using &; only is that
the corresponding CCE estimator can be easily applied to nonlinear spatial panel data
model with unobserved factors.!

We show that the individual parameters can be consistently estimated by applying
the de-factored IVs directly to the original regressions. The resulting estimators are v/T-
consistent and follows asymptotic normal distributions. We also derive the Mean Group
and the Pooled estimators, and establish that they are v/N-consistent and asymptotic

!For example, Boneva and Linton (2017) apply the CCE using &+ only as factor proxies to the binary
choice model.



normally distributed. We then provide the nonparametric variance estimators, which
are robust to the presence of heteroskedastic and serially-correlated disturbances as well
as the parameter heterogeneity. These robust variance estimators provide valid inference
even for models with different sets of unobserved factors. In the special case where the
parameters are homogeneous, we show that the Pooled estimator is v/ NT-consistent.
However, our results are different from Yang (2018), who assumes that the dependent
and independent variables share the same common factors.

Via extensive Monte Carlo simulations, we investigate the finite sample properties
of our proposed estimators using different combinations of factors approximations and
(internal) IVs. Overall, we find that the Mean Group or Pooled estimator using &;
only as factor proxies and de-factored first-order spatial lagged term of the independent
variables (X*) as instruments, outperforms all the other alternatives considered. In
particular, we find that the estimator using (7, ®;) as factor proxies is outperformed
by our proposed estimator in terms of bias, especially when N is small. The size of our
proposed estimator using &;, is close to the 5% nominal level in almost all simulation
cases unless when both N and 7' are small. In summary, we recommend to use our
proposed estimator utilising only &; as factor proxies in practice.

We apply our method to bilateral trade data from 14 European Union (EU) countries.
One of the mos important policy issues about Brexit, which has been extensively debated
in the UK, is what is the nature and right magnitude of EU trade union impact on trade
flows between the UK and EU member countries. We find that in the event of a hard
Brexit, the trade flows between the UK and EU members would fall as substantially as
35%.

The rest of the paper is organised as follows. Section 2 describes the model and
assumptions. Section 3 develops the asymptotic theory for the individual, the Mean
Group and the Pooled estimators. Section 4 presents the finite sample performance of
the proposed estimators via Monte Carlo simulations. Section 5 provides an empirical
application to an analysis of bilateral trade flows for 91 pairs of 14 EU countries. Section
6 concludes and discusses some extensions. The mathematical proofs are relegated to
the Appendix. Lemmas used for the proofs of the main theorems and additional Monte
Carlo simulation results can be found in the Online Supplement.

Notations. We use C' to denote a finite positive constant, whose value may change
from place to place. For an N x N real matrix, A = (a;;), || Al = \/tr(AA’) denotes the
Euclidean (or Frobenius) norm. The row or the column sum of A is uniformly bounded in

M e N .. e N ..
absolute value if || Al = max > i laij| < Cor [|Al = lgagmN > e lagj] < C for all

N. We use vec(A) to denote the vectorisation operator that stacks the columns of A into
a column vector, Apax(A) and A\pin(A) to denote the largest and the smallest eigenvalue
of A, respectively, and tr(A) to denote the trace of A. We put a dot in the subscript for
a matrix(vector) whenever necessary to distinguish matrix (vector), say A;, from A ;.

The symbol ® denotes the Kronecker product of matrices, and (N, T) 24 o denotes
N and T tend to infinity jointly.



2 The Model and Assumptions

Consider the following heterogeneous spatial autoregressive panel data model with un-
observed common factors (HSAR-F):

Yit = piliy + TyBi + V1 f1e + o ot + it

= piyis + @ Bi + Yy Fyr + €it, (1)
where y;; is the dependent variable of the i-th spatial unit at time ¢, ¥, = Z;\le Wi Yje 18
its spatial lagged variable with w;; being the (4, j)-th entry of the N x N spatial weighting
matrix, W, p; is the spatial autoregressive parameter, measuring the strength of hetero-
geneous spatial dependence or spillover among individuals, @i = (2,1, Tit,2, - .-, Titk)
is a k x 1 vector of independent variables and 3; is a k x 1 vector of heterogeneous slope
parameters, fi; and for are v x 1 and ro x 1 vectors of unobserved factors affecting y;;
with ~1; and ~y2; being the corresponding factor loadings, fy: = (fi; f5) is an ry x 1
vector with r, = 1 4 ro with factor loading vector specified by ~,; = (v1;,7%;) , and €4
is the idiosyncratic disturbance.

Next, we consider the following data generating process (DGP) for x:

i =T f1e + 05 f3r + vie = T for + vt (2)

where fi; was defined in (1), fo; is an 73 X 1 vector of unobserved factors affecting x;;
only, fur = (fi; f4;) is an v, x 1 vector with r, = ry 4+ rg, I';; and T'y; are 71 X k and
r3 X k matrices of factor loadings and I'y; = (T};,T%,)’, and vy = (vit,1, vie2, .-+, Viek)
is a k x 1 vector of idiosyncratic errors.

The model given by (1) and (2) is quite general. It can accommodate both weak
and strong CSD through the spatial lagged term and common factors. Furthermore,
it allows the dependent and independent variables to be partly influenced by different
factors. It is easy to see that y; and a;; share the common factors, fi;, but they also
have their own specific factors, for and fs, respectively. This generalisation is more
practical given that the factors are latent and we do not know, a priori, whether the
dependent and independent variables share the same factors. More importantly, through
slope heterogeneity, it allows the data to speak about the relative susceptibility of each
spatial unit to external conditions. Our model encompasses several existing models, e.g.,
Pesaran (2006), Bai (2009), Aquaro et al. (2019), Bai and Li (2014) and Yang (2018).

To develop consistent estimation for the (k + 1) x 1 vector of parameters, 6; =
(pi, B.), we should address two sources of endogeneity in (1), in which @;; are correlated
with unobserved factors, fi; whilst the spatial lagged term, y;, is correlated with both
unobserved factors, f,; and idiosyncratic errors, €;;. Existing statistical methods to deal
with endogeneity have been developed separately for either the spatial dependence or a
factor structure, but not both. The spatial endogeneity can be resolved by using QML
estimation (Lee (2004)) or IV/GMM estimation (Kelejian and Prucha (1998, 1999). The
unobserved common factors can be proxied by either PC estimates (Stock and Watson
(2002); Bai (2003, 2009)) or CSA of the data (Pesaran (2006)). Recently, a few studies



have attempted to combine both approaches. For example, Yang (2018) proposes to
estimate a homogeneous static spatial panel data model with common shocks through
combining CCE and IV/GMM analysis, while Bai and Li (2015) and Shi and Lee (2017)
develop a bias-corrected QML-PC estimator for the homogeneous dynamic spatial panel
data model with common shocks.

In this paper, we extend Yang (2018) and propose to use a variant of CCE estimation
combined with IV analysis for consistent estimation of ;. Write the model (1) in matrix
form:

Y= pWy.+ Bxi + vy fyr + €1, (3)
where
[y1e pr ... 0O By - O Bi1
ye = |, p =1 o i, B =11 .o B =,
(Nx1) e (NxN) 0 ... pn (NxNk) 0 ... By (kx1) Bu
_7;1 L1t Tit,1 €1t
Y =1 s oxt =] |, my =] : | and g4 =
(Nxry) BN (Nkx1) - (kx1) - (Nx1) -
and then stack (3) over ¢:
y=Ir@pW)y+ (Ir @ B)x + (It @ v,) fy + ¢, (4)
where
Yia X1 fyl €1
y =, x =], fy =] |ade=|":
(NTx1) wr (NTkx1) X7 (Tryx1) for e

First, to describe how to eliminate the common factors, f, from (4), we suppose they
are observable momentarily and define the following idempotent matrices:

~ -1
Mfy = Mfy ® Iy and Mfy =1Ir— Fy(F;Fy) FZ,/I’ (5)
where Fy = (fy1, fy2, ..., fyr)' is a T x r, matrix. It is easily seen that
Mfy (It @vy)fy = Uec(’nFéM}y) =0, (6)
(My, @ In)(IT ® B)x = (It ® B)(My, ® IN)X, (7)

and

My, (It @ pW)y = (My, @ In)(Ir @ pW)y
= (It ® pW)(My, ® IN)y, (8)

in which the equalities suggest that M #,Ir ® pW)y can be regarded as either the
de-factored spatial lagged term or the spatial lagged term of the de-factored y.



Therefore, through pre-multiplying (4) by M f,» we can derive the following de-
factored regression:

Yo = (It @ pW)yo + (It ® B)x + €o, (9)

where go = (M, ® Iy)y is de-factored y, and x and €g are defined similarly. It is clear
that the transformed model (9) is a heterogeneous spatial autoregressive panel data
model for the de-factored data, to which we can apply the IV method to consistently
estimate the parameters.

Next, we describe how to obtain the internal IVs. Rewriting (9) as

(It @ (IN — pW))go = (Mg, ® In)(IT ® B)x + €o, (10)

and assuming that I — pW is invertible (see Assumption 4) yield

[QR

jo = (It @ (In — pW) ™) (My, ® In)(Ir @ B)x + (It ® (I — pW)™})éo
= (Mg, ® In)(Ir ® (In — pW) ™) (Ir © B)x + (It ® (In — pW) ™ ")&. (11)

The equalities in (11) imply that valid instruments can be constructed by (the higher
orders of ) the spatial terms of the de-factored regressors and also the de-factored compo-
nents of (the high orders of) the spatial terms of regressors. Without loss of generality,
we focus on the latter case for the convenience of the asymptotic analysis.

The above analysis is infeasible because common factors are unobserved. Here we
follow Pesaran (2006) and develop a CCE-type estimator. Note that Yang (2018) also
studies a spatial panel data model with interactive effects, but she considers only ho-
mogeneous coefficients, assumes that y; and x;; share the same common factors and
then uses the CCE estimator with (g;, Z})" as factor proxies. However, we show that the
use of 7 may result in bias in the presence of spatial dependence, unless N is substan-
tially large. To illustrate, consider the homogeneous panel data model with unobserved
factors:

Yir = T8 + i fr + €. (12)
To estimate 3, we follow Pesaran (2006) and augment it with (g, Z})":
Yir = B+ N1+ 0200 + i, (13)

_ N _ N N _ _ .
where §; = % Y0 Yit, 8 = % Y1 Tit, and &y = Y. fi — M@ — oYy + €ir. Assuming
that ¢;; is independent of f;, x;; for all ¢ and ¢, and €;; for ¢ # j, we have

E(ytfzt N ZE ]tﬁ + ’Ygflf + €]t 5175 Z 5]155115 i = 0(7)
7j=1 =1

When N is small, the CCE estimators may suffer from finite sample bias duo to the
“smearing effect” (Greene (2010)).



This issue will become more complicated in the presence of spatial dependence. Again
for simplicity we consider the homogeneous model (12) from which we obtain

B(iea) = o Bl(In = pW) ™ (X8 + i+ )il

1

— / —_
= NLNE((IN PW) €t€zt ZZP Ezt
r=0 j=1
Co?
= ‘ 14
r=0 j=1
where ¢y is an N X 1 vector of ones, X ; = (T1s, Tty .-, &Ne), ¥ = (V1,72 - -, IN),

w?; is the (j,4)-th element of W”, and C is a constant which becomes larger as the
magnitude of p rises and/or the spatial weighting matrix, W, becomes more dense.

In this paper, we propose a simpler approach which uses only &; to approximate
the unobserved factors. There have been only two studies using this simpler approach:
Boneva and Linton (2017) apply the corresponding CCE estimator in a binary choice
model; Chen and Yan (2019) propose a 3-step CCE estimator for a homogeneous panel
data model with unobserved common factors. However, the related asymptotic theory
has not been developed yet. As another contribution of this paper, we will fill this gap by
developing rigorous asymptotic theory for our heterogeneous spatial panel data model
with unobserved common factors, using only &; as proxy for factors.

The main motivation behinds the CCE estimation is to deal with the endogeneity
issue caused by the correlation between regressors and unobserved factors. In this regard,
similar to the control function approach, it is sufficient to control the factors that are
correlated with @, i.e., i in (2), which can be approximated by Z; as shown next. >
Let Vi = (v1t, v2t, ..., vne) and vectorise (2):

vec(X') =T f1r + Ty far + vec(V}) = T, fur + vec(Vy), (15)

where T'y = (T'11,T12,...,T1n), T2 = (F217F22, ;Ton) and Ty = (Ty1,Ta2, ..., Tan),
then pre-multiply both sides of it by X = L N @ I, yields

= Yvec(X',) = YT, frr + Yvec(V}) = flz.fxt + Uy, (16)
where
1 Y 1 Y
T = N ;wm vy = Yvec(V)) = va .= (XT.) = N Z;l"m (17)

Assuming that T, has a full row rank, namely, Rank (T';) = r, < k for all N including
N — 00, then we have:

fot = (TLI) 7' (@ — vy). (18)

2If we could find other variables that are affected by either f,: or fu: or both, but they are not
included in model (1), we may add CSA of those variables as proxy for factors like Chudik and Pesaran
(2015).




Lemma 1 in the Online Supplement shows that v, converges to zero in quadratic mean
as N — oo® such that f,; can be approximated by the cross-sectional average, @;:

Jaot = (FﬂcOP/m)ilF:vOj’t + 01?(1)7 (19)

where Ty, 2= T'po = E(T'y;).

Augmenting model (1) with &; only may leave fo; unaccounted for and hence one
may be concerned about efficiency loss. However, if the dimension of fo; is larger than 1,
the additional use of 4; does not always achieve efficiency gain because 7; cannot provide
a good approximation to fo;.* Moreover, in this paper we do not impose any restrictions
on the correlation between fo; and f3;. In fact, when fo; and f3; are correlated, &; may
provide some information for fo; through its dependence on fs;.

To establish the asymptotic theory, we make the following assumptions:

Assumption 1. The ro(= r1+ra+rs) X1 vector of unobserved factors for = (f1ss Fors £5:)
are covariance stationary with zero mean and absolutely summable autocovariances, and
distributed independently of the idiosyncratic errors, g;5s and v;s, for all i,t,s.

Assumption 2. The idiosyncratic errors € and vjs are distributed independently of
each other, for all i,j,t,s. For each i,e4 and vy follow stationary linear processes
with absolutely summable autocovariances: eyq =Y joq @i€i—1 and vy =Y ;oo Buii—1,
where (€it, Cj)' ~ IID(Opy1, Ixy1) with finite fourth-order moments. Denote o2, =
Var(ey) = Y iogay and Qy; = Var(vy) = Y10 BuBl,. There exists a constant C
such that 0 < 0371- < C and ||| < C for all i.

Assumption 3. The factor loadings, ~v,; and T'y;, are independently and identically
distributed across i, and independent of €j;,vjt, and fqr, for alli,j, and t. Both ~,; and
T.; have finite means, 4, and Tyo, and finite variances. For each i, vy = Yy + fyi,
where py; ~ I1D(0, ,) and Q, is a positive definite matriz satisfying ||Q,| < C. The
matriz T given by (17), has the full row rank for all N including N — oo.

Assumption 4. The N x N nonstochastic spatial weighting matriz, W = (w;;) with
wi; = 0, has bounded row and column sum norms, namely, |[W s < C and ||[W|1 < C,
respectively, and

psup = sup |pi| < max{1/[|W||1,1/||W s} (20)
Assumption 5. The parameters, 0; = (p;, 3.) follow the random coefficient model:
0, =0+¢&, &~ 11D(0,Q¢) fori=1,..,N, (21)

where @ = (p, B'), ||0]| < C, Q¢ is a (k+1) x (k+ 1) positive definite matriz satisfying
Q]| < C. Moreover, &; is distributed independently of vyi, Lwi, €it, vie for all i and t.

3This also holds with unequal weights as long as it satisfies granaular condition in Assumption 5 in
Pesaran (2006).

4This could explain why some CSD tests, (e.g., Pesaran (2015)) tend to reject the null of no cross-
section dependence in many empirical applications of CCE analysis, for example, Mastromarco et al.
(2016b), Ertur and Musolesi (2017) and Yang (2018).



Assumptions 1-3 and 5 are standard. In particular, we do not impose any restric-
tions on the relationship among unobserved factors which could even help in improving
estimation efficiency as mentioned earlier. When using both ¢; and &; as factor proxies,
we require the means of factor loadings, =, and I';g, to be non-zero. If we use only
x; as factor approximation, then we require only the weaker condition that I'g # 0.
Furthermore, the rank condition, Rank (T,) = 7, < k, is no more restrictive than the
one used in Pesaran (2006) and Yang (2018), and it is easier to be satisfied when ry > 1.

Assumption 4 is also standard in the spatial literature. While bounded column and
row sums make cross-section correlations manageable, the condition in (20) ensures that
S = (In — pW) is invertible, see Lemma 1 in Aquaro et al. (2019). This also implies
that §~! is uniformly bounded in row and column sums in absolute values as

ISl = Tv + oW + (W) + ... [ < T+ [lpl WL + eI HIWIE +... (22)
1

< < (C,
1_p8UpHWH1

and similarly, ||S™! || < C.
While the following can serve as IVs in standard spatial literature, which consists of
X+ and their higher order spatial lags,

Q (Qfl? Q{27 RS Q{T)/v (23)

NTxI

where Q; is an N x [ matrix consisting of (X, WX ;... W'X,,...)fort=1,....T
with [ > (k + 1), de-factorisation are needed for them to be valid instruments for our
model as discussed below (11). Specifically, defining the following matrices:

M; =M;®Iy and M; =I; — X(X'X) ' X', (24)
NTxNT TXT
where X = (Z1,&2, ..., &) are factor proxies, then we shall construct the NT x I

matrix of instrumental variables, denoted as Q = (Mz® IN)Q for our estimation below.
Since we use only &; as factor approximation, the factors, fo, specifically affecting v,
may still be left unaccounted for. However, this does not affect the validity of the IVs,
because (Mg ® In)Q is uncorrelated with fo by Assumption 1 .

Finally, we introduce some standard identification conditions for individual coeffi-
cients, 6; as well as their mean counterparts, @ = E(6;) = (p,3")’. For this purpose,
define

Qio = My, (Ir ® b))Q,
Txl

where
My, = It — Fy(FyF,) 'Fy, Fy=(fo1, fooo o for),
and b; = (0,...,0,1,0,...,0)" is an N x 1 unit vector. Also define
1

Zy = ((Ir ®b;G)(Ir ® B)x, X.),
Tx(k+1)

where G = WS~! and X; = (z;1, %2, ..., i)

10



Assumption 6. (i) For each i, the [ x| matrix M has a finite second order moment

and there exists a non-stochastic and non-singular matrix ®; such that ®; = plim %
T—o00
Moreover, ® = A}E\nm% Zf\il ®,; exists and is non-singular.
(ii) For each i, the | x (k + 1) matriz % has a finite second order moment and
there exists a non-stochastic matriz ¥; with full column rank such that ¥; = plim %
T—00

Furthermore, ¥ = lim % Zfil W, exists with full column rank.
N—o0

3 Asymptotic Theory

We develop individual estimators as well as the Mean Group and Pooled estimators for
(1) and establish their asymptotic properties.

3.1 The Individual Estimator

Stacking equations (1) and (2) over ¢, we have:

Yi. = piy; + X Bi + Fyyyi + i = Z;0; + Fyryy + €4, (25)
X, =FT+Fly+V, =F,T;;+V,, (26)

where y;. = (i1, Yi2, - - - vir), ¥F = (It @ wi)y = (Y, Y, - Yip)'s, wi = bW is the
i-th row of the spatial weighting matrix, W, Z; = (y}, X;.), Xi. = (x1, ©i2, ..., TiT)’,
Fi = (fu, fiz, - fir)'s Fo = (for, foo, s for), B3 = (f31, f32, .., fsr)', and V. =
('Uila Vi2y oony 'UiT)/-

To consistently estimate 8; = (p;, 3.)’, we first pre-multiply both sides of (25) by M3
defined in (24). This transformation is different from the infeasible one given by (9), in
the sense that the factors, for, maynot be removed from (25). Nevertheless, augmenting
(25) with X only, we can consistently estimate 8; using IVs Q; = Mz (It ® b})Q.” The
individual estimators are given compactly by

0 = (z1,2,)"" Z1Ly,., (27)

where II; = Q:(Q;Qi)'Q). }

Using the facts that Z/MzQ; = Z!Q; = Z!Mz(Ir ® b;)Q, the above expression
can be interpreted in three different ways and therefore, implies we can also estimate 0;
equally in three different ways: The first uses Q; as IVs in the de-factored regression
of Mzy;. against MzZ;; The second applies the IVs, Q; directly to estimate (25); The
third applies the IVs, (It @ b})Q to the de-factored regression. We prefer to employ the
second option, which can be regarded as a one-step estimation procedure, where Mz X;.

®The instruments for the i-th individual regression can be expressed interchangeably as (It ®
b)(Mz @ IN)Q = (Mz ® 1)(Ir ® b;)Q = M:z(Ir ® b;)Q.
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serve as IVs for X; , and the remaining higher-order spatial terms in Q; serves as IVs
for y;.
Substituting (25) in (27), we have:

6. — ZILZ\ "' ZIL(Z:6; + Fivi + Fyyo + €1) 0%
and
A ZILZ\ "' ZM(Fivy + Foyoi + €
6, — 0, = ( ZTZ z> AL ( 1’)’1mTL 2’727,"’_51.)' (29)

As shown in the Appendix, the right hand side of the above equation converges in
probability to 0 and follows a normal distribution asymptotically.

Theorem 1. Consider the heterogeneous spatial panel data model with common factors
given by (1) and (2). Suppose that Assumptions 1- J and 6 hold. The individual coeffi-
cient estimator, 0; defined in (27), is consistent for ; as (N, T) = co. Furthermore,
as (N, T) =2 0o and T/N? — 0, we have

VT(6; - 6;) - N(0, £,), (30)

where
Q, = [a 0, [0 'S8, (W 'w,] (31)
5 - %%E(Qéoﬂs,iéio n Q§0F2’72z")’§iF2/Qio)’ (32)

T T
with Qe ; = E(e;.€}).

A consistent estimator for €2;, is given by

0, — (Zil;izi )1 Zé?i <Q~£FQZ )12i(QéQ~i)l Q;TZZ (Zil;{izi )1 (33)
where 3; can be constructed from the Newey and West (1987) robust estimator:®
R . PT h R R
i =Zio+ ;(1 — o) B+ ), (34)
in which
. 1 &
Tin =7 > lubii-nZaZ (35)
t=h+1
pr is the bandwidth of the Bartlett kernel, and é; = Mz(y;. —Ziéi) = (&1, 82, ..., &1),

7 5. 3 =\
Zi = MzZ; = (Zq1, Zi2, - - -, ZiT) "

5 Alternatively, one can also use Andrews (1991) type procedure.
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3.2 The Mean Group Estimator
Consider the Mean Group estimator for 8 = E(6;) given by

R 1 M.
Oric = NZ;O"‘ (36)

To study its asymptotic property, we follow Assumption 5 and (29) and derive an ex-

pansion of (36) as follows:

1 < 1
Ouc=0=5 D (0:=0)+ 5> &
i=1 =1
1 e L N 20,2\ " 20 Fiy
N NZ ity T T
=1 =1
1 XL (ZILZ\ 7 ZOL oy 1 on [ ZITLZ\ 7 Z e,
+NZ< le z> i ZTQ 21+NZ< ZTz z> sz i (37)
=1 =1

It is shown in the Appendix that the first term dominates the rest.

Theorem 2. Consider the heterogeneous spatial panel data model with common factors

given by (1) and (2). Suppose that Assumptions 1-6 hold. Then, as (N,T) s oo the
mean group estimator @y defined in (36), is consistent for 6 and

VN (éMG - 9) 45 N (0,2m6) = N (0,9), (38)

where Q¢ is given by (21).

Q¢ can be consistently estimated by the nonparametric estimator (e.g., Pesaran
(2006)):

A A 1
Que =R =

N _1 (6; — 0r1G)(8; — Ouic)'- (39)

M=

=1

3.3 The Pooled Estimator

We now develop the Pooled estimator for @ = FE(0;). First, de-factor individual data
through pre-multiplying Mz and stack them as follows:

Y1 Mzy. Z M;zZ,
G = Y2 _ M;zys. > _ Zy _ M;Z, (40)
NTx1 : : T NTx(k+1) : ’

YN Mzyn. Zy. M;zZn
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where y;. and Z; are defined in (25). Then estimate the regression of g on Z using IVs
specified by the following NT' x [ matrix:

Qi M;(I7 © b)) Q

Q2 _ MI(IT:®b,2)Q . 1)

Q="
Qn Mz (It ® by)Q

The Pooled estimator for @ is given by

0r =(2'QQ'Q)'Q'2)'Z'QQ'Q)'Q'y. (42)
By (25), (40)-(42) and Assumption 5, we have:

_ —1
2] 1 ad ZZIQZ al Q ' al
Or—6= { [N > T | [N Z T Z
=1 =1 =1 (43)
1 ZQi| |1 Q.Q; $(Zi&i + Fiyi + Foy + €5.)
[N ; T N ; T lN Z T

Theorem 3 below gives the consistency and asymptotic distribution for Op.

Theorem 3. Consider the heterogeneous spatial panel data model with common factors given by

(1) and (2). Suppose that Assumptions 1-6 hold. Then, as (N,T) , 00, the Pooled estimator
Op is consistent for @ and

VN (ép - o) 5 N (0,9p), (44)
where
Qp = [V 0] [¥e 'S, '] [We'w] T, (45)
N . .
. 1 QivZio ~ Z;jyQio
EP_N,ITHEOON;E< T kT ) (46)

We follow Pesaran (2006) and estimate Qp by

~ ~ —1 ~ o~ ~ ~ —1 ~ ~ —1 ~ o~ ~ ~ —1
. (znz Z'Q\ (QQ . (QQ Qz\ (znz
QP_(NT) <NT><NT> 2P(NT) (NT)(NT) ’ (47)

where IT = Q(Q'Q)'Q’ and

N - -
. 1 Qi Z, ZQ
p=— L (9, -0 0, -6 ! 4
P== 2 ( T ( ma)( Ma) ) (48)
Alternatively, ¥ p can be constructed as
N = -
& 1 Qie.eQ; .
Sp= ; SEp with &=y, - Z; 0p, (49)

which is shown to be robust to heteroskedasticity, autocorrelation and parameter heterogeneity
(e.g., Cui et al. (2019)).
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3.4 The Homogeneous Model

We consider a special case where the parameters, 8;, are homogeneous, i.e., ¢ = 0 in Assumption
5. Consider the corresponding Pooled estimator, denoted as 6}. Similarly to (43), we have

-1

N ~ a1t N A
A _ 1 ZiQ;| |1 Q;Q; 1 Qi Z;
oo A N2 % WY
i= i= 1 i= (50)
N ~ ~ ~ - ~
1 Z;Q; 1 Q.Q; 1 Qi(Fiy1i + Foryss +€5.)
BRI s IR sl

As shown in the following theorem, é}; achieves a faster convergence rate than the Pooled esti-
mator Op for the heterogeneous model.

Theorem 4. Consider the spatial panel data model given by (1) and (2) but with homogeneous

parameters, i.e., 0; = 0 for all i. Suppose that Assumptions 1- 4 and 6 hold. Then, as (N, T) SN
00, the Pooled estimator 8% is consistent for 0, and if T/N — 0, we have

VNT (03 — 0) -5 N(0, QF), (51)
where

N
Qp= [ 9] [T T, 87O [¥'SY] T, Bp = lim %Zz (52)
bde el
i=1

® and ¥ are defined in Assumption 6, and X; is defined in (32).

We also suggest to estimate X p- by (49) but with éf =y, — Zié; in place of é;. Notice
that our results in Theorem 4 are different from Theorem 1 in Yang (2018), who assumes that
yi¢+ and x;; share the same common factors. As is shown later via Monte Carlo simulations,
our proposed variance estimator is robust to the presence of different factors in dependent and
independent variables.

4 Monte Carlo Simulations

4.1 Design

In this section, we investigate the finite sample performance of the proposed Mean Group esti-
mator and Pooled estimator. The DGP is specified as follows:

Yit = piliy + Briins + BaiTicz + Y1if1e + Yoifor + K1gi (53)

ZTitp = Dripfie + Daip f3e + K2Vigp, (54)
fori=1,2,...,N,t=1,2,...,Tand p=1,2.

We conduct four Monte Carlo experiments summarised in Table 1. In all of the experiments,

we set the number of regressors as k = 2, and include two factors in both equations for y;; and
x;;. We consider both cases of for = f3; and for # fa.
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Table 1: Various Experiment Settings

Factors in (1) and (2)
Same Different
Homogeneous | Experiment 1 Experiment 3
Heterogeneous | Experiment 2 Experiment 4

Coefficients

In Experiments 1 and 2, we set fo = f34, and let fo; # fs; in Experiments 3 and 4. The
factors are generated by an AR(1) process:

fr,t = ¢f,«fr,t71 + gfr“ r= 1a 2»3; t= _497 _487 oo 7T1 (55)

with ¢y, = 0.5 and &5, ~ IIDN(0, 1_¢?%)' The factor loadings are generated as ITDN(0.5,0.5),
except for I'y;o and T'y;1, which are generated as ITDN(0,0.5) instead to avoid high collinearity
among regressors. The first 50 observations are discarded as the burn-in sample.

In Experiments 1 and 3, we set the homogeneous parameters as’

pi=p=05and By =0,=p, i =1,2,...,N; p=1,2.
In Experiments 2 and 4, we generate the heterogeneous parameters via

Bip :p+§ﬂw7 b= 172a

where both £, and £g,, are generated as I1DN(0,0.04) for all i and p.
We allow the idiosyncratic errors to be both heteroskedastic and serially correlated. We first
generate each component of v;; by an AR (1) process:

Vitp = ¢Uipvi,t_1,k + g/uip’ b= 17 21 1= 17 27 LR Na t= _49a _487 s aTa (57)

where ¢,,, = 0.5 for all i and p, and §,,, ~ IIDN(0,1— ¢12)1,p)- For &;;, the first half cross-section
units are generated from an AR(1) process:

it = ¢ei€ip—1 +0oi(1— @2 )"0, i=1,2,..|[N/2|; t = —49,-48,...,T, (58)
whilst the second half cross-section units from an MA(1) process:
it = 0y (14+92) "% (&, +1be,berr ), 0= [N/2]+1,|[N/2]+2,...,N; t=—-49,—48,....T, (59)

where ¢, = 1., = 0.5 for all i, 02 ~ IIDU(0.5,1.5), &.,, ~ IIDN(0,1), and |e] denotes the
integer part of a number. We also discard the first 50 observations of f; and vy.

The parameter k1 in (53) and ko in (54) are specified to control the noise-to-signal ratio,
i.e., the proportion of the variance of the unobserved parts duo to the idiosyncratic error, and
we set k1 = 2 and Ko = 3, without loss of generality.® As standard in the spatial literature, we
use a row-normalised spatial weighting matrix, W, with the h-ahead-and-h-behind neighbours
specification, i.e., its elements are zero apart from those within A either side of the principle
diagonal, which are 1/2h. Here, we set h = 2, implying that most of the individuals have
four neighbours.” Each experiment is replicated 1,000 times for each (N,T) pair with N,T =
20, 50, 100.

"In Online Supplement, we have also considered cases with p = 0.2 and 0.8.

8We have also considered other values and obtained the qualitatively similar results.

9In Online Supplement, we have also considered differing levels of spatial dependence with h = 4
and h = 6.
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4.2 Estimation

We evaluate both the Mean Group estimator and the Pooled estimator in each experiment using
the following estimation algorithm:*°

e Step 1: Construct the Factor Proxies. For comparison, we consider the following
four ways of factor approximation:

Case 1: our proposed estimator using &; only as factor proxies.

Case 2: use (g, ;) as factor proxies which is standard in the CCE literature.

Case 3: use (4, 9;, ;)" as factor proxies. !

Case 4: the infeasible estimator with using the true factors.

e Step 2: De-factore the Data. To deal with endogeneity caused by the correlation
between regressors and unobserved factors, we project factors out by regressing vy, , y;
and X; on proxies for factors, F' constructed in Step 1 and store the resulting de-factored
data.

e Step 3: Construct the IVs. To accommodate endogeneity due to the spatial lagged
term, we apply the IV estimation by using the following three sets of instruments: X+,
X% and (X*, X?*),'? where X" = (M@ In)Ir@W")X, My = Iy — F(F'F)'F',
and X = (X'}, X5, ..., X))

e Step 4: Obtain the Estimators. For the Mean Group estimator, we first obtain the
individual estimators, 6; = (P, ﬁ )’ for each 7, through two stage least square (2SLS) using
IVs constructed in Step 3, and then calculate their average 0 MGa = N 22:1 0i. For Pooled

estimator, we first stack the de-factored data as in (40) and then estimate the model via
2SLS using IVs constructed in Step 3.

To evaluate the finite sample performance of the estimators, we consider the following four
measures:
e Bias and RMSE
The bias and RMSE for the j-th element of O or ép, éj,j = 1,2,3, are defined as
LM (87, — 67) and \/ﬁ SM_ (B), — 69)2, respectively, where M is the number of

10We have also investigated the performance of the naive estimator that completely ignores the
existence of unobserved common factors in Online Supplements.

"Yang (2018) also suggests the possibility of including 7; (= = Zivzl yi;) as a factor approximation,
but she does not provide any simulation evidence on its performance. Since it is easily seen that g; is
also endogenous, we would expect its performance to be be similar to or worse than Case 2. Additionally,
there are two special situations in which g; is equal to :

1. Each individual has H neighbours. After a row normalisation (with weight, %), we have:

Ui = N Zzwwyﬁ =N Z wayﬁ N Z Hy]t = Y-

=1 j=1 Jj=1 i=1

2. The weighting matrix, W, is block diagonal, and within each block, every individual has a same
number of neighbours. In this case, we would also have: g; = ;.

2For comparison, we also consider ordinary least square (OLS) estimator and case using X3 as
instruments. The results can be found in Online Supplement.
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replications, 67 is the j-th element of the true parameter vector 8, and é{n is its corre-
sponding Mean Group or the Pooled estimator obtained in the m-th replication. Both the
bias and RMSE results reported are multiplied by 100.

e Size and Power

We evaluate the size of the estimators at the 5% significance level by

1 63 — @i
Sizes, = - > H(M > 1.96), j =1,2,3.

m=1

where 1(e) is the indicator function, and 67, is the estimated variance of 03, computed

using (39) or (49). When evaluating the po"\lvver of the t-test, we consider the following
alternative hypothesis:
(p, ﬂl, 62)/ = (045, 09, 19)’ (60)

Following the standard practice in the literature, e.g., Zhang and Boos (1994), we only
report the size-adjusted power.

4.3 Simulation Results

To save space, we only report, in Table 2 to 5, the simulation results for Experiment 4, which
considers the most general DGP with heterogeneous parameters and different factors in model
(1) and (2). The results for Experiments 1 to 3 are reported in the Online Supplement, and are
similar to those reported here.

[Table 2 to 5]
Bias and RMSE

Results on Bias and RMSE are reported in Table 2 for the Pooled estimator and in Table 3
for the Mean Group estimator. For the Pooled estimator that uses only &; as factor proxies, the
biases are almost negligible even in small samples, say (N,T) = (20, 20). Overall, we find that the
Pooled estimator using the IV, X* tends to outperform the estimator using X2* or (X*, X2*).
In particular, the difference between RMSEs for the estimator using X* and that using (X )
X 2%) is almost negligible. It can also be seen that the finite sample performance of the proposed
Pooled estimator is very close to that of the infeasible estimator obtained by using the true
factors. Furthermore, the Pooled estimator using (%, Z})" as factor proxies is outperformed by
our proposed estimator in the measure of bias, although its performance improves as N increases.
When g, is used as an additional factor proxy, its RMSEs are almost identical to those using
x; only even in large samples. This is consistent with our theoretical conjecture as described in
Section 2. Finally, the Pooled estimator using (, ¥}, &)’ as factor proxies is outperformed by
our proposed estimator in terms of both bias and RMSE, although its performance gradually
improves as N increases.

For the Mean Group estimator, we find that the estimator using a combination of &; and
X* tends to outperform the other estimators and its finite sample performance is quite close to
that of the infeasible estimator.'?

13Notice that all the Mean Group estimators using (X*, X2*) as instruments including the infeasible
estimator, do not perform well even in the large samples. We conjecture that this may be due to the
structure of the spatial weighting matrix which causes a high correlation between X* and X?2*.
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In the Online Supplement, we also report the simulation results for the cases with p = 0.8 and
h = (4,6). We find that the relative performance of the Pooled and the Mean Group estimators,
using (7, @) as factor proxies, becomes worse. This is consistent with the theoretical implication
given by (14). By contrast, the performance of our proposed estimator using &; only is still
satisfactory.

Size and Power

‘We now turn to the size and power results of the Pooled and Mean Group estimators reported
in Tables 4 and 5, respectively. The size of our proposed estimator using &, is close to the 5%
nominal level in almost all cases except when both N and T are small.'* The estimators using
(Ge, 2})" or (gF,Je, @;)" seem to exhibit some size distortion when N is small, and it does not
disappear even as T increases. However, when NN increases, their size becomes close to the
nominal level. On the other hand, the power of our proposed estimator using &; is slightly
higher than the other cases. All the tests considered are consistent as both N and T increase.
Not surprisingly, the infeasible estimator has the best power performance, especially when both
N and T are small.

In summary, we recommend to use our proposed estimator utilising &; only as factor proxies,
as its finite sample performance is quite satisfactory. Furthermore, it outperforms the standard
CCE estimator using (g, &:) as factor approximation. The additional simulation results pre-
sented in the Online Supplement also confirm that our proposed estimator is robust to various
DGP settings including heteroskedastic and serially correlated errors as well as different intensity
of the spatial dependence.

5 Empirical Applications

Finding an appropriate trading relationship with the rest EU member countries after Brexit has
been debated extensively in the UK parliament and is one of many factors that has made Brexit
quite delayed. While positive effects of EU membership on trade flows is widely acknowledged,
consensus is not reached in the literature on the right magnitude of this effect and the estimated
results are quite heterogeneously. Through the estimation of gravity panel data model with fixed
effects, Carrere (2006) uses bilateral trade data for 130 countries from 1962 to 1996 and find that
EU membership increases intra-EU trade by an average of 104% over the period. Baier et al.
(2008), which also estimate a gravity panel data model but use data for 96 countries from 1960 to
2000, obtain a smaller effect at around 60%, and similar results are also obtained by Ebell (2016)
and Mayer et al. (2019). Even Lower results are presented in Hufbauer and Schott (2009), where
the effect is estimated to be 31% by using data from 1976 to 2005, and Eicher and Henn (2011),
where the effect is estimated to be 37% by using data from 1950 to 2000. Employing similar data
set as Eicher and Henn (2011) but starting from 1970 and additionally using Bayesian Model
Averaging to account for model uncertainty, Eicher et al. (2012) find EU membership increases
bilateral trade by 51%.

While fixed effects are included in almost all of the above mentioned studies to control
for multilateral resistance, that aims to capture the fact that the bilateral trade flows depend
on the bilateral barriers as well as trade barriers across all trading partners (Anderson and
Van Wincoop (2003)), this is unlikely to be enough considering that multilateral resistance

*One exception is observed for the Mean Group estimators using {X*, X2*} as instruments. In this
case the test tends to display the size distortions when T is small, which do not disappear even as N
increases. See also footnote 13.
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is generally unobserved, time-varying and bilateral heterogeneous (Mastromarco et al. (2016a)).
Hence, in this section, we will carefully examine the impact of EU trade union on trade flows under
the econometric framework which could deal with the multilateral resistance more appropriately.
Two approaches have been popular in the literature that aim to control the multilateral
resistance through explicitly modelling the CSD across different spatial units. The spatial model,
advanced by Behrens et al. (2012), proposes to capture the effect of the multilateral resistance
through employing the spatial weighting matrix directly derived from economic theory. Next, the
factor-based approach, proposed by Serlenga and Shin (2007, 2013), can control the multilateral
resistance terms through unobserved common factors with heterogeneous loadings. While these
two strands of methods are separately applied, it is now clear that they actually capture different
forms (weak and strong) of CSD (Chudik et al. (2011)). Therefore, it is more sensible to estimate
the gravity model of trade flows that accounts for both weak and strong CSD by incorporating
the spatial-effects and common factors, jointly. Furthermore, unlike most studies that impose
the parameters to be homogeneous, we allow all the parameters to be heterogeneous. Hence, we
propose to estimate the following extended gravity model of Mastromarco et al. (2016a):

In(trade;;) = piln(trade;)” + Briln(gdpit) + Bailn(simg:) + Bsiln(reri:)
+Bailn(r feir) + Bsieecit + €4, (61)
eit = 'Yg/ﬂfyt + €it, (62)

where In(trade;;) is the logarithm of the sum of bilateral export and import flows measured
in millions of US dollars at the 2000 price, In(trade;)* = Z;\Izl w;jln(tradej;) is the spatial
counterpart with w;; the (4, j)-th element of the spatial weighting matrix, gdp;; is the sum of
gross domestic product (GDP) of the country pairs at the 2000 dollar price, rer; is the real
exchange rate measured in the 2000 dollar price, sim;; is a similarity measure in terms of the

size of the country pair constructed by

9dpi,ot 2 ~ gdpiar 2
gdpit gdpit

simy = |1 — (63)
where gdp; o1(gdp; q) represents the GDP of the origin (destination) country, r fe;; = |pgdp; ot —
pgdp;.q¢| measures countries’ difference in relative factor endowment where pgdp; ot (pgdpi at) is
per capita GDP. The dummy variable eec;;, equals to one when both countries of origin and
destination belong to the European Economic Community.

We apply the proposed model to the dataset for 91 country-pairs out of 14 EU countries (Aus-
tria, Belgium-Luxemburg, Denmark, Finland, France, Germany, Greece, Ireland, Italy, Nether-
lands, Portugal, Spain, Sweden and the UK) over the period 1960-2018 (59 years).

We first estimate the model without considering spatial effect, using the fixed effects (FE)
estimator and the pooled CCE (CCEP) estimator by Pesaran (2006). In particular, we consider
both CCEP estimators with and without using ; as factor proxy, denoted as CCEP-XY and
CCEP-X, respectively. The estimated results are presented in Table 6 and are quite different
for different estimation methods. In particular, cce;; is estimated to increase bilateral trade by
around 53% in the FE model, which is similar to those obtained in Mayer et al. (2019) and Eicher
et al. (2012). This effect decreased substantially after controlling CSD through unobserved factors
and estimation via CCEP. Surprisingly, although CCEP-XY and CCEP-X only differ in including
or excluding g; as an additional factor proxy, their estimation results are quite different. While
the estimation in CCEP-X is 31.8% and is similar to Hufbauer and Schott (2009) and Eicher and
Henn (2011), that in CCEP-XY is much lower and maybe underestimated due to endogeneity
issue cause by ¥;.
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[Table 6]

Next, we present the main results for the proposed methodology, that could joint model the
spatial effects and unobserved factors. For comparison, we also provide the results for the spatial
autoregressive model with autoregressive disturbances (SARAR). The SARAR is estimated by
the QML estimation while our joint modelling approach is estimated by combining CCE and IV
estimation. When approximating unobserved factors, we consider two cases, one with &; only,
denoted as HSAR-X, and the other with (g:, &;)’, denoted as HSAR-XY. As cee;; is a dummy
variable, we exclude using its CSA as factor approximation. For the IVs, we use a subset of the
first and second order spatial lagged term of independent variables which also excludes using
ceeq. Following the convention in spatial literature, we construct the distance-based weighting
matrix, Wy;s, by employing the inverse squared distance using the geographical coordinates of
countries pair capitals. Furthermore, as a robustness check, we also consider the border-based
spatial weighting matrix, Wj,,., on the basis of contiguity. The estimation results are summarised
in Table 7.

[Table 7]

We first discuss the results of using Wy;s. The spatial coefficient produced by the SARAR
is significant but positive at 0.051, which we expect to be negative. As argued in Mastromarco
et al. (2016a), the spatial lagged term here is meant to measure the multilateral trade resistance.
If the trade barriers between country ¢ and country j (¢ # @ and g # j) are reduced, then the
trade flows between country j and country ¢ increase while the trade flows between the country
i and 7 would decrease. Moreover, the SARAR suffers severely from CSD significantly presented
in the residuals, implying that the model with the spatial effects only may be insufficient for
controlling CSD in the gravity trade model. One the contrary, our approaches are statistically
more satisfactory as the CD test reduces substantially albeit still significant at 5% level for both
HSAR-X and HSAR-XY. Although the spatial coefficients for both HSAR-XY and HSAR-X
are significantly negative, it is much larger in magnitude in the HSAR-XY estimation. It is also
interesting to find that the estimation results for other parameters in HSAR-XY are qualitatively
similar to CCEP-XY and those for HSAR-X are qualitatively similar to HSAR-X, except that
the effects of rer;; and r fe;; are now both insignificant, which may be sensible considering that
the final impacts of both rer;; and rfe;; would be ambiguous in the context of the impacts on
inter-industry and intra-industry trade flows.

Next, we turn to the results obtained using the spatial weighting matrix, Wj,,.. Except
for HSAR-X, the estimation of spatial coefficient changes quite substantially for the other two
models, which suggests the robustness of HSAR-X estimation to different weighting schemes.
The results for other parameters are qualitatively similar to the previous findings.

In the model with the spatial effects, it is now standard to provide a summary measure of the
direct, indirect and total effects of independent regressors on the dependent variable as follows
(see LeSage and Pace (2009)):

o Average Direct Effect (ADE): The average direct effect of the p-th explanatory variables
is the average of the diagonal elements of (In — pW)~!3,, where j3, is the corresponding
coeflicient.

o Average Indirect Effect (AIE): The average indirect effect is given by the average row sum
of the off-diagonal elements of (Iy — pW)~13,.

e Total Effects (TE): The total effects is the sum of ADE and AIE.
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Overall, our proposed estimation model, HSAR-X produces sensible and the most robust
results among all, we therefore only report the ADE, AIE and TE for HSAR-X in Table 8.1°

[Table §]

All the direct, indirect and total effects are statistically significant. The indirect effects are
much smaller than the direct effects, and the signs of them are opposite due to the negative of the
spatial coefficient. As a result, the total effects are smaller than the direct effect. The explanation
why AIE takes an opposite sign to ADE is similar to the explanation behind the negative spatial
coefficient. For example, the trade union membership boosts the bilateral trade flows between
the corresponding country pairs directly, but at the same time, it tends to decrease the bilateral
trade flows indirectly by reducing their trading demands with other countries. Moreover, the
estimation results using the different spatial weighting matrices, Wy;s and Wy,,., are qualitatively
similar to each other, which again highlights the robustness of our approach.

To evaluate the potentially negative impact of Brexit on the UK economy, we focus simply
on the effect of trade union on trade flows. From Table 8, we find that the direct and indirect
effects are estimated at 42.68%'° and -5.60% such that the total effect is 34.69% when using
Wyis as weighting matrix, and they are 43.71%, -4.41% and 37.37%, respectively, when using
Wior. The total effects here are lower than that simply estimated by FE effect model reported
in Table 6 and some other studies, e.g. Eicher et al. (2012) and Mayer et al. (2019), but are
similar to those reported in Hufbauer and Schott (2009) and Eicher and Henn (2011).

We then explore how these effects change after 2010 through recursive estimation. The results
are plotted in Figure 1.

[Figure 1]

While the direct effects estimated using Wy, experienced an increase during 2011-2014, that
estimated by using Wy, went through a decrease in the same time period. They both remained
steady in recent years at around 0.35. On the contrary, the indirect effects estimated by Wi,
decreased during 2011-2014, and that for Wj,, increased meanwhile. Both of them also kept
steady recently and were almost the same at around -0.05. It is interesting to find that both the
changes of the total effects estimated by Wy, and Wy, are almost negligible in the past 8 years
and the estimation results of using these two different weighting schemes are quite similar at
around 0.3 with the latter being slightly smaller. These findings further confirm the robustness
of our predictions on the reduction of trade flows between the UK and the EU members in the
event of a hard Brexit.

6 Concluding Remarks

Limited progress has been made on the development of unified models incorporating both spatial
dependence and common factors. A small number of studies have approached this issue, simply
by assuming that the slope parameters are homogeneous. Following this research trend, we
have developed a unifying econometric framework for the estimation of heterogeneous panel data
models that can accommodate spatial and factor dependence, jointly. We propose to approximate
common factors by cross-section averages of independent variables only, and deal with the spatial

'5As stated in LeSage and Pace (2009), the significance of the direct and indirect effects for each
regressor is not necessarily similar to that of the Pooled estimators reported above, because these effects

are constructed by the product of spatial and slope coefficients, see also Elhorst (2014).
16__ 0.3554
=e -1
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endogeneity via the instrumental variables method. We show that the individual parameters can
be consistently estimated by applying the de-factored IVs directly to the original regressions. We
also derive the Mean Group and the Pooled estimators, and establish that they follow asymptotic
normal distributions. We then provide the nonparametric variance estimators, which are robust
to the presence of heteroskedastic and serially-correlated disturbances as well as the parameter
heterogeneity.

Monte Carlo simulations confirm that the finite sample performance of our proposed estima-
tors is quite satisfactory. We demonstrate the usefulness of our approach with an application to
a gravity model of bilateral trade flows for 91 pairs of 14 EU countries, and find that the trade
flows between the UK and the rest of the EU members would fall substantially as large as 35%,
following a hard Brexit.

We conclude by noting two avenues for future research. A natural avenue by which to de-
velop a dynamic heterogeneous spatial panel data model that combines strong and weak CSD is
to generalise our approach to accommodate the spatio-temporal dynamics, resulting in a frame-
work that includes the spatial dynamic panel data model as a special case. Such an extension
can shed further light on improving our understanding of the dynamic network of output con-
nectedness, see Shin and Thornton (2020). Another important extension is the development
of nonlinear/quantile heterogeneous panel data and quantile models incorporating both spatial
dependence and common factors.
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Appendix A Proofs of Theorems

We provide the proofs for Theorems 1-4. All Lemmas used for the proofs can be found in the
Online Supplement.

A.1 Proof of Theorem 1

A.1.1 Consistency

We first establish the consistency of the individual estimator, 0; by proving that the right hand
side (RHS) of (29) converges in probability to 0 as (N, T) - cc. o i

Zi , which is determined by % and % Using the

First, we analyse the property of ZlH

definition of Q; = Mz(Ir ® b,)Q and the result in Lemma 5(c), it is straightforward to show
that
QiQi  Q}Quo 1 1
iwi _ Wy — Al

where QNio = M]fl. (IT 0 b;)Q

To analyse %, we notice from (4) that

= (Int — Ir @ pW) I+ @ B)x + (It ® v,) f, + €]
=Ir® Iy —pW) D[Ir®@B)x+ (It @,) fy + €]
=Ir® S H[(Ir @ B)x + (Ir @ v,) fy + €, (A.2)

which implies that Z; = (y;, X;.) can be rewritten as:

((Ir @ wi)(Ir ® S™H[(Ir @ B)x + (It @ 7, fy + €], Xi.)

((Ir® b/WS )[(IT @ B)x+ (Ir ® 'YU)fy +el, Xi)
((I7 @ b;G)[(I7 @ B)x + (It @ v,) fy + €], X;.)

= ((Ir ® b;G)(Ir ® B)x, Xi.) + (I ® b;G)[(Ir @ vy) fy + €],0)

= Zio + ((Ir @ b;G)[(Ir @ 71) fr + ((Ir @ v2) f2 + €], 0), (A.3)

where Z;o = (It ® b,G)(Ir ® B)x, X;.). Hence

Q.Z;  QiZy L QI ®b,G)|[(Ir ®v1) f1 + (It ® ¥2) fo + €], 0).

T T T (A4)

By Lemma 8, the second term on RHS of (A.4) is negligible as (N, T) 24 0. We thus focus on

Q\Zo (Qi(Ir®b,G)(Ir®B)x Q.X;

Using the definition of @ and Lemma 5(c), we have:

Q'X: QX 1 1
T OT +OP(N)+OP(W)7 (A.6)
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and
Qi(Ir © bjG)(Ir ® B)x
_QIre b;g)(IT ® B)vec(vec(X"), vec(Xy), .. vece(X'p))
_ Qi(Ir ® b,G)vec(Buee( Xy ),T Buec(X',), ..., Bvece(X'y))
_ QiIr ® b,G)vec((X1.B1, Xi.ﬁm - XN.Bn)")
_ Qi(vec(b,G(X1.B1, TXSﬁz,...,XN.,BN)’)

_ Qi(X1.81,X5.0, .., Xn.Bn)G'b;

where G; is the ij-th element of G. The forth equality follows from the fact that

Bz Plriz - BlTar

ﬂ'2$21 5’2-%‘22 ,3§$2T
vec(Bvec(X')), Bvec(X',), ..., Bvec(X'y)) = vec _
NTx1 NTx1 :

Byen1 ByTne - ByENT
X
By X5,

= vec 2, ? , (A.8)

| BN XN.

and the last equality follows from Lemma 5(c) and the fact that @; is uniformly bounded in
probability and G has the bounded row and column norms.
Combining (A.6) and (A.7) and using Lemma 8, we can simplify (A.4) to

Q.Z:  QiZiy
T T

+0,(5)+ Ol ), (A.9)

which holds uniformly for all . Using (A.1) and Assumption 6, and applying the Continuous
Mapping Theorem, we have:
ZI,Z;  Z My Zy
T T

1 1
N) +Op(ﬁ) , (A.10)

+ Oy

where TTo = Q(Q}, Qo) ' Qjo-
Second, to derive the asymptotic property of the remaining terms in RHS of (29), we only
need to establish that as (N, T) - oo,

Qi[F1v1i + Foyai + €]
T

— 0,
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which is proved in Lemma 5(a) and (b). Under (A.1), (A.9) and Assumption 6,

Z/IL[Fivii + Foyei + €]
T

-0 (A.11)

in probability as (N, T) 7 0.
Combining (29), (A.10) and (A.11), and under Assumption 6, it is easily seen that 6; is a
consistent estimator of 0;.

A.1.2 Asymptotic Normality
We turn to deriving the asymptotic distribution of 0;. First, multiplying both sides of (29) by

VT :

N . 1 . .
A ZQ; QQ; _,Q;Z; ZiQ; QiQ; _,Qi(Fivii + Fry2i + ;)
o _ i 4 i 4 i 4 ) A1l
VT, -6~ | B Q)07 29 Q9 o (A12)
Using (A.1), (A.9) (A.10), Lemma 5 and Assumption 6, we have:
- . —1 . -
A | Z5yQi0 , QiQi0, 1 Qi Zio Z,Qi0 Qi Qio 1 Qip[Foyoi + €]
VT(0: - 0;) = | =070 (20 T () e
VT 1
+OP(W)+OI)(7\/N)' (A.13)

The key here is to establish the asymptotic normality of Q\/l/‘)%’ = Qo [Ff;’%"ﬂ’”]. From (23),
we have Q;. = (X, , X}, X?*,...), where X[* = (It ® b,W)X. Hence,

X! My, (Foy2itei.)

~ ) VT
Qio(Fay2i +€i) _ | Xi Mg (Poyritei) | (A.14)

vT VT

We will establish only the asymptotic distribution of
X{_fo (Fyy2i + €5.)
VT '

The asymptotic distributions of the other terms in (A.14) can be established in a similar manner.
By (26), we have

X, My, (Foyoi tei)  VIMy, (Foyoi +ei)

T Nis : (A.15)
Further, notice that
ViMy, (Fyvaitei) _ Vi(Foveitei) | VIF(FF) ' Fo(Foyi+ei)
VT VT vT ’
where the second term on RHS is negligible by Lemma 2(c) and Lemma 3(d). Hence,
Vi My, (Foyzi+¢€;) 1 o /et
JT NG tz::lvzt(fzﬁzz +€it) +op(1). (A.16)
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The first term has zero mean, and by Assumption 3, «9; is bounded in probability. Further-
more, for, €+ and v;; are mutually independent and have absolutely summable autocovariances.
By applying the Central Limit Theorem (CLT) for linear processes with absolutely summable
autocovariances, we have:

X! My Fyyo; X! My Foyovai' Fo' My X;
R T2V 4 g R S22 B2 W Ry (A.17)
VT T
X'M i X'M Q.. Me X,
1-##5- 4, N(0, (=it T Fo i)y, (A.18)

Similarly, the asymptotic normality can be established for the rest terms in (A.14). By imposing
T/N? — 0 in (A.13), we complete the proof of Theorem 1.

A.2 Proof of Theorem 2
A.2.1 Consistency

Under Assumption 5, it is easily seen that
LN
¥ > &0, (A.19)
i=1

by the weak law of large numbers (WLLN). In Lemma 6, we derive:

N -1
N > ( T ) T T = Op(ﬁ) + Op(ﬁ)’ (A.20)
i=1
N -1
N -1
NZ( T ) T = Onl =) + Ol (A22)

i=1

Applying these results, we prove that Oric is a consistent estimator for 6 as (N, T) 5 .

A.2.2 Asymptotic Normality
We multiply both side of (37) by v/N:

VN(bre — 6) =
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Using (A.20), (A.21) and (A.22), we obtain:

N -1
1 <Z’HZZ,L) \/NZ(HiFI'Yli 1 1
52~ : = Op(—=) + 0l —=2). (A24)
N P T T VT VN
N -1
=3 (% : = Op(—=) + Op(—=), (A.25)
N ~ T T VT VN
N -1
1 Z'11,Z; NZ!TlLe; 1
Z( 1 ) NZIE o) (A.26)
N e T T VT
Then, as (N, T) 2 50, we can show that
N N
VNOuc —0) = — —= — = i T0 (A.27)
= L6 O O ) =
Under Assumption 5, we have:
L ig 4 N(0, Q) (A.28)
VN i=1

which completes the proof of Theorem 2.

A.3 Proof of Theorem 3

Using (43), (A.1) and (A.9), and under Assumption 6, it is straightforward to show that the
asymptotic property of 8p is determined by

N ~
1 Z Qi(Zi& + Fiyii + Foys +€5.)

v (A.29)

We can easily establish the consistency of 0p by combining the results in(A.9), Assumption 6
and Lemma 7.
To derive its asymptotic distribution, we use results in Lemma 7 and obtain:

1 NQFT 1 QU b)MFiy _ 11
\/]V; T N ; T = Op(\/ﬁ) + Op(\/T) = 0,(1),(A.30)
1 Qe 1 <. Q'(Ir © b)) Mze; 1
WZQ%E':NZQ(T@T) == 0y(=) = 0y(1). (A.31)
i=1 i=1
1 S ~/F * 1 ol I b)) Mz Foys; 1 1
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where the first equality follows from (A.9). Notice under Assumption 5 that &; is independent
of all the other variables, including &;, and has finite second order moment. Therefore,

var(

1 LQUrob)My, Zi, . 1w~ [QUr®b)My Zio, ,, ZyMjy, (Ir © b)Q
ﬁz T 5@)—NZE{ T &i&; T }

1 zN:E{Q’(ITQQb)MfZZZOQ Z!, My, (IT®b’)Q}

T N& T ¢ T

Amae () = . [ Q' (Ir © b)) My, Zio ZjyMy, (It  b))Q
S E:E{ T T } (A.34)

which is finite under Assumption 5 and 6. The above inequality follows from a spectral decom-
position of Q¢. Then by CLT, as (N, T) - oo, we have:

1 Q' (It ©b)My, Ziy . 4 1 Q' (It © b)My, Ziy . Z!,M;y, (Ir @ b))Q
N Z; T & —= N (0, B T Q¢ 0

i=1
(A.35)
which completes the proof of Theorem 3, given (43), (A.1), (A.9) and Assumptions 6.

A.4 Proof of Theorem 4

It is straightforward to establish the consistency of 67}, following the similar steps employed in
proving Theorem 3. Here we focus on its asymptotic distribution which, given (50), (A.1), (A.9)
and Assumptions 6, is determined by

N =
T Q(Fiv1i + Foyoi +€;)
— t A.36
P> - , (4.36)
Using the definition of @, we have:
N
/T X Mz (Fiv1; + Foy2; +€5.)
~ ;:1 T . (A.37)

We will analyse the three terms in (A.37), separately. )
Under Assumption 3, we have: v1; = 41 + p11;. Since M is the projection matrix for X, we
have: X'Mj; = 0. Then, the first term in (A.37) can be written as

T o XiMeFons [T XUMGFi (3 )
N i=1 T N i=1 T
X'M;Fim \/? Y X[ M Fi;
=VN[——— — e r P
viT T * N ZZ:; T
N
T <~ X, M,F,
- \/; 2 T

T F’M F T XLV M,F,
Z i\ Y e, (A38)
N&Z T
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where the last equality follows from (26). Define T} = (T',I'")~'T,. Then, by (18) and following
the same arguments in proving Theorem 1 in Westerlund and Urbain (2015), we have:

[T I‘fmFxM F1 [T V'V VT 1 1
Z i = Zrlwzra: pi + Op (N3/2)+O (+ )+OP(W)’

V! M, F. T1 JT 1
\/;Z “ [ZVVFMHO( )+ 05— (A.40)

i=1

By Lemma 2(a) and under Assumption 3, (A.39) is dominated by the first term on the RHS and
is of order /T /N, which is also the case for (A.40) by further using Lemma CA4 in Westerlund
and Urbain (2015). As a result, we have

[Z%FUQM ad h—:op(\/z), (A.41)

T &L V/M,F T
VN Z 'Tllm =0p(\/ ): (A.42)
1=1

which are negligible if we require /N — 0.
For the second term in (A.37), let H = F,I';. Then, using (16), we have:

r, = f:;tf‘ﬁ + 52’

which can be written as

X=FIT,+V=H+YV, (A.43)
where X = (%1, %9, ...,27), V = (91,09, ...,0.7)". In Lemma 4(d), we derive:
/ X! M F2 / X! foFQ ﬁ
\%Z MfIF2 VT
=\ Z 21+O(W)+O(W)

V/ F, VT
\/>Z M2’+O<f)+0(\/]v)+O(N) (A.44)

where the first equality follows from the fact that X’'M; = 0 and po; is independent and
identically distributed. The second equality follows form the fact that X; = F,T'y; + V;. (see
(26)) and My, is an idempotent matrix. The last equality follows from Lemma 2(c) and Lemma
3(d).

Under Assumption 1 and 2, v;; is independent of fo;, and both of them have finite second
order moments. By Assumption 3, us; is independently and identically distributed. Hence, as

N, T 4 50 and T/N? — 0, we have:

N

1 1
X! M;Fyys; -5 N(0, —
\/]TX; b2 N

(A.45)

N
Z Msz2QuzF2/Mwai->
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For the third term in (A.37), first, we have

i=1 i=1
where
1 <N X! Mjei 4 1N X! M Q. Mg X,
- 7. x =T, —)N 0’7 E 1. T g, T . .

(A.47)

(A.48)

as (N, T) 7y 0. By requiring T/N — 0 and using the Slutsky’s Theorem, we complete the

proof of Theorem 4.
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Table 6: The Panel Data Estimation Results without Spatial Effects

egdp sim rfe rer eec CD test

FE 1.909***  0.967***  0.018  0.034*** 0.536™** —4.068
(0.019)  (0.027) (0.012) (0.004)  (0.038) [0.000]

1.261***  0.910** —0.001 —0.037* 0.147**  -3.101
CCOEP-XY (0.252)  (0.209)  (0.014)  (0.021)  (0.027)  [0.001]
CCEP-X 0.982 1.025 —0.015 0.012 0.318 -2.473

(0.218)  (0.134)  (0.029)  (0.009)  (0.039)  [0.013]

Notes: Figures in () indicate standard errors. ***,** and * denote that the coeffi-
cients are significant at 1, 5 and 10%. Figures in [| indicate the p-value of the CD
test proposed by Pesaran (2015), that tests the validity of the null of weak CSD in
residuals. FE stands for the fixed effects estimator. CCEP-XY is the common cor-
related effects Pooled estimator obtained from the regression, (61) augmented with
CSA of the dependent variable and regressors, whereas CCEP-X augmented with
CSA of the regressors only.

Table 7: The Panel Data Estimation Results with Spatial Effects

Wdis Wbor

SARAR HSAR-XY HSARX SARAR HSAR-XY HSARX
0.051F  —0.642"F —0.258" —.008 01277 —0.227

p (0.031) (0.106)  (0.131) (0.012) (0.076)  (0.119)
1 1.850*  0.986"*  1.055*** LOOL*™*  0.878*  1.047***
8P (0.047) (0.239) (0.263) (0.022) (0.238) (0.261)
. 1021 1.046**  1.088"* 1.036™* 0975 1.095***
(0.048) (0.173)  (0.209) (0.044) (0.160)  (0.168)

o ~0.002 0.009 ~0.001 0.006 —0.034  —0.018
(0.007) (0.026)  (0.033) (0.007) (0.024)  (0.031)

o 00387 —0.026 0.015 —0.006™*  —0.007 0.016
(0.004) (0.010)  (0.011) (0.003) (0.010)  (0.010)

e 0.225**  0.129%**  0.353 0.212°F  0.117***  0.357
(0.027) (0.038)  (0.083) (0.018) (0.028)  (0.077)

D tosy 53742 2.456 2.162 88.62 2.445 2.089
(0.000) (0.014)  (0.031) (0.000) (0.014)  (0.037)

Notes: Wyis and Wi, are population-based and border-based spatial weighting matrices.
SARAR stands for the estimator obtained by spatial autoregressive model with autoregressive
disturbances. HSAR-XY and HSAR-X stand for the estimators obtained by the model proposed
in this paper that use (¥, ;)" and (&) as factor proxies, respectively. See also the footnotes to
Table 6.
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Table 8: Average Direct, Indirect and Total effects of Regressors

Wdis Wbor
ADE AIE TE ADE AIE TE

1, 1062577 0172177 0.8003° 1.0627°*  —0.1322"*  0.9305"*

8P (0.0706) (0.0155) (0.0597) (0.0698) (0.0118) (0.0615)

. 109475 —0.1773"*  0.9173*** 1.1120%*  —0.1384"*  0.9736***

S 0.0436) (0.0126) (0.0378) (0.0273) (0.0092) (0.0247)
o 000077 0.00157F —0.0081F  —0.0179"  0.0022*  —~0.0156"**

(0.0011) (0.0002) (0.0001) (0.0010) (0.0001) (0.0009)

oy 00155 —0.0002*  0.0130""* 0.0160**  —0.0020**  0.0140"**

(0.0001)  (0.0001)  (0.0001) (0.0001) (0.0001) (0.0001)

e 0-35547 —0.0576*  0.2078" 0.3626***  —0.0451"**  0.3175

(0.0071) (0.0036) (0.0066) (0.0061) (0.0029) (0.0056)

Notes: The ADE of the p-th explanatory variables measuring the average direct effect of this variable
on the dependent variable calculated by averaging the diagonal elements of (In — pW) ™! 3,, where
Bp is the corresponding coefficient. The AIE of the p-th explanatory variables measuring the average

indirect effect of this variable on the dependent variable calculated by averaging the row sum of the
off diagonal elements of (Iny —pW)™'8,. The TE, sum of ADE and AIE, measuring the total effects
of any explanatory variables on the dependent variable. Standard errors reported in () have been
evaluated via the bootstrap with 1,000 replications, see (Elhorst, 2014, p. 25). See also the footnotes

to Table 6.
5
o
® 4 @ e ® - - e - .
I ° . ° . ° °
.
e Wdis Whbor
e ADE
- -~ AE
e —— TE
e |
o
_@---mmm- o
[ ] ®---------. B----====: &----:-:-:-C: °
— ®-
o‘ -
|
| | | | | | | |
2011 2012 2013 2014 2015 2016 2017 2018
Time
Figure 1: The impacts of cee;; on bilateral trade flows after 2010
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This Online Supplement contains two sections. Section S1 summarises the Lemmas used for
the proofs of theorems in the main paper. Section S2 reports additional Monte Carlo results,
complementing the results already reported in the main paper.

S1 Lemmas

Lemma 1. Under Assumption 2, for all t, we have

(a) E(vy) =0,Var(v:) = O(%), and hence v, 5 0, as N — oo,
() B0l = 0(;) » Blloull = 0(—)
N VN
where vy = Yvec(V}), X = LN ® I and gq.m. means convergence in quadratic mean, which

implies convergence in probabzlzty

Proof. This lemma shows that using only &; as factor proxies also works and the approximation
error is negligible as N — oo, which is the counterpart of Lemma 1 in Pesaran (2006) and Yang
(2018).

(a) By v, = Yvec(V)) = & Zivzl vy, we have E(v,) = + Zfil Ev;; = 0 under Assumption
2. Further, since vy is independent of v for any i # j, the variance of v, is

Var(vy) = Var(—= ZU” N2 Zvar Vit) =2 ZQU i =0(%),

where we have used the fact that by Assumption 2, ||©, ;|| < C for all 1.
The last statement is readily established by the definition of convergence in quadratic mean.
(b) The results can be simply proved by

A | &N 1
Ello,|* = E[tr(m Z Z”jtvz/'t)] = tr(m ZUW(”it)) = O(N),
i—1

j=11i=1



where the last equality follows from Assumption 2. Then by Cauchy- Schwartz’s Inequality,

1).

Ello:|| < (BE|5:]|?)Y? = O(——
lo:] < (Ellve|”) (\/N

|
Lemma 2. Under Assumptions 1 and 2, for all i, we have
V'V 1 F'V 1
() L = Oyl ()75 = Oy =),
V/F, 1., e F, 1
Lz = O —_— 2 — O -
(C) T P(ﬁ)) T p(ﬁ)a
eV 1 V'V 1 1
d) +=—=0 L = 0p(=) + Op(——
( ) T P(m)’ T p(N)+ P(\/ﬁ)7
X/v 1 1
t— = 0p(=) + Op(—==
(6) T P(N)+ P(\/ﬁ)?
where V = (01,02, ..., 0r) is of dimension T xk with components v, = Yvec(V}) = & Zf\il Vit,
F, = (fa1, fa2,- -+, faT)/; Vi, = (vi1, via, . ... ﬂh'T)/, ;. = (gi1,i2,- - - 75iT)I and X, = (i1, T4z, - - - iEiT)/~

Proof. The results here correspond to (A.10) — (A.12) in Lemma 2 of Pesaran (2006) and can be
proved similarly based on Lemma 1. Hence, we only give proof for (d) and (e).
(d) By definition, we have

gV _ 1 ., 1k 1eh,, 1 &EE
17'1 = ftzzlgitﬁt = ftzzlgit(ﬁzvqt) = ﬁzzgi“’q“

j=1 t=1 j=1

- . . . T N
which is a k dimensional row vector. Clearly, for each of its element, &= >, ;> =1 EitVqt ps
p=1,2,..., k, its mean is zero and its variance is

1 T N 1 T T N N
Var(seg 2o D ivans) = wags 2 20 O O Bleusi) B(vgepths )
=1 j—1 t=1 s=1 j—1 g=1
;] LT N /
N2T2 Z Z Z E(eiteis) E(vqt,pvys p)
t=1 s=1 j—1
T T N

= ﬁ Z(Z E(5it5is))(z E(0gt.pVys p)

t=1 s=1 j=1

where the first equality follows from the independence of €;; and vy, for any i,j,t,s,p, the
second equality from the fact that vg , and vy p are independent for j # ¢, and the last equality
from the absolutely summable autocovariance property of £;; and the existence of second moment
of vgt p.

The second result can be proven similarly by noticing that the existence of additional term
O,(%) is cause by the correlation between V; and V.

(e) According to (26) that X; = F,I';;+V;., we then have Xé;v =T, (= )+ Véqv. Noticing
that F, = (Fy, Fy, F3) = (F,, F3) = (F,, F>) and using results in (b) (d) and the assumption
that |T'z;|| < C, the result here follows readily. |




Lemma 3. Let H = F,T',. Under Assumptions 1-3,

() R = 0,0, ) T = 0(—nm). () 22 = 0,00),
@ 2 -0, X~ 0,
() X =0+ O () 7 = 0,00,

H/Xi X’Ei_ 1

() 75 = 0s(1), (h) T = O,

Proof. (a) Under Assumption 3, each element of T', = % va:l T',; is bounded in probability and

so does F;F“ = 0,(1) under Assumption 1. As a result,

HH _ F'F,_
=T, =20, = 0,(1).

= . . F;V .
(b) As the elements of I'; are bounded in probability and by Lemma 2 (b), =%~ = Op(\/%),
it follows directly that

HV _ F\V 1

(c) Since X = H + V (see (A.43)), and by Lemma 2(a) and Lemma 3(a)(b), we have

X'X HH V'V HYV V'H 1 1
= = 1 — —) = 1).
T 7ttt =0+ 0(G) + O ==) = Op(1)
(d) Under Assumption 1, F‘;TF“ = 0p(1) and F"’,TF” = Op(%) Therefore, by Lemma 2(b), we
would have
X'F, ., F.F, V'F, 1
7 =l % *Op(l)JrOp(ﬁ) = 0p(1),
X'F, _,F.F, V'F 1 1 1
=I,—=+ =0p(—=) + Op(—=) = 0p(—=).
T T T P(\/T) P(\/ﬁ) P(\/T)
(e) Similar to (d), this can be easily verified by Lemma 2(c)(d):
XV o EV. V'V, 1 1 1 1 1
T =TI, T T *Op(ﬁ)Jr[Op(N)JFOp(W)] *Op(ﬁ)+0p(ﬁ)~
(f) Recall that in (26), X; = F,I'; + V;, then it follows that
X'X, X'F, X'V, 1 1
by Lemma 3(d)(e).
(g) Under Assumption 1 and Lemma 2(c), we have
H'X;, _, FF,_  _ FV, 1
7 =l Tit I — —Op(1)+0p(ﬁ) = Op(1)



(h) This can be easily verified according to Lemma 2(c)(d).

X/Ei' _ f‘l FéEZ —I—fl Vl€i, 1 1

T T — :Op(ﬁ)"'op(ﬁ

Lemma 4. Under Assumptions 1-3, for any i and j, (i could equal to j)

(X 2E o) +OP(\/%)’

o MR o, 1)+ p(*/%)’
(C)X£~A7/:ri€‘7' _ X{,]\;—’;fﬁj» +Op(\/]177T)7

(d)X’M P _ Xé.J‘I{foQ +op(%) +0p(¢%)'

Proof. All the results here can be proved similarly to Lemma 3 in Kapetanios et al. (2011), using
results established in Lemma 2 and 3.
(a) Let H = F,T',, and My = Iz — H(H'H) 'H’. Then according to (A.43), we have

XZ-’_Mi.Fl X! My F _ XZ’ (X X) LX'Fy X;VH(H’H)—lH’Fl
T N T T
X/ X )_( X') LX'Fy X/ H(X X') LX'Fy ). ¢ H(X’)_()—lX’Fl D¢ H(H’H)_lX’Fl
T T T T
X/ HH'H)~ IX'Fy X/ HH'H)~ 'H'F,
+ : _ .
T T
<dy +dy +ds,
where
(X! X - X' H)(X'X)"'X'F, v X X'F 1 1
dy = L. L. =0,(— O,(——
! T - T p(N)+ P( /NT)

by the sub-multiplicity property of norm (i.e., HAB|| < ||A|| -||B]|) and Lemma 2(e) and Lemma 3(c)(d),

& = Xé.H[(X"X')‘l—(H’H)‘l}’X’Fl‘
2= T
X'H XX VV HV V'H H’H L X'Fy 1 1
< = B — —_—
<[ 0| BB 0k 0,

by Continuous Mapping Theorem, Lemma 2(a ) and Lemma 3(a)(b)(c)(d)(g)", and
X! H(H'H)"(X'F, — H'F,) ‘ - ’ X{.H(H’H),l V 1

T : T INT
by Lemma 2(b) and Lemma 3(a)(g).

ds

= Op( )

T

I'We also use the fact that A=1 + B~1 = A=1(B 4+ A)B~! in deriving the inequality.



Under Assumption 3, we can show that My = M/, , and hence we have

X! M;F, X!M; F X’ M;F, 1 1
(== R N | I = 0p(55) + Onl s
T T vVNT

(b) Similarly, we have

).

HXé. (X'

)\X'X,; X/H(H'H)"'H'

X
T T
¢

XiM:X; X
T

X X(X'X) XX, X HXX) XX,
T T T * T

X, X/ HXX)'X'X;, X/ HHH))'X'X;
T

~

X, HH'H)'X'X; X/HHH)'H
T T
< di +dj + d,

where

‘(XQ_X -~ X/ H)(X'X)"'X
T

by Lemma 2(e) and Lemma 3(c)(f),
‘Xi.H[(X’X)_l — (H'H)'I'X’
T
X/H X'X ‘ V'V, H'V V’HH H H'

X’V X (XX
T

i T T T

by Lemma 2(a) and Lemma 3(a)(b)(c)(f)(g), and

‘X;_H(H’H)—l(X'Xj, ~H'X H ‘ X’H(H’H »
T T

by Lemma 2(e) and Lemma 3(a)(g).

&

’ V'X;

As a result, we have

X! M;X; X.M; X, = 1 1

| T T p(ﬁ) +Op(ﬁ)~

(¢) Similarly, we have

X)"'X'e; X,H(H'H)'H'e;

T T

X', X! H(X'X)"‘'X'e; X/ H(H'H) ‘X'
A T

T
B ‘ X/ X(X'X)"'X'e;, X H(X'X)™
T T
X/ H(H'H)"'X'e;, X/ H(H'H)"'H'e;
T T
< dy +do +ds,

‘ X Mze;. X Mpye;,

_HX; X(x'




- X! X - X/ H)(X'X)"'X' X/ V|| X'X X'e; 1 1
dl = ‘( i. 7. )( ) Ej < H 0. H H -1 ’ Ej. — Op( )—l—Op(
T T NVT VNT
by Lemma 2(e) and Lemma 3(c)(h),
o ’Xé.H[(X’X)‘l (HH) X
2= T
X' H XX VV HYV V'H H'H X'e; 1 1
< - - LN = 0p(—=) + Op(———
= U7 T | | v+ O R
by Lemma 2(a) and Lemma 3( )(b)(c)(g)(h), and
- || X! H(H'H) Y(X'e; — He;) X' H HH__ |||V, 1
d3 = ' < — ( =\ = Op(—==)
T T VvVNT
by Lemma 2(d) and Lemma 3(a)(g).
As a result, we have
||X'L{‘Mi€j~ X;.Mfzej- | = 0,( 1 )
T T - UNTT
(d) Similarly, we have
XM F, X/ MpF| |X/,X(X'X)"'X'F, X/H(H'H)'H'F
T B T T
XXX X)X'F, X[ HX'X)'X'F, | X{HX'X)'X'F,  X{H(H'H)'X'F,
B T T T T
X/HH'H)"'X'F, X, HHH)'HF
T T
<dy +dy +ds,
where
. (XX - X! H)(X'X)" '\ X'Fy HX’ VH H X L X'F, 1 1
d) = & 2. =0p(—=)+ O0p(——
by Lemma 2(e) and Lemma 3(c)(d),
s |IX!H[(X'X)'-(H'H)"YYX'F,
2= T
X' H XX VV H'V VH H'H XF2 1 1
< =0p(—=) + Op(——
by Continuous Mapping Theorem, Lemma 2(a ) and Lemma 3(a)(b)(c)(d)(g), and
G| XiHHH)\X'F - HF)| _ X{H HH, V'R _ L
3= T T T || ""VNT
by Lemma 2(b) and Lemma 3(a)(g).
As a result, we have
X! M,F, X! Mf F, X! M B, 1 1
| T - =1l I = O,,(N) + Op(ﬁ)-

)

)



Lemma 5. Under Assumptions 1-4,

Q' (I ® b)) Mz Fivi; 1 1
=0,(=)+0,(—
(a) T ;D(N) + p(\/ﬁ)7
QUr®bj))Mze;, Q'(Ir ®b;)Myg e;. 1 1
b = — + Op(—=) = Op(—=),
Q/(IT ® bi)MiFQ’)’Qi QI(IT ® bl)MfFQ’Yg,L 1 1 1 1
= = Op(=)+0,(—) = 0,(—=) + Op(—=
Q' (It ®@b)Mz(Ir ®b)Q  Q'(Ir ® b)) My, (I ® b;)Q’ 1 1
K3 — x K3 _ O
Proof. (a) We first take a column from @ and express it generically as
Q.= [(Wrw-lvp)lv (Wrw-lp)/a ) (Wrw-l,P)/]/v
where r = 0,1,2,...,p = 1,2,...,k, @+ = (T1tps T2tp, -, TNtp), and WY = Iy. Then we

have

Q.(It b)) MzFi1v1;  (vec(W" (.1, 20, ..., T.7p))) (I7 @ b)) Mz Fiy14

T T
(vec(BW™ (.1, p, T 2p,s s ®.7p))) Mz F1y14 _ bW (x1p, Tops - ®.1p) MzFiy15
- T T
_ W (T1p X2 p, -, T.1p) Mz Fiy1; _ w (1. p, T2 py o TN p) Mz F1y15
T T
N /
s Mz F,
= ngj%%i
j=1
N /
X M.f, F1 1 1
r JoP i
= = 2~ Oy (=) + Oy (——
;ww T Yii + P(N)+ P(\/ﬁ)
1 1
=0,(=)+0,(—),

where w/ is the i-th row of W". The second last equality follows from Lemma 4(a) and the fact
that W7" has bounded row and column sums and that ~;; is bounded in probability. The last
equality follows from the fact that Mg F; = 0.

(b) Taking a column from @, and as in the proof of (a) we can show that

Q.(It ®b)Mze;.  (vec(W'(Z.1p,®2p, - E.17p))) (IT ® bi) Mzei,
T B T
(vec(B;W (x 1 p, T2,y oy T.7p))) Mzei,  BWT (T4, T 2p, ..., T.7,p) MzE;,
T B T
W (1,5, T 2py oy BT p) Mzes, W[ (X1 p, T2 py s TN, p) Mze;,
T T
1

- T +OP(7)7



where the second last equality follows from Lemma 4(c) and the assumption that W has bounded
row and column norms.
According to (26), we further have

N / . N / .
Zwr.wj"prwEl' . Zwr'vj"prwsz'
1] T - 1] T

i=1 i=1
N _
v € v, F,(F.F,) 'Fle;

N
. I .
_ r _Jop=t r _J.P
=D T > ul; T

j=1 j=1

where the last equality follows from Lemma 2(c) and W has bounded row and column norms.
It is easy to see that

1
E( ’LUT J-sP ) O
2 iJ )
j=1 T
by Assumption 2,
N / N N
v & 1
v _JoPThy T o
UW(Z Wi;— ) = T2 E : § :E(wijwil'uj,,psz.ei,vl.,p)
j=1 j=11=1
| DX
J— T I !
) E , E wijwilE(vj.,st,ivl.,P)v
j=11=1

where . ; is the variance-covariance matrix of ;. Since e; is stationary with absolutely
summable autocovariances, €2.; has bounded row and column norms. Then by Assumption
2, we have

l|E('v

1
T Qa,ivlﬂp)| < */\max(ﬂa,i)|E('U;'A7p'vl.,p)‘ <

/
Jop T

C C =
T|E(v§.,pvl.,p)\ = f| > E(vjepuiny)| = O(1).
t=1

Note that W has bounded row and column norms and so does W7”. This means that
Z;V:l PR wy;wy; is finite, and hence,

This proves the first result. By using the result in Lemma 4(a), we can similarly prove the second
result.



(c) Similarly to (a) and (b), for any two different columns of @, Q. and Q, we have

Q.(Ir ® b)) Mz(Ir ® b})Q,

T
_ (weecW" (x4, T 2p, 1)) (IT @ b)) Mz(IT @ bi)vec(W' (T 1 5,25, ..., E.T,5))
o T
_ (vec(BW™ (X 1,p, T 2py -y X1 p))) Mzvec(biW (21,5, .25, .., X.7,5))
T
W (1, ko, Trp) M (T, s, ) WD
- T
_ w:(w.l,p7w.2,p7"'7xAT,p)Mi(sc.l,s7x42,s7"'7w.T,s)/w17;/
T
_ w;(wl‘,p7w2‘,p7~~~7wN.,p)/M:f(wl.,me.}s," IN. s) i
T
N N N
M ml s x) Mf Ly.s 1 1
wiwp e whwh, I 6 () 4 0y (—).
g; ) g; ) T b(37) + O )

Again, the last line follows from Lemma 4(b) and the fact that W has bounded row and column
sums. ]

Lemma 6. Under Assumptions 1-/,

N —1
1 Z H Z\ "' ZAL R 1 1
lzN: Z11,Z; ‘1zgnisl,_0( 1 )
N &~ T  PYNT
N —1
v (%7 ) T 0,(m) + Oyl

Proof. (a) This result can be readily shown from (A.1), (A.9), Assumption 6 and Lemma 5 (a).
(b) According to (A.1), (A.9) and Lemma 5(b), we have

1~ (ZILZ,\ ' ZLe,,
N - T

Q' (Ir ® b;) My, e;.
ﬁ)} r "

Z i Zin\ ' ZQio , Qi Ql
NZ{( ) Qo Quoio) 1 40,1+ 0,

which is dominated by

N B L
1 Z VAN VAT ! Z},Qio (Q;;OQQO = Q' (Ir ®b;)My,e;.
T T T T

=l

i=1

1 Q' (Ir ® b)) My, &;.
T

L2 TS A 7L

(14 0p(1))

-

L
N
=1



by Assumption 6 and the Continuous Mapping Theorem. It is easy to see that

Z e w,]  we CUIr 0 b)Mye.
K3 1 T

has zero mean and its variance is

N
1 w11 1 Q (IT ® b)) My €.
=Y [we 1w v ;! Lk L
var(y 3| | e, St

N N ! /
1 -1 -1 1 Q (Ir @ b;)My,e;. ej.Mfz(IT®bj)Q 1 1 -1
- N2 ZZ (e ] Wi, T 7 U8 [0,
N / / /
- It ®b;)Mg¢ e; e, Mg (I ® b, -
Z ([wi®; v ‘I’Q'I"_IQ ez ®TL) £50 fz(TT - Z)Q‘I’iq)i_l (v e, )
N ’ /
max _ I bz Mg (I b _ _ —
i=1
al -1 Q. Q; 1
Cad [ v wa (P00 g e (e ) )
=1
1
= p(ﬁ)v
where the last step follows from Assumption 6 and the fact that E( ’OQ“)) is finite (by the
finiteness of its second order moment and Jensen’s Inequality). Therefore, we have the first
result. The second result can be proved similarly. |
Lemma 7. Under Assumptions 1-/,
N
1 Q' (It ® b;) Mz F1v1; _ 1 1
N N
1 <A Q'(Ir ® b;)Mie:. Q( IT®b )My, ;. 1 1
b) & = ===+ 0 = Op(———=),
N N
1 Q(Ir® bz‘)Maze’)’zz _ 1 Q' (It @ b;) My, Fory2; 1 1 _ 1
N
1 Q/(IT®bi)Mi(IT®bi)Q _ i Q' (Ir ® bi) My, (It ® b)Q’ 1 !
Proof. (a) This result follows directly from Lemma 5(a).
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(b) Using the same argument as in the proof of Lemma 5(b), we have

iZN: Q'(Ir ®bj)Mzei. _ izN: Q'(Ir ® b;) My, ;. L0, 1 )
T T PVNT
1 o, oMy, 1
=52 w +OP(W)
i=1 j=1
N N /
1 T 'Uj_’pEi. 1
= T 2D W+ Op( =)
N i=1 j=1 T NT
It is obvious that
1 N N v €;
r —JP
PG 3w ) o
=1 j=

and

N N
E E E wzjwlm j pEZ E‘-l Um. 713)

=1 m=1

WE
WE
g
S
2.
1S
®
M=
] =

var(ﬁ N2 2 .

.
Il
—
<.
Il
—
.
I
A
.
Il
—

N N N
N2T2 Z Z Z w 1lE Qs,ivm.,p),

i=1 j=1m=1

where Q. ; is the variance-covariance matrix of ;. Since e;; is stationary with absolutely
summable autocovariances, €2.; has bounded row and column norms. Then by Assumption

2, we have

1 1 1 1| —

f|E(U;,,png,ivl”p)| < —Amax(Qed) [E(W), yv1p)] < CT|E(U;,,pul,,p)\ = CT| > Ejipvuy)| = 0(1).

t=1

!

. . N N
Since W has bounded row and column norms, so does W". This means that ijl > i1 Wiwg
is finite, and hence,

N N I
1 v €. 1
var(— ZZw;»ij"p )= O( ) and —ZZU} = 0p(—),
NZE U NT i=1 j=1 VNT

which proves the first result. The second result can be proven similarly.
(¢) This is a direct result of Lemma 5(c) [ |

Lemma 8. Under Assumptions 1-/,

@ Q' (Ir ® b)) M. (ITT® biG)Ir @) fi _ ( )+ 0, (%)

) Q'(Ir ® bi)Mi(ITT® biG)Ir ®y2)f2 _ Q'(Ir ®bi)My, (I ?r® biG)Ir @ v2)f2 Op(%) n op(\/%
= 0y )+ Onl ).

(o QUre b)Ms (I @ biGe _ QUr® )My, (Ir © biGe . O”(\/;TT) - op(%).
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Proof. (a) Similarly to the proof of Lemma 5, we first take a column from Q and express it
generically as

Q.= [(Wrw‘l,p)lv (WT:B-QJD)/? R (WT:B-L:D)/]/v

_ _ _ / 0 —
where 7 = 0,1,2,..., p=1,2,...,k, ®1p = (T1,p, Totp, -, Tnep), and WY = Iy. Then we
have

Q. (It ® b)) M (Ir ® b;G)(IT @ 71) f1

T
_ (wecW" (@1, Z2p, - T.1p))) (I @ bi) Mz (I1 © b Gy, )vec(FY)
B T
_ (vec(bgwr(w.l,pa L2,py-ees 33.T7p))>/Mivec(béG’YlF1/)
B T
bWz, 20, 1) M FiyG'Y;
B T
_ w:(l‘_lm’ $_27p, ...,.’B.T7p)MiF1‘/{G/bi
T
_ w{(wl,’p,wg,,p, ...,IBN,,p)/MjFl’in/bi
T
N SM:F oMz Fy
= Zwl 71G'b; = Zw MG
j=1
N
T m],prIF / ].
=l I (G 4 Oy(2) + O,
1 1
= 0p(=) + Op(——),
P(N) P(\/ﬁ)

where w is the i-th row of W7 and (v{G'); is the i-row of matrix G-y;. The second last equality
follows from Lemma 4(a) and the fact that W" and G have bounded row and column sums and
that «; is bounded in probability. The last equality follows from the fact that Mg F; = 0.
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(b) Taking a column from @, as in the proof of (a) we can show that

Q.(Ir @ b;) Mz (It @ b,G)(Ir @ ¥2) fa
T
(vec(W™(@.1,p, T 2,ps s .1p))) (L1 @ bi) Mz (I ® b;Gy2)vec(Fy)
T
(vec(bLW™ (2 1,p, T 2 p, -y X.1p))) Mzvec(b,Gy2 F3)
T
béwr(w.l,pv L.2,pyeey x.T,p)M:iFQPYéG/bi
T
w:(m‘.l,pa :B.Q,p) LEES) m.T,p)MiFQ’YéG/bi
T
Wi (X1, p, T2 p, -0y TN, p) Mz FovG'Y;
T
:B;»"pMiFQ

wg; -7 7>G'b;

I
] =

<.
I
—

/ _
, @ M F
1] T

I
WE
g

(72G")i

<.
Il
—

. xs My Fy 1 1
w2 (G 4 Oy () + Opl =)

T VNT

Ir ®b)M¢, (It @ b,G)(IT ® 1 1

_ Q ( T ) f'r( T % )( T '72)-1:2 +Op(*)+0p( )’
T N VNT

where the second last equality follows from Lemma 4(a) and the assumption that W" and G
have bounded row and column sums norms and that -, is bounded in probability. The last
equality follows from definition.

The second equality in (b) can be shown by noticing that

I
L1IM-=

:c;qufIFg _ w_lj.,prze _ 'U-;'_,prIFQ _ ’U;_,pFQ _ v;7pr(FéFx)_1F£FQ

T N T B T T T

and then using the same argument as in the proof of Lemma 5(b).
(¢) This can be proven by using similar arguments as in the proofs of (a) and (b). Details
are omitted here. [}
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S2 Supplementary Monte Carlo Simulations

This section provides supplementary Monte Carlo simulations results on the finite sample per-
formance of our proposed estimators and alternative estimators. We first provide supplementary
results for Experiment 4 in the main text. More specifically, additional results for the naive es-
timator, the OLS estimator and the estimator using X3 as instruments will be reported in the
Tables S1 — S4. We then provide Monte Carlo simulation results for the other three experiments
listed in Table 1 of the main text and the results can be found in Tables S5 — S16. Finally, results
for p = 0.2 (Tables S17 — S20), p = 0.8 (Tables S21 — S24), h = 4 (Tables S25 — S28), and h = 6
(Tables S29 — S32) are also provided.

S2.1 Supplementary Simulation Results for Experiment 4

This subsection provides complementary results for Experiment 4 by considering the naive esti-
mator ignoring the unobserved factors, the OLS estimator ignoring the endogeneity issue cased
by spatial lagged term and the estimator using X3* as instruments.

The Bias and RMSE results for both the OLS estimator and the naive estimator are generally
quite large and much worse than those reported in the main text. As a result, the sizes for these
two estimators are severely distorted. The results for the estimator using X3* as instruments
are satisfactory and qualitatively similar to those using other set of IVs reported in Section 4.3
in the main text.
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S2.2 Supplementary Results for Experiments 1 — 3

This subsection provides complete results for Experiments 1 — 3. The specifications of the data generating processes
can be found in Section 4.1 of the main text. All the results here are satisfactory and qualitatively similar to those

for Experiment 4.
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S2.3 Supplementary Results for p = 0.2

This subsection provides Monte Carlo simulation results for p = 0.2 while all the other settings remain the same as in
the main text. And to save space, we only report the results for the most general DGP, that is Experiment 4. 2 The
influence of the decrease in the spatial coefficient on the simulation results is very limited and indeed almost negligible
compared to those reported in the main text. Therefore, the same findings apply here.

2The results for the other three experiments are available upon request.
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S2.4 Supplementary Results for p = 0.8

This subsection provides Monte Carlo simulation results for p = 0.8 while all the other settings remain the same as
in the main text. To save space, we only report the results for Experiment 4.° The results here are also qualitatively
similar to those reported in Section 4.3 in the main text. One thing worthy of mentioning is that while the increase
of spatial coefficient has limited (and almost negligible) impact on the performance of our proposed estimator, it
generally makes the standard CCE estimator that utilises (7;, })" as factor proxies worse, especially when sample size
is small.

3The results for the other three experiments are available upon request.
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S2.5 Supplementary Results for h =4

This subsection provides Monte Carlo simulation results for h = 4 while all the other settings remain the same as in
the main text. To save space, we again only report the results for Experiment 4. * It is noteworthy that when the
density of the spatial weight matrix increases, all the other estimators’ performance becomes worse, especially when
sample size is small. However, the performance of our proposed estimator and the infeasible estimator remains almost
unchanged. This confirms the robustness of our proposed estimator and the previous conclusion that the additional
use of §; and g; as factor approximations could bias the estimation, especially when the spatial correlation is dense.

4The results for the other three experiments are available upon request.
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S2.6 Supplementary Results for h =6

This subsection provides Monte Carlo simulation results for the case of h = 6 while all the other settings remain the
same as in the main text, which increases the density of spatial correlation even further. Again we only report the
results for Experiment 4. > With the exception of our proposed estimator and the infeasible estimator, the performance
of all the other estimators becomes much worse, especially when sample size is small.

5The results for the other three experiments are available upon request.
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