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Abstract

This paper extends the results on quadratic term structure models in
continuos time to the discrete time setting. The continuos time setting can
be seen as a special case of the discrete time one. Closed form solutions for
zero coupon bonds are provided even in the presence of multiple correlated
underlying factors. The model, which can also be used for pricing credit
risk in a reduced form fashion, is useful when the factors are or depend on
periodically released macroeconomic data or corporate financial reports.
Model estimation does not require a restrictive choice of the market price
of risk.
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1 Introduction

This paper presents a general class of quadratic term structure models (hereafter
QTSM) in discrete time rather than in continuous time. The latter can be seen
as a special case of the former as the discrete time steps converge to zero. QTSM
in discrete time retain the main advantages of QTSM in continuous time. The
short rate can be constrained to be non negative. A closed form solution for
zero coupon bonds is available in a one factor setting and a simple integration
gives also the price of a European bond option.

But the discrete time setting also offers advantages over the continuous time
one. Full closed form solutions are available even in the presence of multiple
correlated factors. This is the case even if the model parameters change over
time. The discrete time setting provides much flexibility in specifying the market
price of risk while the factors transition density remains Gaussian. This is
an advantage in estimation as already noted by Dai-Le-Singleton (2005). The
discrete time setting is more suitable to study models whose factors are or
depend on macroeconomic time series or corporate accounting data, both of

which are released periodically rather than continuously.

2 Literature

The literature most directly relevant to this paper is that on term structure mod-
els in discrete time and that on QTSM. Noteworthy discrete time models are that

of Sun (1992), who proposes a discrete time version of the Cox-Ingersoll-Ross



model, that of Ang and Piazzesi (2003), who propose a Gaussian model driven
by macroeconomic factors, and more recently that of Dai-Le-Singleton (2005),
who study the discrete time counterparts of the continuous time term structure
models of Duffie-Kan (1996) and Dai-Singleton (2000). Dai-Le-Singleton show
that in discrete time, unlike in continuos time, affine models permit a flexible
specification of the market price of risk while still providing tractable likelihood
functions for the observed yields. The latter being of interest for the economet-
ric testing of the models. Also the present paper considers the discrete time
setting, but it analyses quadratic rather than affine term structure models.

QTSM are been studied in continuos time, but not yet in discrete time, at
least to the best of our knowledge. The first QTSM of Beaglehole and Tenney
(1991) and Constantinides (1992) have been recently extended in Lieppold and
Wu (2001, 2002), who price various contingent claims in the quadratic set up, in
Ahn-Dittmar-Gallant (2002), who provide the maximally flexible QTSM, and in
Chen-Filipovic-Poor (2005), who highlight the applicability of QTSM to credit
risk pricing.

This paper extends some of these results about continuos time QTSM to the
discrete time setting. Then the continuos time setting can be seen as a special

case of the discrete time one.



3 Single factor discrete time QTSM

This section presents the basic one factor QTSM in discrete time. We define
with P, ; the price of a zero coupon bond at time ¢ and with n time periods to
maturity. Each time period is of length A = 1, thus the bond expires at time
t +n. We define with 7; the risk free interest rate at time ¢ for the maturity
equal to one period. Equivalently r; can be viewed as the one period yield of
the risk free zero coupon bond P, ¢, i.e. 1, = —In Py 4.

The we invoke the basic risk-neutral valuation equation

P,. = E [6_25371”} (1)
= Ei e Py1,41) (2)

where E} [..] denotes conditional expectation at time ¢ under the risk-neutral
measure. Using risk-neutral valuation as opposed to the stochastic discount
factor pricing formulation has the advantages that indeed r; = —InP;,; and
that, as it will be apparent later, it is simpler to specify the market risk premium
through appropriate choice of the Radon-Nykodim derivative.

We state the following equation, which summarises the assumptions under-

lying the pricing model of this section, and then we explain the assumptions in



turn:

Ty = a+ B, + Vi (3)
Tp1 =3 (1= @) + pp+ &y (4)
gt m N (07 02) (5)
P, ; = eAntBnzetCuzy (6)

where a, 3, U, 02 are constant and A,,, B,, and C,, only depend on n. The first
equation states that the one period interest rate r; is a quadratic function of
the underlying factor z;. The second equation states that the factor = follows
a Gaussian autoregressive process. The third equation defines the noise term
;11 driving z;41 as normally distributed with mean of 0 and variance o%. The
fourth equation states our conjectured solution for P, ;, which we are now going
to verify.

In fact we can restate the pricing equation as

2 2
P.:=F; e~ a—Pri =Yy ecn,—lzt+1+Bn—1It+1+A'n,—1:| ) (7)

which we can also re-write as

A, + B,z + C’nxf = —a— fBx; — \I/attz +A,1+2:(1—¢)Bn

+ouBy 1 + Co (w4 (1 — ) + ¢p)’

+ ln Et e(Bn—l +20n—1l’t(l_¢)+20n—1¢N)5t+1+cn—1f?+1



where

In E, |:e(Bn71+201L7133t(17¢)+2On71¢u’)£t+1+Cn71§§+1:| (8)
1 1 02 (Bn—l + 2077,—11:25 (1 - (rb) + 2077,—1(;5,”)2
— —lo—=In(—= —2C,_ .
no n <02 C 1) + (2 4C, 10?)

In our setting % —2C,,—1 > 0, so the logarithm in the last equation is always
well defined. Appendix 1 shows how equation 8 is derived and also shows that

the above equation imply that

Ay = —a+An_1+ ¢uBa1 + Cro16”i? (9)
1 o? (Bn—l + 2Cn—1¢/u)2
—lno — 3 In (02 — 20n_1) + 2= 4C, 10?)
By, = —B+(1=9)By-1+2(1-0)ouCn (10)
+2Cn—1 (1 - ¢) 02 (Bn—l + 2Cn—1¢/’[’)
(]. - 2077,7102)

02 (2C,_1 (1 — ¢))*
(%45”_102) : (11)

2
I

U4+ (1-¢)*Cpr +

These recursive difference equations are subject to the initial conditions Ag =
By = Cy = 0. We notice that technically these equations provide a closed form

solution for zero coupon bonds. At this point we can verify that at time ¢ the



one-period yield y; ; is

th = — lnPl,t = —Al — let — Clﬂf? (12)

= a4+ fBa+ V=1,

since Ay = —a, By = —f3 and Cy = —V.
Following Ahn-Dittmar-Gallant (2002) we note that, even in this discrete

time setting, r; > 0 as long as «a > % and ¥ > 0. In fact g—;’t’ =0[+2¥z; =0,

giving z; = f% and the corresponding lower bound 7} = o — B% + \Ilf;z =
o — %. This implies that a > % if the lower bound is r; > 0. As in Ahn-

Dittmar-Gallant, we simply assume that this condition is valid. Thus, whereas
the discrete time version of Cox-Ingersoll-Ross type affine models, as in Sun
(1992), poses the problem of possible negative values of r, the present discrete
time QTSM does not pose such a problem.

It is worth highlighting that {;, needs to have a Gaussian distribution in

order for the above results to hold.

4 Multiple factors

Now we extend the previous single factor analysis to a setting of multiple factors.
We redefine x;, 3, u, &;,1, Bn as N x 1 vectors, and ¥, ¢, C,, X, as N X

N matrixes. 71, A, and « are still scalars. Then we reformulate the model



assumptions as

ft+1 “ N (OaI) (13)
re =a+ Bry + 2, Uy (14)
Pt = (= 6) i+ 6p-+ Doy (19
P, = efntBuritaCna (16)

where I is the N x N identity matrix. The assumptions implies that Var (x411 — 2¢) =
¥3'. Without loss in generality we assume that ¥ and C,, are symmetric, which
are conditions for the econometric identification of ¥ and C,, as Ahn-Dittmar-
Gallant pointed out for the continuos time case.

We can derive closed form solutions for A,, B, and C), also in this multi-

factor setting. To how, first we restate the pricing equation for P, ; as

P,,=E, [efafﬁ'wtfZQ‘IIZt6A7L71+B;,1m+1+12+10n711t+1} (17)
Noting that
Ty Cn 1Ty = ((I — @) + pp+ thﬂ)/ Cn-1 ((I —¢)my + pp+ Eftﬂ)

= 2, (I—¢)Cos (I — @)+ (o) Crrobp + (Eftﬂ)/ Cn136;4

+22, (I — ¢)' Crm1dp + 225 (I — ¢) Crm1 D€, 41 + 2 (dp) Crm1 26,44



we define

Q = 2(I-9) Cooi(I—¢)ae+ () Comrdbp+ 22, (I = §) Cordp

F'o= 20,(I—¢) Cpor +2(¢p) Cnr.

Then we can rewrite equation 17 as

Ay, +Bloy+2,Chxy = —a—p'oy—a,Way+ Ap_1+ B, (1 — @)z + (4B)

+ (1= @) zp + o) Copr (1 — @) 4 + op) + Q

+InE, |:6(an1+F),E§t+1+£f/,+lzlcﬂ*1ZEt+1

where

N

’ ’ ’ 1 2
InE, [eBr-1+F) D61 4+€0, 5 cn_lzgtﬂ] —1 v 1 Z By 1+ F) .
s © nabs|2|+2 (( 1+ F) %)

i=1

(19)

= ~1/2

with 7, being the i-th column of the N x N matrix v = ((EZ’) - 2Cn,1) .
Appendix 2 derives equation 19 and shows that equations 18 and 19 imply three

recursive equations for A,,, B, and C,,, which are



A, = —a+A,  +B O, .l 2
n Ot+ n 1+ n—l¢/’6+(¢,u’) Cn 1¢/’(’+ nabs|2| ( O)

1 g: 34171%34171% + B’:Lfl’)/i2 (¢M)l Cn-17v;
3

=1\ +2(¢p)’ Cn-17;B;,_17; +2 (61) Cr17:2 (dp) Crury;

B, = —f+B, 1 (1-¢)+2(¢u) Co1(I—9¢) (21)
n N B;L—I’Yi (On—l%')/ (I - ¢) + B?”L—l/-)/i’y{icn—l (I - ¢)
=1\ +2(op) Co1vYCrt (I — ¢) + 2 (¢11) Crm17:7iCret (I — @)

N

Cph=-V+T-0¢)Cph1(I-0¢)+ 22 (I—¢) Coc1yiCry (I—¢) (22)

i=1

subject to the terminal conditions 4,, =0, B, =10 and C,, = 0, where 0
is an N x N matrix of zeros and 1 is a 1 x N vector of ones. Of course these
equations are a generalisation of the corresponding ones derived above in the
single factor setting. We notice that technically these equations are again closed
form solutions and imply a closed form solution for zero coupon bonds even in
this multifactor setting. On the other hand in continuous time closed form
solutions are not known for QTSM in the presence of multiple factors. Rather
in continuos time a system of ODE’s need to be solved numerically. Moreover

the above closed form solutions are ideal to accommodate parameters whose

10



values change deterministically from one time period to the next.

We also notice that in this multifactor setting r; > 0 as long as o > iﬂ/\lf_llﬁ
and U > 0. In fact g—;’i = [+ 2Vx, = 0, gives z; = —%\If’lﬁ and the corre-
sponding lower bound r} = a — %B’\P_IB. This lower bound for r; implies that,

if « > 18'U~13, then the lower bound is 7} > 0.

4.1 Convergence to the continuos time counterpart

We can consider the above model as the discrete time counterpart of the QTSM
in continuos time such those in Ahn-Dittmar-Gallant (2002) or Lieppold Wu
(2002). In continuos time the state vector x follows the stochastic differential
equation dx = k (u — x) dt + odz, where k and o are N x N square matrixes of
constants, u and x are IV X 1 column vectors and dz is an N x 1 column vector
of differentials of independent Wiener processes. But the above discrete time
autoregressive Markov process can be re-expressed as xy1a —xr = ¢ (p — @) +
¥, 1, where A is the length of the time step. Above we set A = 1. But if
A — 0, 241 A — ¢ converges to dz if only we set ¢ = kA and XY = oo’ A. This
is why we can think of the continuos time QTSM as special cases of the above

discrete time model as A — 0.

4.2 Conditions for parameter identification

If the state variables x are not observable, we need to add some restrictions to
the above QTSM in order to be able to uniquely identify the model parameters.

As already shown by Ahn-Dittmar-Gallant (2002) in a continuos time setting,

11



also in the present discrete time setting we need to impose that:

- U be symmetric; we normalise ¥ by requiring that its diagonal be made
up 1’s;

-u>0,a>0,5=0in order for u to be identifiable;

- 3 be diagonal (triangular) and ¢ be triangular (diagonal).

This restrictions are explained in Appendix 3. In other words the conditions
for the econometric identification of the discrete time model are similar to the

corresponding conditions in continuos time.

4.3 Credit risk

The above term structure model can be reinterpreted as a reduced form model
of credit risk. For example r can be reinterpreted as a risk-neutral default
intensity, P, as the survival probability between ¢ and ¢t + An, P, s — Pry1¢

as the probability of default in the time period ]t + n,t 4+ n + 1], and so on.

5 Physical process

The above multifactor model was built while assuming that, under the risk
neutral measure, which we denote as (), the process of the state variables was
i1 = (I — @) xe + dp+ X& . Now we specify the process for = under the
physical measure, which is of interest for econometric estimation and risk man-
agement. To do so we need to specify a market price. As highlighted by Dai-

Le-Singleton (2005), the discrete time setting allows very flexible specifications

12



of the market price of risk while still retaining tractable transition densities for
the time series of the underlying factors or of the observed yields.
To switch to the physical measure, which we denote with P, we assume that

the Radon-Nykodim derivative is

dP / /
5= o3 (261 F (@)= f(0) f (1)) (23)

where f (x¢) is an N x 1 vector or functions of x; that do not depend on &; ;.
Then the probability density of &, under the physical measure, which we

denote with P (§t+1), is

Plen) = Q6] g = e b A Gl
(2m)™
N
1 _%Z(§t+l,i_f(rt)i)2
= ——¢ =l )
(2m)™

It follows that under the physical measure the process of x becomes

Tip1 = e (L—0)+opu+Xf (xe) + &4 (25)

Tt (1= ¢) + op+Xf (21) + By (26)

where again &,,; «~ N (0,0?). Here the point to note is that f () is a constant
at time ¢, so the choice of the function f (z;) can be very wide. On the other hand

x441 will still be have a Gaussian distribution, irrespective of f (z;). This fact

13



guarantees the tractably of econometric testing, while allowing the researcher

to chose f (z;) from a wide range of candidates, provided that the choice is

consistent with the absence of arbitrage.

f (x¢) will determine the risk-premia demanded by the market as revealed

by the level of excess expected return on the bond worth P, ; over and above

the risk free one period yield r;. To see this we can calculate the one period

excess expected log return as

In
Pn,t

EF [Py_1t4+1]

— Ty = 11'1 EtP [Pnfl,t+1] - (An + B;xt + xéCnmt) —T¢

where EF [..] denotes conditional expectation with respect to the physical mea-

sure. Invoking again equation 19 we obtain

EtP [Pn—Lt-&-l} =

with

Apn 1+ B, 1 (1=¢)x+ op+Xf () + Qp (27)

+((L =)zt + dp+Bf (21)) Comr (1= @) e + G + B (1))
N

|7‘ 1 / 2
i g 2 ((Baoa + Fe))

14



Qr = @ (I=0) Coor (I = @) m + (S +f (1)) Cuma (611 + F (2.)(28)
+22, (I — ¢)' Cr—1 (pp + Sf (1))

Fp = 22,(I-¢) Coot +2(dp+Zf (20)) Cor. (29)

Although unrepoerted, we can also find closed form expressions for the ex-
pected value and variance of future bond yields under the physical measure.
These tractable expressions for expected bond returns, expected future yields
and variance of future yields under the physical measure are of interest for the
econometric testing of the model. For example, they can be used to provide

moment conditions to be used in GMM estimation.

6 Bond options

In this section we provide a semi closed form solution also for bond options in
discrete time and in a single factor setting. We denote with O,,; the price of
a Furopean call option at time ¢ that expires at time ¢t + n. The call gives the
right to buy a zero coupon bond which expires at time ¢t + m and whose value
at t is denoted as P,, ;. At the option expiry the bond is worth P,y +4n =
eA*+B*xt+"+C*mt2+n, where A, B, and C, can be found as shown above in the

single factor setting. Invoking again the risk neutral valuation argument we can

write

15



ttn—1_ 2
On,t — Et e DA 1 max (eA*+B*It+"+C*mt+n _ K, 0):| . (30)

We notice that the the option expires at the money when

2
eA*+B*I1,+n+C*xt+n —InK (31)

which implies that the call will be exercise as long as the following two conditions

are simultaneously met

—B. —\/(B.)? —4C. (4* —nK)
2C,
“B.+1/(B.)? —4C. (A. —InK)

2C, '

= T S e (32)

i1 < Tpy = (33)

To determine the option value O, ; we proceed as follows. We denote with
Ot (xz‘j‘rl) the value of the contingent claim option that pays off the bond
at time ¢ + 1 if and only if z;11 = 2}};, in which case the bond is worth
eA*+B*z:;1+C*m;ﬁ _

H. Then we can write the pricing equation for the one

period option Oy ; (l‘ﬁl) as

2 2
O (23,) = e @ ¥ B 1 cefe B Gt (34)

Tep1=Tiy,

with

16



CeAtBazini+Cial | A+ Buri(1-¢)+BugptCu (2 (1-9)+¢1)* | (35)

E |1

Tep1=TEE,

. )2 1 _1(er)2
(Bt 2(opti (1=4)) CL)E™ +Cu(€")? | ()
oV 2w

where

—-B, + \/(B*)2 —4C, (A, —In H)

= 2C., — 2 (1 = ) — pp.

AJ4+Biz:+CY

2 .
Then we assume that O, (z}},) = Tt g0 that we can write

eA(f'*‘Bi)xt"‘Cfaff e—a—ﬂxt—\lfxf . eA*+B*$t(1—¢)+3*¢ﬂ+c*(xt(1—¢)+¢u)2 (37)
o x2 1 _1(e)?
e(Brt2(optmi (1-¢))Cr) " +CE™ e 2%

oV 2T

A9, B¢ and C¢ only depend on n, the time to the option expiry. The superscript
o highlights that these functions refer to the bond option value. Solving the last

equation gives

17



2

o 1 (xzjil — ¢,U,) Kk kok
A = A =—-a+h oy, 53 + A, + Buxly + Cux5(38)

o *k 1- ¢
B = i+ (o - on) U2 (39)

(1-9¢)°

° = g7 4

C(1 202 ( O)

Now we highlight the dependence of x}}, on H explicitly by writing z7}, (H).
Then in order to find Oy, (2}, (H)), we notice that, given A¢, B{ and CY,
we can find A2, B2, C? for n > 1 as we found A, B,,, C, in the single factor
bond valuation setting. Similarly we can find O, (ftk—s-l (H)) Then integrating
Oy (2371 (H)) and Oy, (27,1 (H)) over H we can find the solution for the

present value of the option since

Oun = [ Ot (571 (H)) + Or (s (1)) it (a1)

—K; /KOO [Ct,n (33:11 (H)) + Cyp (x;“ﬂ (H))] dH

where Cy,, (277, (H)) is a claim that pays 1 if 2,41 = 27, such that bond is

worth H. It can be shown that

Cia (952‘11) = eiaiﬁmti%ﬁfEt {1

——

with

18



Ei [1““:@11} N

giving

1

N |

AS 4 B{ay + C{a? = —a— By — Ua? +1n >

oV 2T

which implies that

2
1 (#7751 — on)
A = —a+In —
! oV 2T 202
Bf = BY
ci = 7

7 Conclusion

<:cril —z (1—¢) - ¢u>2

(44)

This paper has studies quadratic term structure models in discrete time, provid-

ing closed form solutions for zero coupon bonds even in the presence of multiple

correlated factors. Closed forms are available also for state prices and the val-

uation of zero coupon bond options requires one simple numerical integration.

The discrete time setting provides much flexibility in specifying the market price

of risk while the factors transition density remains Gaussian, which is an ad-

vantage in estimation. This point had already been noted by Dai-Le-Singleton

19



(2005) in the context of affine term structure models, but the same is true for
quadratic term structure models. This paper has shown that the same is true
for quadratic term structure models.

Overall quadratic models in discrete time retain the main advantages as
quadratic models in continuos time, but also offer some additional advantages.
An obvious step for future research is the empirical testing of the model here
presented. Moreover the discrete time setting paves the way to relating the
unobserved factors driving the yield curve to discretely observed macroeconomic

variables.

A Appendixes

A.1 The one factor model

This Appendix considers the setting with one single factor. We can derive
equation 8 as follows. We define u ~ N (O, 02), and a and b arbitrary constants.

Then we want to evaluate the expectation

E {eam-b“z] - 1 /6(7%+au+bu2)du. (48)

ovV2rm

20



But if we put v =/ (2% — Qb)_l, we can write

1 9 u?
- ﬁ_b u“+au = —W—I—au (49)
U2 V2% ~2a?
- —2724'(1’(1,— 9 + 2
1 /u 2 v2a?
- 550 5

It follows that

2
1 _ w2 au u2 1 720-2 B (u*’yQa)
/e( 207 Tauth )du . e 2 /e 227 du  (50)
oV 2T Yov2r
;-Y ’yzaQ
I
— 1 62(16—2;:02)'
o/ (& —2b)
and thus
1 1 o2a?
1 E{““*buz}:—l (= -]+ 2% 51
il R Tl P EETrE) (51)

Now if we substitute u = &1, a = Bp_1 +2C, 124 (1 — ¢) + 2C,,_16p and

b = C,_1 into this equation, we get equation 8 in the text.

A.2 The multi-factor model

This Appendix considers the setting with multiple factors. Equation 77 is de-

rived as follows. We define w = X¢;,; and notice that w ~ N (0,X%’). Then

21



we set a = B,,_1 + F' and notice that

E, {e(B"—1+F)'Eft+1+51+1E'Cn—125t+1} (52)

_ 1
Jen™
_ ;/e—%w’(EZ')71w+a/w+w/Cn71wdw

v/ 2m) N abs |3

= | el G (54)

/6_%5;+15t+1+ﬂ/w+w’0n—1wd€t+1 (53)

where we have made the substitutions &, ; = ¥~ 'w and d¢,,, = abs ‘2_1’ dw,
where abs \E*1| denotes the absolute value of the determinant of X1,
Then ((EZ’)_l - 2Cn,1) is positive semidefinite and symmetric. This is

the case since £¥ is symmetric and so is (2%/) 7"

Then C),,_; can be also
be assumed symmetric and negative definite for our purposes without loss in

~1/2
generality. It follows that v = ((ZZ’ )_1 - 2Cn,1) exists and is symmetric.

Then we can write the following

1 - 1 —
—5w (S wt dw+ wCpw = —éw’ ((EZ’) - QCn,l) w + a(Fb)
= —iw’vﬂw +a'w
L1\ -1 /
= 3 (’y w) Y oTwHaw
1
= fiv'v +a'yv

1

where v = vy~ w. Hence, if 7 is of full rank, it follows that the differential

dw is such that

22



dw = abs |y|dv = || dv (56)

where abs|y| is the absolute value of |y| and abs|y| = |y| since 7 is non-
negative definite.

At this point we can write

1 /e—%w/(EE')71111+a/11;+u/0n_11udu _ 1 /efév’v%»a"yv |,Y| ‘@57)
VJemNabs x| J@em) Vabs |3
w2,
= #H?le /67%+a Vivi gy,

v/ 2m)Nabs |3

gl
I1:Y 2
abs |2 i=1°

where 7, denotes the i-th column of v and substituting for ¢ = B,,—; + F
into the last line we get equation 19. We notice that the last line makes use of

the fact that

1 (- % +au) I a2 / _(u=a)? a2
— [ e\ 2 du = ez e 2 du=-¢ez. 58
V2 / V2 (58)

Then we can find the recursive solutions for A,,, B, and C,, in the multifactor

setting. Equations 18 and 19 imply

23



A, + Bz + x,Chxy (59)
= —a—fz —zVa + Ay + By (1 - ¢) ze + op)

2 (I = 6) Cur (I = ) @1 + (64) Coropt + 2 (I = 6)' Cru 1
N

’ 2
In ab'gm 53 ((Bnl + (20} (1= )/ Comt +2(00) Caa)) v@w

i=1

Then, we also invoke the matching principle to separate the variables, we

find that equation 59 implies the following system of difference equations

Ay = —atAua+ B 1ou+ (op) Coigp +1In ab":||2|
N B, 17 By, 17 + B, _17:2 (¢M)/ Cn-17v;

1
52

=1\ 4+2(op) Co1v: By 17 + 2 (¢1) Cr17:2 (9) Cru1v,

Buzy = —fai+ By (1= @)z +2(op) Cooa (I — ) 2

N B}, 17 (Cno17y) (I = @) e + Bl _17,7iCre1 (I — ¢) g
+

=1\ +2(¢p) Coe17:7Cnt (I — @) 24 + 2 (d) Crm17ViCrimr (I — @) 24

N
w1 Cpwyr = =y a4y (1= ¢) Coy (I = @) w42 )y (1= ) CoayiCroy (I — &)
=1
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The equations for B!, and for C), in the text follow immediately.

B Conditions for econometric identification of

parameters

This Appendix discusses the conditions for the econometric identification of the
model parameters. We focus on the general setting with multiple factor. We
consider linear invariant transformations of x, since only linear transformations
will retain the Gaussian distribution given that  has Gaussian distribution. We
denote the generic invariant transformation as x = Qy 4+ 0, where © and y are
N x 1 vectors and Q is an N x N matrix. Q7! is assumed to exist. Then, since
we assumed that r, = o+ 'z + 2, ¥y and 2441 = (I — @) x4 + P+ Y11, we

can re-express these assumptions as

re=a+ 60 +0'V0 + ' Qu +y QY VO + 0"y, + y YUy, (61)

Y — e = o (n— 0 — Quy) + Q7'8E (62)

Then we notice that only if 5 = 0 also © = 0 in order for the transformation to
be invariant. And only if © = 0 can p be uniquely identified in estimation.
Then, since ¥ is symmetric, § = 0 and ©® = 0, we can re-express 7; and

Yt+1 — y¢ under the invariant transformation as

25



e = a4y, Q' UQy, (63)

Y1 —ye = Q00 (U — ) +QTINE . (64)

Then, in order for the transformation to be invariant and for 2 to be con-
strained to be equal to the identity matrix I, either ¥ is diagonal and ¢ trian-

gular or ¥ is diagonal and ¢ triangular.
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