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Abstract

We analyse the implications of multiple Nash equilibria in consumption pat-
terns. Multiple equilibrium theory has been extensively used in macroeconomics
to explain the converge of the system to a low inefficient equilibrium. Its mi-
crofoundations appear very abstract and stylised. It has been recognised that
a rigourous microfoundation matters above all when policy and dynamic im-
plications are considered. For example, Cahuc and Kempf (1997) show that,
just by assuming a restrictive number of players, the standard result of Pareto
superior simultaneous solutions on staggered decisions is not confirmed, or that
introducing a more specific framework, the general expansionary demand poli-
cies do not generate the beneficial effects predicted by general stylised models
(see Pagano (1990) for a discussion). The main contribution of this paper is to
provide a more specific microfoundation of multiple equilibria in consumption
theory.
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1 Introduction

We analyse consumption interaction between individuals when multiple equilibria in
individual consumption patterns exist. We study the conditions under which best
replay dynamics converge to a stable equilibrium. A discrete dynamic adjustament
approach is used for this purpose.

Multiple equilibrium theory has been extensively used since the late 80s as an
alternative paradigm to Keynesian rigidities for the explanation of macroeconomic
equilibrium inefficiency. Cooper and John (1988) concentrate on strategic comple-
mentarities between individual economic interactions as the source of multiple equi-
libria. Given positive spillovers in the player strategies, all the Nash equilibria are
inefficient and Pareto rankable. The economic system can be stuck in a low-activity
equilibrium in which no agent has an incentive to deviate from it. These results are
obtained from an abstract static symmetric framework, in which the individual pay-
off depends on the other individual actions and the individual optimal strategies are
non cooperatively positively correlated. This abstract game can be applied to analyse
different economic situations in which multiple equilibria arise: positive spillovers in
the production process (Bryant (1983), Weil (1989), Durlauf (1991)), participation
externality in search and matching market (Diamond (1982), Howitt (1985), Howitt
and McAfee (1988)), demand externality in multi-sector models of imperfect com-
petition (Hart (1982), Heller (1986)), increasing returns to scale in specialised pro-
duction with imperfect competition (Weitzman (1982)). Although the static results
of all these different models are homogenous (multiple inefficient and Pareto rank-
able Nash equilibria) the dissimilarities between them are significant once dynamics
and policy implications are considered. For example, let us focus on the dynamic
implications of multiple equilibria generated by demand externality in imperfectly
competitive economy. Three principal results arise in the Cooper and Haltiwanger
(1990) dynamic models of imperfect competition with heterogeneous agents: strate-
gic complementarities cause positive comovement in output and employment across

sectors, simultaneous non cooperative solutions are preferred to staggering strategy



solutions, a specific sector shock is magnified and propagated in all the other sectors.
Similar results are confirmed in models of investment decisions with complementari-
ties (Cooper and Haltiwanger (1992) (1993)). But in contrast to the general results
of the static framework, these dynamic predictions can not be generalised for the
entire class of multiple equilibrium models. Cahuc and Kempf (1997) showed that in
a model with strategic complementarities and with only two agents playing Markov
strategies, staggered decisions are Pareto superior to simultaneous decisions. The
predictive power of these models is strictly related to their microfoundations: re-
strictions on the set of number of players and committed strategies are sufficient to
change the dynamic outcome of these multiple equilibrium games. Moreover, a de-
tailed specification of the structure of the models matters when policy implications
are analysed. In highly stylised models aggregate demand expansions are welcome
and considered a remedy to push the system away from the unemployment trap (see,
for example, Matsuyama (1995) for a survey on this topic). By introducing a more
specific framework, these policy prescriptions are disproved. For example, treating
explicitly the saving decisions within an overlapping generation model expansionary
demand policies are not only beneficial but even generally counterproductive (see
Pagano (1990)).

These insights suggest that the general framework of multiple equilibrium models
is too highly stylised and abstract. The principal aim of this chapter is to pro-
vide a more rigorous microfoundation of multiple equilibria in consumption the-
ory. Cooper and John’s model (1988) assuming strategic complementarities in the
consumption patterns can be summarised as follows. Suppose two identical indi-
viduals who allocate income for the consumption of two goods purchased at con-
stant unit prices p;,p2. Suppose that good 1 is the source of consumption exter-
nality. The utility maximisation problem is: IImliX Uh(xlh,fl:\gh(Mh,p1,p27a:1h,),xlg)
where Top(-) = (Mp — p121)/p2-  The solution of this problem defines the re-
action curve of the model. If %ng) > (<)0 the game exhibits positive (nega-
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tive) spillovers. Brindrig

> (<)0 the game exhibits strategic complementari-



ties (substitutes). Suppose that S is the set of all the symmetric Nash equilibria
(SNE): S = {xl €10,z4] | U wran) 0}. Assume that lim 27°@1o1) 5 g and

31’1 $1—>0 axl
QU™ (z1,21)

xlggllf'l .~ <0 and that a SNE exists for which the slope is greater than 1:
then the game exhibits multiple equilibria. The microfoundation of this game is thus
not very detailed: fixing upper and lower bounds on the reaction curve and assuming
that an internal symmetric equilibrium exists with a slope greater than one are suf-
ficient to have a multiplicity of equilibria. In this chapter we show that with a more
rigorous microfoundation, the properties of the reaction curve are strictly connected
to the properties of the marginal utility. Nash corner solution equilibria can arise in
our framework: this enriches the economic implications of this class of models. For
example, assuming an imperfectly competitive setting, externalities in the production
process can influence the market structure. For particular features of the production
externality the oligopolistic equilibrium is not stable and the system will approach
to an equilibrium in which only one firm remains in the market. Another application
can be in the entry games: production externalities can block the entrance of new
firms in the monopolistic market. The prediction that shocks are propagated and
magnified is not still confirmed. We show counterintuitive examples in which posi-
tive shocks don’t generate positive comovement and instead negative shocks can lead
the system to upper equilibria. The rest of the chapter is organised in four sections.
In section II the general framework is presented with a specific microfoundation of
the strategic consumption interactions. Different scenarios are considered in section
IIT according to the nature of the individual consumption interactions. For each of
them, the convergence to a stable equilibrium is examined assuming a discrete dy-
namic approach. Comparative static examples are considered in section IV. In the

last sections we show that all these results are still valid once the consumption setting

is expanded.



2 The symmetric case

Consider two individuals with identical preferences consuming two goods with one
externality inducing good. Let us assume that good one is the source of the exter-
nality. The utility maximisation problem for each individual h (with h = A, B) is

stated as follows:

max {U"(z1n, 2on, T1g) | P11n + pawon = My}
T1h,T2h

where x1, is the quantity of good 1 consumed by the other individual (with g = A, B
and h # g ). The utility function of each individual h satisfies the standard condi-
tions of quasiconcavity and continuous differentiability. The two variable constraint

Lagrangian is transformed into the following one variable unconstrained problem:

max{U" (z1n, Ton(Mpn, p1, p2,718), T14) } (1)

T1h

where Zop,(My, p1,p2,211) = (My — pr21s) \p2-

Solving (1) (OU"(-)\@z1;, = 0) provides the reaction curve of each individual h
for good 1 as a function of prices, individual income and the quantity consumed of
good 1 by the other individual (z14 = f(p, Ma,x1B), x18 = f(p, Mp,x14) with
p = (p1,p2)). Total differentiation of the first order condition gives the slope of each

individual reaction curve:

92Ut () p 92Ut ()

dxlh _ 3$1h8.’1>1g P2 a§2)18$1g (2)
drig 92U 4 gp1 02UM() 32Uh($1h»¢>’$19)(p_1)2
o7, p2 Ox1,0ZT2p o7z, P2

The denominator of (2) is the determinant of the Bordered Hessian of the utility
maximisation problem for individual h. It gives information about the curvature
properties of the utility function when the externality is treated as a parameter.
The individual utility maximisation problem has a maximum only if the Bordered

Hessian is positive, i.e. the utility function is quasiconcave. The sign of the slope of



the reaction curves depends thus only the sign of the numerator. We can introduce

the following two definitions.

Definition 1 : if [02U"(-)/0x1,0214—(p1/p2) (0*U"(-)/0Z21,0214)] > O then dx1p,/da1g >

0, we define the externality effects to be strategic complements.

The reaction curve of each individual is sloping upward: the optimal strategy of
individual A for good 1 is positively associated with the optimal strategy of individual
g for the same good. A possible interpretation of this case is that of conformity
behaviour in the consumption of the same good. Individuals prefer having similar

consumption patterns.

Definition 2 if 0?U"(:)/021,021,—(p1/p2)(82U" () /0T2n0214)] < O then dx1p/d1y <

0, the externality effects are defined to be strategic substitutes

An increase in individual ¢g’s consumption of good 1 decreases the other player’s
consumption for that good. An example is snobbish behaviour in the consumption
patterns.

Information on the curvature of the reaction curves is obtained from totally dif-

ferentiating (1):

rTh rTh rTh rTh rTh _TTh rTh
d dl'lh _ [2leh7xlh7xlgleluxlglehywlh Uﬂc1h79€1g7$1gUﬂc1h73€1h U$1h,$1gU$1h7$1h7$1h]
dxy, dx _773
19 19 UZL’1]1,,£L’1],,

(3)

where:

- _ Ut , UMY p QUM
T1h,T1h,T1g 8gg%h8x1g 8£2hax1haxlg P2 3f§hax19 b2
. B [732Uh(-) o 83Uh(') no 32Uh(.) P12
T1h,T1h 81‘%}1 8.’L‘1ha/x\%h D2 8‘%\%}1 b2
B a2Uh() 82Uh<) P ~ 83Uh() 83Uh() ]2

valh,:m_q = [

]7 T1h,T1g:T1g — [

3I1ha$1g 3fghal’19 P2 al’ulal‘%g 3f2h82$1g P2



. PU) , PUN) i, PUN) by, BUN) g

U, = — a
1hsT1h T1h 3 -~ ~2 3
oxy), O0Ton0x11,0T1h P2 075, 0114 P2 0Ty, D2

It is remarkable to notice that the numerator of the curvature condition is equal

to the determinant of the following matrix:

0 ﬁwhuuwlh leh’wlg
ng = Uﬁlh,xlh fjxlhﬂflhvxlh ﬁa?lh,aclh,xlg
ﬁZlh,{L’lg 61’311;,,,1:1;,,,%19 ﬁajlh,aajlgﬂflg
The matrix B!, is the 3 x 3 Bordered Hessian of the Marginal utility function
ﬁﬁlh = 85;12) - %Ui—};(,;)% of individual h. Thus (3) becomes:

d  dry,,  det(Bl)

dry, dri,’  _[3
g lg Ul’lh#’m

(4)

The curvature properties of the reaction curves are stated in the following propo-

sitions.

Proposition 3 : If the marginal utility is a quasiconcave function, the reaction curve

1S CONVEL.

If the marginal utility is a quasi concave function, det(B",) is positive (see for
example Katzner (1970) p. 211). The denominator is positive from the properties of

the Bordered Hessian of the utility function. It follows that (4) is positive.

Proposition 4 : If the marginal utility is a quasiconvez function, the reaction curve

s concave.

If the marginal utility is a quasi convex function, det(B”,,) is negative. It follows
that (4) is negative.

In the appendix we show that the properties of the slope and of the curvature
of the reaction curve are ordinal properties. They are invariant to any increasing

monotonic transformation.



In the next sections different cases are analysed according to the sign and the rate
of increase of the slope of the reaction curve. For each case we discuss the conditions
for the existence of a unique Nash equilibrium or of multiple equilibria. A discrete
dynamic approach is used to analyse the stability conditions of the equilibria. In
each period, each individual adjusts his consumption pattern by observing the action
of the other player in the previous period. Given arbitrary initial conditions at time
t =1 (x}4, x1p), the adjustment process adopted by each individual in each period is
given by: z%, = f(p, Mh,xigl) with h,g = A, B and h # g. This adjustment process
has been used in different contexts to analyse under which assumptions a system of
best reaction curves converges to a stable equilibrium (see Friedman (1977), Moulin
(1982), Lippman et al. (1987), Vives (1990), Milgrom and Roberts (1990)). It
has been argued that this is dynamically naive (see, for example, Varian (1992) p.
288)) but this adjustment process has been valued for being empirical appealing.
In the next section, we analyse which conditions should be imposed to have best
reply dynamics converging to stable equilibria. Different scenarios can be depicted
according to the sign of the slope, its rate of increase and upper and lower bonds of

the reaction curve. We exclude the cases of free goods: the prices are always positive.

2.1 Strategic Complementarities and convex reaction curve

At first, we analyse the consumption interaction between the two individuals assum-
ing reaction curve with positive slope and increasing curvature. Individual optimal
strategies are positively correlated and individual marginal rate of substitution of the
two goods is increasing with the intensity of the externality effect. To analyse the exis-
tence of equilibria, upper and lower bounds of the reaction curves are defined. Let z7,
solve OU"(x15,, Tan (M, p1, p2,x11),0)/0x1, = 0 : x};, is the optimal level of 21, when
z1g = 0. Let T4 solve 8Uh’(0,fgh(Mh,pl,pg,xlh)xlg)/&mh = 0: T4 is the level of
g consumption of good 1 which makes h consume 0 of good 1. Let z1;, < M, /p; the
optimal level of h's consumption satisfying the utility maximisation problem when

z1g = My/p1 (zy, solves OU"(x1p, Ton(Mp, p1,p2,211), My/p1)/0x1n = 0. Let Tyy



Uh(XI 1 g)

U’ h(XH . g)
Uh(XH 1 g)

Figure 1: Effect of the externality on the maximisation problem when Z1, < M,/p1

be the level of the externality that makes individual h consume 1, = My /p1 (%1g

solves QU (M, /p1, Tan (Mp, p1, p2,218), ¥14)/Ox1n = 0).

Proposition 5 With strategic complementarities and convex reaction curves, the

upper bound of individual h's reaction curve is xq,

The value of the upper bound and the behaviour of the reaction curve in the
neighborhood of this point depend on the effect of the externality on the utility
maximisation problem. As the quantity consumed by the other individual increases,
the indifference curves get steeper through any point. Suppose for example that the
quantity consumed by the other individual increases from {, to z1]. The new indif-
ference map is steeper than the previous one (see for example the indifference curves
U,h(a;g) or U"(x{é) in Fig. 1). The new optimal bundle of individual A is the point
of tangency of the new steeper indifference curve to the budget constraint (it is point

in which U" (m{;) is tangent to the budget constraint). At each externality increase,
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Figure 2: Effect of the externality on the maximisation problem when Z1, = M,/p1

the new equilibrium point will be never on the LHS of the previous one. Individual
h reacts to the externality till individual g reaches his maximum consumption af-
fordable of good 1 (x14 = My/p1). To define the upper bound of the reaction curve,
three different cases can be distinguished.

Consider Fig. 1. Individual & utility maximisation problem has an interior solu-
tion if x14 < T14. When 14 = Z14 a boundary optimum occurs: individual ~ will use
all his income to buy only good 1. This maximum quantity is the optimal response
of individual h to each externality increase above Z1, till the other individual reaches
is maximum affordable quantity. In this case the reaction curve is thus xy; > 0 for
z1g < T1g and 1, = Mp/p1 for Z14 < 214 < My/p1. The reaction curve has a kink
when 14 = Z14.

Suppose instead that individual A~ maximisation problem has a boundary optimum
(x1, = Mp/p1) only when the other individual is consuming the same maximum

quantity (see Fig. 2). In this case the value of the upper bound of the reaction curve



Figure 3: Externality effect on the utility maximisation problem when only interior

equilibria occur

is still &y, = My /p1.

The last case arises when individual h utility maximisation problem has an interior
solution when individual g consumes his maximum quantity affordable of good 1.
Whatever is the externality effect, individual h will never use all his income to buy
only good (see Fig. 3). In this case the upper bound of the reaction curve is x;; <
My}, /p1. Similarly to the second case considered, the reaction curve is not kinky shaped
in the neighborhood of the maximum value, but in this case the individual will never
reaches his maximum quantity affordable.

Also for the definition of the lower bound different cases can be distinguished
according to the effect of the externality on the individual utility maximisation prob-

lem.

Definition 6 With strategic complementarities and convex reaction curves, if the

lower bound is x1n, = 0 the externality is essential

10



Figure 4: Essential externality effect

The externality is essential if the individual decision to participate in the market
depends on the intensity of the externality effect. In this case, for particular level of
the externality (0 < x14 < T14 ) the individual decides to give up the consumption
of good 1 and to consume only the other good. In terms of utility maximisation
problem, this case can be graphically represented by Fig. 4.

Suppose that the value of the externality decreases from a1 g to x{é The indiffer-
ences curves become flatter (see for example U (z1!) or U (2{1)). The new optimal
bundle of individual h is the point in which U h(xg) is tangent to the budget con-
straint. At each externality decrease, the optimal quantity consumed of good 1 by
individual h decreases. There is a minimum level of the externality effect (Z1,4) for
which an interior solution of the utility maximisation problem doesn’t exist. For each
level of the externality below this minimum level the individual consumes positive

quantities only of good 2. In this case, thus the reaction curve is 1, = 0 for 0 <

11
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Figure 5: Non essential externality effect

T1g < flg and x1, > 0 for flg < T4 < Mg/pl-

Definition 7 With strategic complementarities and convex reaction curves, if the

lower bound is x7; the externality is not essential

In this case whichever is the effect of the externality the individual always con-
sumes positive quantities of good 1 (see Fig. 5). The externality doesn’t induce the
individual to give up the consumption of good 1. In this case the reaction curve has
a positive intercept.

We analyse now different cases according to the value of the lower and upper bond
of the reaction function. For each of them we study the conditions to have a single

equilibrium or multiple equilibria and the stability properties of them.

Proposition 8 With strategic complementarities and convex reaction curves and
non essential externality, if xy;, < Mp/p1 the symmetric game exhibits only one

Nash equilibrium.

12
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Figure 6: Strategic complements and convex reaction curves with non essential ex-

ternality when z,;, < M /p1.

If the externality is not essential, the reaction curve has a positive intercept. If at
x14 = Mgy/p1 the individual A utility maximisation problem has an interior solution,

than the system has an unique stable interior Nash equilibrium (see Fig. 6).

Proposition 9 With strategic complementarities and convex reaction curves and
non essential externality, the symmetric game exhibits two Nash equilibria if T1, =

Zq;, = My /p1 and if there is x14 satisfying 1 (x14) < T14.

With essential externality, if the individual reaches the maximum amount when
the other individual is consuming his maximum amount and if it exists a point of
the reaction curve below the 45 degree line then two equilibria arise: an interior
equilibrium and a corner Nash equilibrium in which the individual devote all the
income to the purchase of good 1 (see Fig. 7). Using the discrete dynamic approach
described in the previous section, only the lower equilibrium will be locally stable.

The system converges to it. The individual prefers to decrease the consumption of

13



Figure 7: Strategic complements and convex reaction curves with non essential ex-

ternality when Z1, = My, /p1 = 21,

the good generating the externality effect and substitutes it with the other good.
Since the reaction curve is convex, how much more of good 2 the consumer would
lose to compensate for the gain of a unit of good 1 to keep the same level of utility is
increasing with the level of the externality. If the effect of the externality is intense,
the amount of xs), lost to compensate for an increase in 1, is relevant. The system is
not converging to the upper equilibrium since it is too costly in terms of the quantity
of xop, lost. If there isn’t any x4 satisfying x1,(z14) < 14, then the system will have

only the corner stable Nash equilibrium (M4 /p1, Mp/p1).

Proposition 10 With strategic complementarities and convex reaction curves and
non essential externality, the symmetric game exhibits three Nash equilibria if and

only if Tip, < 2y, = My /p1 and if there is x14 satisfying x14(214) < T14.

In this case individual A reaches the maximum amount when the other individual

is not consuming his maximum amount. The reaction curve crosses twice the 45

14



Figure 8: Strategic complements and convex reaction curves with non essential ex-

ternality when 1, < M" /p;

degree line because of the existence of a point of the reaction curve below the 45
degree line. Three equilibria arise: one corner Nash equilibrium and two interior
equilibria (see Fig. 8).

The Corner Nash and the lower interior equilibria are stable. The convergence
to the system to one of these equilibria depends on the initial conditions. If at the
initial conditions the individuals are consuming low quantities of the good the system
converges to the lower interior equilibrium. If the individuals consume initially high
quantities of the good, then the stable equilibrium is reached with both the individuals
consuming the maximum quantities.

Different and interesting outcomes arise in the case in which the game is still
characterised by positive correlation in the player strategies and convex reaction

curves, but the externality is essential.

15



Figure 9: Strategic complements and convex reaction curves with non essential ex-

ternality when z,;, < M}, /p1

Proposition 11 In a symmetric game with strategic consumption complementarities
and convex reaction curves with essential externality if zq, < My /p1 there is only

one corner Nash equilibrium.

With essential externality if at x1, = M, /p; the individual A utility maximisation
problem has an interior solution, then the system will have only one interior corner

Nash equilibrium (0,0). This equilibrium is stable (see Fig. 9).

Proposition 12 In a symmetric game with strategic consumption complementarities
and convex reaction curves with essential externality if x,, = Mp/p1 there are two

or three equilibria.

In this case individual h’s reaction curve is 1, = 0if 0 < x4 < T4 and 15, > 0
for x14 > T14. It has a kink at T14. This is the level of the externality that induces

individual A to drop out the market.

16



Figure 10: Strategic complements and convex reaction curves with essential exter-

nality when Zqj, = 215, = My/m

The existence of two or three equilibria depend on the behaviour of the reaction
curve in the upper equilibrium. If z, = M9 /p; and z,;, = M}, /p1, then the game
always exhibits two corner Nash equilibria (see Fig. 10): the system still converges
to the corner Nash equilibrium (0,0). If the reaction curve is kinky shaped also in
the upper bound (Z1, < M9/p1), then the system has always three Nash equilibria
(see Fig. 11). The lower and upper corner Nash equilibria are stable, in this case.
Assuming essential externality and that the upper bound of the reaction curve is the
maximum amount affordable of good 1 are sufficient to guarantee multiple equilibria.

If the externality is essential, the system will converge to corner Nash equilibria.
During the adjustment process if T14 (Z14) or a point in the flat part of the reaction
curve is reached, in the following period both individuals will be in the corner Nash

equilibrium.

17
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Figure 11: Strategic complements and convex reaction curves with essential exter-

nality when Z15 < 2y, = My /p1

2.2 Strategic complements and concave reaction curve

We are still in the case of positive interactions in the players strategies but the
individual marginal rate of substitution is now decreasing with the intensity of the
externality. The lower and upper bounds of the reaction curves are the same as the
previous case (see definition 5-7). Let us consider the case in which the externality
effect is essential. The reaction curve is kinky shaped in the lower bound as previously

described. In this case the game will always exhibits at least two equilibria.

Proposition 13 With strategic complementarities and concave reaction and essen-

tial externality, the symmetric game exhibits always at least two equilibria if zq;, =

Mh/pl.

Proposition 14 With strategic complementarities and concave reaction and essen-
tial externality, the symmetric game exhibits always three equilibria if and only if

there is x14 satisfying x1p(T14) > T1g-

18
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Figure 12: Strategic complements and concave reaction curves with essential exter-

nality when z,, = &1, = M"/p;.

Due to the symmetric structure of the game, if the externality is essential, the
game will always have the two symmetric Nash equilibria if no point of the individual
reaction curve is above the 45 degree line and if z,, = My /p;. Under the same
conditions if z;, < Mp/p1, the game has only one equilibrium. In this case the
system converges to the corner solution Nash equilibrium (0,0). If instead a point on
the reaction curve below the 45 degree line exists, then the game will have always
three equilibria (see Fig. 12, Fig. 13 and Fig. 14).

If ), = M}, /p1, despite of the behaviour of the reaction curve in the neighborhood
of the upper bound, both the two corner Nash equilibria are stable. The value of
the initial conditions will drive the system to one of these equilibria. If instead
zq, < Mp/p1 the system will still have three equilibria, but in the upper one the
individual is not using all the income to buy good 1 (see Fig. 14).

We are now analysing the case in which still the marginal rate of substitution is
decreasing with the intensity of the externality effect, but the individual is always

consuming a positive quantity of the good, whichever is the effect of the externality.

19
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Figure 13: Strategic complements and concave reaction curves with essential exter-

nality when 1, < 245, = Mn/p1
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Figure 14: Strategic complements and concave reaction curves with essential exter-

nality when z,, < M"/p;.
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Figure 15: Strategic complements and concave reaction curves with essential exter-

nality when 1, < 245, = Mn/m1

In this case, thus the externality is not essential: the reaction curve will always have

a positive intercept.

Proposition 15 With strategic complementarities and concave reaction and non es-

sential externality, the symmetric game exhibits always an equilibrium.

If the player strategies are positively correlated and if the reaction curve is concave
with a positive intercept, then the system will always have the stable corner Nash
equilibrium (M4 /py, MB /py) if 2;;, = My /p1 (see Fig. 15 and Fig. 16).

If instead under the same conditions but with z,, < Mj/p1 then the system
will approach to a symmetric equilibrium with positive but not maximum quantities

consumed of good 1( see Fig.17).

21



Figure 16: Strategic complements and concave reaction curves with non essential

externality when 215, < 21, = Mn/p1
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Figure 17: Strategic complements and concave reaction curves with non essential

externality when z,;, < M} /p1

22



2.3 Strategic substitutes and convex reaction curve

We are now considering the case in which the individual optimal strategies are nega-
tively correlated. The consumption activity of each individual is affected by negative
spillovers. Each consumer reacts negatively to the consumption action of the other
individual. The marginal rate of substitution is increasing with the intensity of the
externality effect: when the level of the externality effect increases, increasing quan-
tities of good 2 are required to compensate the individual for a loss of a unity of good
1 to keep the same level of utility. With strategic substitutes the indifference curves
become steeper at each externality decrease. Suppose that initially individual h's
maximisation problem has an interior equilibrium for a positive given level of the ex-
ternality. Suppose that individual g decreases the consumption of good 1. Individual
h indifference curve gets steeper: the new optimal quantity chosen by individual h
of good 1 increases. At each externality decrease, individual h will increase his opti-
mal quantity of good 1 till his maximum amount affordable is reached. Individual A
reacts to the optimal strategy of individual g till 1, = 0. The value of the quantity
consumed by individual A when the effect of the externality is null defines the upper

bound of the individual reaction curve with strategic substitutes.

Definition 16 With strategic substitutes and convex reaction curves, the upper bond

: *
18 Tqy,

We have previously defined z7,, as the optimal quantity of the good when 14, = 0.
Also in this case the value of the upper bound of the reaction curve depends on
the effect of the externality on individual A utility maximisation problem. Suppose
that at x1, = 0 the utility maximisation problem has an interior equilibrium then
xy, < M"/p;. If instead at 714 = 0 the individual maximisation problem has a
boundary optimum, then the value of the upper bound is given by 7, = M h /py. This
value of the optimal quantity can be reached when the other individual is consuming
a positive quantity of the good (Z1,4): the reaction curve in this case is flat for each

level of the externality between this critical level and 214 = 0. Above this externality
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level, the individual decreases the consumption of the good at an increasing rate with
the intensity of the externality effect. If the externality effect reaches the critical level
Tig <M h/p1 the optimal strategy of the other individual is to consume only good
2. No unity of good 1 is consumed for each level of the externality above this critical
level (z1p, = 0 for Tiy < 214 < M"/p;). When Ty, exists, the lower bound of the
reaction curve is thus defined by a null consumption of good 1. This is the case of
essential externality: the individual decision to participate in the market depends on

the intensity of the externality effect.

Definition 17 With strategic substitutes and convex reaction curves, if the lower

bound is x1p = 0 the externality is essential

By contrast with the previous case, the lower bound is reached when the other
individual is consuming a quantity approaching to the maximum level affordable.

There can be the case in which the individual consumes always positive quanti-
ties, despite of the intensity of the externality effect. Whichever is the level of the
externality effect, the individual will never devote his income to buy only good 2

(x4, > 0): in this case the externality is not essential.

Definition 18 With strategic substitutes and convex reaction curves, if the lower

bound is zy;, the externality is non essential

As in the strategic complement case, different scenarios can be distinguished ac-
cording to the value of the upper and lower bound of the reaction curve and to the

shape of the reaction curve in the neighborhood of these points.

Proposition 19 With strategic substitutes and convex reaction curves and essential
externality, than the symmetric game will always have three equilibria if and only if

.’L'Th > Tip

When the externality is essential, then the system will always have three equilibria
if and only if x7, > T15. When this condition is satisfies the system will have

an interior equilibrium and two corner Nash equilibria ((x7,4,0), (0, i5)). The
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value of 7, depends on the externality effect on the utility maximisation problem as
previously described.

In Figs 18 and 19, we have considered the special case in which 27, = M"/p;: in
this case the other individual is devoting all his income to buy good 1 when x4 = 0.
In Fig. 19, the boundary optimum is reached when Z;, < M?9Y/p,. If instead at
214 = 0 the individual maximisation problem has an interior equilibrium, then the
value upper bound will be a positive but never the maximum amount. Despite the
value of the upper bound if z7, > 1), the system will always have the three equilibria
previously defined and only the corner equilibria are stable. The convergence to one
of the corner equilibrium depends on the initial conditions of the system: if initially
the quantity consumed by individual g is low (high), the system converges to (z7 4,0).
If instead individual h reaches the minimum when the other individual reaches the
maximum (T, = M9/p; and z7], = T15,) than two corner Nash equilibria arise: the

system converges to the Nash equilibrium (0, z7 ).

Proposition 20 With strategic substitutes and convex reaction curves and essential

externality the symmetric game has always two equilibria if and only if x3;, = T1p.

Under these restrictions, the system will have only the two corner Nash equilibria.
The equilibrium (0, 27 ) is the stable one. In Fig. 20 we have represented the special

case in which 7, =T, = M"/p1.

Proposition 21 With strategic substitutes and convex reaction curves and essential
externalities than the symmetric game has always one equilibrium if and only if x7, <

T1n

If and only if the optimal quantity that individual h’s consumes when the exter-
nality is null is greater than the quantity that makes the other individual drop out
from the market, then the strategic game will have only an interior stable equilibrium
solution in which the quantity consumed by individual B is greater than the quantity
consumed by individual A (see Fig. 21).

Different outcomes arise when the externality is non essential.
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Figure 18: Strategic substitutes and convex reaction curves with essential externality

when 1, = 0 and z7, > Typ.
g 1h

Figure 19: Strategic substitutes and convex reaction curves with essential externality

when Z14 > 0 and z7, > Tqp.
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Figure 20: Strategic substitutes and convex reaction curves with essential externality

— = _ ash
when 3, =T, = M"/p1.
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Figure 21: Strategic substitutes and convex reaction curves with essential externality

when x7;, < Tip-
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Figure 22: Strategic substitutes and convex reaction curves with essential externality

when 14 > Zig

Proposition 22 With strategic substitutes and convex reaction curves with non es-

sential externality the symmetric game will always have at maximum two equilibria

If the externality is non essential and Z;4 < Zy,, the game has a unique interior
stable equilibrium: the individual with the steeper reaction curve consumes more
than the other individual (see Fig.22). In Fig. 23 it is consider the special case in
which 714, = 0. If instead 714 > Zy,, the system has two equilibria.

The system still converges to the equilibrium in which individual B consumes

more than individual A (see, for example, Fig. 24 in which 71, = z,,).
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Figure 23: Strategic substitutes and convex reaction curves with non essential exter-

nality when 14, =0

Figure 24: Strategic substitutes and convex reaction curves with non essential exter-

nality when 14 = 2y,
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Figure 25: Strategic substitutes and concave reaction curves with essential externality

when 214, =0

2.4 Strategic substitutes and concave reaction curves

We are still in the case in which the individual is decreasing its consumption with
the intensity of the externality effect. The reaction curve has still a negative slope
but the marginal rate of substitution between the two goods is decreasing with the
intensity of the externality effect.

The analysis of the existence and stability of the equilibria is similar to the pre-
vious case. The reaction curve are similarly upper and lower bounded. Also in this
case, if the externality is essential three equilibria occur if and only if z7, > 15, and
the initial conditions drive the system to one of the corner solution equilibrium (see
Fig. 25 and Fig. 26). If =}, = T than the system will approach to the corner
solution equilibrium in which only individual A consumes the maximum quantity of
good 1 (z7,,,0) (in Fig. 27 it is consider the special case in which 15, = M"/p;). If
instead 3, < T1p then the system will have an unique stable equilibrium in which
the individual with the flatter reaction curve consumes more.

In the case in which the externality is non essential, instead, if z1, > 2, the
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Figure 26: Strategic substitutes and concave reaction curves with essential externality

when Z14 > 0
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Figure 27: Strategic substitutes and concave reaction curves with essential externality

when 27, =T, = M"/py.
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Figure 28: Strategic substitutes and concave reaction curves with essential externality

when 714 > Ty,

system will have a unique stable equilibrium in which the individual with the flatter
reaction curve is consuming more than the other individual (see Fig. 28 and Fig.
29).

f2 =2, o the system will have two equilibria but still the system will approach
to the one in which individual A is consuming a higher quantity with regard to

individual B (see Fig. 30).

3 Two Comparative static examples

It has been argued in the literature that in a economic system with strategic comple-
mentarities positive shocks are magnified and propagates. We show in this section
one counterintuitive case in which instead this virtuous process doesn’t occur. We
start by focusing on the case with strategic complements with essential and concave

reaction curves. It has been previously shown that in this case the system has two
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Figure 29: Strategic substitutes and concave reaction curves with non essential ex-

ternality when z1, =0
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Figure 30: Strategic substitutes and concave reaction curves with non essential ex-

ternality when Z14, = 24,
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Figure 31: Positive shocks with essential strategic complementarities and convex

reaction curves

equilibria and converge to the corner solution equilibria in which both the individual
don’t buy the good. We now consider the case of a positive symmetric shock that
increases the income level of the consumer (see Fig. 31).

For simplicity it is assumed that the income affects only the intercept of the
reaction curve. This is the case, for example, for Cobb Douglas preferences with
a linear quadratic externality effect. As each income increases, the reaction curve
shifts upward: the maximum quantity consumed by each individual increases. The
movement of T, depends on the nature of the good. If the good is inferior, this

point will move upward. If it is normal this point will move downward. If the good
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Figure 32: Negative shocks with strategic complementarities, convex reaction curves

and essential externality

is inferior whichever is the intensity of the shock, the system will have always two
equilibria and the system will converge always to the corner equilibrium (0,0). If the
good is normal, this result is still true in the case of essential externality.

Suppose now that the symmetric game is characterised by essential externality
and convex reaction curves (see Fig. 32). Suppose that the good is normal and that
the consumption activity is affected by a symmetric negative shock. Suppose that
the new maximum income level is xllj,‘f[ and the new intercept of the reaction curve is
.Z'/f;b After the shock, the system has the corner Nash equilibrium (M;l/pl, J\/ljg/pl)7

and the system will approach to it. Despite of the negative shock, the two individual
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will use all their income to buy good 1.

Even if these two cases presented are very specific, they can disprove the gen-
eral prediction that positive (negative) shocks can drive the system to upper (lower
equilibria)

Other counterintuitive cases can be found for shocks in the price level. Extreme
cases can occur in which the price change can even switch the sign of the interaction
in the players strategies. It is beyond the scope of this thesis to analyse in details all

these case.

4 Assuming n goods

The analysis carried out so far can be extended to the n good case adopting the same
procedure used in footnote 3 of Chapter 4. Suppose that the individual is maximising

his utility on the consumption of n goods:

max{U"(21n, T2n, ..., Tuns T1g) | PLTLR + oo + P = M} (5)

Tih

This maximisation problem can be performed into two steps:

e Maximisation of (5) regarding to the n — 1 goods excluding good 1, obtaining

the following indirect utility function:

V™ (@1n, T19, Mp,p) = max {up(h, 1x)| > piin < mp — prra}
ih i—2

e Maximisation of the indirect utility function with respect to good 1:

h
IglaXV (‘rlh; Tig, Mhap)
1h

The solution of this maximisation problem provides the reaction curve of individ-

ual h for good 1. The properties of the reaction curve can be derived using the same

36



methodology adopted in the two good case. The same results in terms of existence
and stability of the equilibria in each different scenario previously examined are still

valid even if the consumption set has a n vector dimension.

5 Conclusion

“Coordination failure” models have been extensively used in macroeconomics for
the explanation of low-activity equilibrium. The microfoundation of this class of
model appears to highly stylised and general. In this chapter we propose a more
detailed microfoundation when strategic interactions occur in individual consumption
patterns. We link the existence of multiple equilibria to particular properties of
the slope and rate of increase of the reaction curves. These ordinal properties are
strictly connected to the properties of the marginal utility. This detailed analysis
enriches and clarify the economic implications of this class of models. Firstly, corner
solution equilibria can arise both with strategic complementarities and with strategic
substitutes. The individual decision to participate in the market is strictly connected
to the feature of the externality effect. For particular level of the externality, it may
be thus privately efficient for the agent not to participate to the market. Secondly,
a switch in the reaction curves (Cooper and John (1988)) can occur only if the
effect of the externality on the marginal rate of substitution changes sign. Multiple
equilibria can be generated in the system without imposing switches in the reaction
curves. Thirdly, counterintuitive comparative statics arise. Positive exogenous shocks
doesn’t drive the system always to upper Pareto rankable equilibria. The general
prediction that shocks are propagated over time in all sectors is not generally valid
when a more precise structure is analysed. Even if the chapter focuses on symmetric
non cooperative solutions, the analysis can be easily extended to non symmetric
equilibria. The application of this model to an imperfect competitive framework will

be the object of future research.
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Appendix A: Ordinality of Reaction Curve Proper-
ties

Define the utility function as:

My, — p1zan

U (21, ,x1g) = V' (@1, 214, 0)

b2

Consider a monotonic transformation of the original function:

—h
V' = F(V" (211, 214,0))

The reaction curve is given implicitly by:

Vi = F'V" =0 (6)

T1h

The slope of individual & reaction curve is given by:

—h " ’
d-rlh - _ lehwlg . F (‘/1}}7;‘/;];) + F Vjilzlg (7)
dvyg — yh o VR EVE

Since (6) holds, (7) becomes:

dz1p F'vh Vh

_ 1hlg __  1hlg
- "1/ h ~ Vvh
d‘rlg F Vlhlh Vlhlh

The slope property is invariant to any monotonic transformation, i.e. it is an
ordinal property.

Consider now the other derivatives:

7" = F" (VI 4 2F VEVE 4 FVRVE 4 FVE

L1hT1hT1lg 1h 1h  1hlg 1g  1hlh 1hlhlg
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—h _ FNI (‘/;};)3 + 3F”‘/1};L Vh i F/Vh

TIhT1RT1h 1h1h 1h1hlh
—h 7 h h / h
V11h11g =F ‘/;h‘/;g + F ‘/1h1g

=h
T1hT1gT1lg

= F (Vv BTy v L op yh vk Biyh
g 1h 1g

1h 1glg 1hlg 1hlglg

Since (6) holds, we get:

—h o " h h / h
T1pT1hT1lg F ‘/vlgV +FV

1hlh lhlhlg

v —Fv"
TIhT1IRT1R 1h1hlh
T '17h
Vwmwlg =F leg
h "y rh h 'y rh
Vfﬁlhmgl’lg =2F Vlhlgvlg + F Vlhlglg

The curvature of the reaction curve is given by:
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h —h —h —h —h —h —h

d2x1h — 2V11h171lz,$1gv$111,$1gVJE1h,I1h, - V11h5171h,931h,( 517111,1’1;;)2 - VIlthLqu?lg( 517111,1’1;1,)2 _
dai, (Vo)

VIV A F V) F Vi F Vi — F VL F VL)

(—F'Vh )
QF'VE VI FVE NEVE )
(_F,‘/l};;lh)?)
— 2F Vll;Lll}zlgF V1}}lzlgF ‘/1]:11}1 - F Vl}}Lzlhm (F ‘/1]:11g)2 - F Vll;Lllglg (F ‘/1};1}1)2 —
(—F'Vh )3
_ 2‘/1}}7;1hlg ‘/llllzlg‘/llflllh - V1};Lzlh1h (V1]}111g)2 - ‘/1}}7;1g1g (‘/1]:11}1)2
SN

Also this property is ordinal.
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