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Abstract

We investigate QML estimation of a parametric form for the spatial weight matrix, W, appearing
in the mixed regressive, spatial autoregressive (MR-SAR) model and extend the identifiability, con-
sistency, and asymptotic Normality results given by Lee (2004, 2007) to the case when W depends on
an unknown parameter, v, that is to be estimated from a single cross-section. Numerical experiments
illustrate that the QML estimator works quite well in moderate sized samples, yielding well-behaved
parameter estimates and t-statistics with approximately correct size in most cases. These findings
should open the door to a much more flexible approach to the construction of spatial regression mod-
els. Finally, the QML estimator using two types of sub-models for the spatial weights is applied to
the cross-sectional dataset used in Ertur and Koch (2007), to illustrate the utility of the approach.
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1 Introduction

An important issue in spatial econometrics is the specification of the spatial weight matrix, and it has
received much attention, particularly in the past few years. Case et al. (1993) consider notions of
geographic, economic or demographic distance. Numerous forms of spatial weight matrix have been
introduced, as reviewed by Anselin (1988a) and Anselin and Bera (1998), and discussed more recently by
Partridge et al (2012) and Pinkse and Slade(2010) among others. Cliff and Ord (1973, 1981) introduce
weights that are a combination of distances and relative border length between units; other popular forms
are Rook contiguity where the weights are zero unless the two regions share a common border, and Queen
contiguity where the weight is positive if two regions share a common side or vertex, inverse distance,
or n-nearest neighbours. Others are geostatistical in form, such as the Spherical Variogram, Gaussian
Variogram, and Exponential Variogram, described by Getis and Aldstadt (2004).

It is widely asserted that an inappropriate choice of weights can lead to estimation problems of
varying degrees of seriousness, with Paez et al. (2008) showing that errors in the weight matrix can
lead to biased estimates. More generally, inefficiency of the estimator is to be expected (Cliff and Ord,
1973). However, proper specification of the weight matrix has been regarded as difficult and controversial
(Bavaud, 1998). Practitioners sometimes choose a weight matrix based on empirical convenience that
may not capture the dependence structure properly. In this paper we introduce a sub-model for the
spatial weights and estimate a spatial weight matrix for the mixed regressive, spatial autoregressive (MR-
SAR) model by maximum Gaussian likelihood (QML). The maximum likelihood estimator in spatial
regression models is studied by Ord (1975), Anselin (1988a) and Anselin and Bera (1998). Ord (1975) also
presents a computational scheme extended to the MR-SAR models. Asymptotic properties of the MLE
and QMLE are developed by Lee (2004a) for the spatial autoregressive models with fixed sequences of
weights. Our approach relies heavily on the development in Lee (2004a) and Lee (2002), and we establish
the identifiability of the parameter defining the weights and the consistency as well as the asymptotic
distribution of the QMLE under appropriate conditions that extend those given by Lee (2004a). Small
sample properties of the estimator are studied in a Monte Carlo experiment.

The utility on a real spatial data set of our QML estimator using two forms of sub-models for the spatial
weights that satisfy the identifiability, consistency and asymptotic normality conditions, is illustrated by
application to the cross-sectional data of 91 countries used in Ertur and Koch (2007).

In the remainder of the paper, Section 2 describes the MR-SAR model, Section 3 contains our large-
sample theoretical results for the QMLE in the form of three theorems, Section 4 describes the Monte
Carlo, followed by the empirical example in Section 5, and some brief conclusions in Section 6. Proofs of
the theorems are in the Appendices, together with some supporting Lemmas and miscellaneous notation

to assist referees.



2 Mixed Regressive, Spatial Autoregressive Model
The first-order MR-SAR model (Ord, 1975 and Anselin, 1988a) is described as follows
Y, =X.8+ AWn(”)/)}/n +éen (1)

where Y,, is an n X 1 vector of observations of the dependent variable, X,, is an n X k matrix of values of
k exogenous explanatory variables with [1,1, ..., 1] in the first column, g is a k x 1 vector of parameters,
€, is an n x 1 vector of disturbances that are independently distributed with mean 0 and variance o2 and
independent of X,,, A is the spatial autoregressive parameter, and n is the total number of spatial units.
W, () is an n X n matrix of spatial weights that represent the impact of the output variable in location
j on location i (Ord, 1975). The weight elements are standardised to have row-sums unity, and are thus

specified as
wy, 5(7)
wn,z(v) = 73
’ Zj wn,ij (7)

() = f(7,d;j) is a function of fixed non-negative distances, d;;, between spatial units ¢ and

(@#7),  =0,(=7)

where wy, ;.
7, and v is a positive scalar parameter. The subscript n indicates that each component of the model
depends on n, which is necessary to allow for the total number of spatial units to increase to deliver the
asymptotics.

The objective is to estimate 0 = (3’, \,~,?)’. Our approach follows Lee (2004a) and Lee (2002), and

we extend his notation as follows. Let S, (A, v) = I, — AW, (%), so that after rearrangement equation (1)

becomes

Sn()‘v V)Yn = Xnﬁ +én (2)

where S,,()\,7)Y,, is a spatially filtered dependent variable. Denote by 6y = (8f, Ao, Y0, 8)’ the vector
of true parameter values. At the true values, we shall write S,, = S,,(Ao,70) and W,, = Wy (o) for
notational convenience. Under the further assumption that the disturbance is Normal, the log-likelihood
function of equation (1) is given by

In L, (6) = 5 In(2) — 2 In(0?) + In |det(Su (A, )] - %5;(6)5,1(5) (3)

where €,(0) =Y, — X, — AW, (7)Y, with 6 = (8, A, 7).
The quasi-maximum likelihood estimator is obtained by maximising (3) with respect to the parame-

ters. It is useful to first concentrate out 8 and o2. Thus, for given A and v, the QMLE of 3 is

Bu(A7) = (X1 X0) "M XL Y = AX W (1Y) = (X1, X5) 71 X0,80(A,7) Yo (4)



Inserting this 3,(),7) into the foc for 02, gives the QMLE of o2 as

a-rzL(/\’ 7) = %[(Sn()‘v V)Yn - Xné()‘v 7))/(571(/\7 W)Yn - Xnﬁ(/\’ 7)] (5)
1

= ﬁ [Y’Sl ()\, ’}/)MnSn(/\v 7)5/”]

nT=n

where M,, = I, — X, (X! X,) ' X/. Inserting (4) and (5) back into the log-likelihood delivers the

concentrated log-likelihood function of A and ~:
In L, (A, ) = =5 (n(2m) + 1) + In |det(S, (A, 7))| = 5 &2 (0, 7). (6)

To obtain the QMLEs A, and An, maximise (6) with respect to A and v, which in turn yields the QMLEs
of A and o2 as Bn(j\n,’%) and &,21(5\”,'7”).

3 Properties of the QMLE

Before stating our three theorems, we list the assumptions on which these results rely. The assumptions
mirror very closely those introduced by Lee (op. cit.) with extensions to accommodate the dependence

of the w,, ;; sequences on the parameter, .

Assumption 1 the elements of €,, that is €,.1,...,6n,n are independently and identically distributed
with mean 0 and finite variance o for every n. Some moment of €, higher than the fourth exists; the

third and fourth moments of €,, are denoted by pus and fiy.

Assumption 2 Let © = AQT be the compact and continuous parameter space in which the concentrated
log-likelihood function is log-concave. The true values of A and v denoted by Ao and 7o respectively, are

in the interior of ©.

Assumption 3 The elements x,;; of X, fori,j =1,...,n, are uniformly bounded constants for all n.

n

. X' X, . . )
The lim,, o =2~ is finite and nonsingular.

Assumption 4 The sequence, h,, is such that ';—L — 0 asn — oo, where n is the total number of spatial

units.

Assumption 5 The distance d;; between spatial units i and j is a bounded nonnegative constant for all

n, and 7y is bounded away from zero.

Assumption 6 The elements wy, ;;(7y) of Wy (7) are O(ﬁ) uniformly in all i and j, where {hy,} can be

__ f(v.dij)
X fndig)

for i # j is continuous in v € n,(yo0) uniformly in n. The first-, second-, and third-order derivatives of

bounded or divergent. There exists an open neighbourhood n, (o) of Yo such that wy, ;;(7)

W (7y) with respect to v are uniformly bounded and continuous on m,(Yo).



Assumption 7 The matriz S,, = I, — AoW,, is nonsingular on A @ T, where 0 < |Ao| < 1.
Assumption 8 The sequences {W,,} and {S;;*} are uniformly bounded in both row and column sums.

Assumption 9 {S,1(\,7)} and {W,(y)} are uniformly bounded in either row or column sums, umni-

formly in X\ and v in AQT. The true Ao and ~y are in the interior of AQT.

Assumption 1 is completely standard and is required for the application of the CLT of Kelejian
and Prucha (2001). Assumption 2 imposes a restriction on the parameter space. The compactness of
the parameter space is needed because we work with the concentrated log-likelihood function, which is
nonlinear in A and ~y. It is also one of the two sufficient conditions to assure that the maximum of the
limit of the log-likelihood is the limit of the maximum likelihood estimator, of which the second condition
is that the convergence is uniform (Amemiya, 1985). Note that we do not need to impose any restriction
on the parameter space for 8 and o as QML estimates for 3 and o2 can be obtained from (4) and (5),
and their identifiable uniqueness follows from that of Ay and ~g.

Assumption 3 ensures that there is no multicollinearity among the regressors and Lee (2004a) shows
that this implies that M, = I,, — X,,(X/ X)X/, and (I, — M,,) are uniformly bounded in both row
and column sums. Assumptions 5 and 6 provide the characteristics of the spatial weight matrix and the
functional form of its elements.

Assumption 7 is sufficient to ensure that .S, is nonsingular such that (1) has an equilibruim with the
equilibrium vector Y,, = S, 1(X,.,50 + €,), the mean S, 1X,, 3y and the variance 035, 15,1 where o3 is
the true variance of €,,. Assumption 8 assures that the degree of spatial correlation (Kelejian and Prucha,
1999), which is captured in S;; !, is limited. The uniform boundedness of S, ! at (A\o,70), and of W, at
o implies that S, 1()\,v) and W, () are uniformly bounded in both row and column sums, uniformly
in the neighbourhood of Ay and 7. Finally, as our weight matrix is nonnegative and row-normalised,
Assumption 9 implies that S, (A, ~) is uniformly bounded in row sums uniformly in A\ and v in A ® T’
where A is a closed subset in (—1,1) (Lee 2003, Lemma 1).

Together with a rank condition to be introduced in a moment, these assumptions will enable us to
establish the identifiability of the parameters and the consistency of the QML estimator. At the true
values, S; 1 = (I, — AoW,) ™t = I, + \oG,,, where G,, = W, St (Lee, 2004a). Then, equation (2) can
be rewritten as

Y = (In + 20Gn)(XnBo + 1) = XnBo + MGrnXnBo + S, 'en. (1)

Let Qn(\,y) = maxg ,2E[In L, (0)]. To prove that the QML estimator 0,, is consistent, we need to show
that the identifiable uniqueness condition holds and that & 1InL,(\,v) — 2Q, (), y) converges to zero
in probability uniformly on the parameter space (White 1996, Theorem 3.4). Formally, %ln L,(\7)
converges in probability uniformly to %Qn()\,'y) if sup(Aﬁ)eA@p\% InL, (A7) — %Qn()\,y)\ = 0,(1). An



intuition behind this is that the log-likelihood function will be close to the expected log-likelihood function,
so we may expect the QML estimator to be close to the maximum of the expected log-likelihood as well.
As already mentioned, the second sufficient condition for the maximum of the limit to be the limit of
the maximum is that the convergence is uniform. It ensures that the maximum is close to the true value
for all A\ and ~, that is, %ln L, (\,7) will be uniformly close to %Qn()\,’y). Uniform convergence also
implies that if In L,,(A,) is continuous on the parameter space, then so is the limit function @, (A,7).
Now let Z,, = 8W57y°) denote the first-order derivative of the W-matrix evaluated at 7y, and write

T, = Z,S;;; we make the following additional assumption:

Assumption 10 The following limits exist and are nonsingular.

1 1
lim = (X, G X0 B0) (Xns GuXnfo), lim — (X, T, X,80) (X0, T X0 Bo) and
n—oo 7, n—oo M
. 1
Jim (X, G Xofo) (X, T X o).

This assumption ensures that G, X, 5o in (7) and T,, X,, 5y are not asymptotically multicollinear with X,,.
It implies that lim, e = (GnXpnB0) My (GnXnfo) and lim, e 2 (T, X0 B0) M (T, X0 30) are positive,
and lim,,_, o %(Ganﬁ())/Mn(Tanﬁ(]) is not zero. Note that the condition that

lim,, o0 %(Ganﬁo)’Mn (GnX,B0) exists and is positive is a sufficient condition for identification of 6

Maximise E[ln L, (6)] with respect to 3 and 02 and, as in Lee (2004a), we get the following solutions
Brh ) = (X3, X0) 71 X7,90(X, ) S X Bo 8)

and

o (A7) = %[(/\o = N (GnXnfo) M (G Xnfo) + otr(S; S5 (A7) Sn(X,7) S5 )] (9)

Substitute (8) and (9) into the log-likelihood, then we get

Qu(A7) = = (In(2m) + 1) + In|det(Su(A,7)] = 5 02" (A7) (10)

and it is concave and continuous in 6 € ©. The following two theorems are proved in the Appendix:
Theorem 1 Under Assumptions 1 - 10, 0y is identifiably unique.

This theorem guarantees that no other value or sequence of values of 0 yields Q,, (A, 7y) arbitrarily close
to @, when n — oo (White 1996, Definition 3.3). Therefore, in the limit, Q, (), ) is uniquely maximised
at 90.

Theorem 2 Under Assumptions 1 - 10, 0,, is a consistent estimator of Bg.

Now we turn to the question of asymptotic normality of the QML estimator 0,. Formally, we show

that a consistent root of %;(9") =0 at 0y is asymptotically normal.



The first-order derivatives of the log-likelihood function at 6, are:

1 9lnL,(6p) 1 ’
- X'e,
8/8 0'[2)\/5 71,6
1 dInlL 1
I Ln00) L ((GoXuBo) en + EyGren — o2tr(Go)

B

NEE)) NG
1 (9111 L" 9 )\ /

NG 87( 0 _ p \()/ﬁ[(Tanﬂo) en + e Then — odtr(T),)]
1 8lnLn(90) - 1 ’ 9

N = 203\/75(6"5" nog).

(11)
(12)
(13)

(14)

These derivatives contain linear and quadratic forms in €,. Now, as the elements of X,, are bounded

and the matrices G,, and T}, are uniformly bounded in row sums, the elements of G,, X, 6y and T}, X, 5y for

all n are uniformly bounded by Lemma A.6 in Lee (2004b). Thus, if {h,} that appears in Assumptions 4

and 6 is a bounded sequence, we can use the central limit theorem introduced in Kelejian and Prucha

(2001) to derive the asymptotic distribution of the estimator. If {h,} is divergent, then we can apply the

Kolmogorov central limit theorem to %% (Lee, 2004a).

With 6 = (8f, Mo»Y0,08)’, we obtain

1 0lnL,(0), *E(%%) if £; , is normally distributed
Vel a0 )~ 2
v —E(%alg%é{g),(%)) +Qp,, if €5, is only ii.d.

where

ialnLn(Qo) ialnLn(Go) l&z lnLn(é‘o))
Vn 00 vn 00’ n 0000 '
Writing P, = G X80, R = T XnPo, G5 = G, + G, and T2 =T, + T),, we have

Qg = E(

)+ E(

l 82 In Ln(eo)

_p(=————" ) —
G oe00
=X X, ——X/ P, 20 X! Ry, 0
0 0 0
P X S PLPa+ Str(GGR)  Z5IPL R, + ogtr(GRT)]  otr(Gr)
0 0 0 0

2
HRLXy 28R, Py +oitr(T3Gn)] 5 [R, Ry + odtr(TiT)] 2tr(T)

0 tr(Gy) 20 tr(T5,)

1
ogn ogn 20,

(16)

Next, writing I, = [1,1,...1)" for the n— vector of 1’s, G,, ; for the i'" row of G,, and similarly T}, ; and

Zn,;. while Gy, ;; and T, ;; are the (4, j) entries of G,, and T,,, respectively and ps and p4 are the third



and fourth moments of €,, we have

H3 n . ) 2p3 N . )
B Gt A2 Y GG Xafly : :
(pa—303) 2
+ oin Zi:lGn,ii

Dot SN p e A0 (g — 308) S TGt 2 (g — 308 S T2 .
a'én i=1 =, ‘7(%" Ha %0 =1 "N, o’é'n Ha 0o i=1 T n,ii

s GriiTni Xnfo  +2u3 30 TniiTh.i XnBo)

+13 Z?zl Tn,iiGn,i.Xnﬁo]

_3g54
25571 l;X” ZUlgn['uGl;lG”X”ﬁO 2</7\§n [N’?’ZLLT”X”ﬁO (M4403é :
+(pa = 305)tr(Gy)] +(pa = 305)tr(Tn)]

The matrix (g, above is symmetric about the leading diagonal, such terms being indicated by the
asterisks (*).
If the ¢; ,, are ii.d.,
1 9lnLn(o)
vn 00
1 9%1In Ly (80)

and, consequently, writing ¥y = —lim, o E(; “—p555~ ), Which is nonsingular by Assumption 10, we

D 1 82 In Ln(eo)
— N0, —E(ﬁw) + Qg n) (18)

obtain

VB, —60) B N[0S, + 5,100,551 (19)

For €, , normally distributed, 4, = 0 and we get
i Oln Ln (90)

WO Z N[0, Z).

and, hence,

(b, —6) 2 N[0, 5,1, (20)
Given the above development, we state the following theorem:

Theorem 3 Under Assumptions 1 - 10, the QML estimator 0,, satisfies

V(0 = 60) 2 N[0, 25" + 351 Q%] (21)
where Qp = lim,, o Qo and Lg = —1lim,,_, oo E(%%) exist. If the €; », are normally distributed,

then
Vb, — 60) 2 N[0, 5,1 (22)



Results obtained from Theorems 1 - 3 are valid for both bounded and divergent {h,,}. Note that when

{hy} is divergent, the matrices in (16) and (17) can be simplified to

LX’XH LX’Pn 20X/ Ry 0
Y9 =— lim E(— LEO)): ogn o2n 7in
nSoo” 'n 0000 %R; n (%—OHR;L 3 ﬁR;Rn 0
0 0 0 %
and
0 0 0 QgSnX/l
0 0 0 2#3 P'l,
QG = lim ngn = gen
S, gtn MR,

This is because when {h,,} is divergent, G,, ;; and T}, ;; are O( ) and, consequently, lim,, o tr(Gn)
and hmn_‘OO 2tr(T,,) become zero. Then the QMLE /\n and 9, become asymptotically independent of
whereas they are asymptotically dependent on 62 when {h,} is bounded because lim,, tr(Gn)

n7

and lim,,_, o Etr(Tn) may not be zero.

4 Monte Carlo Results

4.1 Experiment Design

We investigate small sample properties of our estimator using two functional forms of the sub-model for
the spatial weights. The elements of the row-standardised weight matrix W,,(v) are defined as
wy, ij('Y)
iy (1) = s
" Ej Wh,ij ™)
with
0 ifi=4j 0 ifi=j
wy () = (exponential) or wy, ;:(7) = (inverse power) (23)
e i ifi dit ifi# g
where « is a positive scalar parameter to be estimated and d;; is a fixed nonnegative distance between
spatial units ¢ and j.
We simulate the distributions of the MLE and associated t-statistics in samples of size n = 100,
or n = 400, in each case laid out as a square grid, using 4096 replications. Parameter values trialled
are (\,7v) € (0.2,0.4,0.6,0.8) x (1.5,2.0,2.5,3.0) with the regressors, X,,, consisting of 3 columns with

associated coefficients, 8y = 1, S5 = 0, and B3 = —1. For each replication the first column of X,, is a vector



of ones and the other 2 columns are independent draws from the standard n— variate Normal distribution,
while the independent Normal vector of disturbances, has variance, 02 = 0.25. The qualitative results

are not sensitive to this value.

4.2 Estimates of A\ and ~

Tables 1 and 2 contain results for the exponential weight specification, and Tables 3 and 4 those for the
inverse power specification (see 23). Table 1 for n = 100 shows the empirical significance levels of t-tests
at nominal 5% and 10% of the (true) null hypotheses, A = Ay and v = 7y constructed using standard
errors estimated from the numerical Hessian evaluated at the MLE. Also reported are the medians of the
empirical distributions of the MLEs of A and «. The rows labelled, “\”, or “4” in the “unknown” column
illustrate behaviour of the MLE when the other parameter is treated (unrealistically) as known and equal
to the true value. The means and mean square errors are reported for the estimated A in all cases but
omitted for the estimated - in those cases where they are inflated by a few very extreme outcomes, and
thus are very inaccurately estimated. In an effort to reduce the incidence of wild v estimates, a number
of different starting values were tried for every numerical search; this revealed the presence of multiple
local maxima of the likelihood, and selecting the best solution for which A was less than 1 in magnitude

led to the results in the tables.
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Aos Yo unknown | A5% | A10% | v5% | v10% | A ~ Amse | VYmse | Amed | Ymed

0.2, 1.5 Ay .08 a1 12 .14 .16 * .04 * A7 | 2.04
A .05 .10 - - A7 - .02 - A7 -

¥ - - .18 21 - 3.56 - * - 1.55

04,1.5 Ay .07 a1 .05 .07 .35 * .02 * .35 1.87
A .06 A1 - - .36 - .02 - 37 -

¥ - - .10 12 - 1.77 - * - 1.49

0.6, 1.5 A,y .10 .15 .03 .05 .54 * .02 * .55 1.74
A .06 A1 - - .56 - .01 - .07 -

ol - - .07 .10 - 1.54 - A7 - 1.50

0.8, 1.5 A,y .10 .16 .02 .04 .74 | 2.61 .01 * .75 1.67
A .06 12 - - .76 - .01 - 77 -

ol - - .06 .10 - 1.52 - .09 - 1.49

0.2, 2.0 Ay .06 .08 .15 A7 .19 * .03 * .19 2.47
A .05 .10 - - .18 - .01 - .18 -

¥ - - A7 .19 - 5.12 - * - 2.07

0.4, 2.0 Ay .05 .09 .08 .10 37 * .02 * 37 | 2.40
A .06 A1 - - 37 - .01 - .38 -

¥ - - .09 12 - 2.75 - * - 2.01

0.6, 2.0 Ay .07 12 .04 .07 .56 * .01 * 57 | 2.26
A .06 A1 - - Y - .01 - .58 -

¥ - - .07 .10 - 2.19 - 2.08 - 2.01

0.8, 2.0 Ay .09 .14 .03 .05 .76 | 2.99 .01 * ST | 2.19
A .06 A1 - - 7 - .005 - .78 -

¥ - - .06 .10 - 2.05 - 18 - 2.00

Table 1A

Negative Exponential Weights n=100

11




A,y unknown | A5% | A10% | v5% | v10% | A Y| Amse | Ymse | Amed | Ymed

0.2, 2.5 Ay .05 .07 A7 .19 .20 * .03 * .20 | 2.88
A .05 .10 - - 18 - .01 - 18 -

0% - - .16 .18 - * - * - 2.63

0.4, 2.5 Ay .04 .07 .09 11 .39 * .01 * .38 | 2.91
A .06 A1 - - .38 - .01 - .38 -

ol - - .09 12 - 3.91 - * - 2.53

0.6, 2.5 Ay .06 .10 .06 .08 .57 * .01 * .59 | 2.79
A .06 A1 - - .58 - .01 - .08 -

ol - - .07 .10 - 2.92 - * - 2.51

0.8, 2.5 Ay .08 13 .04 .06 77 | 3.89 | .005 * 78 | 2.72
A .06 A1 - - .79 - .003 - .79 -

ol - - .06 .09 - 2.63 - .64 - 2.51

0.2, 3.0 Ay .04 .06 A7 .20 .20 * .02 * .20 | 3.40
A .05 10 - - 18 - .01 - .19 -

v - - 16 | 18 | - * - * - | 315

0.4, 3.0 Ay .03 .06 .10 13 .39 * .01 * .39 | 3.46
A .06 A1 - - .38 - .01 - .38 -

v - - .10 13 - * - * - 3.06

0.6, 3.0 Ay .04 .09 .08 .10 .58 * .01 * .58 | 3.34
A .06 A1 - - .58 - .005 - .59 -

v - - 08 | .11 - | 384 | - * - | 3.03

0.8, 3.0 Ay .07 12 .05 .07 .78 * .004 * .78 3.26
A .06 A1 - - .78 - .003 - .79 -

0% - - .07 .10 - 3.31 - 3.33 - 3.01

Table 1B

Negative Exponential Weights n=100

12




The salient features of Tables 1 A and B are:

(i) When A is small, say 0.2 or 0.4, and unknown, the shape parameter, -, is poorly estimated, even
though the median is not far from the true value. Conversely, if A is known then 4 is almost median-
unbiased, even for small \ values.

(ii) The sampling distribution of ¥ is skewed to the right, especially for smaller A values; the skew is
much reduced when A is known.

(iii) The empirical sizes of t— tests reflect the skewed distribution of 4 in that the over-sizing at
nominal 5%, where present, is much worse than that at nominal 10%.

(iv) When = is known (so W is known) the empirical sizes of the t— tests for A are correct, while such
tests may be either liberal or conservative otherwise.

(v) Broadly speaking, accommodating uncertainty about by estimating it from the sample doubles
the mean square error of the estimate of A.

(vi) Similarly, removing uncertainty about A dramatically reduces the MSE of 4; however, in only a

few cases, notably when A = 0.8, is the MSE likely to be accurately estimated here.

Comparing with Tables 2A and B for n = 400 we immediately see the improvement due to the
increased sample size, though the essential pattern remains. Bearing in mind that in applications of this
approach, it is the results in the bold rows that are most relevant, there is certainly some encouragement
to be found from Tables 2A B; here we find that with the exception of cases in which A = 0.2 (quite
weak spatial dependence) the t— tests have approximately correct empirical levels, and the estimators

are nearly median-unbiased.
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A,y unknown | A5% | A10% | v5% | v10% | A Y| Amse | Ymse | Amed | Ymed

0.2, 1.5 Ay .06 .10 .10 12 .20 * .01 * .19 1.68
A .05 A1 - - .19 - .005 - .19 -

0% - - .10 12 - 1.74 - * - 1.50

04,1.5 Ay .08 .13 .05 .07 .39 * .01 * .39 1.59
A .06 A1 - - .39 - .004 - .39 -

0% - - .05 .09 - 1.53 - .13 - 1.50

0.6, 1.5 A,y .07 12 .04 .07 .58 | 1.65 | .005 * .59 | 1.56
A .06 A1 - - .59 - .002 - .59 -

ol - - .05 .10 - 1.51 - .04 - 1.50

0.8, 1.5 A,y .06 12 .04 .09 .78 | 1.56 | .002 .04 .79 1.54
A .06 A1 - - .79 - .001 - .79 -

ol - - .05 .10 - 1.50 - .02 - 1.50

0.2, 2.0 Ay .04 .08 .10 .13 .21 * .008 * .20 2.17
A .05 A1 - - .19 - .003 - .20 -

¥ - - .08 A1 - 2.63 - * - 2.01

0.4, 2.0 Ay .07 12 .05 .08 39 | 4.0 | .005 * .39 | 2.10
A .05 A1 - - .39 - .003 - 40 -

v ; - | o5 | w08 | - 207 | - | 24| - | 200

0.6, 2.0 Ay .06 12 .04 .07 .59 | 2.23 | .003 * .59 | 2.06
A .06 .10 - - .59 - .002 - .60 -

¥ - - .05 .09 - 2.03 - .08 - 2.00

0.8, 2.0 Ay .06 12 .04 .08 .79 | 2.07 | .001 .07 .79 2.04
A .06 A1 - - .79 - .001 - .80 -

¥ - - .05 .09 - 2.01 - .03 - 2.00

Table 2A

Negative Exponential Weights n=400
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A,y unknown | A5% | A10% | v5% | v10% | A Y| Amse | Ymse | Amed | Ymed

0.2, 2.5 Ay .03 .06 11 .14 21 * .006 * .20 2.71
A .05 .10 - - .20 - .003 - .20 -

¥ - - .08 11 - 3.66 - * - 2.53

04, 2.5 Ay .06 a1 .06 .08 .40 * .004 * .39 2.61
A .05 A1 - - .39 - .002 - .40 -

vy - - .06 .08 - 2.63 - .59 - 2.51

0.6, 2.5 A,y .06 a1 .04 .07 .59 | 2.72 | .002 * .59 2.57
A .05 .10 - - .59 - .001 - .60 -

0% - - .05 .09 - 2.55 - .16 - 2.50

0.8, 2.5 A,y .06 a1 .04 .08 .79 | 2,59 | .001 | .13 .79 | 2.56
A .06 A1 - - .79 - .001 - .80 -

0% - - .05 .09 - 2.52 - .07 - 2.50

0.2, 3.0 Ay .03 .06 12 .15 .21 * .005 * .20 3.20
A .05 .10 - - .20 - .002 - .20 -

0% - - .09 12 - 4.85 - * - 3.03

0.4, 3.0 Ay .05 .10 .06 .09 .40 * .003 * 40 | 3.12
A .05 A1 - - 40 - .002 - 40 -

¥ - - .06 .09 - 3.28 - 2.57 - 3.01

0.6, 3.0 Ay .06 a1 .05 .07 .59 | 3.48 | .002 * .60 | 3.08
A .05 A1 - - .60 - .001 - .60 -

¥ - - .05 .08 - 3.09 - .32 - 3.01

0.8, 3.0 Ay .06 a1 .04 .07 .79 | 3.13 | .001 .25 .79 3.06
A .06 .10 - - .80 - .001 - .80 -

¥ - - .05 .09 - 3.05 - .14 - 3.00

Table 2B

Negative Exponential Weights n=400
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Aos Y0 unknown | A5% | A10% | v5% | v10% | A ~ Amse | Vmse | Amed | Vmed

0.2, 1.5 Ay .16 .19 11 12 .03 * 11 * .09 2.79
A .02 .06 - - 12 - .07 - 13 -

ol - - .02 .03 - 1.72 - * - 1.73

0.4, 1.5 Ay 21 .25 .06 .07 .15 * 12 * A7 | 2.79
A .03 .08 - - 27 - .08 - .29 -

y - - .03 .06 - 1.03 - 5.73 - 1.52

0.6, 1.5 Ay 27 .32 .03 .03 27 * .15 * 27 | 2.62
A .07 14 - - 43 - .10 - .46 -

ol - - .05 .09 - 1.20 - 2.11 - 1.49

0.8, 1.5 Ay .34 .42 .02 .02 .39 * 21 * .40 2.49
A .20 .29 - - .64 - 12 - .62 -

ol - - .05 .09 - 1.31 - 1.09 - 1.48

0.2, 2.0 A,y 12 .14 .09 .10 .08 * .08 * 12 3.07
A .03 .07 - - .16 - .03 - A7 -

~ ; - 03 | 02 | - |343| - * - | 216

0.4, 2.0 A,y .14 .18 .02 .03 .24 * .06 * .24 | 3.10
A .04 .10 - - .33 - .04 - .34 -

ol - - .01 .03 - 1.91 - 5.83 - 2.00

0.6, 2.0 A,y .20 .26 .01 .01 .39 * .08 * .39 | 2.87
A .06 12 - - b1 - .04 - .53 -

ol - - .02 .06 - 1.91 - 0.72 - 1.98

0.8, 2.0 Ay .25 .33 .004 | .006 | .55 * .09 * .56 2.71
A .10 .16 - - .70 - .03 - .72 -

ol - - .04 .08 - 1.97 - 0.17 - 1.99

Table 3A

Inverse Power Weights n=100
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A,y unknown | A5% | A10% | v5% | v10% | A Y| Amse | Ymse | Amed | Vmed

0.2, 2.5 Ay .08 .09 .07 .08 .13 * .06 * .15 3.45
A .04 .07 - - 18 - .02 - 18 -

ol - - .01 .02 - * - * - 2.64

0.4, 2.5 Ay .09 .13 .02 .02 .30 * .04 * .29 | 3.45
A .05 .10 - - .36 - .02 - 37 -

ol - - .02 .04 - 2.72 - * - 2.50

0.6, 2.5 Ay .15 .21 .01 .01 47 * .04 * 47 | 3.19
A .06 A1 - - .05 - .02 - .06 -

vy - - .03 .07 - 2.51 - .33 - 2.49

0.8, 2.5 Ay .19 .25 .003 | .006 | .65 * .04 * .66 | 3.05
A .08 14 - - .74 - .01 - .76 -

v - - .04 .09 - 2.50 - A1 - 2.49

0.2, 3.0 Ay .06 .08 .07 .09 .16 * .04 * 17 | 3.89
A .04 .08 - - .18 - .01 - .18 -

7 ; ] o1 | 02 | - | ; * - | 314

0.4, 3.0 Ay .06 .09 .03 .04 .34 * .02 * .33 | 3.88
A .06 11 - - 37 - .01 - .38 -

ol - - .03 .06 - 3.71 - * - 3.00

0.6, 3.0 Ay a1 .16 .02 .03 .52 * .02 * .52 | 3.62
A .06 A1 - - .07 - .01 - .07 -

ol - - .04 .08 - 3.14 - 2.14 - 3.00

0.8, 3.0 Ay .15 .21 .005 .01 .70 * .02 * 71 3.48
A .06 A1 - - .76 - .01 - N -

ol - - .05 .09 - 3.00 - .15 - 2.98

Table 3B

Inverse Power Weights n=100
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Aos Yo unknown | A5% | A10% | v5% | v10% | A ~ Amse | VYmse | Amed | Ymed

0.2, 1.5 Ay .23 27 11 11 .06 * .08 * .08 2.26
A .04 .08 - - 14 - .04 - .15 -

¥ - - .03 .07 - .03 - * - 1.53

04,1.5 Ay .25 .29 .03 .04 21 * .08 * .19 2.16
A .05 A1 - - .32 - .04 - .33 -

¥ - - .04 .08 - 1.21 - 2.13 - 1.50

0.6, 1.5 A,y .26 31 .01 .01 .35 * .10 - .35 2.02
A .06 12 - - b1 - .04 - .52 -

ol - - .04 .07 - 1.42 - .35 - 1.49

0.8, 1.5 A,y .28 .36 .01 .03 .50 * 12 * .51 1.93
A .07 .14 - - .68 - .03 - .70 -

ol - - .04 .08 - 1.47 - .07 - 1.49

0.2, 2.0 Ay .14 .18 .06 .07 .13 * .04 * 12 2.55
A .05 .09 - - .18 - .01 - .18 -

¥ - - .01 .02 - 1.58 - * - 2.02

0.4, 2.0 Ay A7 21 .01 .02 31 * .03 * 29 | 2.42
A .05 .10 - - 37 - .01 - .38 -

¥ - - .02 .06 - 1.97 - .23 - 2.00

0.6, 2.0 Ay A7 .23 .01 .01 .48 * .04 * .48 | 2.30
A .06 A1 - - Y - .01 - Y -

¥ - - .04 .09 - 1.99 - .05 - 2.00

0.8, 2.0 Ay A7 .25 .01 .04 .66 | 2.59 .04 * .67 | 2.25
A .06 12 - - .76 - .01 - N -

¥ - - .04 .10 - 1.99 - .02 - 2.00

Table 4A

Inverse Power Weights n=400
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A,y unknown | A5% | A10% | v5% | v10% | A Y| Amse | Ymse | Amed | Ymed

0.2, 2.5 Ay .08 a1 .05 .06 .18 * .02 * .16 2.98
A .05 A1 - - .19 - .01 - .19 -

¥ - - .004 .01 - 2.58 - 8.65 - 2.51

04, 2.5 Ay .13 A7 .02 .04 .36 * .02 * .35 2.80
A .05 A1 - - .39 - .01 - .39 -

¥ - - .03 .08 - 2.51 - .13 - 2.50

0.6, 2.5 A,y .13 .18 .02 .03 .54 | 3.63 .02 * .54 2.70
A .06 A1 - - .58 - .005 - .59 -

ol - - .04 .10 - 2.50 - .05 - 2.50

0.8, 2.5 A,y 11 A7 .02 .06 74 | 2.77 | .01 * .74 2.66
A .06 A1 - - .78 - .003 - .78 -

ol - - .05 .10 - 2.50 - .02 - 2.50

0.2, 3.0 Ay .05 .08 .06 .08 .20 * .01 * .18 | 3.43
A .05 A1 - - .19 - .005 - .19 -

- ] Lot | o4 | - |38 - * - | 3.00

0.4, 3.0 Ay .10 14 .04 .05 .38 * .01 * 37 | 3.25
A .05 A1 - - .39 - .004 - .39 -

% - - .04 .08 - 3.04 - .20 - 3.00

0.6, 3.0 Ay .10 15 .03 .04 .57 1 3.90 | .01 * .57 | 3.16
A .06 .10 - - .59 - .003 - .59 -

0% - - .04 .10 - 3.01 - .07 - 3.00

0.8, 3.0 Ay .09 .14 .02 .06 77 | 3.17 | .005 .18 ST | 3.12
A .06 A1 - - .79 - .002 - .79 -

¥ - - .05 .10 - 3.00 - .03 - 3.00

Table 4B

Inverse Power Weights n=400
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As Tables 3 and 4 reveal, there is a significant difference between the estimators’ behaviour for
exponential weights and inverse power weights, results for the latter being substantially less favourable.
A partial explanation for this could lie in the fact that the decline over distance shown by the exponential
weights is steeper than that of the power weights for the parameter values tested. Whatever the cause,the
most obvious differences are the severely over-sized t-statistics for A and undersized statistics for v inTables
3 and 4. The problem is less severe in Tables 3B and 4B than in Tables 3A and 4A, suggesting a connection
to the steepness of the weight function. The results for the two benchmark cases, of known A\ or known

v, show that the steepness of the weights is at best a partial explanation, however.

5 An Empirical Exercise

We now apply our QML estimator to data from Ertur and Koch (2007)!, originally from the Penn World
Tables version 6.1 (Heston et al., 2002). The data comprise a single cross-section of 7 variables for 91
countries for the period 1960-1995. The countries are from the non-oil sample in Mankiw et al. (1992),

see Table 1 in the Appendix for a list and their ISO codes. The variables are listed below in Table 5.

Variable description Code name
level of income per worker in 1960 Iny60
level of income per worker in 1995 Iny95

average growth rate 1960-1995 gy = (Iny95-Iny60)/35

average share of real investment in GDP 1960-1995 Ins
average growth rate of working-age population (n,) plus® (g + 9) Inngd
longitude of capital city xlong
latitude of capital city ylat

Table 5: List of variables and their code names

a: (g+9) is the rate of technical progress plus the depreciation rate

The first five variables are used to evaluate the impact of saving, population growth and neighbourhood
spillovers on economic growth. The longitude and latitude are used to construct the distance matrix of
which the elements d;; are great-circle, geographical distances between country capitals. The growth
rates differ widely across countries; of the 91 countries in the sample, 17 have negative average growth
rates, while that of Hong Kong, at 6.24%, is the highest, and the Democratic Republic of the Congo is
the lowest, with —3.43%. Real investment shares are also highly variable, ranging from 1.9% in Uganda
to 41% in Singapore. Finally, the average rates of growth of the working-age population (15 - 64 years)
(np) plus (g+9) (which is assumed to equal 0.05 as in Mankiw et al. (1992, p. 413)) differ widely, ranging
from the highest, Jordan (9.3%) to the lowest, Austria (5.3%).

1See http://qed.econ.queensu.ca/jae/2007-v22.6 /ertur-koch/ for detail.
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For country i € (1,...,91), the model is

gyi = B1 + Balny60; + Bslns; + Balnngd; + XY wij()gy; + i (24)
J#i
Defining weight matrices W1,,(y1) = {w;;(7)} and W2, (v2) = {wi;(y2)}, W1l,(y1) has exponential
weights and W2,,(y2) power weights of the form,

0 if i = j 0 ifi=j
w2n5(2) = § e

>0 ifi#j sty 20 i
J g

wlyij(11) =

e~ 1dij

as in (23).

Ertur and Koch (2007) set both 71 and 2 equal to 2.0 to obtain the weight matrices employed in
their study. When the v parameter determining W1 or W2 in the SLM is freely estimated by QML, we
find the results in the table below:

Weight structure Yami | ¥ se. | ty=2) | Agmi | A se.
Inverse power 2.48 .92 0.52 0.25 | 0.10

Negative exponential | 0.8 .35 -3.45 0.47 | 0.14
Table 6: QML estimates of v and A in the SLM applied to the Ertur/Koch data.

Clearly, there is no evidence against the choice of v = 2 when inverse power weights are used, but
quite strong evidence against this value if the exponential weights are used. Looking back at the results
for the exponential weight experiments with n = 100 and (A,7) = (0.4,2.0) or (0.6,2.0) we see that the
t— statistic probabilities were fairly reliable. On the other hand, the results for the power weights with
(A7) = (0.2,2.0) suggest the t— statistics are somewhat liberal, reinforcing the insignificant result in the

table.

6 Conclusion

In this paper we introduce a sub-model for the spatial weights matrix and estimate a variable spatial
weight matrix in the MR-SAR model by the maximum Gaussian likelihood (QML). We give identifia-
bility conditions for the parameter defining the weights as well as establishing the consistency and the
asymptotic distribution of the QML estimator under appropriate conditions that extend those given in
Lee (2004a). Finite sample properties of the QMLE are studied in a Monte Carlo experiment. The
performance of the estimator is then illustrated on a small sample of real data.

The Monte Carlo results show that the QML estimator of the parameter defining the spatial weights,
v, behaves reasonably well in samples of quite modest size, particularly when the negative exponential
functional form is adopted. Extension of these results to more general model forms is an area deserving
attention. The MATLAB code used for the empirical exercise is available from the authors’ web pages

(i.e. it will be, when the paper is published).
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7 Appendix

This appendix contains three sections. In the first, to assist the reader, we collect frequently used notation,
and a number of lemmata, definitions and theorems that are used repeatedly in the proofs. The second
section establishes the useful properties of some intermediate objects, then gives proofs of Theorems 1
- 3. The third section contains a table of countries and their ISO codes. The first two sections follow
material in Lee (2004a,b) very closely in many places; this is inevitable given that, roughly speaking, our

task is to show that properties established by Lee for a sequence, {W,,} hold for the family of sequences,
{Wn(v)} ~vel.
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7.1 Frequently used notation and background results
7.1.1 Notation

The following notation is used in the main text and in this appendix. In most cases it is an obvious

extension of that adopted by Lee (2004a,b).

In L, (0) = —g In(27) — gln o2 + In |det(Sn (M, 7))

(S — XuB) (S0 (A )Y — XuB)

20
InLn(\,7y) = fg(ln(27r) +1) + In|det(Sp (A, 7))| — glnff%()\,fy)
Sn()‘v')/) =1, — /\Wn(')/)

Sp =1 — AW,

G, =W,S,*
Ty = Z,S;"
Cn=A,8,"
‘/n = BnS»;l
ow,
i
Oy
0z,
An = .
Oy
B, — 04,
vy

Qu(A7) = maws o2 Blln Ly (6)] = = Z(In(2m) + 1) + In|det(S, (X, 7)| = 5 o2 ()

1
&’?L(A7 '7) = - [Y’I;S’:L(A’ 'V)Mnsn()‘a V)Yn]
n
1
7' (A7) = 2 [0 = V(G X o) M (G X o) + 05tr(S 5 (A7) 51 7) 5, )]
n
2
o2 (A7) = 22tr[S VS NS (A8,

M, =TI, — X, (X, X)X

7.1.2 Useful lemmata, a definition and theorem (not for publication)

Note that notation in the lemmata, definition and theorem below follows the sources cited in the refer-
ences.

Lee (2002) - Lemma A.2: Let V,, = [v1, v, ...,v,)" be a vector of iid random variables with zero mean
and finite variance, o2, and suppose its first three absolute moments exist. Let A, be a square matrix
with uniformly bounded column sums and suppose that elements of the n x k matrix C,, are uniformly
bounded. Then, (1/y/n)C} A, V, = O(1). Furthermore, if the limit of (1/n)C/ A, A! C, exists and it is
positive definite, then (1/y/n)C" AnVi 2 N(0, 02 limy, o0 (1/n)C!, An AL, Cy).
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Proof: (Lee (2002)) Let a, ; denote the jth column of A,. It follows that (1/y/n)C)A,V, =
(1/v/n) 3201 gnjvj where g,; = Cpay, ;. The first result follows from Chebyshev’s inequality because
qn; are uniformly bounded and var((1/y/n)C,A,V,, = (02 /n) > j=1njdn;- The second result follows
from the Liapounov double array CLT and the Cramér-Wold device (Billingsley, 1995, Theorem 27.3
and Theorem 29.4). To check the Liapounov condition, let a be a nonzero row vector of constants
and B,, = var(aClLA,V,) = c?aClA,A,Cpa’. The assumptions imply that lim, _..(1/n)B2 > 0
and there exists a constant ¢ such that |ag,;| < ¢, for all n and j. Hence, the Liapounov condition
S (/B3 E(agusl?) < EIv3|/((1/n) B2)¥/2n1/2 - 0 holds.

Lee (2003) - Lemma 1: Suppose that all elements of the spatial weights matrices W,, are nonnegative.
If W,, are row-normalized, then (I,, — nW,,)~! are uniformly bounded in row sums uniformly in 7 in A,

where A is any closed set in (—1,1).

Lee (2004b) - Lemma A.6: Suppose that the elements of the sequences of vectors P, = (pp1,- - , Pan)’

and Qn = (¢n1, " ,Gnn)" are uniformly bounded for all n.

1. If the sequence of n x n matrices {A,} are uniformly bounded in either row or column sums, then

‘Q;Anpn‘ = O(n)

2. If the row sums of {4, } and {Z,,} are uniformly bounded, |z; ,, A, P,| = O(1) uniformly in 7, where

Z;n is the ith row of Z,,.

Proof (Lee (2004b)): Introduce constants ¢; and ¢z such that |pn;| < ¢1 and |gn;| < c2. For 1), there
exists a constant such that + Y% | 32" fan 5] < c3. Hence, Q) AnPol = [ Y01 Y0 GnijqniPns] <
ciee Yoy 2?21 lan,ij| < neicacs. For 2), let ¢y be a constant such that Z?:l |an,ij| < ca for all n and
i. Tt follows that |e/,; A, Py| = | Z;;l An,ijPnj| < €1 Z?:1 lan,ij| < cicq where e,; is the ith unit column
vector. Because {Z,} is uniformly bounded in row sums, Z?:l |2n,ij] < ¢, for some constant c,. It

follows that |2;,n An Pl < 30 1 |2n,ij] - l€),;AnPal < (3051 [2nij])e1ca < czcieq. QED.

Lee (2004b) - Lemma A.8: Suppose that the elements a,, ;; of the sequence of n x n matrices {A,},
where A,, = [an,;], are O(;-) uniformly in all i and j; and {B,} is a sequence of conformable n x n

matrices.

1. If {B,} are uniformly bounded in column sums, the elements of A, B, have the uniform order
2. If {B,} are uniformly bounded in row sums, the elements of B,, 4,, have the uniform order O(i)

For both cases (1) and (2), tr(A,By) = tr(BnAn) = O(3-).
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Proof (Lee (2004b)): Consider (1). Let ay;; = <. Because a,;; = O(;-) uniformly in i and j,

there exists a constant ¢; so that |c, ;| < ¢1 for all 4,5 and n. Because {B,} is uniformly bounded in
column sums, there exists a constant ¢y such that 2221 |bn,kj| < ¢y for all n and j. Let a; ,, be the ith row
S % 2?21 |bn,jl| S
<2, for all i and . Furthermore, [tr(A,B,)| = | >y @inbnil <D0 ainbng| < cicaq-. These prove
the results in (1). The results in (2) follow from (1) because (B,A4,) = A}, B, and the uniform bound-

of A,, and b,,; be the Ith column of B,,. It follows that |a; »by, | < ,%” ;‘L:1 [€n,ibn.ji

edness in row sums of {B,} is equivalent to the uniform boundedness in column sums of {B}}. Q.E.D.

Lee (2004b) - Lemma A.11: Let A, = [a;;] be an n-dimensional square matrix of constants. Let
V, = [v1,v2,...,v,)" be a vector of iid random variables with zero mean, variance, o2, and finite fourth

moment, f4.Then
E(V!A,V,) = o?tr(A,),
E(V,AnVn)? = (pa — 30%) 350 af + o[tr?(An) + tr(An A7) +tr(A7)],
3. var(V) A, V) = (pa — 30*) Y1 a4+ o [tr(A, AL) + tr(A2))].

In particular, if ’s are normally distributed, then E(V!A,V,)? = o[tr?(A,) + tr(A, A)) + tr(A2)]
and var(V,A,V,) = oltr(A, AL) + tr(A2)].

Proof (Lee (2004b)): The result in 1) is trivial. For the second moment,

E(V3AVa)? = E(CILy Yoioy agvivs)® = BTy Y001 Yoot 21y Qi @mVivivi).

Because v’s are i.i.d. with zero mean, E(v;v;v;v;) will not vanish only when i = j =k =1,(i = j) #

(k=10),(i=k)#£(j=1),and (i =1) # (j = k). Therefore,

E(V,A,V,) Za”E )+ ZZa“aﬂ I/f) + zn:zn:a?jE(u v?

i=1 j#i i=1 j#i
+ ZZaijaﬁE 129%
i=1 j#i
n n n n n n n
= (pa—30") ) ag+0* D auag; +Y Y al+ Y Y aial
i=1 i=1 j=1 i=1 j=1 i=1 j=1

= (g — 30) Z aZ + o [tr3(Ay,) + tr(A, AL) + tr(A?)]

i=1
The result 3) follows from var(V, A, V,) = E(V,! A, V,)? — E?(V,A,V,,) and those of 1) and 2). When
v’s are normally distributed, py = 302. Q.E.D.

Lee (2004b) - Lemma A.12: Suppose that the sequence of n x n matrices {4,,} are uniformly bounded

in either row and column sums, and the elements a,, ;; of A,, are O(hi) uniformly in all ¢ and j. Then,

25



E(VyAnVy) = O(3%), var(V,AyVy,) = O(3%) and V, A, V,, = Op(4=). Furthermore, if limy, o, % = 0,
ba V! AV — B2 B(V)I A, Vi) = 0p(1).

Proof (Lee (2004b)): E(V,A,V,) = o*tr(A,) = O(;~). From Lemma A.11, the variance of
VIA,V,, is var(VI A, V) = (ug — 30*) Z?_l ag i +o0 [tT(AnA’ ) + tr(A2%)]. Lemma A.8 implies that
tr(A2) and tr(A, Al) are O(3-). As iy al ; <tr(AyA}), it follows that - = O(5%). Hence,
var(V, Ay V) = O(3%). As E((VyAnVa)?) = var(Vy AnVi) + E* (Vi A Vi) = O((35)?), the generalized
Chebyshev inequality implies that P(%|V7;AnVn| > M) < ]\}2(}2’ VE((ViAV,)?) = 320(1) and,

, VALV, = 0,(1).
Finally, because var(22V!A,V,) = O(2) = o(1) when lim, o %= = 0, the Chebyshev inequality

implies that "=V A,V,, — = B(V}A,V,) = 0,(1). Q.E.D.
White (1996) Definition 3.3 (Identifiable Uniqueness): Let Q,, : © — R be continuous on O, a

i=1 nu

hence

compact subset of RP, p € N, and let ©,, be a non-empty compact subset of ©, n = 1,2,.... Suppose

that @, (#) has a maximum on ©,, at 67

*,n=1,2,.... Let s,(¢) be an open sphere in RP centered at

0% with fixed radius € > 0. For each n = 1,2,... define the neighbourhood 7, () = s,(¢) N ©, with
compact complement 1t (¢) in ©,,. The sequence of maximizers 0* = {6} is said to be identifiably unique
on {O,} if either for all € > 0 and all n, ng(e) is empty, or for all e > 0

lim sup| max Q,(0) — Q.(0:)] <0

n—00 067] (g)

|

White (1996) Theorem 3.4: Let (2, F, P) be a complete probability space, let © be a compact
subset of 7”,p € N and let {©,} be a sequence of compact subsets of ©. Let {Q,} be a sequence of
random functions continuous on © a.s. - P and let 0, = argmaze, Qn(-,0) as. - P.If Qn(-,0)—Qn(0) — 0
as n — 00 a.s. - P (prob-P) uniformly on © and if {Q,, : © — R} has identifiably unique maximizers 6*

on {0,,} then 6, — 07 — 0 as n — oo a.s. - P (prob - P). |

7.2 Proofs of theorems

In this section, we first state some properties that we frequently use in our proofs. We show the prop-
erties of In|det(S, (A, )], o2(\,7), Qn(A,7), and an auxiliary model Q, ,,(A, 7). Detailed proofs of the
identifiable uniqueness, consistency and normality of the QML estimator 6,, are shown in the subsequent
sections. The proofs are carried out following the approach in Lee (2004a). Note that, for notational
convenience, we omit the parameters in the parentheses when the parameters are at their true values.

For example, we write W,, for W, (7).
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7.2.1 Properties of In|det(S, (A, 7))|

Let A1 and A be in A and v; and ~s in I', and all of them belong to A ® I'. By the mean value theorem,

(InJdet(Sa (A2, 72)]  In|det (S (A1, 7))
= _%tr(Wn(ﬁn)Svjl(;‘mﬁn))[/\2 - )‘1] - );Tntr(zn(:yn>sr:1(5‘na'7n>)[72 - '71]
= (G (s )z = M = 2247 (T (s )2 = 1] (25)

where ), lies between A\ and Ay, and 7, lies between v, and 5. Note that G,, = W,S, Y and T,, = Z, S, .
As {S;;1(\,7)} is uniformly bounded in either row or column sums uniformly in A and « by Assumption 9,
and elements of W, () are assumed to be O(;-) by Assumption 5, then Lemma A.8 in Lee (2004b) implies

n

that Ltr(G,(X, 7)) = O(hln ). The term Z,(3,) on the right hand side of (25), which is the first-order

derivative of W, (y) with respect to v at 7, is continuous and uniformly bounded by Assumption 5, then
%tr(Tn(j\,’y)) = O(ﬁ) as well. Hence, 11n|det(S,(),7))| is uniformly equicontinuous in A and 7 in
A®T. Because A ® T is a compact set, = (In|det(S,(A2,72))| — In |det(S, (A1,71))]) = O(1) uniformly in

A1 and Ag, and 7 and 72 in A®T.

7.2.2 An Auxiliary Model Q, (), 7)

As in Lee (op. cit.) we introduce the following pure SAR model, and corresponding log likelihood:

Y, = \W,,(V)Yn +en &4~ N(0,021,)

In Ly (A7, 0°%) = —g In(27) — %ln o 4+ 1n|det(S, (A, 7))

1
- 7Y7:S;z(>‘77)5n(>‘a7)yn- (26)
202

Then, defining
Qpn(A,7) = H[II%XE[IH Lp,n(>‘77702)]

and
72 09) = Dir(S, S, (08, ()5
=o2[1+2(\ — A)%tr(Gn) + (Mo — )\)Q%tr(GnG;)], (27)
we obtain
Qpn(\ ) = —g(ln 2+ 1) — gln o2 (A7) + In |det(Sn (A, 7)) (28)

Note that, by the Jensen inequality, we have Q, »(X,7) < E[ln L, (Ao, Y0,03)] = Qp.n for all A and 7,
which implies that 1[Q, (X, 7) — Qp.n] < 0 for all A and .
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7.2.3 Properties of 02(\,7)

We show that o2 (A, ) defined in (27) is uniformly bounded away from zero on A ® I'. We prove this
by a counter argument. If o2(),v) were not uniformly bounded away from zero on A @ T, then there
would exist sequences {\,} and {v,} in A ® I such that lim,,_,o 02(An,vn) = 0. As established earlier,
L1Qp.n(X,7) = Qp,n) <0 for all A and . This means that

1 1 1
302 (A7) < =5 od + —(In|det(Sy)| — In|det(Sa (X, 7)) (20)
n

We have shown that *(In|det(S,)| — In|det(Sn(X,7))]) = O(1) and it implies that —3 InoZ2(An,vn) is
bounded from above. This contradicts

lim,, o0 02 (An, n) = 0, and so 02 (), ) is bounded away from zero uniformly on A ® T.

7.2.4 Properties of Q,()\,7)

Finally, we show that £Q,,(),) is uniformly equicontinuous on A®I. Note that £@Q,(X,v) = —3(In(27)+
1) — 1Ino’%(A\,7) + L In|det(S, (A, 7))|. Substituting (27) into 072, we have

0*2()‘7’}/) = [()‘0 - )\)Q(GanBO)/Mn(GanBO)

1
HO =3
+og[1+2(N\o — )\)%tr(Gn) + (Ao — )\)Q%tr(GnG;)}
== (A ~ NA(Gn X o) My (G Xnfi) + 03 (A7)

It is quadratic in A and its coefficients %(Ganﬁo)’Mn (GnXnbo), %tr(Gn), and %tr(GnG;) are bounded
by Lemma A.6 and Lemma A.8 in Lee (2004b), so ¢%(\,~) is uniformly continuous on A ® I'. The
uniform continuity of Ino?(\,v) on A ® I follows because % is uniformly bounded on A ® I'. It
will also be shown later that ¢2(\,~) is uniformly bounded away from zero. Therefore, %Qn()\,'y) is
uniformly equicontinuous on A @ I'.

In the following sections, we give detailed proofs of the identifiable uniqueness, consistency and as-

ymptotic normality of 0,,.

7.2.5 Proof of Theorem 1: Identifiable Uniqueness

We show that

1 1
li Z0,(07) — ~Q, M <0 30
i supl max {Qn(A7) = L@}l (30)
where 1t (v) is the compact complement of the neighbourhood n,(v) = s,(v) N O,, with s,(v) an

open sphere centred at 6y with fixed radius v > 0. Note that, for notational convenience, we omit the
parameters in the parentheses when the functions are at the true values. For example, we write Q,, for

@n(X0,70). We have
1 1 1 1
2Qu(07) = Qu = - (n|det(S, (A, 7)| = ldet(S,)]) = 5 (072 (A7) —Ino?). (31)
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Note that

2
o
0:%(Xo,70) = ;OtT[S;USn(/\m’Yo)/Sn()\oﬁo)S;l]

o2
= 9,158,891 = ap.

n

Add and subtract §InoZ(),~) on the rhs of (31) and rearrange the terms, to obtain

%Qn@\ﬁ) - %Qn :%(ln |det(Sn (A, 7))| — In|det(S,)]) — %(lnaz()\yy) —1Ino?)

1

- i(ln 0—;22()‘7 ’7) —In 0'727,()‘7 ’V))

= (@A 7) = @) — 5002 (A,7) ~ oZ (0,7).

We prove this theorem by a counter example. Suppose that the condition of identifiable uniqueness did not
hold, then there would exist v > 0 and sequences {A,, } and {,} in n¢ (v) such that lim, oo (£ Qy (A, v0)—
1Q.) 0.

As nt (v) is the compact complement set of 7, (1), there exist convergent subsequences { A, } of {\,},
and {7y, } of {y,}. Let Ay and 74 denote the limit points of {),, } and {7, } in A ® ', respectively.
Because %Qn()\, ~) is uniformly equicontinuous in A and ~, then

limy,,, oo (7=Qn,. (A, 74) = 75Qn,,) = 0. However, because —(Ino3*(A,7) — Inon(X,y)) < 0 and
L(Qpn(X7) = Qp,n) <0, which lead to lim, oo (2Q, (X, ) — £Q,) < 0, this limit can be equal to zero
only when limy,,, oo (= Qp,n, (As74) = 5 Qpony) = 0 and limy,,, oo (072 (A, 74) =07 (A+,74)) = 0.
However, limy,,, .o (032 (A4, 74) — 02 (Ay,74)) = 0, contradicts Assumption 10 that guarantees that
lim,, o0 %(GanBO)’Mn (GnXnPo) exists and is positive. Hence, identifiable uniqueness must hold.
Q.E.D.

7.2.6 Proof of Theorem 2: Consistency

The consistency of 6,, follows from the identifiable uniqueness and uniform convergence (White 1996, The-
orem 3.4). We have proved that 6 is uniquely identifiable, so we now need to prove that % In L, (A7) —

1 In Ln()‘a’Y)_

%Qn (X, ) converges to zero in probability uniformly on A®I'. In other words, we show that sup(x y)ergr|:;

LQn(X,7)| = 0p(1). The first step is to show that 62(X,7) — 032(\,7) = 0p(1) uniformly on A ®I', then
we show that [In62(\,v) — Inoi2 (A, )| = op(1).
Clearly, 2InL,(\,7) — 1Q,(\,7) = —1(In62(X\,7) — Ino;2(\, 7)), and we show that 62(X,7) —
0x2(X\,y) = 0p(1) uniformly on A ® I'. Recall that
T2 00) = (o = A6, B0) M (G X 80) + Dot (5784 (A1) S, (M) S
and

1 1
&TZL()\v’Y) = EYAS;()‘a'Y)MnSn()HfY)Yn = E(Mnsn()‘vV)Yn)/(MnSn(/\fY)Yn)
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Because M,, S, (A, 7)Y, = (Ao — MM, G X80 + MpSn(A,7)S,, ten, then

F207) = (o = A7 (Gn X o) Ma(Go X o) + 200 — N Hin(0,7) + Han(A,7)

where
Hin(07) = (G X 60) Mo S0 (0 7)S5 (32)
and
Han(07) = 2087 S50 7) MaSu(A, )87 <o (3)
Thus,

2
62 (A7) = 220 7) = 200 = NHin(A ) + Ha (A7) = 2tr(5,1S, (A7) (A )55 )
and we show that the terms on the right hand side are all 0,(1). We split (32) as follows
1 1
Hln(>\a 7) = E(GanBO)/MnEn + ()\O - )\)E(GanBO)IMnGnEn (34)

and by Lemma A.2 in Lee (2002) and linearity of Hi, (X,7) in A, we have Hy, (A, y) = 0,(1) uniformly in
(A7) € A®T. Next,

Han(07) = 02007) = 2087 S MaSalA 1)S ;e — 72 (0 7)
= 5SS ()
2
= 20tr(S: M S A1) Su (A1) ) = Han(A7) (35)

where Hs, (X, 7) = 1el,S, VS0 (A7) X0 (X, X)) 71 X} S, (X, 7) S, te,. Note that, by Lemma A.2 in Lee
(2002), we have

1 1 A
7xl —1 — 7xl —1 _ 7X/ — 1
NG 7S (A 7)Sy, en NG nSn En NG nGnen = 0p(1) (36)
Therefore,
Hsz, (A7) = %[(ﬁX;Sn()yV)Sglan)’(ﬁ)_l(ﬁXﬁlSn()\,'y)S;lsn)] = 0,(1). Finally, by Lemma A.12

in Lee (2004b),

1
—len S LA )Sn (NS, e = agtr (S, S (A7) n (A7) S5 )] = 0p(1) (37)

n

uniformly in (),7) € A®T. Consequently, we have Ha, (A, 7) — 02(),y) = 0p(1). We have shown earlier
that Hi, (X, 7y) = 0,(1), therefore, 62(\, ) — 02(\,7) = 0,(1) uniformly on A @ T.

Next, we show that |Iné62(\,v) — Ino?(\, )| = o0,(1). Expand the Taylor series, |Iné2(\,v) —

IHJZQ(A,’)’” — |372L(/\x7)*‘7:2()\ﬁ)|

~2
= where &
72 (A7) )

2(X,7) lies between 62(\,7) and o;2(\,7). We have shown

above that o2(),v) is uniformly bounded away from zero on A ® I, then ¢2()\,~) is also uniformly

bounded away from zero on A ® I'. This is because 02(\,v) > 02(),7) as

n

022()‘7 ’7) = (/\0 - >‘)2%L(GanﬁO),Mn(GanBO) + %gtT(S;IIS;L()\, V)Sn(/\v FY)S;l)
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= (Ao — A2 E(Gn X0 B0) M (G X0 o) + 02 (X,7).

Besides, as we have shown that 62(\,v) — 072(\,7) = 0,(1) uniformly on A ® I', and 0}%(),7) is
uniformly bounded away from zero on A ® I, then so is 62()\,7). Finally, these yield |Ina2(\,v) —
In07:2(X, 7)| = 0p(1) uniformly on A @ I' and, hence, sup, ,yeaer |5 In Ln(A,7) = £Qn(A, 7)| = 0p(1).

We have proved that identifiable uniqueness holds and that L In L,(X,v) — £Q, (), 7)
converges in probability to zero uniformly on A ® I'. Consequently, the consistency of An and An, and

thus, 6,, follow. Q.E.D.

7.2.7 Proof of Theorem 3: Asymptotic Normality

To prove the asymptotic normality of the QML estimator én, we need to show that
2
Yo = —lim,_ oo E(%%a’;w(eo)) is nonsingular,
1 8%In L, (0,) 10%2InL,(0y) P
» o0~ —n —oeee ~ — 0

1 8%1n L,,(0o) 19°InL,(60)\ P
and aeor— — £ e ) = 0.

Nonsingularity of ¥, First we show that Xy is nonsingular. Let o = (1, a9, a3, a4)’ be a column
vector of constants such that Yga = 0. Here we need to show that v = 0. From the first row of the linear

equation system Ypa = 0 using the definition of gy, we have

1 1 A
0= lim —X, X a1+— hm X, G X, Bocz + hrn 20 X (ThXnB0)as
ogn

n—oo 0’0 0

Consequently,

= — lim (X! X)) X! (G X, B0) e — nlingo Mo (X! X)X (T, X Bo)as. (38)

n—oo

From the fourth equation of the linear system, we have
1 Ao 1
0= lim —tr(G Jag + lim —tr(T Jaz + lim —ay.
n—oo (IO n—oo 0’0 n—oo 20’0

Rearrange the terms and solve for ay, we get

202 2\g02
ay = — lim —Otr(Gn)ag — lim 229%0
n—oo N n—0o0 n

tr(T,)as. (39)
From the second equation of the linear system, we have

0= lim 7(G Xnﬂo) X o + hm [ (G XnBO) (GanﬁO) + %tT(GSGn)]OZQ

n—oc ogn < ogn

+ lim )\—[(G X,.80) (T, X, B0) + 02tr(GET,)]as + lim %tr(Gn)azl

n—00 0'0 n—oo onNn

for Ao # 0 and G5 = G,, + G,. Substituting o; in (38) and a4 in (39) into the above equation, we get

1 2
0= {hm —(G,LX,LﬁO) M, (G XnB0) + lim ﬁ[tr(Gan) — ntTQ(Gn)]} o

n—oo O-O

+ {hm )\—(G Xn00) M (T, X 080) + lim Ao 21r(GET,) — ztr(Gn)tr(Tn)]] as. (40)

n—oo O'O n—oo n
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Rearrange the terms and solve for as

-1

n— oo O'O

lim —(G X0B0) My (T, X0 00) + lim )\—[tr(GST ) — itr(Gn)tr(Tn)]} as (41)

Note that the inverse in equation (41) above exists as Assumption 10 implies that lim,, %(Ganﬂo)/Mn(Ganﬁo)
is positive and that [tr(G5G,) — 2tr3(G,)] = tr[(¥), + ©,)(¥), + U,)] > 0, where ¥, = G, —
(tr(Gpn)/n)I, (Lee, 2004a).

From the third equation of the linear system, we have

0= lim /\—(T XB0) Xnar + hm /\—[(T X80) (G X0 B0) + agtr(TfGn)]ag

n— oo 00 CTOTL
N 9 s Ao
+ lim —[(T X0B0) (T X B0) + ogtr(TTy)]as + lim —tr(T Yoy

n—o0 O'O n—oo O'O

where 79 = T, + T!,. Substituting o;; and ay into the above equation, we get

0= | im0, 50) MG X i)+ lim 2 fr(TEGy) = 2T, )1r(G)] |

n—oo 0’0 n—oo n

A2 A2 2
| i X M (T X0 + i S2lor(TT,) = 2077,

n—oo 0’0 n—oo N

Rearrange the terms and solve for ay

Qg = — {hm Ao —5— (T X0nB0) M (G X0 B0) + lim )\—[tr(TSG ) — ZtT(Tn)tr(Gn)q _

n—oo O-O n—oo
A Y s 2,
x| lim (T, X, 0) M (T X 50) + lim Z2[tr(T5T,) — =tr2(T},)]| as. (42)
n— oo O'O n—oo mn n

The inverse in equation (42) above exists for Ay # 0 as Assumption 10 implies that lim,, %(Tanﬁo)’Mn(Ganﬁo)
exists. If this limit is positive, then the sum of the terms in the inverse will exist and be positive whereas
if this limit is negative, then the sum of the terms in the inverse will exist and be either negative or

positive. Finally, combine equations (41) with (42), to get

~1
0 :{ [ lim (G X0 B0) My (GnXnBo) + nh_)rréo %[tr(GSGn) - itTQ(Gn)]:|

n— o0 UO

| dim, (6,50 M (1 X )+l 2pr(GET) - 2G| @)
n‘)OO 0
[ Ao Ao 2 -

— | lim g (T XnB0)' My (G X fB0) + lim —[tr(TSG ) — ntr(Tn)tr(Gn)]} (44)
n%w 0 n—oo

A2 A2 2,

« [ 1im —(T XB0) Mo (T X f0) + lim “2[tr(T5T,) — ~tr (Tn)]} }ag (45)

L n—oo 0’0 n—oo MM n

We show that the products of the above equation are nonzero. First of all, Assumption 10 implies that
lim,, 00 %(Tanﬁo)'Mn(Ganﬁo) exists, and lim,,_, %(Ganﬂo) n(GnXnPo) and lim,, o H(T XnBo0) Mp (T X, 50)
are positive. As stated earlier, because [tr(G5Gy) — 2tr?(Gy)] = tr[(¥), + ¥,,) (¥, + ¥,,)] > 0, then
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the first and fourth lines of equation (46) above are positive while the second and third lines exist and
can be either positive or negative.
Next, as the limits above are scalars, rearrange the terms to eliminate the inverses as follows.

o:{[mn 20 (G X Bo) Mo (T Xnfo) + nlﬁm«ﬁﬂg—%wmmwamﬂ

n— 00 0’0 n—oo N

x | lim Ao (T X 0) My (G X0 B0) + lim A—[tT(T;?Gn)— %tT(Tn)tT(Gn)ﬂ

L n—oo 0'0 n— o0

~ [ tim (G X,.80) M (G X,B0) + lim lnragﬁan)-»%mﬁ(ann}

L n—o00 0'0 n—oo N,
: A2 A 2

x| Jim S (T, X, B0) Mo (T Xofi) + lim S [er(T5T,) - 47m~(7g)ﬂ a. (46)
L n—o00 0'0 n—o00 n

Recall that G,, = W,,S,;! and T, = Z,,S,; !, where Z,, is the first order derivative of W,, with respect
to v and Z,, # W, the product of the first two lines is not equal to the product of the third and fourth

lines. Thus, ag must be zero. This leads to as = 0 and, consequently, o = 0.

2 N 2
107 InLn(0n) _ 107I0Ln(b) P, () Ty this subsection we show tha

1 t 1 *InLn(fn)  10°InLy(60)
n 06006’ n 0600

06006’ n 0000’

converges
in probability to zero. In other words, we show that differences between the second-order derivatives of
the log-likelihood function at 6,, and 6y with respect to each parameter converge in probability to zero.
The second-order derivatives, which are assumed to exist and be continuous in the neighbourhood of 6y,

for each parameter are as follows.

#*mnL,0) 1,
“opap — 2% Xn, (47)
9?1n L, (0) 1,
W - _EXan(’Y)Yna (48)
P*InL,0) X,
W - _anZn(pY)Yna (49)
?mnL,0) 1 _,
W - _;Xn&\n(d)a (50)
0*InL, (0 1
TU = ~tr(GR(A 7)) = YW (I Wa(1)Ya, (51)
O*InL,(0)
A
= Y2, (IWa(1)Ya, (52)
PInL,0) 1, ,
ooz~ i tnWn(7)en(d), (53)
9%In L, (0) B ) )
)\2 ! 7!
= 53 ¥nZn (1) Zn (7)Y, (54)
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821n L, (6) A

97002~ g1 nZn(1)en(0), (55)
TR = g~ e -

We now show that the differences between each of the above derivatives at 6,, and their counterparts at
fo converge in probability to zero. First, as 1 X/ X,, = O(1) and 0,, 2 0y, the difference between (47) at
én and its counterpart at 6y becomes

l@zlnLn(én) 1% InLa(6o) _ (i 1 >X;LX,L — 0,(1)
n 0BoB  n  9pop ‘oz &2 wm P

Next, the difference between (48) at 0,, and at 6y is

10°InL,(6n) 10°ILn(00) 1 X WoYe 1 X Wau(4n)Ya
n 0B\ n  OBON  af n 62 n

n

(57)

To show that %X;Wn(’yn)Y}L 2, %X;W,LY,L, we use the mean value theorem for a vector-valued function.

Then, for 4, that lies between 4,, and g, we have

< sup
el

XoWa(9n)Yn  X;WaYn .
[palatana Sa— (59)

HXlLZn(%)Yn
n n n

where Z,(7) is the first-order derivative of W,,(y) and |- || is a matrix norm. As 1 X} Z,(%,,)Y;,, = O,(1)
XaWnGulYo _ XaWuXa || 2, 0. This implies that £X,W,(3,)Y, % LX,W,Y,. Then,

n

and rAYn ﬂ’ Yo, ‘

(57) above becomes

19*mL,(0) 10°ILy(6) 1 X,WoY, 1 X[W,Y, W
n  OBON n  O0BON o n 62 n op

1 1 X\W,Y,
=(5—m) "

+0,(1) = 0,(1).

of 62 n
Next, for (49), we first show that
X’:LZn rAYn }/n X;LZTL)/'VL X';LATL ’7'” }/n ~
[piahay < sup || Xen GOl 5 o) — 0, ) (59)
n n ~ver n

where A,,(y) = OZ#(A’) and 1 X7 A,,(5,)Y, = Op(1). Therefore,

10°InL,(0n) 1°ILn(00) X X0ZuYe  An X} Zn(3n)Yn

n  0B0y n  0Boy a2 n 62 n
X A X! Z,Yn
= (2% - 205D, (1) = 0,00,

For the above equation, note that as A B Ao and 62 RN o3, the continuous mapping theorem implies

that % it %, provided that 02 and 62 are nonzero. Further, for (50), we first look at the following
n 0

equation.
sn(én) == Yn - Xnﬁn - )\an(rYn)Yn = Xn(ﬁ() - Bn) + [)\OWn - )\an(’Yn)]Yn + 5n7
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where &, = (8, An, 7). Substitute this equation into (50) and as we have shown in (58) that = X/ W, (%,)Y;,

%X;LWnYn; the difference of (50) evaluated at 0,, and 0y becomes

10°InLy(6n) 10%InLy(60)
n  0B0c> n  0Bdc?
1 1 . Xe, X)X

_(L_1 ndn s _ AnX! — A X. WY,
(= ) T S B B0) + S [ X W)Yo~ Mo X WY
1 1 X’en X’ X, WY,

= (g - )

54
o) (o n

2 (B Bo) + (= M) T 4 0,(1) = 0, (1)

for 0,, % 6,. Next, for (53), we have

10°InLy(6n) 10%InL,(60) _ 7y,W,
n  OXJo? n  OXdo? cro
1.Y'W!e, Y.!W!(An)en . 5

- Yalalinden) |yt )Xo — 60)

“al o o ;

1 .«

n

1 R .
A4nYr£erL('Yn)5n(6n)

n

To show that the difference above converges in probability to zero, we first apply the mean value theorem

and show that 1 ~Y W] ('yn)an 1 =Y W/ ep.

HYr;erL(:Yn)gn _ Y Wren

HY’Z/ (Fn)en
n n

[n =0l = 0p(1). (60)
vel‘

For 4,, % ~o and 7, lies between 4,, and 7o, (60) above implies that Y’ w! ('yn)zsn 1 =Y, W/e,. Next, we
show that LYW/ (3,)W,(4n)Y, and LY/ W/ (%, )W, Y, converge in probability to LYW/ W,Y,. Apply

n-n n-n n-n

the mean value theorem for vector-valued function, we have

| YiWh () Wa ()Y YW WY, o
n n
YéZ,’l Y )W (An) Yn Y w! Y)Y [l
SSUPH Ll + 2(30)7n (1) ¥ — 70| = 0p(1)
~yel n n
and

Y,;W,’l Y WY, YAW,’ZWnYn YriZ;1 Y )W Y5,

‘ (’y ) _ < sup L _ ,YO| — Op(l), (62)
n n ~el n

where 1Y) Z] (3) W (3n)Ya + Y2 W) (30) Zn ()Y and LY, Z] (53,)W,Y, are O, (h%) Hence, by (58)

n'n

and 0,, 5 0y, the difference of (53) evaluated at 6, and 6, becomes

10°InLy(0,) 10*°InLn(6o) (L1 YaWien

n  OANJo? n  O\do?2 ‘o o n

VoW, WY,

AW X0 (B = Bo) + (A =)= —— +op(1) = 0p(1).

n n

35

P
=



For (55), the convergence is as follows

102InL, (0 102InL .
78 = n(e’ﬂ) _78 = n(e()) = )\0 YZ/ )ZL nZ';L(;}/n)gn(é)
ag:-n

n  0ydo? n  Oyde?:  oin 4

N Y. Zen M YIZh(An)Ens M .
S Rl A A s S AN SR ! (An) X (Bo — Bn)

o5 n o n ~
A YIZL G WYy 3 VLG W)Y

ops n G4 n

The same intuition as in (53) above applies here as well. By the mean value theorem, we first show that

lylzl ('Yn)gn P lylzl

n n“n ninén€

‘ YiZh(Gn)en  YaZhen

n
Then we show that LY Z’ (3,) W, (%,)Y; and %Y,{Z;L (A )W, Y,, converge in probability to %YAZ;LW,IY”.

n-nn

/A/ '_Yn £n

up || P 5 ) 0, 1) (63)
'yeI‘

By the mean value theorem,

YaZihGn)Wa¥n  YiZiWaY Y AL () W Yy
‘ o - H—) n = Y| = o0p(1) (64)
n n ’yEF n
and
‘ YnZn(’Vn)Wn('AYn)KL - Y,:Z;anYn (65)
n n
VAL () Wa(3)Yn | YaZy (3n) Zn(30)Ya || 2
< sup n)Wa ()Y (1) Zn () B — 0] = on(L).
yer n n

where %YAA;L(’?H)WHY“ and %YAA;L(’S/H)WH('%)YH + %YéZ,’l(fyn)Zn(f?n)Yn are Op(i). Then, with (63)
- (65) and (59), the convergence of (55) becomes

10°InL,(6n) 10°InLy(60)

— (20 _ AnyInntn 7y 7' X — B,
n  Oydo? n  Oydo? (oé‘ &;*L) n 4 Xn(Bo = Fn)
A o V! ZI W, Y,
~Gro 42T Zedn )~ o, 1)

Note that by the continuous mapping theorem and én 2 0y, we have ﬁ—% 2 2—% and ;\fL 2 5\n)\0, and the
above difference converges in probability to zero.

For (51), (52) and (54), the second-order derivatives involve the trace of matrices G2 (\,7), Tn(),7),
G T (M), Cu(X, ), and T2(A, 7). Note that G(X, 1) = Wa(1)S: (1), Ta(M) = Za(1)S5 (A7),
and Cy,(\,7) = A, (7)S; 1 (A, 7). The difference between the second-order derivatives in (51) at 6, and
0y is

10°L,(0,) 18°WLa(0) 1 ViWiWaYe 1 YJWi(E)Wal5)Ya

n o 0N\ n o 0N ot n o2 n

ltr(cﬂ) . ltr(G (AnsAn))-

As we have already shown in (61), YW}, (3) Wy (9n)Yn 2, LY W/ W,Y,. Next, we apply the mean

value theorem to show that the differences between these traces at 6, and 6 are 0,(1). Let A, lie between
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An and Ag, and 7, between %4, and 7y, respectively. By the mean value theorem,
tr (G (An, ) — tr(GR) = 26r(G5, (M, 7)) [An = Ao]
+2t7(Gn (A 7o) T Ay ) + An Gy (A T ) T (A 7)) i — Y0]-

As G, (A, ) is uniformly bounded in both row and column sums uniformly in a neighbourhood of g

and 7 by Assumption 8, then tr(G2(\,,7,)) = O(;%). Further, Lemma A.8 in Lee (2004b) implies that

tT(Gn(/\nyiyn)Tn(Ana’7’@) = O(hl") and tr(G%(j\naﬁ/n)Tn(;\’ru:Yn)) = O(hln) Since 5\n ﬂ’ /\0 and ;Yn ﬂ’ Y0,

all trace terms on the right hand side of the above equation become 0,(1). Then, the difference of the

second-order derivatives in (51) becomes

192InL,(6,) 18%InL,(6) —( 11 )YT;W,’anYn N
n o O\ n o 0N o 62 n

For (52), the same technique applies. By the mean value theorem,

tr(Tn(Ana :)/n)) - tr(Tn) = tT(T7L(>‘n7 ’_Yn)Gn(/\nv ’_Yn))P‘n - )‘0]
+ tr(Cn(;\m;Yn) + ;\nTi(j\nﬁ’n))Wn — 0]

and

tr(S\nGn(S\n; '?n)Tn(j\na :Yn)) - tr(AOGnTn) = tT(Gn(Ana :)’n)Tn()\n,ﬁn)
+ 2/_\nG$L(5‘na ’_Yn)Tn(;\na ’_Yn))[j\n - )\O} + j\ntT(Tﬁ(S\m ’_Yn)
+ 2;\nGn(;\n7 ’%)Tf(j‘na '7n) + Gn(;\vu :Yn)cn(;\ny ’Vn))[;yn - ’YO]-

Hence, the difference corresponding to (52) that must converge becomes

10*Ly(0,) 10°ImLu(6) Ao YaZoWaVe A YiZh () Wa(3n)Ya
n  ONDy n 0Ny o} n 62 n

[tr(Tn(;\nv 'Vn)Gn(;\nv ’7”))(5\” - )‘0) + tr(Cn(j\n, ’Vn) + Xan(;\n, 'S/n))(’?n - ’70)}

[tr(Gn (S\na WTL)TTL(XTH :Yn) + 2;\TLG$L(X7L7 :Yn)Tn(j\n; ’77L))(5\n - /\0)

SI=3I-

Since S, 1()\,7) is uniformly bounded in row and column sums uniformly in a neighbourhood of A\g and
Y0, then tr(Cp,(An, ¥n)) = O(3-) by Lemma A.8 in Lee (2004b). Note that as An 2 Ao and 4, 2 4,
therefore, the trace terms become 0,(1). As we have already shown in (65) that V! Z/ (9,)Wn (%) Yx i
Y!Z! W, Yy, then
10°InLy(6n) 10°InLy(6)
n  O\Oy n  OAJy

Next, for equation (54), apply the mean value theorem to the traces as follows.

X A ) Y Z! W, Y,
ot 62 n

= (

+0,(1) = 0,(1).

+ 22287 (Tr (A 7n) Cr (A An) + AT Ay 30 ) [ — 7o)
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and

tr(j‘ncn(j‘m;yn)) - tr(/\OCn) = tT(Cn(;\n,’?n) + ;\ncn(j‘naﬁn)Gn(j‘na'yn))[j‘n - /\0]

where V,,(\,7) = Bn(7)S; (A, 7) and B, (y) = %’VW). The difference of (54) evaluated at ,, and 6y is

10°nLn(0n) 102WLn(00) M YnZiZnYn A2 YiZl(3n) Zn(9n)Ya

n Oy n 02 - o} n a,% n

1 _ _ _ — s
- E[tr(CH(Anv 77'”) + )\ncn()\na :Yn)Gn()\na ’VTL))(ATL - /\O)

1 — A
- 7[2)\ t?“( (/\nv')/n) + 2/\ T ()\naﬁn)Gn()‘n7ﬁn))()‘n - )\0)
+ 205t (To (M ) Co (s Fn) + ATy (A 7)) (i = 70)]-

Note that the elements of B, (7) are uniformly bounded by Assumption 5. Next, we show that 2, Z, () Zy () Yz 2
1y 7] Z,Y,. By the mean value theorem,

Y Zn () Zn(n)Yn Y ZZnYa

n n

7:‘A;l(:Y"l)Z"(’?”L)}/”l YTiZ’II'L(:YTL)A’rL(:YH)KL
n n

(66)

< sup ¥ — 0| = Op(l)

yel’

+

where 1Y Al () Zn () Yo + LY Z1 () An () Yo = Op(i)' Hence, the difference of (54) becomes

107 Ln(0,) 102ImLn(6) N N YiZ,Z.Y,

o 92 - 92 = (O_T% &%)nTn +0p(1) = 0p(1).
Finally, for the last derivative (56), we have
10°InLy(6n) 10°InLy(0) — ! _L)_[} el (§)en(d) _isgsn}
n  0(0?)? n  0(02)? 264 208 &8 n o n
where
Lo Gentdn) = g (5 — oy Kan 5, ) 2B, — gy Ten

. X/Wn An)Yn X WY,
08— o Bultn _ Xalluday

187! P R

AT SR ATALGR

~ YW’ (4 Y, YW (A 5 VY
YaWiew 5 YaWaGuen
n n n .

n

+2[N\o
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As 6, 2 6y and by equations (58) and (60) - (62), the above equation can be written as

Lo BalenBa) = S (B o) TR B ) 20— By TR
+2(3 = Xo) (o - ﬁo)’% O3~ AW)M
— (Mo — Xi)m# 2(Xo — A )Y VZ/ nfn 0p(1)
- E%nf" +0,(1).

Then the difference of (56) becomes

19?InL,(6,) 18°WmL,(6) 1 1 11 ee,
N0 w0 a3 T (Gp a7, tall=a)

We have now shown that all of the differences between the second-order derivatives at én and those
at the true values converge in probability to zero uniformly on A ® I".

19°InL,(60) (l 9% 1n L, (00)
n 0006’ n 00006’

verges in probability to zero. By Lemma A.2 in Lee (2002), we have L X/ G,.e, = 0,(1), (G, X,,80)'ep, =
Op( )s (G XnB0)' Gnen = O;D( )5 lX’T n€n = Op( )s (T XnB0)' Gren = O;D( )s ﬁgnTv/z(G Xnfo) =
op(1), n(Tan,Bo) Then = 0p(1), EanTT’L(T Xnbo) = 0p(1), and 1 (T X0 Bo) en = 0p(1). It follows that,

¢ 1 8%1n L, (00) 7E(1 d%1n L, (00)

)% 0 For the final step, we show tha 50057 - —apogr~) con-

1 1
— X/ W, Y, = =X (G, Xn0B0) + X, Gren] = fX;(Ganﬂo) + 0,(1),
n n n

1 1 1
EX;ZnYn = E[X;L(Tan/BO) + X;Tngn] = EX’:L(TanﬁO) + Op(l)a

1 1 1
=Y W) en=—lel,Gren + (GnXnbo) en] = —€,Gren + 0,(1)
n n n

where, by Lemmas A.8 and A.11 in Lee (2004b), and the Law of Large Numbers, E(e!,Gle,) = oitr(G,)

and
1 1
var(kel Gl = (3% ysn g2 —3w<ce>+tr<c¢i>1=0<—>.
n TL

nh,,
Next,
%Y;W,;Wnyn = [(GnXnfo) (GoXnfo) + £4GyGnen + (G Xufio) Gucal

(GnX0nB0) (GnXnBo) + €,GrGren] + 0p(1)

:\'—'2\'—‘

with E(e),G!,Gren) = optr(G),G,) and

l ! 22 3UO n 1 2 % i 2\ _ i
’UCLT‘(nEnGnGnEn) - ( n )Ez I(G Gn)u + ng tr((GnGn) ) - O(nhn)
Following,
%Y,;Z;WnYn = (T X0nB0) (Gn X0 Bo) + ., ThGren + (T, X0nB0) Guen + en Tl (Gn X0 50))

:\»—‘SM—‘
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where E(e), T, Gren) = odtr(T.G,) and

l ! _ (M4 _303 n / 2 Oj / ’ / / 2
var(—enTnGnen) = (5 )81 (T,Gn )i + S [tr(TnGu)(Th.Gn)') + tr((1,Gn)”)]

1 1 1
Y/Z/ ZnYn = (TanﬂO)/(TanBO) + EE;ZTT/LTngn + ﬁ(TanBO)/TnEn + EE;LT;L(TanBO)

1
En n

SI=31=

1
(TanﬂO)/(TanﬁO) + ﬁE;zTATngn + Op(l)

where E(€;«LT7{LT7I,€H) = G(Q)tT(TTILT") and

1, L — 3061 204 1
—e! T Then) = (———2)S0 (TVT,)% + —2tr((T)T,)?) = O(——
U@T(n€n n Tbgn) ( TL2 ) 171( n n)n+ TL2 t’l"(( n n) ) O(nhn)
Finally,
1 !zl 1 / / 1 /! 1 ! /!
=Y, Z e, = —e,Tren + —(TnXnbo) en = —€, Ty en + 0p(1)
n n n n
where E(e! T!e,) = odtr(T},)
1 pa — 308 og 1
UW‘(E%TnEn) = (TO)Eileiii + ;g[tT(T7szL) +tr(T7)] = O(Thn)'

2 2
With the above results, we have shown that L& %Lalbo) gLl lalo)y P, o Hence, from

\/ﬁ(én — ) = —(%82(};@7{%5’,@)_1 . ﬁ%g(go), the asymptotic distribution of the QMLE 0,, follows.

Q.E.D.
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7.3 List of Countries

Table 1 below presents a list of 91 countries and their isocodes.?

No Country Code No Country Code No Country Code
1 Angola AGO 32 Greece GRC 63 Pakistan PAK
2 Argentina ARG 33 Guatemala GTM 64 Panama PAN
3 Australia AUS 34 Hong Kong HKG 65 Peru PER
4 Austria AUT 35 Honduras HND 66 Philippines PHL
5 Burundi BDI 36 Indonesia IDN 67 Papua New Guinea PNG
6 Belgium BEL 37 India IND 68 Portugal PRT
7 Benin BEN 38 Ireland IRL 69 Paraguay PRY
8 Burkina Faso BFA 39 Israel ISR 70 Rwanda RWA
9 Bangladesh BGD 40 Italy ITA 71 Senegal SEN
10 Bolivia BOL 41 Jamaica JAM 72 Singapore SGP
11 Brazil BRA 42 Jordan JOR 73 Sierra Leone SLE
12 Botswana BWA 43 Japan JPN 74 El Salvador SLV
13 Cent. African Rep. CAF 44 Kenya KEN 75 Sweden SWE
14 Canada CAN 45 Korea, Rep. of KOR 76 Syria SYR
15 Congo, Rep. of CcOoG 46 Sri Lanka LKA rad Chad TCD
16 Switzerland CHE 47 Morocco MAR 78 Togo TGO
17 Chile CHL 48 Madagascar MDG 79 Thailand THA
18 Cote d‘Ivoire CIvV 49 Mexico MEX 80 Trinidad & Tobago TTO
19 Cameroon CMR 50 Mali MLI 81 Tunisia TUN
20 Colombia COL 51 Mozambique MOZ 82 Turkey TUR
21 Costa Rica CRI 52 Mauritania MRT 83 Tanzania TZA
22 Denmark DNK 53 Mauritius MUS 84 Uganda UGA
23 Dominican Rep. DOM 54 Malawi MWI 85 Uruguay URY
24 Ecuador ECU 55 Malaysia MYS 86 USA USA
25 Egypt EGY 56 Niger NER 87 Venezuela VEN
26 Spain ESP 57 Nigeria NGA 88 South Africa ZAF
27 Ethiopia ETH 58 Nicaragua NIC 89 Congo, Dem. Rep. ZAR
28 Finland FIN 59 Netherlands NLD 90 Zambia ZMB
29 France FRA 60 Norway NOR 91 Zimbabwe ZWE
30 United Kingdom GBR 61 Nepal NPL
31 Ghana GHA 62 New Zealand NZL

Table 1: List of 91 countries and their isocodes.

2See http://qed.econ.queensu.ca/jae/2007-v22.6/ertur-koch/ for detail.
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