UNIVERSITYW

Discussion Papers in Economics

No. 15/22

Collateral Constraints and the Interest Rate

Donal Smith

Department of Economics and Related Studies
University of York
Heslington
York, YO10 5DD







Collateral Constraints and the Interest Rate

Donal Smith

University of York

October 19, 2015

Abstract

This paper establishes a transmission mechanism between credit constraints and persistently
low real interest rates. In doing so, it establishes a link between two strands of macroeconomic
literature that have become prominent since the financial crisis; financial frictions literature and
zero lower bound literature. In order to analyse the credit constraints and interest rate inter-
action, the paper presents a perpetual youth overlapping generations model, which is extended
to incorporate an endogenous financial friction in the form of a collateral constraint. Analytical
expressions and elementary diagrams are presented to illustrate the results of the model. It is
found that a tightening of the financial friction reduces the steady state rate of interest, and
that non-linearities exist in this relationship. This result occurs endogenously in the model
subsequent to a change in the constraint. The model also supports hypotheses from the secular
stagnation literature by way of illustrating that population ageing and higher debt levels can

leave an economy more likely to encounter episodes of persistent low interest rates.



1 Introduction

The substantial impact of the 2008 financial crisis and the subsequent prolonged period of ad-
verse conditions, which prevailed across a wide range of economies, have motivated an expansion
of research on a broad range of topics in macroeconomics. This paper focuses on the potential
connection between two of the main strands of this research; the financial frictions literature and
the zero lower bound (ZLB) literature. By linking these two strands of literature, this paper derives
a model that will seek to explain one of the salient features of many economies in the years after the
financial crisis; that of persistently low interest rates. This will be done by building an analytical
framework which permits the real steady state interest rate to be influenced by changes in the credit
market. In addition to this, the resultant model can also be used to look at the probability of an
economy experiencing episodes of persistently low interest rates following a disruption to the credit
market, due to disparate features of the economy, such as financial liberalisation and ageing. The
paragraphs that follow will detail the aforementioned first and second strands of literature which
are employed in developing the model.

The interaction of financial factors on macroeconomic aggregates has been the subject of a long
established literature, thus providing a natural framework for the research motivated by the 2008
crisis. This broad financial frictions literature developed from a ”credit view” of the economy which
stressed the importance of credit market imperfections and variables, such as, net worth, debt and
asset prices in enhancing the explanation of economic fluctuations (Tacoviello 2005). In this litera-
ture, the presence of imperfect information between agents results in credit market imperfections,
leading to a distinct credit channel (Walsh 2010). A large number of papers have developed mi-
crofounded partial equilibrium models capturing the sources of imperfections. In order to quantify
the macroeconomic impact of these credit market imperfections, some of these concepts were in-
corporated into general equilibrium macroeconomic models, with the imperfections being termed,
"financial frictions” (Brunnermeier and Sannikov 2014). The resulting macroeconomic financial

frictions literature has developed in line with a number of theoretical frameworks; notably the



costly state verification approach of Bernanke, Gertler and Gilchrist (1999), the collateral con-
straints approach as per Kiyotaki and Moore (1997) and the financial intermediaries approach of
Gertler and Kiyotaki (2011). In Bernanke, Gertler and Gilchrist (1999), it is found that agency
costs in credit markets vary counter-cyclically due to the effect on firms balance sheets, and this
exacerbates the initial impact of a shock. This amplification effect, termed the ”financial acceler-
ator mechanism”, is a key result that is found in the financial frictions literature and across the
modelling approaches mentioned. The financial accelerator in these models adds to the amplifi-
cation and persistence of shocks, and provides a theoretical basis for explaining the substantial
movements in macroeconomic variables during the financial crisis (Bernanke, Gertler and Gilchrist
1999), (Tacoviello 2005). Much of the focus of the financial frictions literature has had as its subject
the magnitude and persistence of variables in response to shocks in the short run. This literature
has recently expanded to cover a wide range of issues, such as the effect of financial frictions on
open economy models, Taylor rules, risk premiums, macroprudential policy and in fitting models
to national and regional data!.

With respect to the second strand of research that is the subject of this paper, the zero lower
bound literature has sought to explain the characteristics of an economy and the policy options in
a situation where the policy interest rate is close to zero, or at zero. This is the situation which
has prevailed in a number of economies for a prolonged period since the 2008 crisis (Williams
2014). The literature on the ZLB expanded rapidly in the 1990’s due to the Japanese zero interest
rate policy, and also later in the 2000’s due to the low interest rates experienced in Europe and
the US after the technology bubble (Buiter, 2009, Eggertsson and Woodford, 2003). The general
conclusion of this earlier literature was that episodes of ZLB would be relatively infrequent and
generally short lived; with estimates that monetary policy would be constrained by the ZLB five
percent of the time, and that the typical episode would last just one year (Williams 2014). A
broad literature review of this pre-financial crisis research on the ZLB is found in Yates (2004),

and in summary states, ” Overall the risks of being trapped at the zero bound to interest rates are

'For an overview, refer to Walsh (2010) and Brunnermeier and Sannikov (2014).



probably small, and probably overstated”. As stated in Buiter (2009), the existence of the ZLB
has long been acknowledged, but was, however, viewed mainly as a purely theoretical concern with,
as mentioned above, a low probability of practical relevance. In the period after the 2008 financial
crisis, this situation changed sharply, with The Federal Reserve, The Bank of England, The Bank of
Japan and the European Central Bank all lowering their policy rates to their effective lower bounds
(Williams 2014). The ZLB has thus been a binding constraint on Central Bank interest rate setting
across a large number of economies. The tightness of this binding constraint is estimated to be
substantial. Buiter (2009) notes that a number of studies have shown that by following the Taylor
rule principal and abstracting for the existence of the ZLB, the official policy rate in the US in
early 2009 would have been negative and in the range of -5 to -7.5 percent. This condition of
the post-crisis economy called into question much of the predictions of the previous ZLB research;
in particular the predictions that these episodes had a very low probability of occurrence, thus
instigating a new wave of research. The ZLB is now seen as an issue that will constrain policy
options well into the future (Williams 2014). The ZLB literature has also extensively analysed the
policy options for further stimulus, such as quantitative and credit easing.?

Despite this large expansion in research in these two closely aligned fields, there have been
comparatively few papers which integrate elements of these two literatures. The contribution of this
paper is that it establishes an analytical link between the financial frictions literature and a feature
of the zero lower bound literature; that of prolonged low interest rates after a crisis. It does this
by building a model with endogenous collateral constraints; as per the financial frictions literature,
into a benchmark macroeconomic model, which permits a varying steady state interest rate. In
this model low interest rates occur endogenously as a result of a change in the strength of financial
friction. This is different to much of the financial frictions literature wherein the models steady state
rate of interest is generally fixed, and much of the zero lower bound literature wherein the interest
rate fall is initiated by an exogenous change in the rate of time preference. As will be discussed in

the subsequent section, the link between these two features of the crisis has been explored in some

2Refer to Buiter (2009), Eggertsson and Woodford (2003) and Williams (2014) for an overview.



other papers, however, in this paper the result is shown analyticity in a more standard benchmark
model with an endogenous friction. The model that is derived also has implications for hypotheses
on secular stagnation, as the relationship between the credit constraint and the steady state rate
of interest is shown to be non-linear. The link between the model developed in this paper and
this literature will also be explored. The paper is structured as follows; section 1.1 reviews the
literature relevant to the development of the model. Section 2 describes the basic perpetual youth
model with heterogeneous agents. Section 3 details the borrowing constraint in this model. Section
4 analyses the equilibrium and steady state of the model. In Section 5, the interaction of the
financial friction and the interest rate is examined. Finally, Section 6 summarises the results, and

Section 7 concludes.

1.1 Existing Literature

This potential link between the interest rate and financial frictions has been explored in some
papers. In Guerrieri and Lorenzoni (2011), a Bewly-Huggett-Ayagari model is used which features
an exogenous borrowing constraint and a fixed quantity of bonds in order to examine the economic
response to an unexpected tightening of the credit constraint and the way the economy adjusts from
an easy credit regime to a situation of tight credit. They find that a tightening of the constraint
leads the economy to adjust to a lower steady state interest rate. This occurs as a tightening of
the constraint increases deleveraging and increases savings, and thus the supply of lending in the
economy increases. Equilibrium in the asset market means the interest rate falls (Guerrieri and
Lorenzoni 2011). Guerrieri and Lorenzoni (2011) argue that the interest rate dynamics modelled in
the paper are linked to the idea of the liquidity trap. They define the liquidity trap as, ”a situation
where the economy is in recession and the nominal interest rate is zero” (Guerrieri and Lorenzoni
2011). Guerrieri and Lorenzoni (2011) state that their model demonstrates that shocks to agents
borrowing capacity are precisely the type of shocks that push down the economy’s natural rate
of interest, and thus trigger a liquidity trap situation. This provides an alternative to the ad-hoc

changes to intertemporal preferences commonly used in the literature to push the economy into



a liquidity trap (Guerrieri and Lorenzoni 2011). They further argue that, historically, liquidity
trap episodes have typically followed disruptions in the banking system, and that their model
establishes a natural connection between credit market shocks and the emergence of a liquidity trap
(Guerrieri and Lorenzoni 2011). In relation to liquidity traps and the 2008 crisis, Hall (2013) notes,
that the crisis saw a sharp decline in the safe interest rate. Eggertsson and Mehrotra (2014) also
examine the link between financial frictions and the interest rate using an endowment economy three
stage overlapping generations model with exogenous collateral constraints. This model attempts
to explicitly construct a situation in which unemployment is high due to a permanent drop in the
natural rate of interest. Eggertsson and Mehrotra (2014) referred to this as a secular stagnation.
As per the collateral constraints literature, Eggertsson and Mehrotra (2014) state that much of
the analysis in the literature on the financial crisis is based on models with a representative agent
framework and, therefore, a fixed steady state interest rate. This creates a problem in these models,
as changing the steady state interest rate to a new lower level can only be done by permanently
changing the rate of time preference, with the resultant effect that the maximization problem
of the household is no longer well defined (Eggertsson and Mehrotra 2014). It is found that by
using an alternative to the representative agent structure, the natural rate of interest can become
negative in response to a shock to the debt limit of the household sector, and this gives rise to
secular stagnation (Eggertsson and Mehrotra 2014). In terms of the methodology employed, in
the Guerrieri and Lorenzoni (2011) paper, the model is solved by numerical simulation and the
credit constraint is tightened through calibration. Eggertsson and Mehrotra (2014) present a three
stage model with an exogenous credit constraint. In the current paper, a model is constructed that
attempts to capture the result of these other models in an analytical way using a benchmark model
with an endogenous constraint.

The model will need to contain two elements; a framework that permits a varying steady state
interest rate and a financial frictions element. With respect to the financial frictions element, this
paper utilises the collateral constraints approach. The collateral constraints literature has been

used in a number of macroeconomic models to analyse a variety of questions on the role of financial



frictions. Kiyotaki and Moore (1997) construct the benchmark collateral constraints model. Ia-
coviello (2005) translates a simplified version of the Kiyotaki-Moore model into a dynamic stochastic
general equilibrium model (DSGE). In both Kiyotaki and Moore (1997) and Iacoviello (2005), the
models are used to analyse the financial friction mechanism and the interaction of collateral effects
and shocks on the models variables. Iacoviello and Neri (2010) use an extended version of Iacoviello
(2010) to look at the volatility of house prices and housing investment. Monacelli (2009) uses a
model with collateral constraints and durable and non-durable goods, and finds that collateral
constraints help account for the co-movement of these two goods in response to a monetary policy
shock. Gerali et al (2010) construct a DSGE model with an imperfectly competitive banking sector
and collateral constraint type financial frictions. The model looks at the impact of financial friction
on the propagation of shocks on macroeconomic variables. Brzoza-Brzezina and Makarski (2011)
utilise a collateral constrains model featuring a banking sector in a small open economy setting to
analyse the collateral effects on the amplification of monetary policy shocks, loan to value ratio
shocks and shocks to the interest rate margin on the standard variables, amongst others. Campbell
and Hercowitz (2006) construct an infinite horizon borrower-saver model with durable goods as
collateral to analyse household borrowing, and, in particular, the potential impact of changes in
equity requirements on the volatility of output, hours worked, debt and durable purchases. In all
of these applications of the collateral constraints literature, the impact of the collateral constraint
on a number of key variables in varying modelling specifications is explored. However, due to the
modelling choices in these papers; specifically the infinite horizon representative household, the
potential impact of a change in the financial friction on the steady state interest rate cannot be
analysed.

With respect to the second element required in the model; the variation in the steady state rate
of interest, a perpetual youth model is utilised. This model provides a straightforward synthesis
of representative-agent and overlapping generations models, thus allowing features of both models
to be employed in the analysis (Obstfeld and Roghoff 1996). These models have long been used

in macroeconomic analysis, but this has been motivated by other questions unrelated to financial



frictions. As stated in Ascari and Rankin (2007), the perpetual youth framework, like other over-
lapping generations models, implies that ”Richardian Equivalence” does not hold, and thus it has
been used extensively in analysing government debt and deficits, and growth and capital accumula-
tion in the long run, such as in Blanchard (1985). Recently, this framework has become much more
popular in short run models, as it allows a departure from the representative agent framework
(Ascari and Rankin 2007). More recently, it has also been widely used to study interactions of
fiscal and monetary policies, such as in Devereaux (2011), Annicchiarico et al (2008), Leith and
Wren Lewis (2000) and the coordination of monetary and fiscal policy in Chadha and Nolan (2003).
Ascari and Rankin (2013) use this model to show the sensitivity of the Ricardian equivalence result
to the monetary policy rule.

Another advantage of the perpetual youth structure and a reason for its recent popularisation
in short run macroeconomic models, is that in open economy models with a representative agent
the level of net foreign assets is not restricted to a long run equilibrium level (Harrison et al 2005).
The perpetual youth structure avoids this, as it ensures consumption will be stationary and thus
net foreign assets will also be stationary (Harrison et al 2005). This feature has been used widely,
especially in large models of particular economies that have been developed predominantly by
Central Banks 2. In relation to the topic of this paper, some of the aforementioned papers, such
as Kumhoff et al (2010) and Almeida et al (2013), do introduce a concept of credit constraints
into their models. This is done through having a subset of households behave as ”Rule of Thumb”
consumers (Gali et al 2004). As discussed in Beaton (2009), Cambell and Mankiw (1990) justify
the use of this type of consumer by appealing to credit market imperfections and thus they can
be thought of as credit constrained agents. For the purposes of this paper, however, these types
of agents do not engage in borrowing and lending and don’t possess an endogenous borrowing
constraint that can be relaxed. In the model of Kumhoff et al (2010) and Almeida et al (2013),

they are included mainly to enhance the non-Ricardian features of the models.

3Examples include; the LSM model for Luxembourg, Desk et al (2011), The Bank of England Quarterly Model
(Harrison et al 2005), the PESSOA model of Portugal in Almeida et al (2013), the JEM model of the Japanese
economy in Fujiwara et al (2005), Elbourne et al (2009) for the Dutch economy, the Euro area model of Smets and
Woulters (2002) and the GIMF model of the global economy Kumhoff et al (2010).



There is a limited literature which uses overlapping generations models that do contain specific
financial frictions. In the Kiyotaki and Moore (1997) paper, an overlapping generations version of
the basic financial frictions model is outlined in an Appendix. This model contains two productive
sectors differing in their production technologies. This basic model has been applied to study
international asset market dynamics in Kasa (1998). In our model, however, the approach of
Tacoviello (2005) is adopted. Iacoviello (2005) translates a simplified version of the Kiyotaki-Moore
model into a standard macroeconomic model with one production sector and one household sector.
A version of this approach is presented in Andrés et al (2013) who adopts the heterogeneous
producers overlapping generations model of Kiyotaki-Moore to a perpetual youth setting with
households and entrepreneurs. This paper looks at the effect of the presence of collateral constraints
and banking competition on the trade-off between stabilization goals. Its structure does not,
however, permit analysis of the financial friction and interest rate link as, given the structure
used, the steady state interest rate is fixed. Some papers in the perpetual youth literature do
present models that explore factors changing the interest rate aside from the standard increases in
government debt. Vayanos and Vila (1999) find that when the transaction cost on financial assets
falls, the interest rate for the illiquid asset rises in the perpetual youth model. These papers do
not, however, look specifically at financial frictions.

In terms of the zero lower bound literature, large number of recent papers have been motivated
by examining the size of fiscal multipliers when interest rates are very low?. Devereaux (2011)
presents the interest rate and multiplier interaction in a perpetual youth setting, and in Christiano
et al (2011) this interaction is presented in an infinite-horizon setting. In both papers, as in other
papers in this literature such as Eggertsson and Woodford (2003), the concept used to lower the
steady state of interest is a temporary, unanticipated rise in agents discount factor (Christiano et al
2011). As already stated; Eggertsson and Mehrotra (2014) state that this mechanism is problematic
when modelling a prolonged slump in the interest rate.

In order to analyse the link between financial frictions and the rate of interest, this paper

“Refer to Christiano et al (2011) and Devereaux (2011) for an overview.



constructs a discreet time, perpetual youth model with durable goods and an endogenious financial
friction in the form of a collateral constraint. We translate the friction into the model in a simplified
way, as in Iacoviello (2005). The model developed in this paper has a link to the financial frictions

models of Hall (2012) and Chari Kehoe and McGrattan (2007), which will be detailed in Section 5.

2 The Basic Model

The model constructed in this paper draws on a number of papers from different strands of lit-
erature. The financial frictions mechanism in the model is based on Iacoviello (2005). As stated
previously, the Iacoviello (2005) model uses a simplified version of the Kiyotaki-Moore (1997) model,
and it is this version of the Iacoviello model that is used for the friction in this paper. The model
is simplified on the financial frictions side to the extent that, as in Iacoviello (2005), the borrowing
constraint can be proved to bind in steady state only. However, without the additional assump-
tions of Kiyotaki-Moore, it cannot be proved to bind outside of the steady state. An advantage of
taking the approach of Tacoviello as opposed to using two productive sectors (as in Kiyotaki and
Moore (1997) and Kasa (1998)) is that it does not necessitate the use of the "net wealth net worth
relation” employed in these papers, which requires restrictive assumptions on functional form.

In the model in this paper there is a population of consumers whose size is normalized to 1.
This population will consist of two types of agents; a fraction (1 —w) of perpetual youth households
and a fraction (w) of entrepreneurs. The perpetual youth households will evolve according to a
Blanchard-Yaari overlapping generations scheme. Agents are subject to stochastic finite lifetimes,
and face a probability of dying (1 — ),y € (0, 1] at the end of each period. To make aggregation
possible it is assumed that the probability of death is independent of age (Frenkel and Razin 1992).
As in Almieda et al (2013), (1 — ) can be interpreted as the relevant economic horizon behind
agents decisions where the future is a period of lower economic relevance. The probability of death
is the only source of uncertainty in the model. In each period a new cohort of agents v will be

born. The cohort is assumed to be large enough so that the probability of death (1 — ~) is also
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the rate at which the cohort size decreases through time. With this assumption each individual is
still uncertain about their time of death, but the size of each cohort will decline deterministically
through time (Almieda et al 2013). The population of households is held constant, implying that
the number of agents born in each period is the same as the number of agents that die (Almieda
et al 2013).

The financial frictions structure in the model differs from that used in Andrés et al (2013); where
the credit flow relationship is between infinitely lived households, which are the patient agent, and
perpetual youth entrepreneurs; the impatient agent. The patient agent in Andrés et al (2013), as
in Kiyotaki and Moore (1997), fixes the interest rate in the model. This occurs because the patient
agent in these models is an infinitely lived household. Therefore, the standard result; that the
steady state interest rate is fixed by the rate of time preference of the households, holds. Within a
borrower-lender financial frictions model, this situation can be thought of in terms of supply and
demand in a credit market. The suppliers of credit, which in collateral constraints financial frictions
models are typically households, have a perfectly elastic supply curve, and therefore, any changes
in credit demand do not change the market clearing interest rate. In this paper, the households
have a perpetual youth structure and the entrepreneurs are infinitely lived, and thus the steady
state rate of interest in the model will not be determined by the rate of time preference alone.
This facilitates an analysis of the potential effect of a change in the financial friction on the steady
state interest rate as per Eggertsson and Mehrotra (2014). The change in structure allows the
steady state rate to vary. In the remainder of this section the household sector is described, then
the aggregation procedure and the aggregate euler equation are shown. Finally the entrepreneurs

sector is presented.

2.1 Households

In the perpetual youth household sector a new cohort of agents are born in each period of time.
The timing convention that is adopted for the model is that of Frenkel and Razin (1986). Using

this timing convention, the expected lifetime utility function of an agent alive at period ¢ who was
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born in period s is:

EtUs,t = Et Z (/B)Uit Us,v = Z (Vﬁ)vit US,U (]—)
v=t v=t

In the equation above E} is the expectation operator, 8 € (0, 1) is the discount factor and U ,, is the
flow utility in period v. Utility is in the form of expected utility to take account of the probability
of survival from one period to the next. In this modelling structure the probability of surviving
any n periods will be a joint probability (Wickens 2012). The expression adopted for utility on
the left hand side of equation one follows Frenkel and Razin (1992), and is termed the ”certainty
equivalent utility function” as it takes into account the probability of survival. It can be seen that
the infinite horizon utility function is a special case of the perpetual youth model when (y = 1).
Therefore, the presence of the survival probability, with v < 1, has the effect of reducing the utility
of future consumption, and thus it makes individuals more impatient relative to the infinite horizon
model (Frenkel and Razin 1992). This tilting of consumption towards the present relative to the
future can be seen as the probability of death reduces the effective discount factor relative to an
infinite horizon model (Frenkel and Razin 1992). Households will optimize utility with respect to
consumption of durable and non-durable goods, and leisure. The form of instantaneous utility Us ,
is assumed to be:

Usp = ln(c;fveXg’v(l - HS,v)k) (2)

)

In the equation above k, is a taste parameter on leisure and H, is hours worked as a fraction
of the total time endowment in each period. As noted in Ascari and Rankin (2007), to maintain
the wealth-independence of labour supply the hours worked must enter the utility function in this
way. The function used for utility is a constant relative risk aversion utility function (CRRA) with
the coefficient of relative risk aversion equal to one. The CRRA utility function is homogeneous,
and any function that is homogeneous is also homothetic (Varian 1992). That the utility function
is homothetic is a property that is required for aggregation across cohorts. In line with Dedk et

al (2011) and Ascari and Rankin (2007), 0, is a taste parameter related to the expenditure share
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of durable and non-durable consumption °. Using this formulation the parameter can change the
marginal rate of substitution between durable and non-durable consumption, but not the elasticity
of substitution. cs, is consumption of cohort s in period v in real terms. X, is the stock of the
durable good held by cohort s in period v.

Households maximization is subject to the following budget constraint which is expressed in

nominal terms:
1 .
Pvcs,v + Bs,v + Qva,v = WvHs,v + ; ((1 + Zv—l)Bs,v—l - Qva,v—l) (3)

In this equation, P, is the price level in period v, B, , is the stock of households financial assets,
W, is the money wage in period v, @, is the price of the durable good and (i,—1) is the nominal
interest rate on loans between periods (v — 1) and v.

It can be seen from the budget constraint that, in addition to the nominal interest rate on
bonds, each individual agent also receives an additional payment equal to a fraction of their total
asset level. This occurs because in the Blanchard-Yaari model the existence of a non-profit life
insurance company is assumed (Frenkel and Razin 1992). In a situation in which individuals
maximize expected lifetime utility with no bequest motive, and in which there is uncertainty about
the time of death, and in addition to which one assumes there is a large enough number of agents
born in each new cohort such that the frequency of those who survive is equal to the survival
probability v < 1, there is no aggregate uncertainty about the time of death, and thus insurance
is possible (Blanchard and Fischer 1989). This paper follows the approach to insurance of Hu
(1994). The Hu (1994) paper describes the case of both assets and durable goods. In the perpetual
youth situation, the insurance contract stipulates that the individuals wealth; which includes both
financial assets and the durable stock, are transferred to the life insurance company. The insurance

company agrees in return to pay a fraction of each agents wealth to them, in the form of a premium

®The durable good in this model is a dual purpose good that households get utility from and that firms use as a
factor of production. It is a perfect substitute on the sellers side and heterogeneous on the buyers side. It is thought
of as land in Kiyotaki and Moore (1997) and as real estate in Tacoviello (2005)
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payment, whilst the agent is still alive. This allows households to increase utility to a level higher
than if there were no insurance company. Again, the assumption that the conditional expectation of
future life is independent of wealth and the large population turnover ensures that income receipts
and payouts for the insurance company will match in every period (Acemoglu 2009). Free entry of
insurance companies is assumed, and therefore, with zero profits the fraction of wealth which forms
the premium payment is actuarially fair and is equal to 1/ (Almieda et al 2013).

In this paper, credit allocation is of interest and this institutional arrangement for insurance
in the form of a premium payment does not impact the credit market, as all agents will borrow
and lend at the same rate. It should be noted that the alternative institutional arrangement of
insurance companies; that of modelling their presence in the form of a direct surcharge on loans as
outlined in Frenkel and Razin (1992), is not suitable in the presence of durable assets.

As this is a heterogeneous agent model with production controlled by entrepreneurs, and is
also without nominal rigidities, households do not gain profit receipts from firms, and thus these
transfers do not enter the household budget constraint. This has the benefit of avoiding unintended
household wealth effects due to some income streams being subject to insurance and others being
uninsured, as discussed in Harrison (2005).

Households optimising utility subject to the flow budget constraint with the choice variables as

Csv, Hsy, X5 and By, yield the following first order conditions:

1 1+4+14,)P,
L pfsan .

Csv Cs,v-l—va—l—l’Y

R Ws,v

(1 - Hs,v) N Cs,vPv (5)

0 Qv qu+1
@ 6
Xs,v Csv ’76 |:Cs,v+1'7 ( )

In the equation above lower-case letters indicate values in real terms with the price of the non-
durable good being the numeraire.

As mentioned previously, an essential requirement of the perpetual youth model is that the
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agents consumption should constitute a linear function of their lifetime wealth. This facilitates ag-
gregation across cohorts, such that aggregate consumption can be written as a function of aggregate
wealth (Ascari and Rankin 2007). This consumption function is the key behavioural equation in
perpetual youth models (Almieda et al 2013). To arrive at this expression, individual consumption
as a function of wealth at the cohort level is first derived. Firstly, the budget constraint is written

in real terms, and is given as;

1
Csv + bs,v + QUXs,v = wvHs,v + ; ((1 + Tv—1>bs,v—1 - qus,v—l) (7)

In the equation above r; is defined as in Devereaux (2011) as ry = j;t]: t and inflation is defined as

Py+1/P;. The real flow budget constraint is first solved forwards, with the no-ponzi game condition
imposed, to obtain the present value inter-temporal budget constraint. The inter-temporal budget

constraint is as follows:

L+7ri

00 0o
ey e’
WTs,t = § ’Yv tOT: (Cs,v + vas,v) = E ’Yv tOTj (wvHs,v) + bs,t—l + %Xs,t—l (8)
v=t

v=t

In the above WT; is the wealth of an agent in cohort s at time ¢. WT,; is the present value of all
future consumption, or equally the present value of all future income from period ¢ onwards plus
initial wealth. As in Dedk et al (2011), the variable f, is defined as the user cost of the durable

good;

fo= - ] o)

% is the present value factor (Frenkel and Razin 1992). It is the one period rate of interest

compounded from period zero up to period t — 1, such that:
az=(1+70) tA4+7r) (1 +r)7? (10)

In reaching the expression for the present value inter-temporal budget constraint, the no-ponzi

game condition was imposed. Without this condition, the expression would contain a term for
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present value of future debt. If this was positive, the agent would be consuming in excess of the
present value of income plus initial wealth by an amount that never converges to zero (Obstfeld
and Roghoff 1996). The no ponzi-game condition thus requires borrowing to be negative in the
limit. Equally, the household does not want the net present value of consumption to be less than
income plus initial wealth, as this would not be optimizing lifetime utility (Obstfeld and Rhoghoff
1996). Therefore, in the inter-temporal budget constraint the limit of borrowing and saving is set
equal to zero.

The certainty equivalent utility function is now optimized with respect to the present value inter-

temporal budget constraint. The first order conditions for non-durable and durable consumption

are:
Cow = A1 — ) 2L gt (11)
Qly
O(vB)*t A e
+ —Qy J— )\ v —Jv = O 12
X&U ’Yq +1 v ” f ( )

In the above A is the multiplier on the present value inter-temporal budget constraint. The result
is the same as in a standard infinite horizon model in that agents cannot increase lifetime utility by
shifting consumption across time. As in Fujiwara et al (2005), combining the first order conditions

11 and 12 yields an expression for durable goods stock in terms of non-durable goods:

0

Xsp = mcs,vfgl (13)

Using these conditions, and combining the expression for wealth and the first order condition for

durable and non-durable consumption at period (v = t) results in the expressions:
Cop = (1= By)WTs, (14)

1+ r =«
Csit = (1 - /37) ( 7t 1bs,tfl + %Xs,tfl + E 'YU ta’u (wvHs,v)> (15)
t
v=t

The above represents the consumption of an individual as a linear function of wealth. The term
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(1 — B) is the marginal propensity to consume out of wealth. All individuals of the same cohort
will have the same consumption as they will consume the same proportion of their total wealth
in each period. This allows for aggregation, as the saving propensity is independent of age, and
thus there is no within age variation for individuals born at the same time. Consumption thus
depends on total wealth and the propensity to consume. As discussed in Frenkel and Razin (1992),
given the assumptions made about the functional form of utility, which yield a log utility function,
the consumption propensity is a constant over time. In line with Frenkel and Razin (1992), with
respect to the second set of brackets on the right hand side of expression 15, the first two terms

constitute non-human wealth and the sum of wages is termed ”agents human wealth”.

2.2 Aggregation

Up to the present point in this paper, the expressions derived have been at the cohort level.
Aggregate consumption will now be derived. This is defined as the sum of consumption for all
individual cohorts alive at date . Given that the probability of survival is v and the proportion of
the total population of consumers that are households is (1 —w), aggregate per capita consumption

of the household sector is given by:

a=(1-w)1-7) Y 7 (16)

S§=—00

This is interpreted as a per capita expression due to the timing convention used. In the remain-
der of this paper, aggregate and aggregate per capita are used interchangeably. The aggregation
formulation follows that of Frenkel and Razin (1986), such that s is the period in which a cohort
was born (and the cohort can be born at any time to minus infinity). An alternative specification
used in Harrison et al (2005) is to define cohorts by age. The sum is then from s (defined as age)

to positive infinity. In both cases, time extends back to minus infinity, therefore, in the latter case,
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agents age can extend to infinity. The aggregate consumption is written as:

Qy

¢ = (1= pv) ((1 +re—1)bi—1 + @ X1 + Z’Y%taft (wvHv)> (17)
v=t

Equation 17 above is the optimal aggregate consumption rule of the overlapping generations house-
holds. In perpetual youth models it expresses current aggregate consumption of households as a
function of their real aggregate human and non-human wealth and their propensity to consume

(Kumbhoff and Laxton 2010).

2.3 The Aggregate Euler Equation

In deriving the aggregate euler equation, the aggregate consumption function is used along with

the dynamic equation for the evolution of human capital:
1
HC; = % (1 + 7”,5_1) [HC’t_l — wt_lHt_l] (18)

In the equation above HC} is the human component of wealth at time ¢. The aggregate budget
constraint is also required for the derivation of the aggregate euler equation, and, as in Piergallini

(2004), it is given by the expression:
e+ b+ Xy =wiHy + (14 1r—1) bi—1 + ¢ Xi—1 (19)

As in Piergallini (2004) there is no stream of payments from the insurance company in this budget
constraint as these payments are between individuals and so on aggregate payments will cancel with
losses. Combining the expression for wealth, the aggregate budget constraint and then using the
equation for the evolution of human capital yield an expression for the aggregate euler equation.

After some manipulation the aggregate euler equation can be written as:

e = B+ 1o ) — ((1 —0)(1 f’v)(l — 7)) (Et_l N tht_l) (20)
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As in Ascari and Rankin (2007), the level of debt is set in real terms inclusive of the interest rate:

ZN)t_l = (1 + Tt—l)bt—l (21)

This euler equation will collapse into a standard euler equation if (7 = 1), and thus the probability
of death is zero and agents have an infinite horizon. As noted in Heijdra and Ligthart (2000) and
Ascari and Rankin (2007), the aggregate euler equation contains additional terms which are not
present in the individual euler equation. The euler equation now contains a term that is negatively
related to financial wealth and the stock of durable goods. This is due to the generational turnover
effect. As can be seen from the aggregate euler equation, the interest rate will be greater than the
discount factor, and therefore, it can be seen from the individual euler equations that each cohort
will have an increasing path of lifetime consumption. Agents in the prepetual youth model are
thus always saving and accumulating assets (Leith et al 2011). This occurs as agents use financial
assets to fill the gap between their income profile and their desired level of consumption (Ascari
and Rankin 2007). As outlined in Heijdra and Ligthart (2000), this means that the share of human
wealth in total wealth of a cohort is decreasing in the age of the cohort, which is to say very old
agents will have a large stock of financial assets. Given the conditions of cohorts consuming out of
their wealth, new agents having no wealth (apart from their human wealth) and given the death of
a random sample of agents in each period, aggregate consumption between dates ¢t and ¢+ 1 will be
reduced. This is termed the ”generational turnover effect” (Heijdra and Ligthart 2000). Therefore,
aggregate consumption will have a negative term, and will be lower than the infinite horizon case
in proportion to the size of the stock of wealth, the propensity to consume and the probability of
death.

As can be seen from the aggregate euler equation, the generational turnover effect also effects the
interest rate. In the individual euler equation the interest rate is at a level that makes individuals
unable to increase utility by shifting consumption across time, given preferences. The death of a

random sample of agents that have higher consumption than the newly born agents will increase
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this interest rate. The aggregate interest, in line with the individual case, must be so that agents
cant shift consumption across time and increase utility, and thus with the probability of death and

the higher consumption of older agents, is higher than in the infinite horizon.

2.4 Entrepreneurs

The fraction (1 —w) of entrepreneurs in the population use the durable good and labour to produce

a composite good y from a Cobb-Douglas, constant returns to scale production function:
ye = AX,_y)"(H,)'™" (22)

In the above A is the constant technology parameter, X " is the entrepreneurs holding of the
durable good and H " is their labour demand. The parameter v € (0,1) is the output elasticity of
the durable good. As constant returns to scale have been assumed, (1 — v) is the output elasticity
of labour. There is a one period lag on the production of output from the durable good.

Entrepreneurs seek to optimize lifetime utility and their utility is a function of their level of

consumption ¢’. The functional form of deterministic utility at time ¢ is given by:

o0

U, = Z ¢'Inc (23)
=0

The parameter ¢ € (0,1) is the entrepreneurs discount factor and ¢’ is their level of consumption.
As in the collateral constraints literature of Kiyotaki and Moore (1997) and Tacoviello (2005), an
assumption will be required for the value of ¢ so that financial frictions play a role in the model.
This assumption will be outlined in Section three. The entrepreneurs flow of funds constraint in

real terms is given by:
i + 0, = ¢, + @AX, + (14 71-1)by_q + wiH, (24)
b; is the entrepreneur’s net stock of financial liabilities. The constraint states that income from
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production plus borrowing must equal expenditure plus accumulated debt. Accumulated debt is
divided by inflation, P;/P;_1, as it is assumed that debt contracts are set in nominal terms, and
thus changes in the price level will affect realized real interest rates, as per lacoviello (2005).

In the model in this paper, entrepreneurs are also assumed to face a borrowing constraint that is
tied to the value of their collateral; in this case the value of their durable goods holdings for the next
period. This is the same borrowing constraint concept as detailed in Kiyotaki and Moore (1997)
and Tacoviello (2005). As in Kiyotaki and Moore (1997), it is assumed that there is a threat of debt
repudiation, and thus there is the possibility of mutually beneficial debt write-down negotiations
between the agents. Creditors in the model know that this threat exists, and so wont allow the
size of borrowing to exceed the collateral value of the durable good, as per Kiyotaki and Moore
(1997). Lenders will only lend up to the value of the reprocessable asset, thus imposing a limit on
borrowing. The borrowing constraint is given as:

;o m(q1 X))

by < 25
t Rt ( )

It is assumed, as in Iacoviello (2005), that there is a proportional transaction cost (1—m) on lenders
repossessing borrowers assets. The parameter m € (0,1) enters the borrowing constraint, as this
scales the value of the durable goods stock that can be used as collateral. An increase in m is a
reduction in the transaction cost. This parameter change, that can be interpreted as a loosening of
the borrowing constraint, will be used later in the analysis. The value of the durable good holding
is divided by the interest rate R; = (1 + ;) in the borrowing constraint to take account of interest
payments. The total amount that can be borrowed is thus the value of the durable good holding
less the interest payment and the repossession transaction cost.

Entrepreneurs in the model optimize utility with respect to the budget and collateral constraints.

The first order conditions for the entrepreneur are as follows:

1 R
c,—<p<c, ! > + A Ry (26)
t t+1
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at % Yt+1
_ A 27
Cfs (CQH <V Xt, - QtH) M qt+1> 27)

wy = (1= v)y/H, (28)

The inequality constraint that arises from the borrowing constraint in optimization gives rise

to the standard complementary slackness condition:

Ar[m(qe Xy) — bplu] = 0 (29)

Ay is the multiplier on the borrowing constraint. This condition states that either the constraint
binds with equality, or it does not, and drops out of the optimization condition. The conditions
under which the borrowing constraint binds will be outlined in Section 3. For now, a binding credit

constraint is assumed. For the entrepreneur this implies that:

u' () > o (Ru' (chy)) (30)

The marginal utility of consumption in period ¢ is greater than the marginal utility of consump-
tion in ¢ + 1, and, as a result, as in the model of Monacelli (2009), the financial friction means
resources cannot be shifted optimally across time.

The optimization condition for the durable good is also changed with the imposition of the
financial friction. In equation 27, the first two terms on the right hand side are standard for a durable
good, in that the utility from the durable good; which the entrepreneur uses for production, is equal
to the consumption utility value of the discounted marginal product in terms of the composite final
good, plus the consumption utility value of the resale value in the next period. These first two
terms and the left hand side yield the standard result of equalised marginal utility between the two
variables at the optimum level. The difference caused by the presence of the financial friction is
that the durable good has a collateral value, as shown in the borrowing constraint. There is now
an additional benefit to acquiring the durable good; in that it allows a relaxation of the binding

borrowing constraint (Andrés et al 2013).
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This collateral effect gain for the durable good will be positive with a binding constraint. It can
be seen that the tighter the constraint, the greater the marginal utility of the durable good. This
occurs because a tighter constraint increases the gain in total utility from expanded borrowing and
thus reallocating consumption across time. The last optimization condition for the entrepreneur,

equation 28, yields the standard labour demand condition.

3 The Borrowing Constraint

As discussed in Leith et al (2011), in a non-Richardian economy, such as in an overlapping gener-
ations model, the steady state rate of interest will be above the rate of time preference. This gap
between the steady state real rate of interest and the rate of time preference is positively related
to the ratio of financial assets to consumption (Ascari and Rankin 2013). In a typical perpetual
youth model, this feature gives the model the property of a failure of Richardian equivalence, as
an increase in government debt increases the household stock of financial assets. Thus there is
a consumption response from the households and so the increase in debt is non-neutral (Ascari
and Rankin 2013). This general feature of overlapping generations models in which the steady
state real interest rate is not fixed, as in infinite horizon models, but is an increasing function of
household asset holdings, has implications for the lender borrower framework as presented in this
paper. As discussed, in the models of Kiyotaki and Moore (1997) and Iacoviello (2005), the rate of
time preference of the most patient agent in the model fixes the level of the real interest rate. As
a result of the impatient agent/entrepreneur having a higher discount factor, the real interest rate
required for this agent to be indifferent between consumption now and consumption in the future
is higher than that of the patient agent, and thus that which prevails in the model. This difference
creates the motivation to borrow in these models. The other assumption regarding repudiation
provides a basis for a borrowing constraint.

In order for the complementary slackness condition for the borrowing constraint to bind, it

must be the case that A; > 0. The conditions for this to hold in the steady state of the model will
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be analysed below. The expression for A in steady state is derived from the entrepreneurs Euler
equation:

A=—— — = 1
} 7 (31)

In a typical infinite horizon collateral constraints model this expression would depend on the
relative rates of time preference of the agents. However, in the overlapping generations framework
R is a function of variables and is not fixed by the rate of time preference alone. What is required
for a binding constraint is an implied R for the impatient agent that is higher than that of the
patient agent. This should be possible as given ¢ € (0, 1), the implied R for the entrepreneur can
be calibrated to be arbitrary large. However, in order to provide an analytical solution for the
conditions required to guarantee that the borrowing constraint binds in the steady state of the
model an expression for an upper bound value for R is employed. In order to obtain this upper
bound, the discreet time version of a result derived in continuous time in Rankin (2012) is utilised.
The result in Rankin (2012) is stated as a Lemma. It states that in a closed economy version of the
perpetual youth model, a steady state equilibrium cannot exist unless the interest rate is less than
a critical value; a ceiling value. This ceiling is determined by the pure rate of time preference and
the probability of death of the household sector (Rankin 2012). This result is derived under the
condition that aggregate consumption in steady state is finite; that aggregate consumption cannot
be increasing in time Rankin (2012). As outlined in Rankin (2012), this is because a high interest
rate implies consumption increases rapidly with age. In aggregate, this increase would be offset by
the death rate and aggregate consumption would be finite. However, if R is too large, aggregate
consumption would explode with time (Rankin 2012).

The result is derived by solving the cohort level household euler equation. As noted in Mallik
(1998), the closed form solution to a first order difference equation with variable coefficients is

known. Using this solution, the household euler equation at v = ¢ is given as:

t—1
Cs,t = Btiscs,s H Rk (32)
k=s
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This is consumption of an individual born in period s at time t. Aggregate consumption is thus:

t t—1
o= (-1 -0 3 (8 [] B (33
k=s

S§=—00

As in Rankin (2012), it is assumed that C,, is independent of s. It can be seen that the first
three terms on the right hand side of this formulation of aggregate consumption are finite, and
thus whether aggregate consumption is finite in ¢, or not, will depend on the second two terms.

Aggregate consumption will be finite in steady state if:

1
R < o (34)

Therefore, under the condition of finite aggregate consumption in the steady state R has a ceiling.

In order for the borrowing constraint to be binding in steady state is sufficient to assume that:

< (35)

This expression contains the condition, as noted in Kiyotaki and Moore (1997), wherein, unlike
in the infinite horizon case, in an overlapping generations model, it is not necessary to assume a
difference in the rate of time preference between agents in order for the borrowing constraint to
bind in steady state. The entrepreneurs will then always want to borrow more at the prevailing
interest rate in the model. This is a condition used in the financial frictions models of Kiyotaki and
Moore (1997) and Iacoviello (2005). Taking this assumption; which implies an imposition on the
rate of time preference of the entrepreneur, the borrowing constraint will bind with equality in the
steady state. The subsequent section will analyse the steady state of the model, as it is the long
run effects of a permanent change in the model that are of interest.

The restriction on the value of R can also be seen by rewriting the aggregate euler equation as:
a=01-0)1-p7)(1—-7H+ (1+7)Byci—1 (36)
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Using this equation for expositional purposes as in Frenkel and Razin (1992), it is assumed that
the path of human wealth is stationary, H, and the interest rate is at its steady state value. The
human wealth term is positive, and therefore, this dynamic consumption equation has a positive
intercept. The slope depends on RS7y. This yields the same condition as derived previously, as the
consumption dynamics equation will only meet the conditions for the existence of a steady state
equilibrium in a one dimensional first order system if RSy < 1 (Galor 2010). If this condition
did not hold, the economy would not converge to a long run steady state, but would instead be
unstable and consumption would increase without bound (Frenkel and Razin 1992). The condition
used here as derived in Rankin (2012) does not require the assumption of stationary human capital

to arrive at the result.

4 Equilibrium and Steady State

To determine the general equilibrium of the model market clearing is imposed. In the labour
market, the wage rate will clear the market, the supply wage from household optimization will equal
the demand wage from entrepreneurs optimization and labour supply will equal labour demand
(Wickens 2012).

(1 —w)H; = wH, (37)

In the goods market the supply of goods is equal to the demand for goods, and equilibrium is given
as:

yr = (1 —w)er + (.uc:f (38)

The stock of the durable good is fixed, and its size is normalised to one:

X=1=(1-wX;+wX, (39)
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To achieve equilibrium in the credit market, total borrowing must equal total lending:
(1 — w)by = wh, (40)

The steady state occurs when all variables in the model are at their stationary value. It is

assumed that in steady state of this model inflation is zero (7 = 1), and there is a constant rate of

technological progress, (A = 1). The steady state equations in the model are given as :

c+b=wH+Rb (41)
e ((1—(»(1 —fw)(l—v)) (54 o) )
w
¥-1-s[ w
y=AX"Y(H ) (45)

b =mgX’ (46)

Loy (R) AR (47)

(5 (o)) s
w'=(1-v)y/H (49)

5The equations are the aggregate household budget constraint, the aggregate euler equation, the first order condi-
tion for aggregate household labour supply, the aggregate household first order condition for durable goods holding,
the production function, the borrowing constraint, the entrepreneurs consumption euler equation, the entrepreneurs
durable goods first order condition and the entrepreneurs demand for labour condition respectively.
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5 The Borrowing Constraint and the Interest Rate

The change in the interest rate resulting from a change in the tightness of the borrowing constraint
is analysed through the steady state of the model. Analysing the steady state of the model allows
the long run effect of permanent changes to the model to be seen (Herr and Mauner 2009). Following
on from the entrepreneurs steady state first order condition with respect to the durable good, the

multiplier on the borrowing constraint can be written as:

A=— T (50)

Given the presence of the assumptions regarding the discount factors, the borrowing constraint
binds, A > 0, it can be seen that in terms of a partial derivative the change in A with respect to m
is negative. As (1 —m) is the transaction cost, an increase in m reduces this cost, thus loosening
the borrowing constraint, and thus it would be expected that the financial friction in the model
would be reduced. Following Pinheriro et al (2013), a change in the parameter m is interpreted
as a summary of potential factors constraining borrowing and lending between agents. From the
borrowing constraint below it can be seen that borrowing rises with a change in m in proportion

to the value of the entrepreneurs holding of the durable good:

v =mgX’ (51)

From market clearing as the entrepreneurs borrowing increases, the lending of the household sector
will also increase. Also, combining the entrepreneurs first order condition for the durable good,
with their first order condition for non-durable consumption, it can be shown using the assumptions
regarding the maximum value of R and the entrepreneurs discount factor, that the value of the
entrepreneurs holding of the durable good is decreasing in m. This result is noted in Andrés et al
(2013); that in the presence of a collateral constraint entrepreneurs over-invest in the durable goods

in order to smooth consumption. When m increases and the constraint is loosened, the durable
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goods collateral value is reduced, and thus entrepreneurs reduced their holding of the good.

In terms of the context in the broader literature it is worth noting that this result of a reduction
in the holding of a production input with a relaxation of the borrowing constraint is in contrast
to another strand in the financial frictions literature, as outlined in Hall (2012) and (2013) which
follows Chari, Kehoe and McGrattan (2007). In this literature the concept used for the financial
friction is one of combining frictions from a number of potential sources and the entering of these
frictions into the model as a wedge between the return to businesses from the use of physical capital
and the risk free interest rate (Hall 2013). In Hall (2012) and (2013), this concept is modelled as
a tax. This is on the same conceptual basis as the investment wedge approach as used in Chari,
Kehoe and McGrattan (2007). In Hall (2012) and (2013), the analysis in relation to the financial
friction is empirically focussed, and borrowing limits and the investment wedge are assumed and are
exogenous. It can, however, still be compared to the model in this paper. If, in the entrepreneurs
sector, utility from consumption is assumed to be linear and friction is set to zero, A; = 0, then

the optimization conditions yield:

' Yt+1
Ry = @ (V X7 + Qt+1> (52)

This, aside from the absence of depreciation, is the same as one of the key expressions in the model
with financial frictions set equal to zero, as presented in Hall (2012). The difference in the reaction
of the holding of the productive asset to a relaxation of the borrowing constraint in the Hall (2012)
and (2013) papers and the model in this paper, is due to the differing effect of a positive financial
friction between the two models in the above expression. In Hall (2012) and (2013), the friction, as
defined by an investment wedge, means that the return to capital is higher than the real interest
rate. In this paper, as stated, and as in Iacoviello (2005) and Andrés et al (2013), the presence
of the friction adds to the value of the productive asset in the form of a collateral value, and thus
the return to capital will be lower than the interest rate. Therefore, the holding of this asset will

respond in opposite directions to a relaxation of the constraint in each modelling approach. It will
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be shown that, given the assumptions of the model, this difference is not relevant to the interest
rate analysis.

In relation to other approaches to modelling financial frictions, another finding of Chari, Kehoe
and McGrattan (2007) is that financial frictions, as modelled by a costly state verification approach
in Bernanke, Gertler and Gilchrist (1999) or a credit market frictions model such at Carlstrom
and Fuerst (1997), are equivalent to their model; a growth model with an investment wedge. This
finding links these approaches to the Hall (2012) and (2013) approach and the collateral constraints

framework employed in this paper.

5.1 The Interest Rate

Turning to the interest rate, the aggregate euler equation gives an expression for its steady state

1 1= =BnA=-\ (b g
p-ded g )(C+C) 53

level.

As already noted in the infinite horizon case, with the probability of survival equal to one, this
equation reduces to the standard condition that the steady state interest rate is equal to the
reciprocal of the discount factor. From this equation, it can be seen that the steady state interest
rate will depend on the real amount of borrowing and the holding of durable goods per unit of
consumption. With the presence of a durable good the intercept value is different from that found
in more standard perpetual youth models. The intercept will be larger for a positive holding of the
durable good, and will be a function of more parameters than just the household discount factor,
as is the case in standard models.

From the aggregate version of the households first order condition for the durable good, it can

(%)

The ratio of the value of durable to non-durable consumption is fixed by the preference parameter

be shown that:

and the discount factor. Substituting this result into the aggregate euler equation simplifies the
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analysis of a change in the financial friction on the steady state level of the interest rate. As
has been shown, the entrepreneurs holding of the durable good changes in the parameter m, and
this change could have introduced another dynamic to the aggregate euler equation, through the
market for durable goods, that would have changed the interest rate. This fixed ratio simplifies the
analysis.

Another implication of this feature of the model is related to another concept of the financial
friction as used by Hall (2014) and Chari Kehoe and McGrattan (2007). As already noted, this
literature gives the opposite prediction for the change in a factor of production in response to
a change in the financial friction. That the ratio between the value of durable and non-durable
consumption is fixed also avoids this complication, and allows a focus on the change in borrowing
only. This permits the result to be thought of in more general terms as the main impact of
a tightening of the borrowing constraint in a broad range of financial frictions models is that
borrowing will decrease, the issue of changes in the holding of the durable good is abstracted from.

The change in the steady state interest rate in the model from a change in m will, therefore, be
determined by the ratio of households financial assets to consumption only. From the steady state
conditions:

c= wH+qu’%(l —1/R) (55)

b=mqX'——
mgX' (56)

In the model, households cannot hold negative amounts of the durable good, and will not on
aggregate borrow in steady state. Therefore, the lower bound value on R in steady state is the
reciprocal of the discount factor, § < 1. Given that the ratio of the real level of borrowing to
consumption in steady state will increase in m, this suggests that R will increase with an increase
in m. Combining the above two equations with the other equations, in steady state, an expression

for the ratio of households financial assets to consumption as a function of the interest rate can be
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derived as:
m

C(5) 0 m/R— @) +m - /R)

(57)

o | SN

From this equation, it can be shown that the change in the ratio of households financial assets to
consumption is negative with respect to an increase in the interest rate R. This result, given a
reasonable range of values for R, does not rely on any additional parameter restrictions in addition
to those already stated. It is also the case that this equation confirms the positive relationship
between a change in m and a change in the assets to consumption ratio. This relationship again is
not reliant on any further assumptions on parameters.

In addition to analysing the sign of the relationship between the variables and parameters, it is

also of interest to examine changes in magnitudes of these relationships. The relationship between

Qlon

and m is positive. Using the quotient rule, it can also be shown that given the restrictions on
parameter values required to ensure a non-explosive steady state; as already discussed, there is a
positive and convex relationship between these two variables for realistic values (non-negative) of
R. It should be noted that as R = 1 + r, this permits a broad range of values for the real interest
rate. The convex relationship in m is shown in Figure 1.

The result indicates that, given the parameter assumptions made in the model, changes in m
have a greater impact on the financial assets to consumption ratio at higher levels of m. Given that
an increase in m reduces the financial friction, this result indicates that economies with an initial
condition of a looser financial friction will experience a sharper fall in %, and thus in the interest
rate with a tightening of the financial friction.

Turning again to the relationship between R and the financial assets to consumption ratio, it
can be shown that this relationship; whilst negative, is strictly convex for a reasonable non-negative
range of values for the interest rate. It is also of interest to note that the limit of the ratio as R
tends to infinity is a positive constant:

b
lim - > 0 (58)

R—oo C

This limit result applies without any additional parameter restrictions. These results can be used
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along with the steady state aggregate euler equation to sketch the relations among variables. This
is shown in Figure 2:

In Figure 2, the equation relating the interest rate to the financial assets to consumption ratio
is labelled BC', and the aggregate euler equation is labelled EF. In order to be consistent with a
non-explosive steady state, this line (E'F) will have an upper bound. It should be noted that the
intercept value of the aggregate euler equation is determined by a restricted set of parameter values,
as some value choices will violate the restriction on the value of R required for steady state. In
particular, it is sensitive to the choice of taste parameter on durable and non-durable consumption.
While this taste parameter, #, must not be large, the steady state condition does not restrict it to
an unrealistic range of values. The restriction on the level of this variable is stated to be reasonable,
as selecting a value for this parameter at the calibrated value chosen in Iacoviello (2005), § = 0.1,
satisfies the condition. The diagram shows a reduction in parameter m. This is interpreted as a
tightening of the financial friction which will reduce the financial assets to consumption ratio for
any given interest rate and thus lead to a lower interest rate. This is shown in Figure 2 as a shift
in the curve from BC to BC*, and a change in equilibrium from A to A*.

The non-linear relationship between % and m has another implication in that for the same
observed interest rate, there could be a scenario where, if there are factors which reduce the slope
and intercept of the EE curve, shifting down and flattening the line, then in a situation of low
financial friction, this may increase the probability of the occurrence of problems of a persistent
low interest rate due to the convex relationship highlighted in Figure 1. This scenario is presented
in Figure 3. In this figure, this downward shift of the FE curve to EE* could occur due to an
increase in the probability of the survival parameter. If this occurs simultaneously with a reduction
in the financial friction; a shift to the right of the BC curve to BC™, it is possible to arrive at
a new equilibrium point to the right of the original equilibrium; point A, with the same interest
rate, shown as R*, but with a higher debt level. At this new point, a bigger shift in the interest
rate would occur from a change in m at the same initial interest rate. This could be thought of as

two different economies with the same interest rate, but one would experience a bigger fall in the
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steady state interest rate given an increased financial friction.

6 Results

In the model presented the steady state interest rate is shown to be determined by fixed parameters
and ratios of variables; household real lending/financial assets to consumption and the value of
households durable goods holdings to consumption. Given the specification of the utility function
and the separability of durable and non-durable consumption in the steady state, the second ratio
is fixed, and thus the fact that changes in the financial friction impact the market for durable goods
in the model has no effect on the households ratio of durable to non-durable consumption. The
variable ratio of interest is thus household real lending/financial assets to consumption.

With an increase in m, entrepreneurs in the model have the opportunity to borrow more,
and given the assumptions made regarding discount factors, they will increase their borrowing
when possible. With credit market clearing households lending/financial assets increase, and as
demonstrated previously, the ratio increases. This increases the steady state interest rate. The
interest rate is bounded from above under the condition of the existence of a stable steady state
level of consumption. Given that the relaxation of the borrowing constraint raises borrowing in the
model, and this raise in borrowing raises the interest rate, the result is similar to that of Ascari
and Rankin (2007) in that there are real effects in a non-Richardian economy; although from a
different source. In the aforementioned model, it is a government debt increase that raises the
interest rate by adding to households net wealth (Ascari and Rankin 2007). The direction of the
response of the steady state interest rate to the borrowing constraint also matches that in the
Bewley model of Guerrieri and Lorenzoni (2011), and the three generation overlapping generations
model of Eggertsson and Mehrotra (2014). A summary of the model dynamics is similar to the
supply and demand, asset market equilibrium diagram presented for the basic model of Eggertsson
and Mehrotra (2014). In typical collateral constraints models, the credit market, in the steady state,

can be thought of as one characterised by an perfectly elastic supply curve. In the Eggertsson and
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Mehrotra (2014) model, as in the model presented here, there is a supply and demand for credit
and a tightening of the constraint leads to a drop in demand for credit. This shifts the demand
curve downwards. In equilibrium, the steady state real interest rate will be lower. This market
structure is presented in Figure 4.

The model also indicates that a tightening of the financial friction leads to a bigger fall in the
interest rate when the economy is in a situation where the financial friction is relatively low. This
result parallels a result from more short run analysis as in Pinheiro et al (2013), which finds that
the magnitude of the response to shocks can rise and fall depending on the level of financial frictions
present.

As per Figure 3, the model indicates that it is possible to have a scenario where, if there was
simultaneously a relaxation of the financial friction in the economy; for example from a process of
financial development (as in Pinheiro et al 2013), and a process of a reduction in the probability of
death; for example population ageing, this would lead to a situation of an economy with the same
steady state interest rate, but with a higher debt level, which would be vulnerable to a greater fall
in the interest rate from tightening of the financial friction. This scenario involving a change in the
probability of survival holding down the interest rate is in line with a hypothesis promulgated in
Summers (2014). It may also point to a factor to be considered in the literature on the probability

of the occurrence of persistent low interest rates, as discussed in Williams (2014).

7 Conclusions

This paper begins with the observation that, although a vast literature has developed, particularly
since the financial crisis, that analyses the role of financial frictions in macroeconomic models and
the features of macroeconomic models where the policy interest rate is low, there are comparatively
few papers which analyse the link between financial frictions and the interest rate. The main
contribution of this paper is to show that, using a basic and tractable benchmark macroeconomic

model and a benchmark financial frictions model, there is an analytical link between these two
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phenomenon.

To this end, in this paper, a model has been proposed that provides an endogenous theoretical
framework for the impact of financial frictions on the steady state interest rate. The model presented
is a perpetual youth type overlapping generations model with financial frictions in the form of
collateral constraints. This model replicates the basic result of more complex and numerically
simulated models, and demonstrates that a tightening of the financial friction generates a fall in
the steady state interest rate. The model also highlights a non-linearity in this relationship, and
discusses how this result had relevance for the literature on the ZLB and secular stagnation.

Guerrieri and Lorenzoni (2011) state that this basic result may explain why recessions driven
by financial market trouble are more likely to be accompanied by zero lower bound issues. Given
that the model proposed in this paper sees a fall in the interest rate from financial frictions, and
that a major consideration of the zero lower bound literature is the size of fiscal multipliers in a
situation where the interest rate is low, a promising direction for future research could be to provide

an analytical solution to the size of fiscal multipliers in the model.
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8 Figures
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Figure 3: Change of Equilibrium

& | G
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