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Abstract

This paper studies a kidney exchange problem in which a planner sorts patients
into “priority groups” based on, e.g., the severity of their conditions. The planner may
choose to allow cyclic exchanges, chains, altruistically unbalanced exchanges and de-
sensitization. It presents a computational method for finding a new class of matchings
that give priority to patients in higher priority groups, called “priority group match-
ings”. These matchings are always Pareto efficient no matter how patients are sorted
into priority groups or how the kidney exchange program is designed by the plan-
ner. Priority group matchings generalize several classes of matchings, where different
classes correspond to different ways of prioritizing patients. This includes maximum
matchings and (half-compatibility) priority matchings.

Keywords: Kidney exchange, triage, priority matching, priority group, threshold
matching, desensitization.
JEL Classification: CT78, D47.

1 Introduction

Patients in need of a healthy kidney may eventually reach a point where they are too sick
for transplantation to be a viable option. As a result, thousands of people die every year
waiting for a compatible kidney (Organ Procurement and Transplantation Network, 2019).
The need for a healthy kidney is consequently more urgent for some patients than for
others. A situation could arise where someone must decide whether to help one patient in
urgent need of a kidney transplant or to help several patients with less urgent conditions.
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Triage is the process of prioritizing patients based on how severe their conditions are
and allocating scarce health care resources accordingly. This paper introduces triage in the
context of kidney exchange and provides a computational method for finding an efficient
matching no matter how patients are prioritized. This new class of efficient matchings is
shown to generalize several well-studied classes of matchings in the sense that different
classes of matchings correspond to different approaches to triage.

The term ‘triage’ has its origins in the treatment of wounded soldiers and the chief
surgeon of Napoleon’s Imperial Guard, Baron Dominique-Jean Larrey, is believed to have
been the first to employ a formal triage system (Iserson and Moskop, 2007). Larrey stated
that “/t/hose who are dangerously wounded should receive the first attention, without regard
to rank or distinction. They who are injured in a less degree may wait until their brethren
i arms, who are badly mutilated, have been operated on and dressed, otherwise the latter
would not survive many hours; rarely, until the succeeding day” (Larrey, 1812).

Since then, patients have been sorted into categories based on how urgently they need
treatment along with other considerations in a number of different settings. Throughout
this paper, patients sorted into a certain category will be referred to as a priority group.

In the US military, patients are sorted into four priority groups (Department of the
Army, 1997). The first (“immediate”) contains patients that require immediate resuscita-
tive treatment. The second (“delayed”) contains patients whose treatment can be delayed
“without unduly compromising the likelihood of a successful outcome.” 1f resource con-
straints are binding, patients in the second priority group must wait until all patients in
the first priority group have been dealt with[[] The third (“minimal”) contains the patients
with the least urgent conditions. The fourth priority group (“expectant”) is given the low-
est priority and contains patients with injuries that are so extensive that their survival is
unlikely even if they were the only patient and medical resources were utilized optimally.

In emergency healthcare, patients are often sorted into priority groups in a similar
manner. For example, the Australasian National Triage Scale adopted in Australia and
New Zealand sorts patients into five priority groups based on whether they need treatment
within 0, 10, 30, 60 or 120 minutes (Richardson, 1998).

Triage considerations may also arise in the context of kidney exchange. A patient
suffering from kidney disease may have a friend or relative who is willing but unable to
donate a kidney due to blood group or tissue type incompatibilities. If there are several
patients in the same predicament, they may be able to exchange donors with one another
so that some or all of them receive kidney transplants. A kidney exchange program can be
thought of as a clearing house, the purpose of which is to facilitate kidney exchanges by
assigning patients to donors. A set of selected assignments is called a matching. A typical
kidney exchange program will select several matchings every year. For example, in the
Czech Republic, France, the Netherlands, Portugal, the United Kingdom and Switzerland,
matching algorithms are used to find matchings on a quarterly basis (Bir6 et al., 2018a).

The rules governing a kidney exchange program are made by a planner. Triage may be
relevant to the planner due to the existence of a trade-off between maximizing the number

'In this sense, patients are prioritized lexicographically with respect to priority group membership.



of transplants and prioritizing patients with particularly severe conditions each time a
matching algorithm is run. The unmatched patients remain on dialysis and may receive a
healthy kidney at some point in the future when a new matching is selected. The less severe
an unmatched patient’s condition is, the more likely she is to receive a kidney transplant
in the future. For example, highly HLA-sensitized patients are particularly difficult to find
compatible donors for. They are consequently less likely to receive kidney transplants in
the future if they remain unmatched after the matching algorithm is run. Giving priority
to patients with severe conditions may consequently improve the number of transplants
in the long run, even though it could reduce the number of transplants in the short run.
Triage is consequently a potentially welfare improving tool.

Despite this, such trade-offs are generally not considered in the context of kidney ex-
change. Most kidney exchange programs do prioritize patients based on a variety of dif-
ferent criteria. For example, the kidney exchange programs in Belgium, Italy, the Nether-
lands, Poland, Portugal, Spain, Sweden and the United Kingdom all assign higher weight in
their respective matching algorithms to patients that are difficult to match, such as highly
HLA-sensitized patients. However, any concerns of this kind are strictly subordinate to
the primary goal of maximizing the number of transplants (Biré et al., 2018b). That is,
priorities are only used to break ties when there are multiple matchings that result in the
same number of transplants.

While highly HLA-sensitized patients are more likely to die while waiting for a kidney
transplant, patients are typically not explicitly prioritized based on how urgently they need
kidney transplants within kidney exchange programs. However, patients on waiting lists
for kidney transplants from cadaveric donors often are (Costa et al., 2007; Celebi et al.,
2015; Assfalg et al., 2016). In principle, the model presented in this paper allows patients
to be prioritized in accordance with any criteria. For example, in Belgium, Italy, the
Netherlands, Portugal and Spain, patients are also given priority based on how long they
have been on dialysis waiting for a transplant (Bir6 et al., 2018b).

Whether or not there is a trade-off between maximizing the number of transplants and
prioritizing patients with more severe conditions depends on the design of the kidney ex-
change program. Roth et al. (2004) were the first to take a mechanism design approach
to the kidney exchange problem. They develop a solution based on the notion of top trad-
ing cycles introduced by Shapley and Scarf (1974). Since a donor’s promise is not legally
binding, all transplants in a kidney exchange are often required to be simultaneous (Bir6
et al., 2017), although Ausubel and Morrill (2014) show that the simultaneity requirement
can be relaxed somewhat without losing donor participation incentives. Such requirements
create a logistic problem that is larger the more numerous the patients involved in the
exchange are. To address this, Roth et al. (2005a) show how a class of matchings called
priority matchings can be found using a greedy algorithm in a setting where only pairwise
exchanges (involving two patient-donor pairs) are permitted. In practice, many kidney
exchange programs impose some restrictions on the number of patient-donor pairs that
may participate in a single exchange. For example, only pairwise exchanges are allowed
in the French program, while cyclic exchanges involving at most three patient-donor pairs
are allowed in Poland, Poland, Italy, Spain and the United Kingdom. Kidney exchange



programs that do not impose simultaneity restrictions are better able to facilitate larger
cyclic exchanges. For example, the Czech program has carried out cyclic exchanges involv-
ing six and seven patient-donor pairs (Biré et al., 2018b). In this paper, the planner may
impose any arbitrary restrictions on the types of exchanges that are permitted.

In addition to maximizing the number of transplants, priority matchings rank all pa-
tients according to some criterion and then prioritize patients with higher ranking. Roth
et al. (2005a) show that there is no trade-off between prioritizing patients in accordance
with some ranking (based on, e.g., HLA-sensitization) and maximizing the the number of
transplants in settings where only pairwise exchanges are permitted. Andersson and Kratz
(2019) show that this result still holds in a setting with more general patient preferences.
However, it is well known that the number of transplants can be increased by allowing
cyclic exchanges involving three patient-donor pairs. Saidman et al. (2006) quantify this
improvement in a simulation study. While Roth et al. (2007) demonstrate that the benefits
of increasing the permitted size of cyclic exchanges from three to four pairs are typically
small, there may be large gains from long cyclic exchanges (and chains) if many patients
are highly HLA-sensitized (Ashlagi et al., 2012).

Although cyclic exchanges may increase the number of transplants, Sénmez and Unver
(2014) point out that allowing such exchanges may give rise to the trade-off mentioned
above, between maximizing the number of transplants and matching patients in accor-
dance with their assigned priorities. This trade-off is typically avoided altogether by either
restricting attention to pairwise exchanges and selecting priority matchings as in Roth et
al. (2005a), Okumura (2014) and Sénmez and Unver (2014) or by selecting mazimum
matchings (that simply maximize the number of transplants) and at most use priorities to
break ties as in Roth et al. (2005b; 2007) and Saidman et al. (2006).

Since triage is a potentially welfare improving tool, this paper, by contrast, presents a
flexible method for finding a class of matchings called priority group matchings, in which
the planner may choose to prioritize patients with severe conditions even if it would reduce
the number transplants. Priority group matchings are guaranteed to be Pareto efficient
regardless of the planner’s approach to triage. The planner prioritizes patients by sorting
them into priority groups. First, the number of patients in the first priority group that re-
ceive kidney transplants is maximized. Then, the number of patients in the second priority
group that receive kidney transplants is maximized, and so onE] Finally, recent advances in
medicine make it possible for some patients to receive kidneys from blood group incompat-
ible and sometimes even tissue type incompatible donors. This is known as desensitization
and involves delays and additional treatments before and after transplantation in addition
to the cost of the treatment | All else equal, patients are assumed to prefer avoiding de-
sensitization. Priority group matchings will, subject to the prioritization discussed above,
minimize the use of desensitization. Andersson and Kratz (2019) show that if the use of
desensitization is not minimized, the outcome may not be Pareto efficient. This intuition

2This is in line with the lexicographic application of triage discussed above.

3As long as the patient is expected to survive a few years, blood group incompatible transplantation
using desensitization is still cheaper than letting the patient remain on dialysis (Thydén et al., 2012;
Wennberg, 2010).



carries over to the more general setting in this paper.

The planner chooses the number and size of priority groups in accordance with her
approach to triage. Priority group matchings are always Pareto efficient, but the outcome
may differ depending on how patients are sorted into priority groups, what types of ex-
changes are allowed and whether desensitization is permitted. Furthermore, the planner
may allow patients that never strictly benefit from a kidney exchange program to partic-
ipate for altruistic reasons. For different approaches to triage, priority group matchings
reduce to a number of different classes of matchings.

A simple approach to triage is to set a threshold in terms of some measure of the
severity of a patient’s condition. The patients above the threshold are deemed to have
sufficiently severe conditions to be prioritized in accordance with some predetermined rule.
For example, the planner could first maximize the number of patients above the threshold
that receive transplants, then maximize the number of patients below the threshold that
receive transplants and finally minimize the use of desensitization. In this case, priority
group matchings reduce to a class of matchings called egalitarian threshold matchings. This
approach shares many similarities with the MAXCARD-FAIR objective function studied by
Dickerson and Sandholm (2014) and Dickerson et al. (2014). MAXCARD-FAIR amends
an objective function selecting maximum matchings by scaling up the weight assigned to
“marginalized” patients (such as highly HL A-sensitized patients or children) by some factor.
In the special case when desensitization is not permitted, egalitarian threshold matchings
coincide with the MAXCARD-FAIR solutions whenever the additional weight assigned to
marginalized patients is sufficiently large. Dickerson et al. (2014) also consider a problem
where the planner imposes a requirement that the share of highly HLA-sensitized patients
receiving transplants be above some threshold.

An alternative approach is to prioritize the patients above the threshold in accordance
with the priority mechanism that selects priority matchings in Roth et al. (2005a). Then
priority group matchings reduce to a new class of matchings called threshold matchingd]
One result shows that a weakly higher number of transplants will be performed the higher
the threshold is. If the threshold is high enough, then threshold matchings reduce to
maximum matchings. If, on the other hand, the threshold is low enough, then threshold
matchings reduce to a generalization of the half-compatibility priority matchings intro-
duced by Andersson and Kratz (2019). These matchings are, in turn, a generalization of
priority matchings. Recall the observation that the focus in the literature shifted from pri-
ority matchings to maximum matchings in models where more advanced exchanges were
permitted. By the results above, this was not a shift from one class of matchings to a
completely different class of matchings. Threshold matchings were selected in both cases
and when more advanced exchanges were introduced, giving rise to a trade-off between
maximizing the number of transplants and prioritizing patients with severe conditions, the
threshold was simply raised so high that no patients qualified for preferential treatment.

Andersson and Kratz (2019) show that desensitization can improve the number of trans-
plants significantly if implemented correctly. The suggested approach to desensitization is

4Not to be confused with the threshold mechanism studied by Unver (2010).



translated into the more general setting of this paper. Each patients that could receive a
transplant from her own blood group or tissue type incompatible donor is given an incen-
tive to participate in kidney exchange by guaranteeing her a donor that is strictly more
compatible or, depending on the patient’s type, at least as compatible. While the same
compatibility structure and a marginally more general preference domain is used here,
the model in Andersson and Kratz (2019) restricts attention to pairwise exchanges. The
method presented in this paper is, to the best of the author’s knowledge, the only method
flexible enough to simultaneously incorporate both desensitization and more advanced ex-
changes, like three-way cyclic exchanges and exchange chains. Chun et al. (2015) do allow
cyclic exchanges in a setting with desensitization, but their model does not permit any
restrictions on the length of cycles. By contrast, this paper allows the planner to impose
any constraints on cycles to avoid infeasibly large cyclic exchanges. Another distinction is
that Chun et al. (2015) assume that any immunological constraints can be overcome using
desensitization

In addition to cyclic exchanges, the planner may choose to allow exchange chains. A
person willing to donate a kidney to any unspecified patient for altruistic reasons can
initiate a chain of non-simultaneous exchanges, resulting in a large number of patients
receiving kidney transplants (Roth et al., 2006; Ashlagi et al., 2011; Anderson et al.,
2015).

Moreover, the planner can increase the number of transplants by including compatible
patient-donor pairs in the kidney exchange program (Roth et al., 2005b; Gentry et al.,
2007). Such patients can receive kidneys from their own donors outside the kidney exchange
program and their participation in the program is consequently either based on altruism
or compulsion. Exchanges involving compatible pairs are called altruistically unbalanced
exchanges. Sénmez and Unver (2014) study Pareto efficient matchings in a setting where
some patient-donor pairs are compatible and some are incompatible. They show that the
same number of patients are matched at all Pareto efficient matchings and that when
selecting a Pareto efficient matching, the decision of which compatible pairs to match can
be separated from the decision of which incompatible pairs to match. The number of
compatible patient-donor pairs that are matched within a kidney exchange program can
therefore be minimized (to reduce altruistic participation) without adversely affecting any
incompatible pairs.

In this paper, altruistically unbalanced exchanges are made possible by letting a patient
either be reqular or altruistic. A regular patient only accepts being assigned a different
patient’s donor if she is made strictly better off. An altruistic patient, on the other hand,
will accept being assigned any patient’s donor that is at least as good as her own donor. An

STransplantation across the HLA (tissue type) barrier is associated with significantly lower graft and
patient survival rates (Haririan et al., 2009), as well as other adverse effects. Montgomery et al. (2011)
write that “/aflthough it is clear that desensitization increases transplantation rates and reduces the waiting
time among patients with HLA sensitization, the inferior outcomes that have been reported to date raise the
question of whether these patients would be better served by waiting for a compatible organ.” Furthermore,
transplantation across the blood group barrier is only deemed safe if desensitization can keep the patient’s
titer values below some threshold for a period of time before the transplantation (Sténmez et al., 2018).



altruistic patient will therefore accept being included in a kidney exchange program even if
she is already fully compatible with her own donor. Priority group matchings correspond
to the class of matchings considered by Sénmez and Unver (2014) when only pairwise
exchanges are allowed, desensitization is disallowed and all patients are altruistic.

For any rules governing a kidney exchange program, the planner weakly prefers all
priority group matchings to all other matchings. Priority group matchings can be found by
constructing an objective function representing the planner’s preferences and solving the
corresponding optimization problem. This problem is a special case of the multidimensional
knapsack problem and can be solved using integer programming techniques.

While this provides a flexible method for finding Pareto efficient matchings for any
approach to triage the planner may have, it does not seek to find an optimal approach
to triage. Investigating the optimal approach to triage would require answering several
difficult ethical questions that are sidestepped here by treating the planner’s approach
to triage as exogenous. Furthermore, the optimal approach to triage would have to be
analyzed in a fully dynamic model, as in Akbarpour et al. (2017).

Akbarpour et al. (2017) investigate how to maximize the number of matched agents in
a general dynamic matching setting where agents arrive and depart from the market over
time. The planner seeks to match as many agents as possible and has limited information
about agent departure times. This information can be taken into account to give priority
to agents whose departure is imminent. They provide bounds on the loss in terms of
departed (unmatched) patients for different matching algorithms. A matching algorithm
that waits and matches agents when they are about to depart outperforms an algorithm
that immediately matches agents that enter the market (if possible). These results apply
to kidney exchange settings where only pairwise exchanges are allowed.

Unver (2010) studies a dynamic kidney exchange model that differs from the model
in Akbarpour et al. (2017) in the sense that patients remain in the program until they
are matched. In contrast with the results in Akbarpour (2017), Unver (2010) shows that,
when only pairwise exchanges are permitted, it is never necessary to sacrifice some currently
feasible exchange in order to enable a larger number of future exchanges. A kidney exchange
program that realizes exchanges as soon as they become feasible is therefore dynamically
efficient. However, this result ceases to hold when cyclic exchange are introduced.

The remainder of the paper is structured as follows. Section [2] introduces the model.
Section [3| contains the main results and discusses the general properties of priority group
matchings. Sections [4] 5] and [6] focus on threshold matchings, (half-compatibility) prior-
ity matchings and maximum matchings respectively. Section [7| provides some concluding
remarks. Finally, Appendix [A] contains all proofs.

2 Model

This section is divided into two subsections. The first subsection deals with the compat-
ibility of different patients and donors. The second subsection introduces matchings and
priority groups.



2.1 Compatibility

Let N ={1,...,n} be a set of n > 2 patients, where each patient ¢ € N has a living donor
d;. Let D be a (possibly empty) set of altruistic donors with no associated patient in N,
where D = {n+1,...,n+|D|} whenever |D| > 1. For ease of notation, let j := d; for all
7 € D. Unlike the donors belonging to patient-donor pairs, the donors in D are willing to
donate a kidney without a guarantee that some particular patient receive a kidney. Each
donor, altruistic or not, is either fully compatible, half-compatible or incompatible with a
given patient. A patient can always receive a kidney from a fully compatible donor and
never from an incompatible donor. A donor is half-compatible if transplantation is only
possible using desensitization. Let C' be an n x (n + |D|) compatibility matrix. The ijth
entry of C is given by the following.

2 if patient ¢ is fully compatible with donor d;,
cij =11 if patient ¢ is half-compatible with donor d;,

0 if patient ¢ is incompatible with donor d;.

Note that patients and donors are never half-compatible if desensitization is not permit-
ted. In such cases, ¢;; # 1 for all 7,5 € N U D. Patients are either regular or altruistic.
A regular patient prefers to receive a kidney from her own donor but will accept a kidney
from a different donor if it means receiving a kidney with a higher degree of compatibility.
If she is incompatible with her own donor, she will accept a kidney from any compatible
donor. If she is half-compatible, she will accept a kidney from any fully compatible donor
(and thereby avoid desensitization). An altruistic patient, on the other hand, will accept
a kidney from a different donor as long as the donor is at least as compatible as her own
donor. Contrary to a regular patient, the altruistic patient will agree to participate in kid-
ney exchanges even if it does not strictly benefit her. For instance, a patient with a fully
compatible donor has no incentive beyond altruism to participate in a kidney exchange
program, since she is guaranteed a fully compatible kidney either way. Altruistic partic-
ipation is known to increase the total number of transplants (Roth et al., 2005b; Sénmez
and Unver, 2014). Regular patients are gathered in the set I and altruistic patients are
gathered in the set I4, where Ir UI4 = N and Ir N 14 = (). Since no patients can receive
kidney transplants from incompatible donors, all patients with incompatible donors must
be regular patients. Note that no regular patient with a fully compatible donor will par-
ticipate in the kidney exchange program. [r consequently contains no patients with fully
compatible donors.

Each compatibility matrix can (though not without loss of information in settings with
desensitization) be represented by a directed compatibility graph G = (N U D, F), where
FE is the arc set. There is an arc ij from some patient ¢ to some patient or altruistic donor j
if © would accept receiving a kidney from patient j’s donor d; or altruistic donor j. The set
of arcs from some patient i to other patients and altruistic donors is therefore determined



by the compatibility matrix and whether 7 is a regular or altruistic patient.

t=jandc¢; =1,or

Jj€ (NUD)\{i} and ¢;; > ¢;;.
Foriecly, 1jelE < c¢j>c.

Forie D, ij¢ E forallj € NUD.

Fori e lz, 1€ F <— {

This means that there is a loop ii at a regular patient ¢ if she is half-compatible with
her own donor d; and there is a loop i7 at an altruistic patient if she is not incompatible
with her own donor d;. There is an arc 7 from a regular patient ¢ to some other patient j
if ¢ is strictly “more compatible” with donor d; than with her own donor d;. There is also
an arc ¢J from an altruistic patient ¢ to some other patient j if 7 is at least as compatible
with d; as she is with her own donor d;. Finally, there are no arcs from altruistic donors
since they already have two healthy kidneys.

2.2 Matchings and priority groups

Assignments of kidneys to patients are represented by cycles and chains. A cycle of length
q > 2, or a g-cycle, is an ordered list of unique patients (i1, 4o, ...,4,) such that i;i;,, € £
for all j € {1,2,...,¢} taken modulo ¢, and 4; <i; for all j € {1,2,...,¢}. In other words,
an ordered list of patients is a cycle if there is an arc from each patient to the next patient
in the list and an arc from the last patient to the first patient in the list. The requirement
that iy <4, for all j € {1,2,..., ¢} prevents copies of cycles by imposing a unique indexing
of the patients in a cycle. A 1-cycle is a loop, it € E. Note that a cycle never involves a
donor in D. An ordered list of unique patients and a donor (ay, as, . .., a,) is called a chain
if a; € D and for all j € {1,...,¢ — 1}, aja;;1 € E. Patients that appear in a cycle or
chain are said to participate or be involved in the cycle or chain.

Let IC contain all cycles and chains in G and let K = {ki,... , kjx} be a subset of
K. K can be interpreted as the set of all permitted cycles and chains. For example, it
could contain all cycles involving no more than three patients. K is always assumed to
be non-empty to avoid trivial situations where no transplants are possible. A matching is
defined as a subset p of K. Matchings specify which transplants are to be carried out. If
1 is the direct predecessor of j in a cycle k, this is denoted by i — j. At u C K, patient 7
is assigned donor d; if ¢« — j for some k € p. If a 2-cycle is selected, this is referred to as
a pairwise exchange. If a cycle involving three or more patients is selected, this is referred
to as a cyclic exchange.

Patient ¢ is said to be matched at p if i € k for some cycle or chain £ € p. Let
N*(u) € N denote the set of patients that are matched at u, i.e., the set of patients
receiving transplants. A matching u is feasible if for all : € N U D, i € k for at most one
cycle or chain k € pu. The feasibility constraint ensures that no patient receives more than
one kidney and no donor donates more than one kidney. Let M denote the set of feasible
matchings.



There is a planner designing a kidney exchange program. The planner decides which
types of exchanges are permitted. For example, the planner must decide whether desen-
sitization and cyclic exchanges are allowed. Furthermore, the planner sorts patients into
priority groups. Whenever the sorting is based on the severity of a patient’s condition, it
corresponds to a form of triage. Formally, N is partitioned into m € {1,...,n} priority
groups Ny, ..., N,. This means that each patient belongs to exactly one priority group.
Nj is called the first priority group, N, is called the second priority group and so on. The
patients in the first and mth priority groups could be the patients with the most severe
and least severe conditions, respectively. Let N/ (u) == N*(u) N N; be the set of patients
in V; that are matched at p and let Ny := () for notational convenience. It is assumed that
m,n,t € Z throughout the paper.

The planner has preferences over feasible matchings, which can be represented by a
binary preference relation R. For any p, 1/ € M, pRy/ if and only if the planner considers
i to be at least as good as p'.

3 Priority group matchings

The patients may be sorted into priority groups in accordance with the planner’s prefer-
ences. That is, the planner may prefer to assign donors to patients belonging to higher
priority groups. This section introduces priority group preferences, 7, that take priority
groups into account.ﬁ] All else equal, planners with priority group preferences prefer to
minimize the use of desensitization. Let B(u) be the number of patients that are assigned
fully compatible donors at x4 and thereby avoid desensitization. Priority group preferences
are defined formally below, where t € {1,...,m} and 7 € {0,...,m — 1}. Throughout the
paper, it is assumed that 7 € Z.

e |INS ()| > |Nj ()] for some t < m and |Nf(u)| = |NX(1/)| for all 7 < ¢,
ner [N (0] = [N ()] for all ¢ < m and B(u) > B()
o~ <= [N ()| =[N (@)| for all t < m and B(u) = B(y).

A planner with priority group preferences is primarily concerned with matching as many
patients in the first priority group as possible. The planner’s secondary concern is to
match as many patients in the second priority group as possible, and so on. If the same
number of patients receive transplants in each priority group at two different matchings,
then the planner prefers whichever matching assigns more patients fully compatible donors.
A matching p € M is a priority group matching if u 7= ' for all ' € M. That is, a planner
with priority group preferences weakly prefers priority group matchings to all other feasible
matchings. Priority group matchings are gathered in the set M*.

The results in this section demonstrate that priority group matchings can be found by
constructing an objective function that represents priority group preferences and solving
an optimization problem. Some new notation is needed to formulate this optimization

6Strict preference and indifference are denoted by = and ~ respectively.
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problem. The input of the objective function will be a vector representation of a matching.
Any matching u C K can be represented by a unique vecto x € {0, 1}/¥1 where the jth
element in z is 1 if k; € g and 0 otherwise. For each u C K, define z(u) € {0, 1}'%1 such
that for all j € {1,...,|K]|}, the jth element in z(x) is 1 if and only if k; € p. That is,
x(p) is the unique vector representing p and each 1 in z(u) corresponds to some cycle or
chain in p.

Cycles and chains are assigned different weights in the objective function depending on
the patients that participate in them and whether or not they are assigned fully compatible
donors. Let d; be some positive real number and recursively define §;, := n=26,_;. Let
v: N — {61,...,0,} be an injective function such that for each t € {1,...,m}, y(i) = 6,
for all ¢ € N;. The function ~ assigns the same weight to all patients belonging to the
same priority group and higher weight to patients belonging to higher priority groups. In
addition to the weight assigned to patients participating in a cycle or chain, patients will
also be assigned the weight §,,,1 whenever they are assigned fully compatible donors. In
other words, each patient belonging to the priority group N; will be assigned the weight 0,
if assigned a half-compatible donor and the weight ¢; + 0,41 if assigned a fully compatible
donor in the chain or cycle in question. This means that a patient may be assigned different
weights in different chains and cycles. Formally, for all k; € K, define v(i, k;j) = 0ppq if
i —, i’ for some i € N U D such that ¢;» = 2 and v(i, k;) = 0 otherwise. The weight,
fj, assigned to a chain or cycle k; € p is simply the sum of the individual weights of the

patients participating in k;. Let f € R'f' be a vector with jth elemen

fi= Y (1) +oli k).

iEkjﬂN

Summing over k; NN rather than k; ensures that only patients receiving kidney transplants
are assigned positive weight and not altruistic donors. A function V : {0, 1}/%l — R that
assigns a real value to each z € {0,1}/¥l is called an objective function. Since each z €
{0, 1}'%! represents some (potentially infeasible) matching, an objective function assigns a
value to each matching ;4 C K. Priority group matchings can be found by constructing an
objective function that represents priority group preferenses.

Definition 1. An objective function V : {0, 1}/l — R represents a preference relation R
if for all p, ' € K, V(z(n)) > V(x(n')) if and only if pRy'.

In other words, if a matching pu is weakly preferred to some y’ by a preference relation
R, then any objective function V representing R will assign a weakly higher value to the
vector representation of p than to the vector representation of y'. Consider an objective
function U defined by U(z) := fTz. For each matching u C K, U(x(u)) assigns the weight
f; to each cycle or chain k; € p1 and the weight 0 to each cycle or chain k; € K\ . Theorem
states that this objective function represents priority group preferences.

7All vectors are column vectors unless explicitly transposed. The transpose of a vector x is denoted by

T
xt.
8R, denotes the set of non-negative real numbers and R, denotes the set of positive real numbers.

Z is defined analogously.
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Theorem 1. U represents .

This representation result is not immediately useful for finding priority group matchings.
If the objective function U(z) is maximized over all vectors x € {0,1}, the solution will
typically not represent a feasible matching. For this reason, a number of linear inequality
constraints are imposed to ensure that the matching represented by the solution to the
resulting constrained optimization problem always be feasible.

First, let A be an (n + |DJ|) x |K| matrix, where row i corresponds to a patient or
altruistic donor ¢ € N U D and column j corresponds to a cycle or chain k; € K. The ijth
entry in A is 1 if ¢ € N U D participates in k; and 0 otherwise. Note that the 7th entry
in the vector Az(u) is the number of cycles and chains that patient or altruistic donor
1 participates in at matching p. Since no patient or altruistic donor may participate in
more than one cycle or chain, a vector z € {0, 1}/X! corresponds to a feasible matching
if and only if Az < 1, where 1 := {1}"*IPl. In other words, the integral points in the
| K |-polyhedron {z € RLKI | Az < 1} correspond to the set of feasible matchings, M =
{n C K| Az(n) < 1}. Consider the resulting constrained optimization problem.

max  U(x)
x€{0,1}IX]

subject to  Ax <1

This optimization problem will henceforth be referred to as the planner’s mazximization
problem. It is a special case of the multi-dimensional knapsack problem and can be solved
using integer programming techniques. In settings where there is only one priority group
and desensitization is not permitted, it reduces to the integer programming formulation of
the problem of how to maximize the number of transplants in Roth et al. (2007), which is
sometimes referred to as the cycle formulation (Constantino et al., 2013).

Theorem [2|states that a matching y is a priority group matching if and only if its vector
representation x(u) is a solution to the planner’s maximization problem. This means that
priority group matchings can be found by solving the integer programming problem above.

Theorem 2. For any € M, p € M* if and only if

z(p) € argmax U(x).
Az<1l

Priority group matchings are always guaranteed to be Pareto efficient. Pareto efficiency
is defined in terms of patient preferences. Both patient preferences and Pareto efficiency
are defined formally in Appendix [A]l Informally, patients have preferences over donors.
They prefer fully compatible donors to half-compatible donors and half-compatible donors
to incompatible donors. Furthermore, regular patients differ from altruistic patients in
that they, all else equal, have a preference for their own donors. A matching u € M is
Pareto efficient if there exists no other feasible matching that is weakly preferred to p by
all patients and strictly preferred by at least one patient.

Proposition 1. Priority group matchings are Pareto efficient.
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If the planner only permits pairwise exchanges, then all Pareto efficient matchings match
the same number of patients (Roth et al., 2005a). This result no longer holds whenever
cyclic exchanges and chains are permitted. To see this, consider the following example.

Example 1. Let N = {1,2,3,4} and K = {(1,2),(2,3,4)}. Then there are two feasible
matchings, 1 = {(1,2)} and ¢/ = {(2,3,4)}. Both are Pareto efficient, even though two
patients are matched at p and three patients are matched at p'.

Priority group matchings, which constitute a subset of the Pareto efficient matchings,
do, however, match the same number of patients.

Proposition 2. |N*(u)| = |[N*(¢/)| for all u, ' € M*.

Note that the method described in this section is relatively flexible. Is desensitization
used within the kidney exchange program? What types of exchanges are possible? Are
exchange chains allowed? Can compatible patient-donor pairs participate? Should the
total number of transplants be maximized, or should patients with severe conditions be
prioritized? In what way should they be prioritized? The method is agnostic about all
these questions and depending on the answers, the selected priority group matchings may
belong to a variety of different classes of matchings. The following sections investigate this
point further.

4 Threshold matchings

Recall Example [I] in Section [B] There was a choice between a matching p, in which
Patients 1 and 2 receive transplants, and a matching ', in which Patients 2, 3 and 4
receive transplants. A planner who is only concerned with maximizing the number of
kidney transplants would clearly find p/ preferable to . However, matching algorithms
are typically run more than once in kidney exchange programs. The unmatched patients
may still have a chance to receive a healthy kidney at some point in the future when
the algorithm is run again. This makes the notion of triage important since the planner
may wish to prioritize patients that are less likely to receive kidneys in subsequent runs.
For example, the patients could be approaching the point when they are too sick for
transplantation, or perhaps they are heavily HLA-sensitized. If Patient 1 urgently needs
a healthy kidney, the planner may prefer x in the example above even though it results in
fewer transplants than p'.

For any approach the planner may take on such triage problems, a Pareto efficient
priority group matching can be found by sorting the patients into priority groups and
solving the planner’s maximization problem, by Theorem [2] and Proposition [I However,
even if there are only 25 patients, there are more than four quintillion ways to sort them into
priority groups. The planner may therefore want some rule to follow when deciding how to
prioritize patients in any given situation. This section introduces a simple rule for sorting
patients into priority groups such that the the solutions to the planner’s maximization
problem correspond to a class of matchings called threshold matchings.

13



The idea is to set some threshold in terms of some measure of the severity of a patient’s
condition and then prioritize the patients above the threshold. It is a simple sorting rule in
the sense that the planner only needs to decide how severe a condition must be for a patient
to receive preferential treatment and set the threshold accordingly. Threshold matchings
generalize both maximum matchings and a class of matchings introduced by Roth et al.
(2005a) called priority matchings. These subclasses are studied in further detail in Sections
B and [6

Consider a permutation of N called a priority order. The priority order ranks patients
by the severity of their conditions. It is given by the bijective function 7 : N — {1,... n},
where a lower value indicates higher priority. That is, if (i) = 1, then i is the top priority
patient. Patients above the threshold will be prioritized in accordance with a process
corresponding to the priority mechanism introduced by Roth et al. (2005a). Such patients
are called prioritized patients. Let m be the number of patients above the threshold plus
one. In other words, there are m — 1 patients above the threshold. Let £§* := M and let
the set of threshold matchings, M, be recursively defined by the following.

{pe&m™ |1 (t) e N*(u)} if #=1(t) € N*(u) for some p € E™,

&M, otherwise

Fort € (0,m), &" = {

For t € [m,n|, &" = argmax|N"(u)|
peER 4

T = argmax B(u)
peER

The first condition corresponds to the priority mechanism in Roth et al. (2005a). The
second condition means that the number of patients below the threshold receiving kidney
transplants is maximized subject to the constraint that the patients above the threshold
are prioritized in accordance with the first statement. That is, first the patients above the
threshold are prioritized in accordance with a priority mechanism, then as many patients
below the threshold as possible are matched. The third condition simply states that if
there are multiple matchings satisfying the first and second conditions, the matchings that
maximize the number of patients assigned fully compatible donors should be maximized
to minimize the use of desensitization.

Suppose that the planner sorts the patients into m priority groups where each of the
top m— 1 priority patients belongs to her own priority group and all the remaining patients
belong to the lowest priority group. Then threshold matchings can be found by solving the
planner’s maximization problem.

Formally, for some number of priority groups m € {1,...,n}, |Nn| =n— (m —1) and
whenever m > 2, N, = {m~!(t)} forall t € {1,...,m—1}. That is, each patient 7 above the
threshold belongs to her own priority group Ny(;), while each patient below the threshold is
not prioritized and gathered in the priority group NV,,. Whenever patients are sorted into
priority groups in this way, Proposition |3| states that the set of priority group matchings
reduces to the set of threshold matchings.
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Proposition 3. Consider some priority order = and some m € {1,...,n}. Let |N,,| =
n—(m-—1)and if m > 2 let N, = {7~ '(t)} forall t € {1,...,m — 1}. Then M* = M%.

This not only implies that threshold matchings share the general properties of priority
group matchings discussed in Section [3, such as Pareto efficiency. It also means that,
by Theorem [2 threshold matchings can be found by solving the planner’s maximization
problem.

Note that the planner may choose a threshold which is so high that no patients qualify
for preferential treatment. This is equivalent to setting m = 1. Then all patients belong
to the same priority group and no patients are prioritized. If all patients belong to the
same priority group, threshold matchings will maximize the total number of transplants
without regard to priorities. With a lower threshold, there may be some patients above the
threshold. Since prioritizing these patients may reduce the number of transplants, there
is a relation between the choice of threshold and the number of patients receiving kidney
transplants. Proposition 4| states that the more patients are prioritized, the (weakly) lower
the number of transplants.

Proposition 4. Consider some priority order m. For any m € {1,...,n}, any m’ €
{1,...,m}, any p € M and any y/ € M7, [N*(i/)] > |N*()].

In other words, the higher the threshold, the (weakly) larger the number of transplants.
A donor is a scarce resource that may be used more or less efficiently in terms of the number
of patients receiving kidney transplants, as a single donor may be a part of a cyclic exchange
involving as many patients as the planner permits. The lower the threshold, the higher
the number of prioritized patients that can potentially prevent longer cyclic exchanges by
being assigned donors participating in these exchanges.

There is a clear analogy to triage in war situations. The treatment of some wounded
soldiers may consume more of the available resources than others. If the doctor simply
wants to treat as many patients as possible, he will focus on those whose treatments are
cheap in terms of resources. However, the doctor may wish to carry out more costly
treatments of patients with particularly urgent conditions. This would reduce the total
number of treated patients at a given point in time. How severe the condition should be to
warrant special treatment corresponds to the doctor’s decision when setting the threshold.
The lower the requirements, the larger the number of patients that can potentially reduce
the number of treated patients by consuming a large share of the available resources.

Dickerson et al. (2012) also discuss donors as resources that can be used more or less
efficiently, but take a different approach that is not based on the notion of triage. They
point out that some altruistic donors have higher potential usefulness than others (such
as donors with blood group O) and suggest that, in dynamic settings, it is sometimes
beneficial to save altruistic donors with high potential until they can be used to form a
long chain rather than using them right away in some exchange involving a smaller number
of patients.

The way threshold matchings prioritize patients above the threshold corresponds to a
generalization of the priority mechanism introduced by Roth et al. (2005a). This is not
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the only way patients above the threshold could be prioritized. An interesting question is
whether the reduction in the number of transplanted patients caused by prioritizing some
patients would be lower if all patients above the threshold were assigned equal weight rather
than being weighted in accordance with a priority mechanism. In general, the answer is
no. To see this, let Ny C N be the set of prioritized patients and let the set of egalitarian
threshold matchings Mg be defined by the following.

I = arg max | N7 ()]
nemM

Mrp = argmax |[N*(u)]
pel

Mg = argmax B(u)
HEMr
That is, egalitarian threshold matchings prioritize the patients in Np by first maximizing
the number of matched patients in Np and then maximizing the number of matched pa-
tients in N \ Np. Finally, Mg consists of the matchings in M that minimize the use of
desensitization. Proposition [5| states that the set of priority group matchings reduces to
the set of egalitarian threshold matchings whenever m = 2 and Ny = Nj.

Proposition 5. Let m = 2 and set Nr = Ny. Then M* = M.

Note that whenever Np = {i € N | n(i) < m} for some m € {1,...,n}, the set of
prioritized patients is still the same as under M. The only difference is that the prioritized
patients are given equal priority rather than being ranked internally. The following example
demonstrates that this could even reduce the total number of transplants.

Example 2. Let N = {1,2,3,4,5,6}, Nr = {1,2,3,4}, K = {(1,2,5,6),(2,3,4)} and
7(i) = i for all i € N. Note that matchings in Mg and M5 prioritize the same set of
patients, Np. In this case {(2,3,4)} is the unique matching in Mg, resulting in a lower
number of transplants than the unique matching in M3, {(1,2,5,6)}.

All else equal, egalitarian threshold matchings will always match a higher number of
prioritized patients than threshold matchings. However, as the example above showed, the
total number of transplants may be lower. They may still be preferable whenever the goal
is to match as many patients in urgent need of a healthy kidney as possible.

Egalitarian threshold matchings are similar to the MAXCARD-FAIR solutions studied by
Dickerson and Sandholm (2014) and Dickerson et al. (2014). They construct a MAXCARD-
FAIR objective function by taking an objective function finding maximum matchings and
then scaling up the weights assigned to “marginalized” patients (e.g., patients in Nr) by a
factor of (1 + [3). For sufficiently large values of 3, the set of MAXCARD-FAIR solutions
coincides with Mrp. Furthermore, in the special case when the planner disallows transplan-
tation over the blood group barrier, the set of MAXCARD-FAIR solutions is identical to the
set of egalitarian threshold matchings.

Proposition 6. Let 5 > n — |Np| — 1. Then My is the set of MAXCARD-FAIR solutions.
If the planner disallows desensitization, then the egalitarian threshold matchings and the
MAXCARD-FAIR solutions coincide.
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5 Priority matchings

Threshold matchings generalize various types of priority matchings. For example, the pri-
ority matchings originally defined in Roth et al (2005a), the half-compatibility priority
matchings introduced in Andersson and Kratz (2019) and matchings permitting altruisti-
cally unbalanced exchanges as in Sénmez and Unver (2014) can be found by solving the
planner’s maximization problem.

5.1 Priority matchings
Priority matchings were first introduced by Roth et al. (2005a) in a setting where only

pairwise exchanges are permitted, desensitization is disallowed and there are no altruistic
donors or patients. Priority matchings are defined in terms of a selection process called
a priority mechanism. The priority mechanism first selects the set of matchings at which
the top priority patient is matched (if non-empty), then it selects the subset of that set
at which the second priority patient is matched (if non-empty) and so on. The set of
matchings remaining when the process has terminated is the set of priority matchings.
Formally, let & = M and for each t € {1,...,n}, let & C &,_1 be recursively defined by
e — {pe& 1| ml(t) e N*(n)} if 7=1(¢t) € N*(u) for some p € &,
! &;_1 otherwise.
&, is the set of priority matchings.ﬂ Proposition [7| states that whenever the planner does

not allow desensitization and each patient is sorted into her own priority group, the set of
priority group matchings reduces to the set of priority matchings.

Proposition 7. Suppose that the planner disallows desensitization. Consider some priority
order 7 and partition N such that Ny = {7~1(¢)} for all t € {1,...,n}. Then M* = ¢,.

An equivalent interpretation of this result is that whenever desensitization is not per-
mitted and the planner selects a low enough threshold, the set of threshold matchings
reduces to the set of priority matchings. To see this, note that for a low enough threshold,
m = n if, as in Section @}, m — 1 is the number of prioritized patients. Whenever ¢; ; # 1
for all i, 7 € N and m = n, the definition of the set of threshold matchings M7 is identical
to the definition of the set of priority matchings &,,. Therefore, an immediate implication
of Proposition [4]is that abandoning priority matchings in favor of threshold matchings will
weakly increase the number of transplants.

Corollary 1. For any threshold, threshold matchings match a weakly larger number of
patients than priority matchings.

9Priority matchings can also be defined in terms of a class of preference relations as in Okumura (2014).
Andersson and Kratz (2019) show that these definitions are equivalent.
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Corollary [T continues to hold for the other forms of priority matchings discussed in the
following two subsections. Note that this definition of priority matchings is more general
than the one found in Roth et al. (2005a), since it does not rule out chains, cyclic exchanges
or the use of desensitization. Whenever the planner only allows pairwise exchanges and
desensitization is not allowed, the set of priority matchings defined in this section reduces
to the set of priority matchings introduced by Roth et al. (2005a).

Proposition [2] states that the number of matched patients is the same for all priority
group matchings. Still, the set of matched patients may differ. To see this, consider the
following example.

Example 3. Let N = {1,2,3}, N; = {1}, N, ={2,3} and K = {(1,2),(1,3)}. Then both
w=1{(1,2)} and ' = {(1,3)} are priority group matchings, even though N*(u) # N*(').

However, Proposition [§] shows that the set of matched patients will always be the same
for all priority matchings/”

Proposition 8. For any priority order m, N*(u) = N*(y) for all p, 1’ € &,.

Proposition [§ holds for any subset of priority matchings, including the set of half-
compatibility priority matchings discussed in the next subsection.

5.2 Half-compatibility priority matchings

Andersson and Kratz (2019) introduce a setting where some patients can receive kid-
neys from blood group incompatible donors using desensitization. Only pairwise kidney
exchanges are considered and there are no altruistic donors or patients. Whenever desen-
sitization is permitted, priority matchings are no longer Pareto efficient. For this reason,
they introduce a subset M g of priority matchings called half-compatibility priority match-
ings. Half-compatibility priority matchings take the distinction between half-compatible
and fully compatible donors into account and are guaranteed to be Pareto efficient. For-
mally, let & = M and let Mg be recursively defined by the following conditions.

{pe& 1|7 1(t) e N*(u)} if #=1(t) € N*(u) for some p € &_1,
&;_1 otherwise.

Fort € {1,...,n}, 6}:{

Mp = argmax B(u)
HEER
That is, half-compatibility priority matchings are those priority matchings that maximize
the number of patients assigned fully compatible donors. This definition is more general
than the one found in Andersson and Kratz (2019) since altruistic participation, chains and
cyclic exchanges are allowed. Proposition [J] shows that the set of priority group matchings
reduces to the set of half-compatibility priority matchings whenever each patient is assigned
a priority group in accordance with the priority order.

10T his relies on the assumption that the priority order is a permutation of the set of patients. In Okumura
(2014), a priority order is simply defined as a function 7 : N — Ry . In such settings, Proposition [§f no
longer holds unless the restriction that each patient be assigned a unique priority is imposed.
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Proposition 9. Consider some priority order 7 and partition N such that N; = {7~(¢)}
for all t € {1,...,n}. Then M* = Mp.

In settings where only pairwise exchanges are permitted and there are no altruistic
donors or patients, M p reduces to the set of half-compatibility priority matchings consid-
ered in Andersson and Kratz (2019). Note that their observation that whenever the planner
permits blood group incompatible transplantation using desensitization, half-compatibility
priority matchings are (in contrast with priority matchings) guaranteed to be Pareto ef-
ficient continues to hold when cyclic exchanges, chains, altruistic donors and altruistic
patients are permitted, by Proposition [I]

5.3 Altruistically unbalanced exchange

Some authors, such as Roth et al. (2005b) and Sénmez and Unver (2014) have advocated
the inclusion of compatible patient-donor pairs in exchange programs where only pairwise
exchanges are permitted. In their settings, the planner does not allow desensitization. This
means that there are no half-compatible patient-donor pairs. A patient is either incom-
patible or fully compatible with her own donor. A patient with a fully compatible donor
has no incentive beyond altruism to participate in a kidney exchange program, since she
could receive a kidney from her own donor without participating or using desensitization.
However, Roth et al. (2005b) and Sénmez and Unver (2014) show that the number of trans-
plants can be increased by including compatible patient-donor pairs in a kidney exchange
program selecting priority matchings.

Kidney exchange programs including all compatible patient-donor pairs can be studied
in the present model by letting all patients with fully compatible or half-compatible donors
be altruistic patients. If the planner allows desensitization, then ¢ is never matched to some
J € N such that ¢; ; = 1. This is to ensure that no patients are made strictly worse off by
participating.

The matchings considered in Roth et al. (2005b) and Sénmez and Unver (2014) are
called altruistically unbalanced priority matchings and are gathered in the set My. It
follows immediately from Proposition [7] that these matchings correspond to solutions to
the planner’s maximization problem in the setting studied in their papers.

Corollary 2. Consider some priority order 7 and suppose that the planner disallows
desensitization and that for each ¢ € N, i € I4 if and only if ¢;; = 2. Let D = (), let K be
the set of all 2-cycles and partition N such that Ny = {7~ '(¢)} for all t € {1,...,n}. Then
M* = My.

6 Maximum matchings

The preceding sections demonstrated that prioritizing some patients, e.g. patients in urgent
need of a healthy kidney, may reduce the total number of transplants. Some planners may
therefore wish to abandon triage and simply focus on maximizing the number of patients
receiving kidney transplants, as in Roth et al. (2005b) and Saidman et al. (2006).
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Let Muyax = arg max e | N*(1e)| be the set of mazimum matchings and let MS .. =
arg Max,c pq, .. B(p) be the set of desensitization-minimizing maximum matchings. In other
words, maximum matchings maximize the number of transplants, while desensitization-
minimizing maximum matchings are the subset of maximum matchings for which the
number of patients receiving kidney transplants from half-compatible donors is minimized,
thereby minimizing the use of desensitization. If the planner does not permit desensitiza-
tion, maximum matchings and desensitization-minimizing maximum matchings coincide.
When only pairwise exchanges are permitted, M. is a superset of the set of priority
matchings (Roth et al., 2005a). Proposition [10|shows that the set of priority group match-
ings reduces to the set of desensitization-minimizing maximum matchings whenever there
is only one priority group.

Proposition 10. Let Ny = N. Then M* = M¢

max*

By Proposition [I], desensitization-minimizing maximum matchings are Pareto efficient.
It also follows immediately from Proposition 4| that abandoning desensitization-minimizing
maximum matchings in favor of threshold matchings will weakly decrease the number of
transplants.

Corollary 3. For any threshold, threshold matchings match weakly fewer patients than
desensitization-minimizing maximum matchings.

7 Conclusion

This paper introduced a new class of matchings called priority group matchings and pre-
sented a computational method for finding such matchings. Priority group matchings
constitute a Pareto efficient solution to the kidney exchange problem for any approach to
triage that planner may adopt. A subclass called threshold matchings was also introduced.
Threshold matchings give priority to patients above some threshold. The choice of thresh-
old depends on the planner’s approach to triage. A lower threshold results in (weakly)
fewer transplants. Threshold matchings include a number of classes of matchings such as
(half-compatibility) priority matchings and maximum matchings as special cases.

The notion of triage becomes relevant due to matching algorithms being run multiple
times each year. Yet, time is typically not explicitly modelled in the kidney exchange
literature, with some exceptions (Unver, 2010; Dickerson et al., 2012; Ashlagi et al., 2013;
Akbarpour et al., 2017). This temporal aspect is often only implicitly addressed by the
focus on matchings that respect patient priorities. Modelling this kidney exchange prob-
lem as a dynamic optimization problem could potentially yield insights into the planner’s
optimal approach to triage.

The formulation of the planner’s maximization problem is simple, yet relatively flexi-
ble. It would be straightforward to carry out a simulation study comparing variants of the
various types of matchings that priority group matchings generalize. For instance, such a
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study could investigate the choice of threshold, the potential benefits of egalitarian thresh-
old matchings relative to threshold matchings or the impact of allowing chains and cyclic
exchanges in kidney exchange programs that permit the use of desensitization.
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A Proofs

This appendix contains all proofs. The theorems and propositions are restated for conve-
nience.

Theorem 1. U represents .

Proof. (=) It will first be shown that for all p, ' C K, U(x(p)) > U(z(p')) only if u 22 g
To reach a contradiction, consider some p, ' C K such that U(z(u)) > U(z(y')) and
W o= p. If @' = p, then either there exists some t € {1,...,m} such that |N; ()| >
[Ny ()| and [NZ(p)| = |NZ ()] for all 7 € {0, ... ¢ = 1}, or [Ny (u)| = [Ny (/)] for all £
{1,...,m} and B(y') > B(p). First, suppose there exists some t € {1,...,m} such that
INZ ()] > [N ()] and N2 ()] = N2 ()] for all 7 € {0, — 1}. Then,

Ulz()) = Ulx(p) = f o) - fTﬂf(u)

_ fT
Z Z )+ oli k) =Y > (@) +oli k) (1)

kj€p ick;NN

> 5t - (n — 1)1 — Z Z Ot+1 (2)

kjepick;N{ieNy |[t<t’'<m}
> (575 - n(5t+1 + 6m+1)

“;

> (St — 2n5t+1
20
=5 — =t
n
>0

The first inequality follows from the fact that expression corresponds to the case when
(A) some i € Ny is the only patient matched at g’ that does not belong to some N, where
7 €{0,...,t—1}; (B) i is assigned to a half-compatible donor; (C) every patient except i
is matched to a fully compatible donor at u; (D) every patient with lower priority than 4
that is matched at p belongs to Ny, thereby having as high priority as possible. Hence,
(2) constitutes a lower bound on . The final inequality follows from that fact that
n>2. U(x(y)) —U(xz(n)) > 0 contradicts U(z(p)) > U(x(y')). Then it must be true that
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INS ()] = |Nj ()] for all t € {1,...,m} and B(y') > B(p). Thus,
U(z(u')) = Ulx(p ))IfT (W)= fra ( )
—ZZ i) + v(i, kj) ZZ i) +v(i, kj))

kjep’ i€k;NN kjepick;NN
—Z NV = INS@Ddc+ D 3 wliky) = 3 3 wlisky)
kjep ick;NN kjepick;NN
= D IRTAIED D) DRTLH:
kjew i€k;NN kjepick;NN
= Om1(B(W) — B(p))
>0

The final inequality follows from the fact that d,,41 > 0 and B(y') > B(u). U(z(y)) —
U(z(u)) > 0 contradicts U(z(p)) > U(x(y')). Since the existence of some u, ’ € K for
which U(z(p)) > U(xz(')) and p’ > p leads to a contradiction, it must be the case that
U(z(p)) > U(z(y)) only if p 2o p/ for all p, ' C K.

(<) Next, it will be shown that for allu W C K, U(x ( ) > Ulx()) if p g p/. To
reach a contradiction, consider some p, ¢/ C K such that p 7 ¢/ and U(z(')) > U(z(p)).
If w 7z i/, then either there exists some ¢ € {1,...,m} such that |N;(u)| > |NS(i)]
and |N'(u)| = |NX(y)| for all 7 € {0,...,t — 1} or |[Nf(u)| = [N/ (i)| for all t €
{1,...,m} and B(u) > B(y'). First, suppose that there exists some t € {1,...,m}
such that |N/ ()| > |Nj (1) and |N¥(p)| = |N(@')| for all 7 € {0,...,£ —1}. Then by
reversing the argument above, it is easy to see that this implies U(z(u)) — U(z(1')) > 0,
which contradicts U(z(u')) > U(x(p)).

Hence, it must be the case that |Nj(u)| = |N;(¢')| for all t € {1,...,m} and B(u) >
B(i'). As before, note that U(z(p)) — U(x(i')) = dpmir(B(p) — B(i')). Since 611 > 0
and B(u) > B(y'), it follows that 6,,.1(B(u) — B(i')) > 0. Thus, U(z(u)) —U(x(i')) > 0,
which contradicts U(x(p')) > U(x(u)). Since the existence of some p, u/ € K such that
w2z and U(x(p')) > U(z(w)) leads to a contradiction, U(xz(p)) > Ulx(p')) if p 22 1.

To conclude, U(z(p)) > U(x(p')) if and only if 27 ¢/ for all p, i/ C K. By Definition
[ U represents 7. O

Theorem 2. For any € M, € M* if and only if

z(p) € argmax U(z).
Ax<1
Proof. Consider some pu € M*. By definition of M*, pu = ' for all /' € M. Since U
represents ==, U(xz(p)) > U(z(y)) for all y' € M. Since p € M if and only if Az(p) <1
by definition, z(u) € argmax,, . U(x).

To show the opposite direction, consider some 2’ € argmax,,, U(z). Since 2’ €
{0, 1} K1 2/ = x(u) for some p € K. Axz(u) < 1 implies that g € M and x(u) €
arg max 4, -, U(x) implies that U(x(u)) > U(z(y')) for all i/ € M. Since U represents -,
p = ! for all ' € M and p € M*. ]
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In order to prove Proposition [I| Pareto efficiency and patient preferences must first
be defined formally. Denote the patient or altruistic donor that patient ¢ is matched to
at matching p by u(i). Consider two arbitrary matchings pu, v € M and let each patient
1 € N have preferences 7~; over matchings defined by the following.

p(i), v(i) € (NU D)\ {i} and ¢; 6y = Cips)-
Forielsn, p>v < Ciu(i) = Ciw(s);

That is, patients prefer fully compatible donors to half-compatible donors and half-compatible
donors to incompatible donors. Patients in Ig differ from patients in 14 by, all else equal,
having a preference for their own donors. A matching u € M is Pareto efficient if there
exists no matching v € M such that v 77; p for all i € N and v >; p for some i € N.

Proposition 1. Priority group matchings are Pareto efficient.

Proof. Consider some 1 € M* and assume that p is not Pareto efficient to reach a con-
tradiction. Then there exists some v € M such that v 7Z; p for all i € N and v >=; p for
some ¢ € N. Since v 7Z; p for all i € N, it follows that N*(u) € N*(v). Then, either
N*(1) € N*(v) or N*() = N*(0).

First, suppose that N*(u) € N*(v). Let j be the highest priority patient in N*(v) \
N*(p) and let N be the priority group for which j € N;. Since thereisno j' € N*(v)\N*(u)
for whom 7(j') < =w(j), it follows that |N'(u)| = |Ni(v)| for all 7 € {0,...,t — 1}.
Furthermore, since N*(u) € N*(v) and j € N*( )\ N*(u) it must be the case that
|INf(v)| > |Nf(p)|. Then, by the definition of =, v > u. However, since p € M* and
v e M, pzzv. This is a contradiction.

This implies that N*(u) = N*(v). Since v 7Z; p for all i € N, ¢; ) > ¢ @) for all
i € N. Hence, B(rv) > B(p). Consider some patient j for whom v >; pu. Note that j is
either a regular patient or an altruistic patient. That is, either j € I4 or j € Ij.

Suppose that 7 € I4. Whereas a regular patient would prefer her own donor to a
different donor with the same degree of compatibility, an altruistic patient would only
prefer one donor over another if the degree of compatibility is higher. That is, v >; pu
implies that c;,(;) > ¢;u;) by the definition of the preference relation /Z;. Since both g
and v are feasible, ¢; () 2 1 and ¢j,;) > 1. It therefore follows from CW(]) > ¢j ;) that
Ciu) = 1 and ¢j, ;) = 2. In conjunction with the observation that c;,;) > ¢; @) for all
i € N, this implies that B(v) > B(u). The intuition is that since the donor as:51gned to
some patient ¢ at v has a weakly higher degree of compatibility than the donor 7 is assigned
at p for all © € N and since patient j is assigned a fully compatible donor at v but not at
1, the number of patients assigned fully compatible donors is strictly higher at v than it is

~J)?
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at p. However, since p 72 v and N*(u) = N*(v) by assumption, it must be the case that
B(p) > B(v). This is a contradiction.

It must therefore be the case that j € Ir. First suppose that v(j) # j. This means
that patient j’s preference for v over p is not due to j being a regular patient with a
preference for her own donor. That is, since v(j) # j and v >, p it must be the case
that ¢;, ;) > ¢ju;) by the definition of the preference relation Z;. Then the situation is
identical to the case when j € 14, resulting in the same contradiction.

Thus, j € Ir and v(j) = j. Since ¢; uG) = Ciw()s €ither ¢; .y = ¢jui) Or ¢iui) > Ciui)-
First consider the case when c; ;) = ¢j.()- Slnce v =, (it must be the case that
u(j) # v(j). However, since j € I, u(j) € (N U D)\ {j} and ¢ ;) # ¢ij = Civy) it
follows from the definition of the arc set E that the arc ju(j) ¢ E. This violates the
assumption that p is a matching. In other words, since j is a regular patient, she may only
be assigned her own donor and donors with a strictly higher degree of compatibility. This
contradicts the assumption that she is assigned a different donor with the same degree of
compatibility as her own at pu.

Therefore, N*(u) = N*(v), j € Ig, v(j) = j and c¢; ;) > ¢ju)- In conjunction with
the observation that ¢;,u) > ¢; ) for all ¢ € N, this, again, implies that B(v) > B(u).
However, since pu = v and N*(u) = N*(v) by assumption, it must be the case that
B(p) > B(v). This is a contradiction.

It has now been shown that whenever © € M*, the existence of some v € M such that
v pforalli € N and v »; p for some i € N will always result in a contradiction. This
means that every priority group matching is Pareto efficient. ]

Proposition 2. |[N*(u)| = |[N*(¢')| for all u, p/ € M*.

Proof. Consider some p, ' € M* and assume that |[N*(u)| # |[N*(u)] to reach a con-
tradiction. Let N; be the highest priority group for which |N;j(u)| # |N/(¢')]. Without
loss of generality, assume that |N;(u)| > |Nf(¢')|. Then |Nj(u)| > |N/(u)| for some
te{l,...,m} and |N}(u)| = [N (¢/)| for all 7 € {0,...,t —1}. Thus, p = p/ by defini-
tion. This contradicts the assumption that p' € M*. ]

Proposition 3. Consider some priority order = and some m € {1,...,n}. Let |N,,| =
n—(m—1)andif m > 2, let N, = {r'(t)} forall t € {1,...,m — 1}. Then M* = M7

Proof. The idea of the proof is to show that both M C M* and M* C M}, which is
only true whenever M* = M7

It will first be shown that M7 C M*. Consider some p € M and assume that
w € M\ M* to reach a contradiction. Since u ¢ M*, there must exist some p' € M
such that g/ = pu. Recall the definition of priority group preferences on page [10} As
w =, it follows that either |N;(u)| = |N; (/)| for all ¢t € [1,m] and B(y') > B(u), or
INS (1)) > |Nf(p)] for some t € {1,...,m}and |N*(p)| = [N (¢/)| forall 7 € {0,... . t—1}.

First, suppose that |N;(u)| = [N/ (/)] for all t € {1,...,m} and B(y') > B(u). Recall
the definition of threshold matchings on page[14} If m =1, then £} | = M and ' € &)},
If m € {2,...,n}, then since N; = {m~'(¢)} for all t € {1,...,m — 1}, |N/(n)| = |N;(1/)]
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for all t € {1,...,m} implies that p/ € & ;. That is, y/ € &7, for all m € {1,...,n}.
Furthermore, N} (p)| = | N}, (1)| implies that ¢/ € £. Finally, p/ € €™ and B(y/') > B(u)
contradict the assumption that u € M, since it requires that p € argmax, cem B(v).

Hence, |N/ ()| > |Njf(p)| for some t € {1,...,m} and |N}(u)| = |[N(¢)| for all
7€ {0,...,t —1}. Since ¢t € {1,...,m} and thus N, = {7~ (1)} for all 7 € {0, — 1},
IN(p)| = |NX(w')] for all 7 € {0,¢ — 1} implies that u' € &".

Suppose that ¢ € {1,...,m—1}. Then N; = {7w'(¢)}. In that case, |N;(¢')] > |N; ()]
implies that 7—1(t) € N*(¢/) \ N*(u). That is, if t € {1,...,m — 1}, then priority group N;
contains only the unique patient with priority ¢. Since the number of patients in priority
group V; is higher at y/ than at p, it must therefore be the case that the only patient in
Ny, m71(t), is matched at p/ but not at . Thus, since ¢/ € ™, u & E™ by the definition
of £&. This contradicts the assumption that p € M7, because M7 C E™.

It must therefore be the case that ¢ = m. Then u' € £ . Since m is the number
of priority groups and |N*(u)| = |Nf(i')| for all 7 € {0,...,m — 1}, [Ny (1)) > | V] (1)]
if and only if |[N*(¢)] > |N*(n)|. This contradicts the assumption that u € M7T C
arg max,cgm  |N*(v)|. Hence, M7 C M*.

Next, it will be shown that M* C M. Consider some p € M and assume that
w € M*\ M to reach a contradiction. Since M is assumed to be non-empty, M7 is
guaranteed to be non-empty. Consider some p' € M. Note that p € E* \ MJ, as EJ* is
the set of all feasible matchings. Since &™ C &£, for all t € {1,...,m}, it must therefore
either be the case that € E\ M7T or € &7\ & for some t' € {1,...,m}. Also note
that & = &}, for all t € {m,...,n — 1} whenever m < n.

First, suppose that u € £\ M. In this case, [N/ (u)| = | N (1/)] for all t € {1,...,m}.
Hence, ' € M7 implies that B(y') > B(p). This, in turn, implies that p' > p, contra-
dicting the assumption that u € M*.

This means thas p € &, \ & for some t' € {1,...,m}. First suppose that t' = m
so that p € &M \ E™. Then |N;(n)| = |N; ()| for all t € {0,...,m — 1}. (Recall that
Ny = 0 by definition.) Since m is the number of priority groups, u ¢ ™ and p’ € £™ then
imply that [N (1) > |NS ()| and [N*(u')| > |N*(u)|. Hence, ' > p, contradicting the
assumption that p € M*.

Thus, t' € {1,...,m—1}. Note that m > 2, since m = 1 requires that ¢' = m, which has
been shown to result in a contradiction. Since ¢ < m, N, = {7~ !(7)} for all 7 € {1,...,t}.
Then, by the definition of &£ and the fact that p,p’ € &7 |, |NX(n)| = | N ()| for all
7€ {0,...,t' —1}. Since p € EF  \EF and p' € &P, 71 ({t') € N*(i) \ N*(u).
Thus, |Nj(p)| > |Nj(p)| as [Ny| = 1. |[NX(p)| = |N:(w')| for all 7 € {0,...,¢ — 1} and
|N ()| > |Nj(p)| together imply that ¢/ > p. This contradicts p € M*.

Hence, there exists no p € M*\ M7, implying that M* C M since M’ is non-
empty. In conclusion, as both M7 C M* and M* C M7 are true, it must be the case
that M* = M7P. O

Proposition 4. Consider some priority order m. For any m € {1,...,n}, any m’ €
{1,...,m}, any p € M and any y/ € M7, [N*(i/)] > |N*(p)].
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Proof. First, let m € {2,...,n} and m’ € {1,...,m — 1}. Consider some u € M7 and
some i/ € MF. First note that &" = &" for all t € {1,...,m' — 1}. Consequently,
m = &™ . By definition, |[N*(i/)| > |N*(v)| for all v € €™ _, = &™_,. Furthermore,
since EM C &M | forall 7 € {m' —1,...,n} and M} C &, it follows that |[N*(u')| >
N ()] |
Next, let m € {1,...,n} and m’ = m. Consider some y € M7 and some p/ € M},
Since m = m/, M% = MZ. By Proposition , there is a partitioning of N such that
T = M*. By Proposition [2] all priority group matchings match the same number of
patients. Then |N*(u)| = |N* (i), as p, ' € M*.
Hence, for any 1 € M% and any p/ € M5 [N*(i')| > |N*(u) both in the case when
me{2,...,n},m € {1,...,m—1} and in the case when m € {1,...,n} and m' =m. O

Proposition 5. Let m = 2 and set Ny = N;. Then M* = Mg.

Proof. 1t follows immediately from the definition of priority group preferences on page
that matchings in M. are preferred to all other feasible matchings in this setting. [

Proposition 6. Let § > n — |[Np| — 1. Then My is the set of MAXCARD-FAIR solutions.
If the planner disallows desensitization, then the egalitarian threshold matchings and the
MAXCARD-FAIR solutions coincide.

Proof. Dickerson and Sandholm (2014) assign each arc e € E some weight w, € R, . A
cycle or chain ¢ is defined in terms of the relevant arcs rather than (as in this paper) in terms
of the participating patients. A matching is feasible if the cycles and chains it contains are
disjoint. Consider an objective function u where for any p € M, u(p) =3 ., > c we. If
each arc has the same weight, w € R, ., the solutions to the corresponding maximization
problem will simply maximize the number of matched patients. Dickerson and Sandholm
(2014) call this objective function MAXCARD. Let Nr be the set of “marginalized patients”.
They obtain the MAXCARD-FAIR objective function from the MAXCARD objective function
by assigning each arc ij the same weight as before (w) whenever i € N\ Nr and increasing
the weight to (1 + f)w whenever i € Ny, where § > 0. Let § > n — |Np| — 1. Then
(1+ B)w > (n — |Np|)w. Since (n — |Np|)w is an upper bound on the sum of weights
assigned to arcs ending in patients belonging to N \ Np, MAXCARD-FAIR’s primary goal
is to match as many patients in Nt as possible and its secondary goal is to match as many
patients in N \ Nr as possible. In other words, the set of MAXCARD-FAIR solutions is
given by Mrp. If the planner disallows desensitization, then ¢;; # 1 for all 4,7 € N and
B(p) = |[N*(u)| for all p € M. Since |[N*(u)| = |N*(1/)]| for all pu, ' € Mp, Mg = Mr in
this case. Consequently, the set of egalitarian threshold matchings is the set of MAXCARD-
FAIR solutions. O

Proposition 7. Suppose that the planner disallows desensitization. Consider some priority
order 7 and partition N such that Ny = {7~ 1(¢)} for all t € {1,...,n}. Then M* = ¢,.

Proof. Since m = n, it follows that £™ = &, for all t € {1,...,n}. The definition of M}
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can therefore be rewritten in the following way.

{pe& 1| m1(t) e N*(n)} if 7= 1(t) € N*(u) for some p € & 4
E_1 otherwise

Fort € {1,...,n}, St:{

7 = argmax B(u)
HEER

Note that |[N*(u)| = |[N*(¢')| for all p, " € &,, since for each t € {1,...,n}, & is merely the
subset of &_; containing matchings at which the unique patient with priority ¢ is matched
(if such a matching exists). Furthermore, as ¢;; # 1 for all 7,5 € N, B(u) = |[N*(n)| for
all p € M. These two observations imply that B(u) = B(y') for all u, 1/ € &,. Hence,

7 = &,. Then, ny Proposition [3, M* = M} = &,. O

Proposition 8. For any priority order m, N*(u) = N*(y') for all u, u' € &,.

Proof. Consider some p, i/ € &, and suppose that N*(p) # N*(u') to reach a contradiction.
Then there exists either some i € N*(u)\N*(1), some i € N*(/)\ N*() or both. Without
loss of generality, let i € N*(u) \ N*(¢') be the highest priority patient among all such
patients. Since p € &,, it follows that pu € Er;)—1. Furthermore, since 7~ *(n(i)) = i €
N*(u) by assumption, &) = {v € Exup-1 | i € N*(v)}. However, since i ¢ N*(u'),
W ¢ Exiy- As £, C Ergy, this contradicts the assumption that p' € &,. O

Proposition 9. Consider some priority order m and partition N such that N; = {7~1(¢)}
forall t € {1,...,n}. Then M* = Mp.

Proof. Since m = n, the definition of M. can be rewritten in the following way.

{pe& 1|71 (t) e N*(u)} if #=1(t) € N*(u) for some p € &

&;_1 otherwise

For t € {1,...,n}, Et:{
7= argmax B(u)
neEn
Thus, Mp = M. By Proposition [3, M* = M. O
Proposition 10. Let N; = N. Then M* = M¢

max*

Proof. When N; = N, the definition of =~ reduces to the following statement.
IN*()| > IN*()],

[N*(w)| = IN* ()| and B(u) > B(1),

p = [N*()| = IN*()] and B(u) = B().

=y = {

Consider some p € M*. By definition, p 27 ¢/ for all i/ € M. This implies that |N*(u)| >
IN*(1)| for all ¢/ € M. That is, g € Myay. Furthermore, for all i/ € M such that
IN*(p)| = |[N*(')|, p 27 ¢ implies that B(u) > B(u'). Together, these observations imply
that p € M .. Thus, M* C ME .

max*
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Suppose that M* C M . to reach a contradiction. Then, there exists some p €
ME, \ M*. Since M is assumed to be non-empty, M* is guaranteed to be non-empty.
Consider some ' € M*. Since u ¢ M*, it must either be the case that |[N*(u)| > |[N*(u)],
or [N*()| = [N*(u)] and B(#) > B(u). Suppose that [N*(1)] > [N*()]. Then 1 ¢
Minax. This contradicts p € M: ., since M, C Mupax. Thus, [N*(¢/)| = |[N*(p)| and
B(y') > B(u). Since M, € Mupax, t € Mupax. It must therefore be the case that
W € Mpax as well. Then B(u') > B(u) contradicts p € argmax,c,, B(r). Hence,
Mg ME L M CME L and M* ¢ ME  imply that M* = M O

max* max max max*
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