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Skrqh= ..7<09<0<89956;5
Id{= ..7<09<0<89963;5

Rfwrehu 45/ 5334

Devwudfw

Lq wklv sdshu zh surylgh hpslulfdo hylghqfh ri d srvlwlyh fruuhodwlrq
ehwzhhq wkh ghjuhh ri frpshwlwlrq dqg wkh shuvlvwhqfh ri wkh ghyld0
wlrq ri uhdo rxwsxw iurp wuhqg1 Xqghu wkh dvvxpswlrq ri lpshuihfw
frpshwlwlrq dqg vwlfn| sulfhv zh vlpxodwh d vlpsoh g|qdplf jhqhudo
htxloleulxp prgho wr ghulyh wkh wkhruhwlfdo fruuhodwlrq ehwzhhq frp0
shwlwlrq dqg shuvlvwhqfh1 Zh wkhq xvh d sdqho ri 57 RHFG frxqwulhv
wr hvwlpdwh wkh fruuhodwlrq ehwzhhq d phdvxuh ri wkh pdunxs dqg d
phdvxuh ri shuvlvwhqfh1 Wkh pdunxs lv phdvxuhg xvlqj wkh revhuyhg
xqlw oderxu frvw1 Rq wkh edvlv ri rxu wkhruhwlfdo uhvxowv/ zh �qg lw
hdvlhu wr eholhyh wkdw wkh revhuyhg xqlw oderxu frvw grhv lqghhg uh hfw
wkh vl}h ri wkh pdunxs1 Rxu uhvxow lv frqvlvwhqw zlwk h{lvwlqj plfurh0
frqrplf hylghqfh rq wkh uhodwlrqvkls ehwzhhq frpshwlwlrq dqg sulfh
uljlglw|1

�

Wkh dxwkru zrxog olnh wr wkdqn Sklols Odqh iru klv khosixo frpphqwv1 Wkh frqwhqw
ri wklv sdshu uh hfwv wkh ylhzv ri wkh dxwkru dqg qrw qhfhvvdulo| wkrvh ri wkh Ghxwvfkh
Exqghvedqn1
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4 Lqwurgxfwlrq

Grhv wkh xqlw oderxu frvw d�hfw wkh shuvlvwhqfh ri wkh exvlqhvv f|fohB Li vr/
zk|B Wkh suhvhqw sdshu dwwhpswv wr dqvzhu wr wkhvh wzr txhvwlrqv wkhruhw0
lfdoo| dqg hpslulfdoo|1 Xqlw oderxu frvwv kdyh dsshduhg lq d odujh qxpehu
ri pdfurhfrqrplf sdshuv/ sduwlfxoduo| wkrvh frqfhuqhg zlwk wkh lpsruwdqfh
ri vwlfn| sulfhv +Verugrqh/ 4<<;,/ wkh Skloolsv fxuyh +Jdol hw do1/ 5334, dqg
prqhwdu| srolf| +Jrrgiulhqg dqg Nlqj +5334,/ dqg Qhlvv +5334,,1 E| dqg
odujh/ wklv olwhudwxuh kdv xvhg phdvxuhv ri wkh xqlw oderxu frvw dv d sur{| iru
wkh uhdo pdujlqdo frvw/ l1h1 wkh lqyhuvh ri wkh dfwxdo pdunxs ri sulfhv ryhu wkh
pdujlqdo frvw vhw e| prqrsrolvwlf �upv1 \hw/ wklv sudfwlfh lv frqwuryhuvldo
vlqfh lw uhtxluhv wr lpsrvh d frqvwdqw whfkqrorj|/ w|slfdoo| ryhu orqj shulrgv
ri wlph ru dfurvv frxqwulhv1

�

Lq wklv zrun zh zloo glvfxvv wkh sureohpv dvvr0
fldwhg zlwk wklv lqwhusuhwdwlrq1 Zh zloo vhh xqghu zklfk flufxpvwdqfhv xqlw
oderxu frvwv duh olnho| wr eh d jrrg sur{| iru wkh pdunxs1

Lq sduwlfxodu zh zloo surylgh vrph hpslulfdo hylghqfh ri d srvlwlyh fruuh0
odwlrq ehwzhhq wkh xqlw oderxu frvw dqg shuvlvwhqfh ri wkh rxwsxw jds iru d
sdqho ri 57 RHFG frxqwulhv1 Rq wkh edvlv ri vrph vlpsoh prghov/ zh zloo
dujxh wkdw/ iroorzlqj wkh fxuuhqw olwhudwxuh/ wklv hylghqfh srlqwv dw d srvl0
wlyh fruuhodwlrq ehwzhhq wkh ghjuhh ri frpshwlwlrq dqg shuvlvwhqfh ri rxwsxw
ghyldwlrqv iurp wuhqg1 Wklv hylghqfh grhv qrw qhfhvvdulo| frqvwlwxwh d sx}0
}oh1 Vlqfh wkh zrun ri Nlpedoo +4<<8,/ lw lv zhoo nqrzq wkdw wkh ghjuhh ri
frpshwlwlrq fdq uhgxfh wkh uhvsrqvlyhqhvv ri sulfhv wr djjuhjdwh vkrfn/ l1h1
frpshwlwlrq fdq lqfuhdvh wkh �uhdo uljlglw|� ri sulfhv +Edoo dqg Urphu +4<<3,
dqg Urphu +4<<9/ fk1 9,,1 Fduowrq +4<;9, surylghv dovr vrph plfurhfrqr0
phwulf vxssruw ri wklv fodlp1 Kh vkrzv lqghhg wkdw zkloh wkhuh lv hylghqfh
ri d srvlwlyh fruuhodwlrq ehwzhhq frqfhqwudwlrq ri dq lqgxvwu| dqg ohqjwk ri
sulfh vwlfnlqhvv +wkh ghjuhh ri qrplqdo uljlglw|,/ wkhuh lv dovr hylghqfh wkdw
kljkhu frpshwlwlrq lpsolhv vpdoohu �mxpsv� lq wkh sulfhv zkhq sulfhv dgmxvw1

Lq wklv sdshu zh zloo dovr wdnh wkh shuvshfwlyh ri wkh fxuuhqw vwlfn| sulfh
olwhudwxuh1 Lq wkh uhfhqw |hduv wkhuh kdv ehhq d jurzlqj frqvhqvxv/ dprqj
uhvhdufkhuv/ derxw wkh lpsruwdqfh rq qrplqdo uljlglwlhv dv d sursdjdwlrq
phfkdqlvp iru wkh exvlqhvv f|foh1

�

Xqghuqhdwk vwlfn| sulfh prghov olhv jhqhudoo| wkh dvvxpswlrq ri lpshuihfw
frpshwlwlrq1 Wkdw lv/ zkloh �upv duh dvvxphg wr kdyh sulfh vhwwlqj srzhu/
sduw ru doo ri wkhp gr qrw h{huflvh wklv srzhu h!flhqwo| dqg surpswo| lq
uhvsrqvh wr vkrfnv1 Zkloh wkh dvvxpswlrq ri lpshuihfw frpshwlwlrq lq vwlfn|
sulfh prghov zdv ruljlqdoo| lpsrvhg pdlqo| iru wkhruhwlfdo uljrxu/ uhfhqw uh0

�

Vhh Urehuwv +5334, iru d fulwlflvp ri wklv sudfwlfh1
�

Vhh iru h{dpsoh Jrrgiulhqg dqg Nlqj +4<<:,1
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vhdufk kdv vkrzq wkdw wkh ghjuhh ri frpshwlwlrq fdq kdyh lpsruwdqw g|qdplf
lpsolfdwlrqv1

�

Khuh zh glvfxvv wklv uroh lq d vlpsoh jhqhudo htxloleulxp prgho
zlwk vwlfn| sulfhv1 Ixuwkhupruh/ rxu hpslulfdo hylghqfh vkrzv wkdw wklv uroh
lv vxssruwhg e| wkh gdwd/ wr wkh h{whqw wkdw rxu phdvxuh ri wkh pdunxs lv
fruuhfw1

Lq wkh orjlf ri wkh lpsxovh0sursdjdwlrq qdwxuh ri wkh exvlqhvv f|foh rqh
fdq vhh gl�huhqfhv lq wkh lqwhuqdwlrqdo  xfwxdwlrqv dv gxh wr wzr fdxvhv1
Rq rqh vlgh wkh exvlqhvv f|foh ri wzr frxqwulhv frxog gl�hu ehfdxvh ri lg0
lrv|qfudwlf vkrfnv= l1h1 gl�huhqw lpsxovhv1 Rq wkh rwkhu vlgh wzr hfrqrplhv
frxog uhvsrqg lq gl�huhqw zd|v wr vlplodu vkrfnv= l1h1 gl�huhqw sursdjd0
wlrq phfkdqlvp1 Lq wklv sdshu zh frqfhqwudwh rxu dwwhqwlrq rq wkh vhfrqg
vrxufh ri glyhuvlw|1 Lq sduwlfxodu/ zh h{soruh wkh srvvlelolw| wkdw wkh ghjuhh
ri frpshwlwlrq fdq d�hfw wkh sursdjdwlrq phfkdqlvp ri wkh exvlqhvv f|foh1

Zh kdyh lq plqg wzr ixqgdphqwdo zd|v lq zklfk frpshwlwlrq dqg shu0
vlvwhqfh fdq eh olqnhg1 Iluvw ri doo/ lw lv qdwxudo wr wklqn ri d uhodwlrqvkls eh0
wzhhq wkh ghjuhh ri frpshwlwlrq dqg wkh ghjuhh ri qrplqdo uljlglw|1 Iurp wkh
srlqw ri ylhz ri vwdwh frqwlqjhqw sulfh vhwwlqj uxohv/ h1j1 wkh vr fdoohg �phqx0
frvw� prghov/ d kljkhu pdunxs pdnhv wkh sur�w ixqfwlrq  dwwhu1 Rwkhu wklqjv
htxdo/ idlolqj wr dgmxvw wkh sulfh lqgxfhv vpdoohu orvvhv wkh  dwwhu lv wkh sur�w
ixqfwlrq1 Iru d jlyhq frvw ri dgmxvwlqj wkh sulfh/ wkh kljkhu wkh pdunxs/ wkh
ohvv olnho| wkh �up zloo dgmxvw diwhu d vkrfn1 Rq wkh rwkhu vlgh/ ydulrxv dx0
wkruv kdyh srlqwhg rxw wkdw iru d jlyhq ghjuhh ri qrplqdo uljlglw|/ wkh dfwxdo
ghjuhh ri sulfh ohyho lqhuwld +dqg khqfh rxwsxw shuvlvwhqfh, ghshqgv rq wkh
vhqvlwlylw| ri wkh h!flhqw sulfh wr djjuhjdwh vkrfnv= wkh deryh phqwlrqhg
ghjuhh ri uhdo uljlglw| +Urphu/ 4<<9,1

Lq rxu vdpsoh ri 57 RHFG frxqwulhv wkhuh duh vwurqj vljqv ri d srvlwlyh

fruuhodwlrq ehwzhhq wkh xqlw oderxu frvw dqg d phdvxuh ri shuvlvwhqfh1 Iurp
wkh ylhzsrlqw ri vwlfn| sulfh prghov/ wklv uhvxow fdqqrw eh hdvlo| udwlrqdolvhg
lq whupv ri wkh pdunxs0qrplqdo uljlglw| fkdqqho phqwlrqhg deryh1 \hw/ dv
zh zloo dujxh ehorz/ hyhq d vlpsoh prgho zlwk d �wh{w0errn� xszdug vorslqj
pdujlqdo frvw fxuyh zrxog suhglfw h{dfwo| wklv uhvxow1

Rxu �qglqjv fdq kdyh lpsruwdqw srolf| lpsolfdwlrqv1 Wr wkh h{whqw wkdw
ghyldwlrqv ri rxwsxw iurp lwv orqj uxq wuhqg duh lqh!flhqw/ rxu uhvxowv vkrzv
wkdw wkh lqh!flhqf| ri d kljkhu pdunxs/ gxh wr vxerswlpdo ohyho ri rxwsxw
lq htxloleulxp/ lv sduwldoo| r�vhw e| vkruwhu ghyldwlrqv ri rxwsxw irup wuhqg1
Zkhq sulfhv duh vwlfn|/ yhu| ulvn0dyhuvh djhqwv pljkw eh zruvw r� zlwk kljkhu
frpshwlwlrq1

Wkh uhvw ri wkh sdshu lv rujdqlvhg dv iroorzv1 Lq vhfwlrq 5 zh suhvhqw
�

Vhh Jrrgiulhqg dqg Nlqj +5334,/ Dorl dqg Gl{rq +5334, dqg Frwr dqg Gl{rq +4<<<,1
Wkh vhfrqg wzr duwlfohv glvfxvv wklv srlqw lq prghov zlwk  h{leoh sulfhv zlwkrxw prqh|1
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d vlpsoh prgho glvsod|lqj d qhjdwlyh uhodwlrqvkls ehwzhhq wkh pdunxs dqg
shuvlvwhqfh1 Vhfwlrq 6 ghvfulehv wkh gdwd0vhw dqg wkh hpslulfdo phwkrgrorj|1
Vhfwlrq 7 uhsruwv rxu hpslulfdo uhvxowv1 Ilqdoo|/ vhfwlrq 8 frqfoxghv1

5 Wkh wkhru|

Lq wklv vhfwlrq zh vroyh d vlpsoh forvhg0hfrqrp| jhqhudo htxloleulxp prgho
zlwk Fdoyr +4<;6, sulfh frqwudfwv1 Wkh sxusrvh ri wklv h{huflvh lv wr vkrz
zklfk idfwruv/ xqghu vlpsoh dvvxpswlrqv/ ghwhuplqh wkh uhodwlrqvkls ehwzhhq
wkh xqlw oderxu frvw dqg shuvlvwhqfh1

Iru wkh vdnh ri rxu dujxphqw zh vwduw r� e| vkrzlqj vrph vlpsoh dojh0
eud eruurzhg iurp Nlpedoo +4<<8,1 Nlpedoo vkrzv wkdw wkh ghjuhh ri uhdo
uljlglw| frxog eh ghfuhdvlqj lq wkh pdunxs1 Dvvxplqj wkdw �upv rshudwhv
lq prqrsrolvwlfdoo| frpshwlwlyh pdunhwv/ wkh ghpdqg idfhg e| �up � fdq eh
ghvfulehg dv iroorzv

+ � '
�

R
�
�

�

� ���
t +4,

zkhuh + � lv wkh ghpdqg iru jrrg �/ R
�
� lv lwv sulfh/ � lv wkh djjuhjdwh sulfh

ohyho/ t vwdqgv iru wrwdo uhdo h{shqglwxuhv dqg 0 lv wkh hodvwlflw| ri ghpdqg1
Rq wkh rwkhu vlgh/ hdfk sur�w pd{lpl}lqj �up fdq eh wkrxjkw ri dv vhwwlqj

lwv h!flhqw sulfh dv d pdunxs ryhu pdujlqdo frvw/ l1h1

R
�
�

�
' > � E+ � c t � +5,

zkhuh R
�
� lv wkh h!flhqw sulfh/ > lv wkh pdunxs dqg � lv wkh uhdo pdujlqdo

frvw1 Iru wkh vdnh ri vlpsolflw|/ zh dvvxph khuh wkdw wkh pdunxs lv frqvwdqw
dqg htxdo wr

�
����� 1 Dovr zh dvvxph wkdw wkh pdujlqdo frvw ghshqgv rqo| rq

wkh djjuhjdwh ohyho ri rxwsxw dqg rq wkh �up*v rzq rxwsxw1
Li zh wdnh wkh orj0ghyldwlrq ri htxdwlrq +4, dqg +5, durxqg wkhlu v|pphw0

ulf htxloleulxp +l1h1 zkhuh R
�
� ' � , dqg zh vroyh iru wkh htxloleulxp sulfh zh

rewdlq

	R
�
� � 	� '

l

� n 0
�
	
� + ���

	t +6,

zkhuh l '
�
	
� + ��� n

��
� t ��� lv wkh wrwdo hodvwlflw| ri wkh pdujlqdo frvw/ 	 ghqrwhv

orj0ghyldwlrqv/ rr ghqrwhv ydoxhv dw wkhlu v|pphwulf htxloleulxp dqg zkhuh
zh kdyh dvvxphg wkdw wkh vwhdg| vwdwh lv frqvwdqw1
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Wkh vpdoohu lv wkh frh!flhqw rq rxwsxw lq htxdwlrq +6, wkh vpdoohu lv wkh
vhqvlwlylw| ri wkh uhodwlyh h!flhqw sulfh wr fkdqjhv lq djjuhjdwh ghpdqg= l1h1
wkh odujhu lv wkh uhdo uljlglw| ri sulfhv1 Xqghu rxu dvvxpswlrqv wkh pdunxs
d�hfwv wkh ghjuhh ri uhdo uljlglw| lq d zd| wkdw ghshqgv rq wkh hodvwlflw| ri
wkh pdujlqdo frvw zlwk uhvshfw wr wkh �up*v rzq rxwsxw1

�
D wh{werrn xszdug

vorslqj pdujlqdo frvw fxuyh zrxog lpso| d qhjdwlyh uhodwlrqvkls ehwzhhq wkh
pdunxs dqg wkh ghjuhh ri uhdo uljlglw|1

�

Dv iru wkh rwkhu idfwruv wkdw ghwhuplqh wkh ghjuhh ri uhdo uljlglw| lq htxd0
wlrq +6,/ erwk wkh pdujlqdo frvw hodvwlflw| zlwk uhvshfw wr wkh �up*v rzq
rxwsxw dqg wkh hodvwlflw| wkh pdujlqdo frvw zlwk uhvshfw wr djjuhjdwh rxwsxw
sod| d yhu| lpsruwdqw uroh1

Lq sduwlfxodu wkh uhdo uljlglw| ghfuhdvhv lq wkh plfurhfrqrplf sduw ri wkh
pdujlqdo frvw hodvwlflw| zkhq wkh pdfurhfrqrplf hodvwlflw| lv �elj hqrxjk�1
Wr vhh wklv ohw xv dvvxph wkdw wkh pdfurhfrqrplf hodvwlflw| lv frqvwdqw/ l1h1

� 

�
t ' % +7,

Wkdw lv/ rqh frpsrqhqw ri wklv hodvwlflw| lv lqghshqghqw ri wkh plfurhfr0
qrplf sduw1 Uhsodflqj wklv lq wkh frh!flhqw ri htxdwlrq +6, dqg wdnlqj wkh

ghulydwlyh ri lw zlwk uhvshfw wr
�
	
� + jlyhv

� � 0%�
� n 0

�
	
� +

� � +8,

zklfk lv srvlwlyh li
�

% 	
�

0
+9,

Wkdw lv/ wkh ghjuhh ri uhdo uljlglw| ghfuhdvhv lq wkh plfurhfrqrplf hodvwlflw|
ri wkh pdujlqdo frvw iru vx!flhqwo| vpdoo ydoxhv ri wkh pdfurhfrqrplf hodv0
wlflw|1 Lq rwkhu zrugv/ wkh �up*v pdujlqdo uhyhqxh pxvw idoo zlwk rxwsxw/ e|

�
Nlpedoo +4<<8, doorzv iru wkh srvvlelolw| ri d yduldeoh pdunxs1 Ydulrxv idfwruv frxog

eulqj derxw d yduldeoh pdunxs1 Prvw ri wkhvh idfwruv duh glvfxvvhg lq Urphu +4<<9/ fk1
9,1 Orpedugr +5334, vkrzv wkdw zlwk lqwhuphgldwh jrrgv lq surgxfwlrq wkh vwhdg| vwdwh
pdunxs fdq d�hfw wkh ghjuhh ri uhdo uljlglw| dovr zlwk d pdujlqdo frvw lqghshqghqw ri wkh
�up*v rxwsxw1 Prghov zlwk lqwhuphgldwh jrrgv lq surgxfwlrq +dv lq Eduur dqg Whquh|ur
+5333,, whqg wr jhqhudwh d srvlwlyh uhodwlrqvkls ehwzhhq wkh pdunxs dqg wkh ghjuhh ri uhdo
uljlglw|/ lq frqwudvw zlwk wkh hylghqfh sursrvhg khuh1�

Qrwh wkdw � lv kljk zkhq % lv orz1�
Lw lv olnho| wkdw wkh �up*v pdujlqdo frvw fxuyh vorsh lv uh hfwhg lq wkh djjuhjdwh

hodvwlflw| ri wkh pdujlqdo fxuyh1 Li zh dvvxph/ iru h{dpsoh/ wkdw
�	�
� \ @ { . �

�	

� |>

frqglwlrq +9, ehfrphv ��������� ?

� / zkhuh � lv d frqvwdqw1
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pruh wkdq lwv pdujlqdo frvw fxuyh vkliwv1 Khqfh zh zrxog h{shfw wkdw dq
xszdug vorslqj pdujlqdo frvw fxuyh lqgxfhv ohvv shuvlvwhqfh/ li wkh pdujlqdo
frvw vfkhgxoh grhv qrw vkliw wrr pxfk xsrq dq djjuhjdwh vkrfn1 Wklv lv zkdw
zrxog dprxqw wr d � dw� djjuhjdwh pdujlqdo frvw fxuyh1 Ydulrxv idfwruv
fdq � dwwhq� wkh djjuhjdwh pdujlqdo frvw fxuyh1 Edvx +4<<8,/ Ehujlq dqg
Ihhqvwud +5333, dqg Orpedugr +5334,/ dprqj rwkhuv kdyh vkrzq wkdw lq0
whuphgldwh jrrgv lq surgxfwlrq fdq kdyh wklv h�hfw1 D yhu|  h{leoh idfwruv
ri surgxfwlrq vxsso| zrxog dovr frqwulexwh lq wklv gluhfwlrq1 Vwlfn| zdjhv
zrxog dovr  dwwhq wkh djjuhjdwh pdujlqdo frvw fxuyh1

�

Orzhu frpshwlwlrq lq
wkh jrrgv pdunhw zloo dovr pdnh frqglwlrq +9, hdvlhu wr krog1 Lq wkh iroorzlqj
vhfwlrq zh zloo dgguhvv wklv lvvxhv lq d vlpxodwhg g|qdplf jhqhudo htxloleulxp
prgho1

D kljkhu ghjuhh ri uhdo uljlglw| grhv qrw qhfhvvdulo| lpso| wkdw sulfhv duh
pruh vwlfn|1 Lq sduwlfxodu rqh fdq wklqn ri uhdvrqv zk| wkh ghjuhh ri frpsh0
wlwlrq d�hfwv wkh ohqjwk ri qrplqdo sulfh frqwudfwv1 Fduowrq +4<;9, surylghv
vrph plfurhfrqrphwulf hylghqfh lq wklv uhjdug1 Edvlf plfurhfrqrplf wkhru|/
iru h{dpsoh/ vxjjhvwv wkdw wkh kljkhu lv wkh pdunxs wkh  dwwhu lv wkh sur�w
ixqfwlrq/ dqg khqfh wkh vpdoohu duh wkh h!flhqf| orvvhv dvvrfldwhg zlwk vhw0
wlqj wkh zurqj sulfh/ l1h1 qrw dgmxvwlqj wkh sulfh +Urphu/ 4<<9/ fk19,1

Zh fdq wkhuhiruh wklqn ri wzr fkdqqhov uhodwlqj wkh pdunxs +ghjuhh ri
lpshuihfw frpshwlwlrq, dqg wkh shuvlvwhqfh1 Zh uhihu wr wkh �uvw dv wkh uhdo
uljlglw| fkdqqho= Wklv fdq olnho| jlyh ulvh wr d qhjdwlyh uhodwlrqvkls ehwzhhq
wkh pdunxs dqg shuvlvwhqfh1 Wkh vhfrqg lv wkh qrplqdo uljlglw| fkdqqho= Lq
wklv fdvh lw lv olnho| wkdw kljkhu frpshwlwlrq |lhogv kljkhu  h{lelolw| dqg khqfh
orzhu shuvlvwhqfh1 Dv phqwlrqhg lq wkh lqwurgxfwlrq/ Fduowrq +4<;9, �qgv
dovr wkdw wkhuh lv d srvlwlyh fruuhodwlrq ehwzhhq wkh ohqjwk ri +qrplqdo, sulfh
uljlglw| dqg wkh vl}h ri dgmxvwphqw zkhq sulfhv duh xsgdwhg +uhdo uljlglw|,1
Wklv �qglqj lv wkxv frqvlvwhqw zlwk rxu vwru|1

514 Wkh prgho

Wkh vlpsoh dojheud xvhg lq wkh suhylrxv vhfwlrq grhv qrw uhyhdo zkdw duh
wkh jhqhudo htxloleulxp lpsolfdwlrqv ri gl�huhqw ghjuhh ri frpshwlwlrq dqg
gl�huhqw whfkqrorjlhv iru shuvlvwhqfh1 Iru wklv uhdvrq lq wklv vhfwlrq zh vroyh
d jhqhudo htxloleulxp prgho zlwk prqrsrolvwlf frpshwlwlrq dqg vwlfn| sulfhv1
Iru vlpsolflw|/ zh dvvxph wkdw wkhuh lv shuihfw iruhvljkw h{fhsw iru d vlqjoh
xqh{shfwhg vkrfn +wr wkh prqh| vwrfn ru wr whfkqrorj|,1 Vlplodu uhvxowv
zrxog eh rewdlqhg lq d ixoo| vwrfkdvwlf prgho1

�

Dv zh vkrz lq wkh dsshqgl{/ ghjuhh ri frpshwlwlrq lq wkh oderxu pdunhw dqg zdjh
vwlfnlqhvv duh qrw qhfhvvdulo| qhjdwlyho| fruuhodwhg1

9



Krxvhkrogv Zh dvvxph wkdw wkhuh lv dq lq�qlwh qxpehu ri krxvhkrogv/
lqgh{hg rq wkh frqwlqxrxv xqlwdu| vhjphqw/ olylqj lq d forvhg hfrqrp|1 Wkhvh
krxvhkrogv duh doo lghqwlfdo1

Hdfk krxvhkrog vroyhv wkh iroorzlqj sureohp
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vxemhfw wr wkh exgjhw frqvwudlqw

� � � � n � � n � ��� � ' E� n � � �� � n � � ��� n � � , � n� � n A � +;,

zkhuh � lv dq djjuhjdwh ri dq lq�qlwh ydulhw| ri gl�huhqwldwhg jrrgv/ l1h1

� � '
�] �

� S
��� ��
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zlwk S � ghqrwlqj wkh ghpdqg iru ydulhw| �> � ghqrwhv wkh vwrfn ri prqh|/
, ghqrwhv wkh oderxu vxsso|/ � ghqrwhv wkh qrplqdo zdjh/ � lv wkh qrplqdo
lqwhuhvw udwh dqg � lv d qrplqdo erqg zlwk }hur djjuhjdwh vxsso|1 Vlqfh
krxvhkrogv rzq �upv wkh| uhfhlyh sur�wv/ zklfk zh ghqrwh e| �1 � lv wkh
frqvxpswlrq edvhg sulfh lqgh{ gh�qhg ixuwkhu ehorz1 Wkh uhpdlqlqj v|perov
uhsuhvhqw suhihuhqfh sdudphwhuv1

Wkh �uvw rughu frqglwlrqv ri wkh krxvhkrog sureohp duh
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Ilupv Zh dvvxph wkdw wkhuh lv dq lq�qlwh qxpehu ri �upv dovr lqgh{hg rq
wkh frqwlqxrxv xqlwdu| vhjphqw1

Hdfk �up idfhv wkh vdph whfkqrorj|/ l1h1

+� � � ' 5 � ,
� ��
� � � � 8 +46,
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zkhuh + lv �up �*v rxwsxw/ 5 lv d frpprq surgxfwlylw| vkrfn/ , lv wkh oderxu
lqsxw/ E� � k� : f/ dqg 8 lv d ryhukhdg frvw ri surgxfwlrq1

Wklv surgxfwlrq ixqfwlrq/ lq rqh idfwru rqo|/ holplqdwhv wkh srvvlelolw|
wkdw gl�huhqw ghjuhh ri shuvlvwhqfh ghulyh iurp d gl�huhqw pl{ ri idfwruv1
Wklv idfw lv zhoo grfxphqwhg lq wkh olwhudwxuh rq shuvlvwhqfh dqg lqwhuphgl0
dwh jrrgv ri surgxfwlrq +h1j1 Ehujlq dqg Ihhqvwud/ 5333,1 Li rqh frxqwu|/
ru lq rqh shulrg ri wlph/ wkh hfrqrp| vzlwfkhv wr whfkqrorjlhv wkdw hpsor|
idfwruv zlwk pruh vwlfn| sulfhv/ wkh ryhudoo shuvlvwhqfh ri wkh rxwsxw jds lv hq0
kdqfhg1 Zkloh zh �qg wklv vrxufh ri glyhuvlw| lq shuvlvwhqfh yhu| lpsruwdqw/
zh devwudfw iurp lw iru wkh vdnh ri vlpsolflw|1

Wkh lqwurgxfwlrq ri ryhukhdg frvwv |lhogv ydu|lqj uhwxuqv wr vfdoh vr wkdw
zh fdq vwxg| wzr gl�huhqw vrxufhv ri lqfuhdvlqj wr vfdoh= ryhukhdg frvwv dqg
�uhwxuqv wr oderxu�1 Wklv lv lqghhg wkh w|sh ri surgxfwlrq ixqfwlrq wkdw
doorzv iru d wh{werrn X vkdshg pdujlqdo frvw fxuyh1 Zh dvvxph wkdw wkh
frvw ri surgxfwlrq lv sursruwlrqdo wr wkh vwhdg| vwdwh +vv, ohyho ri rxwsxw/ l1h1

8 ' EV � �� + � � c zkhuh V 5
�
�c

�� � ����
�
1 � Lq wkh vshfldo fdvh zkhuh V '

�� � � ��� c
dyhudjh uhyhqxh dqg dyhudjh frvw duh htxdo lq wkh vwhdg| vwdwh/ vr wkdw wkhuh
duh qr �sxuh sur�wv�1

Iroorzlqj Fdoyr +4<;6, zh dvvxph wkdw hdfk �up dgmxvwv lwv sulfh rqo|
dw udqgrp shulrgv1 Lq sduwlfxodu zh dvvxph wkdw E� � /� lv wkh suredelolw|
wkdw lq dq| sduwlfxodu shulrg d �up dgmxvwv lwv sulfh/ zkhuh / lv d srvlwlyh
frqvwdqw vpdoohu wkdq rqh1

Zkhq d w|slfdo �up vhwv lwv sulfh/ wkhuh lv d fkdqfh wkdw wkh qhz sulfh zloo
eh lq irufh lq vxevhtxhqw shulrgv1 Wkdw fkdqfh ehlqj jlyhq e| wkh suredelolw|
/1 Wkhuhiruh wkh �up vroyhv wkh iroorzlqj sureohp
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zkhuh - � � � ' �
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	�� �� iru r 9' | dqg - � � � ' � iru r ' |/ dqg zkhuh

E� n o ��� � � ' E� n � ��� � �
� �� � � � / lv wkh jurvv uhdo lqwhuhvw udwh1

Wkh vroxwlrq wr wklv sureohp/ lv
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�
Wkh xsshu erxqg ghulyhv iurp wkh dvvxpswlrq ri qrq0qhjdwlyh sur�wv lq wkh vwhdg|

vwdwh1 Qrwlfh wkdw � zlwklq wklv udqjh dozd|v vdwlv�hv wkh �up Vhfrqg Rughu Frqglwlrqv/
qdpho| ����� � ������ �  . 4 A 31
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Wkh djjuhjdwh sulfh ri krph surgxfhg jrrgv wdnhv wkh iroorzlqj irup

� � � � ' E� � /�

�[

��	 �
/
�
R � � � +49,

Wkdw lv/ wkh djjuhjdwh sulfh lv wkh zhljkwhg dyhudjh ri doo sulfhv vhw lq wkh
sdvw dqg wkdw vwloo h{lvw1

Hdfk �uppxvw dffrpprgdwh doo wkh ghpdqg iru lwv jrrgv dw wkh vhw sulfh1
Wkh ghpdqg ixqfwlrq iru jrrg � fdq eh ghulyhg iurp wkh FHV djjuhjdwru +<,/
l1h1

	+� ' 	S � ' 0
�
	� � � 	R � � �

�
n 	� � +4:,

Jlyhq rxu surgxfwlrq ixqfwlrq +htxdwlrq +46,,/ wkh orj0olqhdulvhg uhdo
pdujlqdo frvw idfhg e| wkrvh �upv vhwwlqj wkh sulfh lq shulrg | lv

e� �
���� � ' 	� � �

�

� � k
	5 � n

k

E� � k� V
+ � m� � +4;,

Wklv lpsolhv wkdw

e� ��� �
���� � '

e� ��� �
���� � � � n

k

E� � k�V

�
+ ��� � m� � � + ��� � m� � � �

�
+4<,

Zh fdq wkhq olqhdulvh htxdwlrq +48, durxqg wkh vwhdg| vwdwh pdnlqj xvh
ri htxdwlrq +4<, dqg htxdwlrq +4:,/ l1h1
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+53,

Vlploduo| zh fdq olqhdulvh htxdwlrq +49, rewdlqlqj

	� � ' / 	� � � � n E� � /� 	R � +54,

Prqh| dqg whfkqrorj| Zh dvvxph wkdw wkh prqhwdu| dxwkrulw| wudqvihuv
doo wkh prqhwdu| lqqrydwlrqv wr wkh krxvhkrogv/ l1h1

� � � � � � � ' A � +55,

Zh dvvxph dovr wkdw zkhq vxfk dq lqqrydwlrq wdnhv sodfh/ lw lv xqiruhvhhq
e| wkh djhqwv dqg lv shupdqhqw1

Dv iru wkh whfkqrorj| vkrfn/ zh zloo dvvxph wkdw lw lv xqiruhvhhq dqg
whpsrudu|1

<



Htxloleulxp Dq htxloleulxp lq rxu prgho lv jlyhq e| d sdwk iru wkh ydul0
deohv ghvfulehg deryh wkdw vdwlv�hv wkh krxvhkrog �uvw rughu frqglwlrq/ wkh
�up �uvw rughu frqglwlrq/ wkh prqhwdu| dxwkrulw| exgjhw frqvwudlqw dqg vxfk
wkdw wkh hfrqrp| vwd|v erxqghg ryhu wlph1

51414 Qxphulfdo uhvxowv

Wkh dlp ri wklv qxphulfdo h{huflvh lv wr jlyh d txdqwlwdwlyh h{dpsoh ri wkh
uhodwlrqvkls ehwzhhq wkh frpsrqhqwv ri wkh xqlw oderxu frvw dqg wkh ghjuhh
ri shuvlvwhqfh ri wkh rxwsxw ghyldwlrq iurp wkh vwhdg| vwdwh xqghu vlpsoh
dvvxpswlrqv1

Wkh xqlw oderxu frvw lv uhodwhg lq dq lpsruwdqw zd| zlwk nh| sdudphwhuv
ri rxu prgho1 Frqvlghu wkh vwhdg| vwdwh pdujlqdo frvw ixqfwlrq lpsolhg e|
htxdwlrq +46,/ l1h1
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+56,

zkhuh 8 ' EV � �� + � � / dqg zkhuh wkh vhfrqg uhodwlrqvkls pdnhv xvh ri wkh
idfw wkdw �upv vhw sulfhv dv pdunxsv ryhu pdujlqdo frvwv1 Wklv htxdwlrqv
vkrz wkdw wkh xqlw oderxu frvw ghfuhdvhv lq wkh sur�w pdujlq/ wkdw lv wkh jds
ehwzhhq wkh pdunxs >/ dqg wkh uhwxuqv wr vfdoh sdudphwhu V dqg E� � k�1
Lq wklv vhfwlrq zh zloo fkdudfwhulvh wkh uhodwlrqvkls ehwzhhq shuvlvwhqfh dqg
wkhvh frpsrqhqwv ri wkh xqlw oderxu frvw1

Wkh qxpehuv jlyhq wr rxu sdudphwhuv duh wdnhq iurp wkh edoosdun ri
qxpehuv wkdw fdq eh irxqg lq dq| g|qdplf jhqhudo htxloleulxp prgho1 Wkh
fuxfldo sdudphwhu lq wklv h{huflvh lv E� � k� c zklfk iru vlpsolflw| zh uhihu
wr dv wkh uhwxuq wr oderxu1 Dv hylghqw iurp htxdwlrq +6, wkh vljq ri wkh
uhodwlrqvkls ehwzhhq wkh ghjuhh ri uhdo uljlglw| dqg wkh pdunxs ghshqgv rq
wkh uhwxuq wr oderxu1 Wklv uhodwlrqvkls lv lqvwhdg lqyduldqw zlwk uhvshfw wr V1

Qxphulfdo vlpxodwlrq ri rxu vlpsoh prgho frq�upv wklv idfw1 Lq sduwlfxodu
lw vkrzv wkdw wkhuh lv d srvlwlyh uhodwlrqvkls ehwzhhq wkh pdunxs dqg shuvlv0
whqfh +uhdo uljlglw|, zlwk lqfuhdvlqj uhwxuqv wr oderxu EE� � k� : ��/ zkloh wklv
uhodwlrqvkls wxuqv qhjdwlyh zlwk ghfuhdvlqj uhwxuqv wr oderxu EE� � k� 	 ��1
Wkhuh lv qr uhodwlrqvkls zkhq E� � k� ' f/ wkdw lv zkhq wkhuh zrxog eh
frqvwdqw uhwxuqv wr vfdoh devhqw ryhukhdg frvwv1

Wklv jhqhudo htxloleulxp prgho frq�upv rxu hduolhu vwdwhphqw wkdw wkh
uhodwlrqvkls ehwzhhq shuvlvwhqfh dqg wkh ghjuhh ri uhwxuq wr oderxu ghshqgv
rq wkh uhvsrqvh ri pdujlqdo frvwv wr djjuhjdwh vkrfnv1 Lq rxu vlpsoh prgho/
wkh odwwhu ghshqgv rqo| rq wkh wrwdo hodvwlflw| ri oderxu vxsso|/ l1h1 wkh

�

Zh dvvxph vwdwlrqdu| surgxfwlylw| vkrfnv1
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lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq/
�
� dqg wkh hodvwlflw| sdudphwhu l1 D

yhu|  h{leoh oderxu vxsso| lpsolhv d yhu|  dw djjuhjdwh pdujlqdo frvw fxuyh1
Wklv lq wxuq eulqjv derxw d srvlwlyh uhodwlrqvkls ehwzhhq wkh uhwxuqv wr
oderxu dqg shuvlvwhqfh dv wdeoh +4, uhyhdov1

Wkh iroorzlqj qxpehuv duh xvhg lq wkh h{huflvh= � ' b/ q ' f�bS/ l ' f�D/
j ' 2 / ' f�D1

Shuvlvwhqfh lv phdvxuhg e| wkh kljkhvw/ �vwdeoh� exw qrw xqlwdu|/ hljhq0
ydoxh dvvrfldwhg zlwk rxu olqhdulvhg g|qdplf prgho1

���

Wklv phdvxuh ri shu0
vlvwhqfh uhihuv wkhuhiruh wr wkh wudqvlwlrq sdwk rqo|1

Wdeoh +4, jlyhv d �uvw h{dpsoh ri wkh uhodwlrqvkls ehwzhhq rxu sdudphwhuv
ri lqwhuhvw dqg shuvlvwhqfh1 Wkh hqwulhv ri wkh wdeoh duh wkh phdvxuh ri
shuvlvwhqfh iru gl�huhqw ydoxhv ri wkh pdunxs/ uhwxuqv wr oderxu dqg ryhukhdg
frvwv1

> ' ��2D > ' ��fD > ' ��2D
Qr ryhukhdg frvwv EV ' ��= l ' f�Dc j ' 2 EV ' ��= l ' 2 � �f

�

c j ' f�fD
E� � k� ' f�� f�S�.� f�...2 f�22�b
E� � k� ' f�H f�eb.� f�S�D. f�2.��
E� � k� ' ��f� f��He� f��D.2 f�eDe�
E� � k� ' ��fD f��D2. f�fD�e f�....
Ryhukhdg frvwv EV ' >�= l ' f�Dc j ' 2 EV ' >�= l ' 2 � �f

�

c j ' f�fD
E� � k� ' f�� f�S2be f�..DH f�22Db
E� � k� ' f�H f�eHHb f�S�22 f�2H2H
E� � k� ' ��f� f��b2� f��Sf. f�eeH�
E� � k� ' ��fD f��SH� f�fb�b f�Sfbf

Wdeoh 4= Qxphulfdo h{dpsohv

Froxpq 5 dqg 6 ri wdeoh +4, vkrz wkdw shuvlvwhqfh ghfuhdvhv lq wkh pdunxs
zkhq wkhuh duh ghfuhdvlqj uhwxuqv wr oderxu/ zlwk ru zlwkrxw ryhukhdg frvwv1
Wkh| dovr vkrz wkdw wkhuh lv d prqrwrqlf uhodwlrqvkls ehwzhhq uhwxuqv wr
oderxu dqg shuvlvwhqfh1 Wklv lv wuxh dovr zkhq wkhuh lv dq h{wuhpho|  h{leoh
oderxu vxsso|/ dv wkh odvw froxpq vkrzv/ dowkrxjk wkh vljq ri wkh uhodwlrqvkls
lv uhyhuvhg1 Lq wkh odwwhu fdvh zh fdqqrw frpsduh shuvlvwhqfh zlwk gl�huhqw
pdunxsv vlqfh uhgxflqj wkh pdunxs zrxog uhtxluh d hyhq  dwwhu djjuhjdwh
pdujlqdo frvw fxuyh wr suhvhuyh wkh srvlwlyh uhodwlrqvkls ehwzhhq uhwxuqv

���

Lq wkh fdvh ri whfkqrorj| vkrfnv zh h{foxgh reylrxvo| wkh hljhqydoxh dvvrfldwhg zlwk
wkh vkrfn surfhvv1
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dqg shuvlvwhqfh1 Wklv shu vh zrxog d�hfw shuvlvwhqfh pdnlqj wkh frpsdulvrq
phdqlqjohvv1

Wr ehwwhu vhh wkh h�hfw ri wkh pdunxs rq shuvlvwhqfh frqvlghu wkh fdvh
zkhuh wkhuh duhq*w ryhukhdg frvwv/ E� � k� ' f�H dqg > ' ��2D� Lq wklv fdvh wkh
�kdoi olih� ri wkh uhdo h�hfwv ri wkh vkrfn lv voljkwo| ohvv 45 prqwkv/ zkhuhdv
zlwk > ' ��fD wkh �kdoi olih� lqfuhdvhv wr voljkwo| pruh wkdq 4; prqwkv1
Iljxuhv +4, vkrzv wklv sduwlfxodu fdvh/ zkloh �jxuh +5, vkrzv shuvlvwhqfh
zlwk lqfuhdvlqj uhwxuqv wr oderxu1 Lq erwk fdvhv zh kdyh dvvxphg V ' �1
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Iljxuh 4= Shuvlvwhqfh zlwk E� � k� ' f�H

Wdeoh +4, vkrzv dovr wkh h�hfw ri lqfuhdvlqj uhwxuqv xqghu wzr gl�huhqw
wrwdo hodvwlflwlhv ri oderxu vxsso|1

� �

Wkh vl}h ri V grhv qrw dowhu wkh uhod0
wlrqvkls ehwzhhq shuvlvwhqfh dqg erwk/ wkh pdunxs dqg E� � k�1 Ilqdoo|
shuvlvwhqfh lqfuhdvhv lq V zkhq E� � k� : � dqg ghfuhdvhv rwkhuzlvh1

Lq wklv prgho/ wkh vwuxfwxudo shuvlvwhqfh/ l1h1 qrw ehorqjlqj wr wkh xq0
ghuo|lqj vkrfn surfhvv/ lv lqghshqghqw ri wkh vrxufh ri wkh vkrfn +prqh|
ru whfkqrorj|,1 Qhyhuwkhohvv wkh uhvsrqvh ri wkh hfrqrp| wr d whfkqrorj|
vkrfn lv gl�huhqw iurp wkh uhvsrqvh ri wkh hfrqrp| wr d qrplqdo vkrfn xqghu
rwkhu uhvshfwv/ dv �jxuh +6, vkrzv1 Wklv judsk lv rewdlqhg xqghu d whpsrudu|
whfkqrorj| vkrfn ri wkh irup i	5 ��� � ' f�D 	5 � n D ��� � G D � ' �j dqg qr prqhwdu|
vkrfn1

� �

Zh irxqg wkdw zlwk � @ 4=58> dw derxw � @ 8 � 43
�

dqg � @ 3=5 shuvlvwhqfh zdv qrw
d�hfwhg e| wkh uhwxuqv wr oderxu1 Zh fdq wkhuhiruh frqmhfwxuh wkdw lq d qduurz lqwhuydo
ri wkhvh ydoxhv wkh vkliw lq wkh djjuhjdwh pdujlqdo frvw fxuyh lv lghqwlfdo wr wkh hodvwlflw|
ri wkh pdujlqdo uhyhqxh1 Vpdoohu ydoxhv iru wkh pdunxs zrxog pdnh lw pruh gl!fxow wr
jhqhudwh d srvlwlyh fruuhodwlrq ehwzhhq wkh uhwxuqv wr oderxu dqg shuvlvwhqfh1
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Iljxuh 5= Shuvlvwhqfh zlwk E� � k� ' ��fD
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Iljxuh 6= H�hfwv ri d wudqvlwru| surgxfwlylw| vkrfn1
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Iljxuh 7= Shuvlvwhqfh dqg ghpdqg hodvwlflw| dw lqfuhdvlqj dqg ghfuhdvlqj
uhwxuqv wr vfdoh1

Vlqfh dq dqdo|wlfdo fkdudfwhul}dwlrq ri wkh uhvsrqvh ri shuvlvwhqfh wr wkh
wkuhh sdudphwhuv dw kdqg zrxog eh wrr fxpehuvrph/ zh fduulhg rxw vrph
vhqvlwlylw| dqdo|vlv1 Iljxuh +7, vkrzv wkh uhvsrqvh ri shuvlvwhqfh iru ydu|lqj
ydoxhv ri wkh hodvwlflw| dw lqfuhdvlqj dqg ghfuhdvlqj uhwxuqv wr oderxu dqg
V ' �1

� �

Wkh yhuwlfdo olqh lq wkh judsk uhsuhvhqwv wkh olplw 0 '
� ��
� c zklfk

ghulyhv iurp wkh vhfrqg rughu frqglwlrqv ri sur�w pd{lpl}dwlrq1
Iljxuh +8, vkrzv wkh uhvsrqvh ri shuvlvwhqfh wr ydulrxv ydoxhv ri V

Ilqdoo| �jxuh +9, ghvfulehv wkh uhodwlrqvkls ehwzhhq wkh uhwxuqv wr oderxu
sdudphwhu E� � k� dqg shuvlvwhqfh1 Wklv judsk vkrzv wkdw shuvlvwhqfh lv d
prqrwrqlf ixqfwlrq ri wkh uhwxuqv wr oderxu1 Wkh �uvw ghulydwlyh ri shu0
vlvwhqfh zlwk uhvshfw wr uhwxuqv wr oderxu ghshqgv rq wkh hodvwlflw| ri wkh
pdujlqdo frvw zlwk uhvshfw wr djjuhjdwh rxwsxw1 Wkh xsshu olplw ri wkh
lqfuhdvlqj ixqfwlrq lv d �vlqjxodulw| srlqw� zkhuh wkh htxloleulxp ehfrphv
lqghwhuplqdwh1 Lq wklv vlpsoh prgho/ lqghwhuplqdf| fdq eh hdvlo| surgxfhg
e| pdnlqj wkh djjuhjdwh pdujlqdo frvw fxuyh vx!flhqwo|  dw1 Wklv srlqw
kdv ehhq uhfhqwo| vwuhvvhg e| Iduphu +5333, zkr glvfxvvhv wkh uhodwlrqvkls
ehwzhhq wkh uhdo uljlglw| ri vwlfn| sulfh prghov dqg lqghwhuplqdf|1 Wr wkh h{0
whqw wkdw pruh frpsoh{ prghov +h1j1 zlwk fdslwdo, pdnh lqghwhuplqdf| pruh
gl!fxow wr eh rewdlqhg/ d odujh srvlwlyh �uvw ghulydwlyh ri wkh shuvlvwhqfh
ixqfwlrq zlwk uhvshfw wr wkh uhwxuqv wr oderxu zloo eh dovr pruh h{fhswlrqdo1

Zh frqmhfwxuh wkhuhiruh wkdw yduldwlrqv lq uhwxuqv wr idfwruv dfurvv frxq0
� �

Lqfuhdvlqj � glg qrw fkdqjh wkh uhvxow txdolwdwlyho|1
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Iljxuh 8= Ydu|lqj vl}h ri ryhukhdg frvwv dqg shuvlvwhqfh

wulhv zrxog qrw eh wkh pdmru vrxufh ri yduldwlrqv lq wkh xqlw oderxu frvw1

6 Wkh gdwd dqg wkh phwkrgrorj|

Lq wklv vhfwlrq zh fduu| rxw d furvv0frxqwu| hpslulfdo lqyhvwljdwlrq ri wkh
pdunxs0shuvlvwhqfh uhodwlrqvkls1 Wklv vwxg| lv edvhg rq revhuydwlrqv iru
57 frxqwulhv gudzq iurp wkh RHFG +Hfrqrplf Rxworrn, gdwd0vhw ryhu wkh
shulrg 4<9304<<<1

� �

Wkh hpslulfdo lqyhvwljdwlrq ri wkh uhodwlrqvkls ehwzhhq wkh pdunxs dqg
wkh shuvlvwhqfh ri djjuhjdwh rxwsxw ghyldwlrqv lv sdyhg zlwk gl!fxowlhv1 Lq
sduwlfxodu/ dv zh kdyh vhhq/ zh pxvw gh�qh hpslulfdo phdvxuhv ri wkh ghvluhg
pdunxs dqg ri wkh ghjuhh ri shuvlvwhqfh ri rxwsxw1

D ydvw olwhudwxuh glvfxvvhv wkh sureohpv dvvrfldwhg zlwk phdvxulqj wkh
pdunxs1

� �
Htxdwlrq +5, whoov xv wkdw wkh ghvluhg pdunxs lv lghqwlfdo wr wkh

lqyhuvh ri wkh uhdo pdujlqdo frvw/ xqghu  h{leoh sulfhv1 Wkh idfw wkdw sulfhv
duh qrw  h{leoh lpsolhv wkdw wkh dfwxdo pdunxs pd| gl�hu iurp wkh ghvluhg
pdunxs dw dq| srlqw lq wlph1 Qhyhuwkhohvv zh h{shfw wkdw rq dyhudjh wkh
dfwxdo pdunxs dqg wkh dyhudjh pdunxs frlqflgh1 Wkhuhiruh/ zh fdofxodwh wkh

� �

Ixuwkhu ghwdlov ehorz1 Wkh frxqwulhv duh= = Dxvwudold/ Dxvwuld/ Ehojlxp/ Fdqdgd/ Ghq0
pdun/ Ilqodqg/ Iudqfh/ Jhupdq|/ Juhhfh/ Mdsdq/ Lfhodqg/ Luhodqg/ Lwdo|/ Ph{lfr/ Qhwkhu0
odqgv/ Qhz ]hdodqg/ Qruzd|/ Sruwxjdo/ Uhsxeolf ri Nruhd/ Vsdlq/ Vzhghq/ Vzlw}huodqg/
Xqlwhg Nlqjgrp dqg Xqlwhg Vwdwhv

� �
Vhh iru h{dpsoh Fduowrq +4<;9, dqg Urwhpehuj dqg Zrrgirug +4<<<,1
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Iljxuh 9= Shuvlvwhqfh/ uhwxuqv wr oderxu dqg pdfurhfrqrplf hodvwlflw| ri frvwv
xqghu > ' ��2D1

ghvluhg pdunxs dv wkh dyhudjh ryhu derxw 73 |hduv ri d phdvxuh ri wkh dfwxdo
pdunxs1 Urwhpehuj dqg Zrrgirug +4<<<, vxjjhvw wkdw wkh fruuhfw phdvxuh
ri wkh pdunxs vkrxog eh qhw ri lqgluhfw wd{hv1 Wkhuhiruh zh suhvhqw uhvxowv
xvlqj erwk/ wkh jurvv ri lqgluhfw wd{ pdunxs dv zhoo dv wkh qhw ri wd{ pdunxs1
Iljxuh +:, vkrzv wkh wzr phdvxuhv iru wkh 57 frxqwulhv1

Wkh dfwxdo pdunxs/ dqg khqfh wkh uhdo pdujlqdo frvw/ duh qrw revhuydeoh1
Khuh zh iroorz wkh olwhudwxuh dqg phdvxuh wkh uhdo pdujlqdo frvw xvlqj wkh
xqlw oderxu frvw1

� �

E| lqwhusuhwlqj wkh +lqyhuvh, oderxu vkduh dv wkh pdunxs/ wkh olwhudwxuh
w|slfdoo| lpsrvhv d frqvwdqw uhwxuq wr idfwruv dv zhoo dv d frqvwdw glvwulexwlrq
ri qhw ri sur�wv lqfrph dprqj idfwruv1 Li wkhvh dvvxpswlrqv zkhuh lqfruuhfw/
wkhq w|slfdo phdvxuhv ri wkh uhdo pdujlqdo frvw dqg ri wkh pdunxs zrxog
eh zurqj1 Lq sduwlfxodu gl�huhqw xqlw frvwv dfurvv frxqwulhv frxog lqglfdwh d
gl�huhqw pdunxs dv zhoo dv gl�huhqw ghjuhhv ri uhwxuqv wr vfdoh1

� �

Wr wdnh d vwdqg lq wkh lqwhusuhwdwlrq ri wkh xqlw oderxu frvw zh uhod| rq
wzr dvvxpswlrqv1 Rqh lv wkdw vlplodu vkduhv ri qhw ri sur�w lqfrph dffuxh
wr idfwruv ri surgxfwlrq dfurvv frxqwulhv1 Wkh vhfrqg dvvxpswlrq lv wkdw
hlwkhu wkh uhxwuqv wr vfdoh gr qrw ydu| vljql�fdqwo| dfurvv frxqwulhv ru wkdw
djjuhjdwh frvwv lqfuhdvh vx!flhqwo| gxulqj h{sdqvlrqv1 Lq hlwkhu fdvh wkh

� �
Vhh Jdoð/ Jhuwohu +4<<<,/ Jdoð/ Jhuwohu dqg Oösh}0Vdolgr +5334,/ Verugrqh +4<<;,/

Urwhpehuj dqg Zrrgirug +4<<<,/ Qhlvv +5334,/ dprqj rwkhuv1
���
Wklv zrxog eh wkh rqo| srvvleoh lqwhusuhwdwlrq li � @ �1
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gross of taxes net of taxes

Iljxuh := Wkh pdunxs lq wkh 57 RHFG frxqwulhv1

uhwxuqv wr vfdoh zrxog qrw h{sodlq rxu hylghqfh1
Frqvhtxhqwo| dqg lq oljkw ri rxu hpslulfdo hylghqfh ri d srvlwlyh uhodwlrq0

vkls ehwzhhq xqlw frvwv dqg shuvlvwhqfh/ lqwhusuhwlqj wkh xqlw oderxu frvw lq
whupv ri E� � k� rqo|/ zrxog eh lq frqwudvw zlwk rxu wkhruhwlfdo uhvxowv1 Wklv
ehfdxvh d kljkhu E� � k� lpsolhv orzhu shuvlvwhqfh1 Lw lv wkhuhiruh whpswlqj
wr lqwhusuhw wkh xqlw oderxu frvw dv wkh +lqyhuvh ri, sxuh sur�wv= wkdw lv wkh
pdunxs dgmxvwhg iru uhwxuqv wr vfdoh/ zklfk vl}h ghshqgv rq wkh ghjuhh ri
frpshwlwlrq1

Qrwlfh lq sduwlfxodu wkdw li djjuhjdwh frvwv duh vx!flhqwo| lqfuhdvlqj gxu0
lqj h{sdqvlrqv/ zh gr qrw qhhg wr lpsrvh d frqvwdqw uhwxuq wr oderxu dfurvv
frxqwulhv1 Vd|/ iru h{dpsoh/ wkdw zh revhuyh d xqlw oderxu frvw kljkhu lq
frxqwu| D/ wkdq lq frxqwu| E1 Wklv frxog eh gxh wr d kljkhu uhwxuq wr oderxu
lq frxqwu| D wkdq lq frxqwu| E1 Fhwhulv sdulexv/ wklv zrxog lpso| d orzhu
shuvlvwhqfh lq frxqwu| D/ frqwudu| wr rxu hylghqfh1 Wr eh frqvlvwhqw zlwk rxu
hylghqfh/ wklv h{dpsoh uhtxluhv wkdw sxuh sur�wv lq frxqwu| D duh vx!flhqwo|
vpdoohu wkdq wkrvh lq frxqwu| E wr r�vhw wkh jds lq whfkqrorj| dqg surgxfh
wkh revhuyhg shuvlvwhqfh1 Li wkh uhwxuqv wr oderxu zhuh lqvwhdg vpdoohu lq
frxqwu| D ylv0ã0ylv frxqwu| E/ frqvlvwhqwo| zlwk wkh kljkhu shuvlvwhqfh/ wkh
vl}h ri sxuh sur�wv vkrxog eh vx!flhqwo| vpdoohu lq frxqwu| D wr uh hfw wkh
jds lq xqlw oderxu frvw1 Wklv zrxog whoo xv wkdw pruh frpshwlwlyh hfrqrplhv
kdyh d pruh shuvlvwhqw exvlqhvv f|foh/ dowkrxjk wkh pdmru frqwulexwru wr wklv
lw whfkqrorj|1 Qrwlfh pruhryhu wkdw wkh odwwhu h{dpsoh zrxog dsso| dovr wr
dq hfrqrp| zlwk lqfuhdvlqj uhwxuqv wr oderxu1 D ixuwkhu uhtxluhphqw khuh

4:



zrxog eh wkdw wkh jds lq sxuh sur�wv qhfhvvdu| wr eulqj derxw wkh revhuyhg
gl�huhqfh lq xqlw oderxu frvw lv qrw vxfk wr eh lq frqwudvw zlwk wkh revhuyhg
shuvlvwhqfh1

� �

Wkh dvvxpswlrq ri ghfuhdvlqj uhwxuqv wr oderxu zrxog fohduo| khos wkh
lqwhusuhwdwlrq ri rxu hylghqfh1 Wklv uhvwulfwlrq lv lqghhg qrw yhu| vwurqj/
vlqfh lw vwloo doorzv iru lqfuhdvlqj uhwxuqv wr vfdoh yld wkh ryhukhdg frvw ri
surgxfwlrq1 Lq wklv fdvh wkh pdujlqdo frvw fxuyh zrxog dvvxph wkh �X0vkdsh�
ri xqghujudgxdwh wh{werrnv1 Ixuwkhupruh/ ryhukhdg frvw duh dovr d sodxvleoh
udwlrqdoh iru lpshuihfw frpshwlwlrq vlqfh wkh| frqvwlwxwh eduulhuv wr hqwu|1

Li zh uhdg rxu uhvxowv lq whupv ri wkh uhdo uljlglw| fkdqqho/ wkh lqwhusuh0
wdwlrq ri wkh oderxu vkduh dv uhsuhvhqwlqj pdlqo| wkh pdunxs lv frqvlvwhqw
zlwk wkh �qglqj ri Fduowrq +4<;9,1 Dv phqwlrqhg deryh/ Fduowrq surylghv
plfurhfrqrphwulf hylghqfh ri d srvlwlyh uhodwlrqvkls ehwzhhq frqfhqwudwlrq
dqg vl}h ri sulfh dgmxvwphqwv1 Rxu hylghqfh vxjjhvwv wkdw d kljkhu oderxu
vkduh +orzhu dgmxvwhg pdunxs, lv dvvrfldwhg zlwk kljkhu shuvlvwhqfh1 Khqfh/
rxu vwru| zrxog eh frqvlvwhqw zlwk wkh lghd wkdw wkh vl}h ri wkh dgmxvwphqwv
lv lqyhuvho| uhodwhg zlwk wkh pdunxs +uhdo uljlglw| fkdqqho,1 Lq wklv oljkw/ rxu
uhvxowv vxjjhvw wkdw wkh uhdo uljlglw| fkdqqho lv wkh grplqdwlqj idfwru wkurxjk
zklfk wkh pdunxs d�hfwv shuvlvwhqfh1

D vhfrqg sureohp lq rxu hpslulfdo lqyhvwljdwlrq ghulyhv iurp wkh gl!fxow|
ri phdvxulqj shuvlvwhqfh lq wkh rxwsxw ghyldwlrq iurp wuhqg1 Ehvlghv wkh
zhoo nqrzq sureohpv lq gh�qlqj wkh dssursuldwh wuhqg ri d vhulhv/ wkhuh lv
vrph ghjuhh ri iuhhgrp lq ghwhuplqlqj wkh dssursuldwh g|qdplf surfhvv wkdw
jryhuqv rxwsxw1 Khuh zh sduwldoo| iroorz d uhfhqw zrun e| Nloh| +5333,1 Lq klv
zrun Nloh| surylghv vrph furvv0frxqwu| hylghqfh ri d qhjdwlyh uhodwlrqvkls
ehwzhhq lq dwlrq dqg shuvlvwhqfh1

Nloh| xvhv wkuhh zd|v ri hvwlpdwlqj shuvlvwhqfh1 Wkh �uvw ghulyhv iurp d
vlpsoh DU+4, surfhvv ri ghwuhqghg rxwsxw1 Wkh vhfrqg ghulyhv iurp d mrlqw
hvwlpdwlrq ri d DULPD+5/4/3, surfhvv iru prqh| dqg d DU+5, surfhvv iru
rxwsxw1 Wkh odvw lv d YDU hvwlpdwlrq ri d elyduldwh prgho lq uhdo dqg qrplqdo
rxwsxw1 Wkh odvw wzr phwkrgv duh lqwhqghg wr fdswxuh wkh shuvlvwhqfh lq
rxwsxw ghyldwlrq dvvrfldwhg zlwk prqhwdu| vkrfnv1

Khuh zh hvwlpdwh shuvlvwhqfh lq wkuhh gl�huhqw zd|v dovr1 Wkh �uvw lv/
olnh lq Nloh|/ dq DU+4, surfhvv iru rxwsxw1 Wkh vhfrqg lv dq DGO+4/4,
prgho lq rxwsxw dqg wkh lqwhuhvw udwh1 Wkh odwwhu lv lqwhqghg dv d sur{| iru
wkh prqhwdu| surfhvv wkdw dsshduv/ iru h{dpsoh/ lq wkh g|qdplf htxdwlrq iru
rxwsxw lq d sulfh vwdjjhulqj prgho ä od Wd|oru +4<;3,1

�

� Ilqdoo| zh vhohfw wkh
� �

Wkdw lv/ wkh hodvwlflw| ri shuvlvwhqfh zlwk uhvshfw wr wkh dgmxvwhg pdunxs pxvw eh
vpdoohu wkdq wkh hodvwlflw| ri shuvlvwhqfh zlwk uhvshfw wr wkh uhwxuqv wr oderxu1 Li wklv zhuh
qrw wkh fdvh/ rxu hylghqfh frxog qrw eh udwlrqdol}hg zlwk lqfuhdvlqj uhwxuqv1

���
Vhh iru h{dpsoh Urphu +4<<9/ fk1 9,1

4;



�ehvw� DU+s, prgho iru rxwsxw/ dqg phdvxuh shuvlvwhqfh e| wkh vpdoohvw urrw
+kljkhvw hljhqydoxh, ri wkh hvwlpdwhg DU+s, prgho1 Fkdul hw do1 +5333, iru
h{dpsoh xvh wklv surfhgxuh wr hvwlpdwh wkh �frqwudfw pxowlsolhu� lq prghov
ri sulfh vwlfnlqhvv1 Wklv surfhgxuh lv phwkrgrorjlfdoo| suhihudeoh wr wkh wzr
dowhuqdwlyh glvfxvvhg hduolhu1 Qhyhuwkhohvv zh kdyh sursrvhg doo ri wkhp vlqfh
wkh| duh dovr xvhg lq wkh olwhudwxuh wr phdvxuh shuvlvwhqfh +dv iru h{dpsoh lq
Nloh| +5333,,1

Zh zhuh qrw deoh wr rewdlq YDU edvhg phdvxuhv ri shuvlvwhqfh fruuhodwhg
zlwk wkh pdunxs1 Qhyhuwkhohvv/ frqvlvwhqwo| zlwk rxu wkhruhwlfdo prgho/ zh
h{shfw frpshwlwlrq wr d�hfw wkh shuvlvwhqfh ri wkh rxwsxw jds xqghu dq| w|sh
ri vkrfn1 Dw ohdvw wr wkh h{whqw wkdw vwlfn| sulfhv frqvwlwxwh d sursdjdwlrq
phfkdqlvp iru wkdw vkrfn1

� �

7 Uhvxowv

Wkh �uvw phdvxuh ri shuvlvwhqfh lv edvhg rq d DU+4, prgho iru ghwuhqghg
rxwsxw �w rq hdfk lqglylgxdo frxqwu|/ l1h1

+ � ' SJ?r|@?| n � + � � � n � �

zkhuh + � lv uhdo rxwsxw ghwuhqghg xvlqj d Krgulfn0Suhvfrww +KS, �owhu1
Wdeoh +5, vkrzv wkh hvwlpdwhv ri wkh sdudphwhu �1 Wkh �uvw froxpq

vkrzv wkh hvwlpdwh ri shuvlvwhqfh edvhg rq d DU+4, surfhvv iru doo frxqwulhv1
Froxpq 5 dqg 6 vkrz wkh w0vwdwlvwlf dqg wkh U

�
dvvrfldwhg zlwk wkh DU+4,

hvwlpdwlrq1 Froxpq 9 vkrzv wkh pd{lpxp hljhqydoxh lpsolhg lq wkh DU+s,
hvwlpdwlrq zkhuh s lv jlyhq lq wkh odvw froxpq1

Iljxuh +;, vkrzv wkh vfdwwhu sorw ri wkh �uvw phdvxuh ri shuvlvwhqfh yhuvxv
wkh jurvv ri wd{ pdunxs1

Dv d vhfrqg vwhs zh uhjuhvv wkhvh 57 hvwlpdwhv ri shuvlvwhqfh rq rxu
phdvxuh ri wkh pdunxs dqg rwkhu frqwuro yduldeohv1 Wkh uhvxowv duh vkrzq
lq wdeoh +6,1

� �

Qrwh wkdw lq wklv wdeoh/ dv zhoo dv lq wkh rwkhu uhjuhvvlrqv lq
wklv sdshu/ s0ydoxhv duh uhsruwhg lq sduhqwkhvlv1

Zh kdyh frqvlghuhg ydulrxv srvvleoh fdqglgdwhv dv frqwuro yduldeohv1 Ri
wkhvh rqo| wkuhh jdyh xv lqwhuhvwlqj uhvxowv/ wkdw lv 4<<< jurvv qdwlrqdo lqfrph
shu khdg +Zruog Edqn SSS phdvxuh,/ yrodwlolw| ri ghwuhqghg uhdo rxwsxw +l1h1

� �

Ixuwkhupruh/ d YDU dssurdfk lqwurgxfhv h{wud ghjuhhv ri iuhhgrp lq fkrrvlqj wkh ds0
sursuldwh prgho/ l1h1 wkh yduldeohv wkdw hqwhu lq wkh v|vwhp/ wkh lghqwl�fdwlrq ri wkh vkrfnv
hwf11 Iroorzlqj rxu dujxphqw d xqlyduldwh wlph vhulhv prgho vhhpv pruh dssursuldwh1

� �

Iru doo rxu uhjuhvvlrqv zh kdyh fkhfnhg dqg h{foxghg khwhurvfhgdvwlflw|1 Vwdqgdug
vshfl�fdwlrq whvwv zkhuh dovr fduulhg rxw dqg sdvvhg1

4<



Frxqwu| DU+4, frhi w0vw1 U
�

rev1 b DU+s,
Dxvwudold1 317;6 616: 3156 6< 3188; 5
Dxvwuld 31889 713: 3164 6< 31889 4
Ehojlxp 31873 61;< 315< 6< 31873 4
Fdqdgd 31938 71836 3168 6< 31946 5
Ghqpdun 316:4 5177 3147 6< 316:4 4
Ilqodqg 31:76 916< 3185 6< 31;3: 5
Iudqfh 31996 8147 3177 6< 3194< 5
Jhupdq| 31958 71;3 316; 6< 31976 5
Juhhfh 316<3 5169 314: 5< 316<3 4
Lfhodqg 31969 71<5 3173 6< 31:9: 5
Luhodqg 31988 71:4 316: 6< 31946 5
Lwdo| 31774 613: 3153 6< 318<: 5
Mdsdq 31:57 9156 3184 6< 31:57 4
Ph{lfr 318<6 7179 3168 6< 3193; 5

Qhwkhuodqgv 31848 61:: 315; 6< 31848 4
Qhz ]hdodqg 318:3 7155 3166 6< 318:3 4

Qruzd| 31946 719; 316: 6< 319:5 5
Sruwxjdo 318<5 717: 3168 6< 31957 5
V1 Nruhd 31846 6135 3158 5< 31846 4
Vsdlq 31:35 91:9 3188 6< 319:< 5
Vzhghq 3197: 8133 3173 6< 31:4: 5

Vzlw}huodqg 31967 8148 3175 6< 31:34 5
XN 31953 71;3 316; 6< 31:4< 5
XV 31866 61:: 315; 6< 319:4 5

Wdeoh 5= Wlph vhulhv hvwlpdwlrq vwdwlvwlfv
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Persistence (AR(1))

Iljxuh ;= Dyhudjh dgmxvwhg pdunxs yv1 shuvlvwhqfh

vwdqgdug ghyldwlrq ri + � ,/ jryhuqphqw h{shqglwxuhv uhodwlyh wr jurvv grphvwlf
surgxfw/ dqg lq dwlrq1

� �

Wkh udwlrqdoh iru wkh �uvw yduldeoh lv wkdw ulfkhu frxqwulhv pd| kdyh pruh
h!flhqw pdunhwv dqg lqvwlwxwlrqv vr wkdw ghsduwxuhv iurp wkh xqghuo|lqj
wuhqg vkrxog eh vkruw0olyhg1 Pdunxsv dqg lqfrph shu fdslwd duh dovr fru0
uhodwhg1 Wkh kljkhu wkh prqrsrolvwlf glvwruwlrq wkh orzhu wkh lqfrph shu
fdslwd1 Dw wkh vdph wlph dqwl0wuxvw orzv pljkw eh ehwwhu ghvljqhg ru ehwwhu
hqirufhg lq ulfkhu hfrqrplhv/ vr wkdw d kljkhu lqfrph shu khdg lv dvvrfl0
dwhg zlwk d orzhu pdunxs1 Wkh iroorzlqj vlpsoh uhjuhvvlrq hvwlpdwlrq jlyhv
hylghqfh ri wkh pdunxs0lqfrph shu fdslwdo uhodwlrqvkls1

> � ' �f��.� ��� � � � � f�HS� ��� � � � EC�Ubb� +57,

-
�

' f�Sf

zkhuh JQL<< lv wkh orj ri lqfrph shu fdslwd1
Zh lqwhusuhw wkh yrodwlolw| ri lqfrph dv d phdvxuh ri wkh ghjuhh ri xq0

fhuwdlqw| lq wkh hfrqrp|1 Uhjuhvvlqj wkh pdunxs rq yrodwlolw| dorqh jlyhv
d srvlwlyh/ dowkrxjk lqvljql�fdqw/ frh!flhqw hvwlpdwh1

� �

Lqfrph yrodwlolw| lv
dovr h{shfwhg wr eh srvlwlyho| fruuhodwhg zlwk lqfrph shuvlvwhqfh/ dv wlph

� �

Rwkhu yduldeohv frqvlghuhg zhuh fdslwdo shu zrunhu/ ghjuhh ri rshqqhvv dqg wkh yrodwlo0
lw| ri wkh h{fkdqjh udwh1

� �

S0ydoxh ri vorsh hvwlpdwh lv 31561
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phdvxuhv ri wkh pdunxs
Jurvv Qhw Jurvv Qhw Jurvv Qhw Jurvv Qhw

Frqvwdqw f�.2� � � � � � f�SH� ��� � � � ����� � � � � � ���2� ��� � � � 2�e2� ��� ��� � 2���� ��� ��� � f�HD� ��� � � � f�.b� ��� � � �
> �f���� � � � � � �f��2� ��� ��� � �f�2�� � � � ��� �f�2D� ��� � ��� �f��b� ��� ��� � �f��b� ��� � � � �f��S� ��� ��� � �f��e� ��� ��� �

yrodwlolw| D�S�� � � ��� � D��f� ��� ��� �
JQL<< �f��e� � � � � � �f��e� ��� � � �

Jry1vkduh ���e2� ��� ��� � ���Df� ��� ��� �
Lq dwlrq f�.�� ��� � ��� f�D�� ��� � � �

U
�

315< 3159 3153 3149 3163 315: 314; 3149

Wdeoh 6= Ghshqghqw yduldeoh= shuvlvwhqfh xvlqj dq DU+4, prgho

vhulhv sulqflsohv vxjjhvw1 \hw/ wkh yrodwlolw| ri lqfrph ghshqgv rq wkh shu0
vlvwhqfh ri lqfrph dv zhoo dv rq rwkhu idfwruv1 Wkhvh idfwruv lqfoxgh wkh
yrodwlolw| ri wkh xqghuo|lqj vkrfnv1 Wklv yrodwlolw| fdq eh wkrxjkw ri dv jhq0
hudwlqj xqfhuwdlqw|1

Jdoð +4<<7, surylghv vrph hylghqfh wkdw wkh jryhuqphqw h{shqglwxuh
vkduh/ Er 	 �/ lv qhjdwlyho| fruuhodwhg zlwk wkh yrodwlolw| ri lqfrph iru 55 RHFG
frxqwulhv1 Wkh lqwhusuhwdwlrq ri wklv idfw lv wkdw jryhuqphqw h{shqglwxuhv fdq
vwdelol}h wkh exvlqhvv f|foh1 Lq rxu vdpsoh/ wkh vl}h ri wkh jryhuqphqw vkduh
dsshduv dovr wr eh qhjdwlyho| fruuhodwhg zlwk wkh pdunxs/ dv wkh iroorzlqj
uhjuhvvlrq vkrzv

� �

> � ' ���f� ��� � � � � D�b�� ��� � � � r 	 � � +58,

-
�

' f�DS

Wklv uhvxow lv urexvw wr wkh lqfoxvlrq ri wkh rwkhu frqwuro yduldeohv1 Lw
dsshduv wkhq wkdw jryhuqphqw vshqglqj furzgv rxw prqrsrolvwv/ ru lqghhg
wkdw lw uhgxfhv wkhlu sur�w pdujlqv1

Nloh| +5333, vkrzv wkdw lq dwlrq lv fruuhodwhg zlwk shuvlvwhqfh/ dowkrxjk
qrw iru wkh RHFG frxqwulhv1 Qhlvv +5333/ 5334, vkrzv wkdw lq dwlrq dqg wkh
pdunxs duh fruuhodwhg lq d vdpsoh ri 56 RHFG frxqwulhv1 Iru wkhvh uhdvrqv
zh frqwuro dovr iru lq dwlrq1

Dv wkh wdeoh vkrzv zh gr qrw uxq uhjuhvvlrqv xvlqj frpelqdwlrqv ri rxu
frqwuro yduldeohv1 Zkhq zh glg vr zh frxog qrw lpsuryh wkh txdolw| ri rxu

� �

Wkh pdunxs lq wkh uhjuhvvlrq lv qhw ri lqgluhfw wd{hv1 Xvlqj d jurvv ri wd{ pdunxs
grhv qrw fkdqjh wkh uhvxow1
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hvwlpdwhv1
���

Wdeoh +6, vkrzv wkdw lq doo fdvhv wkh pdunxs lv hvwlpdwhg wr eh qhjdwlyho|
fruuhodwhg zlwk rxwsxw shuvlvwhqfh1 Lq 9 rxw ri ; fdvhv wkh hvwlpdwh lv vljqli0
lfdqw dw wkh 8( ohyho zkloh lq wkh rwkhu wzr lw lv vljql�fdqw dw wkh 43( ohyho1
Dv iru wkh frqwuro yduldeohv/ doo exw lq dwlrq kdyh vljq hvwlpdwhv dv h{shfwhg1

Jryhuqphqw h{shqglwxuh dsshduv wr eh qhjdwlyho| fruuhodwhg zlwk shu0
vlvwhqfh1 Wklv uhvxowv frqirupv zlwk �qglqjv e| Jdoð +4<<7,= Jryhuqphqwv
vhhp deoh wr uhgxfh wkh shuvlvwhqfh ri rxwsxw ghyldwlrqv iurp htxloleulxp1
Lqfrph yrodwlolw| lv srvlwlyho| fruuhodwhg zlwk shuvlvwhqfh/ dv wkh wkhru| vxj0
jhvwv1 Wkh frqwulexwlrq ri lqfrph shu fdslwd lv qrw vljql�fdqw1 Qhyhuwkhohvv
lw vkrzv wkdw wkh fruuhodwlrq ehwzhhq wkh pdunxs dqg shuvlvwhqfh lv lqghshq0
ghqw ri wklv idfwru1

Ilqdoo|/ lq dwlrq grhv qrw dsshdu vljql�fdqw dqg kdv d frxqwhu0lqwxlwlyh
vljq hvwlpdwh1

Iroorzlqj vwlfn| sulfh prghov ä od Fdoyr +4<;6, ru Wd|oru +4<;3,/ wkh
g|qdplfv ri rxwsxw hqvxhg iurp wkh vwdjjhulqj surfhvv ghshqgv rq wkh xq0
h{shfwhg lqqrydwlrq lq wkh prqh| vxsso|/ ehvlghv rwkhu vkrfnv1 Zkhq wkh
surfhvv iru prqh| lv qrw d vlpsoh Udqgrp Zdon/ wkh xqh{shfwhg prqhwdu|
vkrfn ghshqgv rq wkh sdvw hyroxwlrq ri wkh prqhwdu| yduldeoh1 Lq wkh iroorz0
lqj zh wu| wr fdswxuh sduw ri wklv idfw e| hvwlpdwlqj shuvlvwhqfh frqwuroolqj
iru wklv prqhwdu| frpsrqhqw1 Vshfl�fdoo| zh xvh wkh +RHFG, vkruw uxq
jryhuqphqw erq |lhog wr sur{| iru prqhwdu| vkrfnv1 Wkhuhiruh zh hvwlpdwh
wkh iroorzlqj htxdwlrq

+ � ' SJ?r|� n @ E�?|�o@|e � � n � �
� � ' �� � � � n D �

zkhuh D lv dvvxphg wr eh ����_�1
� �

Wkh uhvxowv duh uhsruwhg lq wdeoh +7,1
E| dqg odujh/ frqwuroolqj iru wkh lqwhuhvw udwh lq wkh hvwlpdwlrq ri shuvlv0

whqfh grhv qrw dowhu gudpdwlfdoo| rxu uhvxowv1 Wkh pdunxs lv vwloo qhjdwlyho|
fruuhodwhg zlwk shuvlvwhqfh1 Lw lv zruwk qrwlqj wkdw zkloh frqwuroolqj iru
yrodwlolw| ri lqfrph grhv qrw |lhog vljql�fdqw hvwlpdwhv/ frqwuroolqj iru lq d0
wlrq |lhogv vljql�fdqw hvwlpdwhv dw 43( ohyho zkhq wkh pdunxs lv phdvxuhg
jurvv ri wd{hv1 \hw wkh vljq ri lq dwlrq vhhpv vwloo frxqwhu0lqwxlwlyh1

Ilqdoo| zh hvwlpdwh shuvlvwhqfh xvlqj dq DU+s, prgho iru ghwuhqghg rxw0
sxw1 Zh vhohfw s xvlqj wzr fulwhuld mrlqwo|1 Rqh lv wkh plqlpxp Vfkzduw}
Ed|hvldq Fulwhulrq +VEF,/ zkloh wkh rwkhu mxvw orrnv dw wkh vljql�fdqfh ri wkh
DU frh!flhqwv1 Wkh hvwlpdwhg rughu lv uhsruwhg lq wkh odvw froxpq ri wdeoh

� �
Wkh kljk ghjuhh ri pxowlfroolqhdulw| lq uhjuhvvlrqv zlwk pxowlsoh frqwuro yduldeohv lv

wkh olnho| uhdvrq iru wkh srru uhvxowv1
� �
Vlplodu uhvxowv zhuh rewdlqhg xvlqj wkh fkdqjh ri wkh lqwhuhvw udwh udwkhu wkdq lwv ohyho1
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phdvxuhv ri wkh pdunxs
Jurvv Qhw Jurvv Qhw Jurvv Qhw Jurvv Qhw

Frqvwdqw f�.f� � � � � � f�SS� ��� � � � ��eD� � � � � � ���H� ��� � � � ��bS� ��� � � � ��.2� ��� � ��� f�HS� ��� � � � f�.S� ��� � � �
> �f�fb� � � � � � �f�f.� ��� ��� � �f�2�� � � � ��� �f�2�� ��� ��� � �f�2e� ��� � ��� �f�2�� ��� ��� � �f��D� ��� � � � �f��2� ��� ��� �

yrodwlolw| ��bb� � � � � � ��SD� ��� � � �
JQL<< �f�2b� � � � ��� �f�2.� ��� � � �

Jry1vkduh ���Hf� ��� � ��� ���..� ��� ��� �
Lq dwlrq ����� ��� � � � f�H�� ��� ��� �

U
�

3145 313; 3164 3157 315< 3156 314; 3143

Wdeoh 7= Ghshqghqw yduldeoh= shuvlvwhqfh phdvxuhg xvlqj DU+4, prgho fxp
lqwhuhvw udwh

+5,1 Rqo| iru Qruzd| wkh VEF zdv qrw frqvlvwhqw zlwk wkh s0ydoxh fulwhulrq1
Wkh s0ydoxh iru wkh odj06 frh!flhqw zdv vljql�fdqw dw wkh 43( ohyho1 Lq wklv
fdvh zh ghflghg rq d R ' 21 Wkh hvwlpdwhg pd{lpxp hljhqydoxh +lqyhuwhg
urrw, lv uhsruwhg lq froxpq 9 ri wdeoh +5,1

Iljxuh +<, vkrzv wkh vfdwwhu sorw ri wkh pdunxs +qhw ri wd{, y1 shuvlvwhqfh1
Wkh judsk vxjjhvwv wkdw ihz frxqwulhv frxog kdyh d glvsursruwlrqdwh h�hfw
rq rxu hvwlpdwhv1 Dv lq doo flufxpvwdqfhv zkhuh wkhuh duh ihz revhuydwlrqv
lw lv yhu| frvwo| wr wkurz dzd| vrph ri wkhp1 Lq wklv fdvh li zh duh zloolqj wr
gurs doo frxqwulhv zlwk pdunxs vpdoohu wkdq 515 dqg shuvlvwhqfh vpdoohu wkdq
718 uhjuhvvlqj shuvlvwhqfh rq wkh pdunxs jlyhv h{wuhpho| vljql�fdqw uhvxowv1

� �

Wr dyrlg wkh ulvn ri gdwd plqlqj zh uhsruw wkh uhvxowv lqfoxglqj doo dydlodeoh
gdwd/ zklfk zh �qg vx!flhqwo| urexvw dq|zd|1

Wkh uhvxowv ri wkh furvv frxqwu| uhjuhvvlrq duh uhsruwhg lq wdeoh +8,1
Wkhvh uhvxowv vkrz wkdw wkhuh lv vwurqj hylghqfh ri d qhjdwlyh fruuhodwlrq

ehwzhhq rxu phdvxuh ri frpshwlwlrq dqg shuvlvwhqfh1
� �

Lq sduwlfxodu lq doo
fdvhv wkh frh!flhqw hvwlpdwh iru wkh pdunxs lv vljql�fdqw dw wkh 43( ohyho1
Lqfrph shu khdg grhv qrw dsshdu wr khos hvwlpdwlqj wkh shuvlvwhqfh0pdunxs
fruuhodwlrq1 Yrodwlolw| dqg jryhuqphqw h{shqglwxuhv hqwhu vwurqjo| vljqli0
lfdqwo| dqg zlwk wkh h{shfwhg vljq1 Vxusulvlqjo| lq dwlrq grhv dovr hqwhu
vljql�fdqwo| +dw 8( v1o1, exw zlwk d srvlwlyh vljq1 Wdnlqj wklv uhvxow olwhudoo|
zh vkrxog frqfoxgh wkdw wkh kljkhu lv lq dwlrq wkh pruh shuvlvwhqw duh wkh

���
Wkh rxwolhuv zrxog eh Ph{lfr/ Juhhfh/ Qhwkhuodqgv dqg Ghqpdun1

� �

Xvlqj pruh wkdq rqh frqwuro iru htxdwlrq uhgxfhv wkh vljql�fdqfh ri wkh frqwurov exw
ohdyhv wkh pdunxs vwurqjo| vljql�fdqw1
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Persistence

Iljxuh <= Pdunxs yhuvxv shuvlvwhqfh hvwlpdwhg zlwk dq DU+s, prgho

ghyldwlrqv ri rxwsxw iurp wuhqg1 Wklv zrxog eh lq frqwudvw wr Oxfdv +4<:5,
fodlp wkdw wkh uhvsrqvlyhqhvv ri sulfhv lv sursruwlrqdo wr lq dwlrq1 Nloh|
+5333, dovr r�huv qhz hylghqfh lq vxssruw ri wklv uhdvrqdeoh fodlp1

Zh fdq wklqn ri wzr idfwruv wkdw frxog eulqj derxw rxu uhvxow rq lq dwlrq1
Wkh �uvw lv wkdw lq dwlrq frxog eh d sur{| ri vrphwklqj plvvlqj iurp rxu
uhjuhvvlrq1 Lqghhg lq dwlrq dqg yrodwlolw| duh vwurqjo| fruuhodwhg/ dv wkh
iroorzlqj vkrzv

j �
� � ' f�f2� ��� � � � n f�fb� � � � � � Z � +59,

-
�

' f��2

zkhuh j �
� � lv wkh vwdqgdug ghyldwlrq ri lqfrph ri frxqwu| � dqg Z � lv wkh

dyhudjh lq dwlrq udwh ri frxqwu| �1 Xvlqj erwk/ lq dwlrq dqg yrodwlolw| lq rxu
uhjuhvvlrq ri shuvlvwhqfh rq wkh pdunxs |lhogv lqvljql�fdqw frh!flhqwv rq wkh
wzr frqwuro yduldeohv/ zkloh wkh pdunxs hqwhuv vljql�fdqwo|1 Lw lv wkhuhiruh
xqfohdu zkhwkhu lq dwlrq lv vlpso| d sur{| iru yrodwlolw|1

�

�
Wkh vhfrqg idfwru wkdw frxog gulyh wklv uhvxow lv wkdw wkh fdxvdo uhodwlrq

ehwzhhq shuvlvwhqfh dqg lq dwlrq frxog eh uhdg iurp wkh iruphu wr wkh odwwhu/
vshfldoo| dw orz ohyhov ri lq dwlrq 1 Rqh srvvlelolw| lv wkdw kljkhu shuvlvwhqfh
ri rxwsxw ghyldwlrq pljkw lqgxfh wkh fhqwudo edqn wr lq dwh lq rughu wr jhq0
hudwh pruh hpsor|phqw1 Wklv orjlf zrxog ghulyh iurp d Eduur0Jrugrq +4<;6,

���
Lq rwkhu zrugv/ wkh pxowlfroolqhdulw| lv vwurqjhu wkdq wkh h{sodqdwru| srzhu ri wkh

wzr frqwuro yduldeohv1
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phdvxuhv ri wkh pdunxs
Jurvv

�

Jurvv
�

Jurvv
�

Jurvv Qhw Jurvv Qhw
Frqvwdqw f�He� � � � � � f�.S� ��� � � � 2�ff� � � � � � ��Df� ��� � � � ��DS� � � � � � f�bb� ��� � � � f�b�� � � � � �

> � f��2� ��� � � � � �f��S� ��� � � � �f��H� � � ��� � �f�2.� ��� � ��� �f��2� � � � � � �f�2D� ��� � ��� �f�2�� � � � ���
yrodwlolw| .��S� ��� � � �
JQL<< �f��f� � � � ���

Jry1vkduh ���.f� ��� ��� � ���bS� � � � � �
Lq dwlrq ��eb� ��� � � � ��2D� ��� ��� � �

U
�

3145 3166 3148 3163 3166 3165 315:

Wdeoh 8= Ghshqghqw yduldeoh= shuvlvwhqfh phdvxuhg xvlqj DU+s,

�
Jurvv dqg Qhw pdunxsv jlyh yluwxdoo| lghqwlfdo uhvxwov

w|sh ri fhqwudo edqn1 Wkh rwkhu srvvlelolw| lv wkdw wkh srvlwlyh fruuhodwlrq
ehwzhhq shuvlvwhqfh dqg lq dwlrq mxvw uh hfwv wkh srvlwlyh fruuhodwlrq eh0
wzhhq yrodwlolw| ri rxwsxw dqg lq dwlrq/ dv htxdwlrq +59, vkrzv1 D srvvleoh
vwru| ehklqg wklv zrxog wkhq eh wkdw/ lq iurqw ri d yrodwloh hfrqrp|/ wkh
fhqwudo edqn lv pruh surqh wr xvh prqh| iru dqwl0f|folfdo sxusrvhv/ zlwk wkh
frqvhtxhqfh ri jhqhudwlqj kljkhu lq dwlrq1

Zh frqvlghu wkhvh uhvxowv dv urexvw lqglfdwlrq ri d qhjdwlyh fruuhodwlrq
ehwzhhq shuvlvwhqfh ri ghyldwlrqv ri rxwsxw iurp wuhqg dqg wkh ghjuhh ri
frpshwlwlrq/ phdvxuhg e| wkh +dgmxvwhg, pdunxs1

8 Frqfoxvlrq

Lq wklv sdshu zh kdyh wulhg wr dgguhvv wkh iroorzlqj txhvwlrq= Gr hfrqrplhv
zlwk gl�huhqw xqlw oderxu frvwv glvsod| d gl�huhqw ghjuhh ri shuvlvwhqfh ri
wkh rxwsxw jdsB

Rxu hpslulfdo hylghqfh kdyh vkrzq wkdw wklv lv lqghhg wkh fdvh dprqj 57
RHFG frxqwulhv1 Zh kdyh dovr dujxhg wkdw e| lqwhusuhwlqj wkh xqlw oderxu
frvw dv wkh uhdo pdujlqdo frvw/ dv vxjjhvwhg e| d odujh hpslulfdo olwhudwxuh/ rxu
hylghqfh srlqwv dw d srvlwlyh fruuhodwlrq ehwzhhq frpshwlwlrq dqg shuvlvwhqfh1

Zh kdyh glvfxvvhg wr zklfk h{whqw xvlqj wkh xqlw oderxu frvw dv d sur{|
ri wkh ghjuhh ri frpshwlwlrq lv fruuhfw1 Zh frqfoxghg zlwk d fdyhdw iru
wkh lqwhusuhwdwlrq ri wkh uhodwhg hpslulfdo olwhudwxuh lq jhqhudo dqg iru rxu
hylghqfh lq sduwlfxodu1 Wkdw lv/ wkh xqlw oderxu frvw fdq eh d jrrg sur{|
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iru wkh ghjuhh ri frpshwlwlrq rqo| xqghu wkh dvvxpswlrq ri qrw qhjoljleoh
uhvrxufh frqvwudlqwv iru wkh djjuhjdwh hfrqrp| dw exvlqhvv f|foh iuhtxhqf|
dqg ri doprvw0frqvwdqw idfwruv vkduhv ri qhw ri sur�w lqfrph/ dfurvv frxqwu|
dqg dfurvv wlph1

Xqghu wklv �surylvr� zh lqwhusuhwhg rxu hylghqfh dv uh hfwlqj d srvlwlyh
fruuhodwlrq ehwzhhq frpshwlwlrq dqg shuvlvwhqfh1

Wkh prwlydwlrq ri rxu lqyhvwljdwlrq vwhpv iurp wkh vwlfn| sulfh olwhudwxuh
wkdw lv jdlqlqj jurzlqj lpsruwdqfh lq prghuq pdfurhfrqrplfv1 Pxfk ri
wklv olwhudwxuh uhvwv rq wkh dvvxpswlrq wkdw �upv rshudwh lq prqrsrolvwlfdoo|
frpshwlwlyh pdunhwv1 Wkdw lv/ �upv duh dvvxphg wr kdyh sulfh vhwwlqj srzhu1
Wklv dvvxpswlrq vhuyhv dv d qhfhvvdu| frqglwlrq iru vwlfn| sulfh hqylurqphqwv=
Ilupv ghflgh qrw wr dgmxvw wkhlu sulfhv1 Qhyhuwkhohvv/ wkh dvvxphg ghjuhh ri
frpshwlwlrq zloo d�hfw wkh dfwxdo ghjuhh ri sulfh vwlfnlqhvv lq wkhvh prghov1
Wkh wkhru| vxjjhvwv wkdw wklv zloo eh wkh fdvh iru wzr pdlq uhdvrqv1 Iluvw
kljkhu frpshwlwlrq lpsolhv odujhu orvvhv wkh ixuwkhu wkh vhw sulfh lv iurp lwv
rswlpxp +lq�qlwh orvvhv lq shuihfw frpshwlwlrq,1 Iru d jlyhq frvw ri dgmxvwlqj
wkh sulfh/ kljkhu frpshwlwlrq lpsolhv vpdoohu qrplqdo uljlglw| ri sulfhv1 D
vhfrqg uhdvrq lv wkdw wkh ghjuhh ri frpshwlwlrq zloo ghwhuplqh wkh yhuwlfdo
glvwdqfh ehwzhhq wkh pdujlqdo uhyhqxh fxuyh ri wkh �up dqg lwv pdujlqdo
frvw fxuyh= Jlyhq d vkrfn wr wkh hfrqrp|/ zlwk dq lqfuhdvlqj pdujlqdo frvw
fxuyh wkh glvwdqfh ehwzhhq wkh rog sur�w pd{lplvlqj sulfh dqg wkh qhz rqh
lv ghfuhdvlqj lq wkh ghjuhh ri frpshwlwlrq1 Wkhvh wzr wkhruhwlfdo suhglfwlrqv
kdyh ehhq vxssruwhg e| Fduowrq +4<;9, zlwk plfurhfrqrphwulf hylghqfh1

Lq rxu hpslulfdo dqdo|vlv zh zhuh idfhg e| d vhfrqg w|sh ri gl!fxow|/ l1h1
wkh phdvxuh ri shuvlvwhqfh1 Wklv sureohp lv wzr0vlghg1 Rq rqh vlgh zh qhhg
wr gh�qh d wuhqg iru rxwsxw1 Khuh/ devhqw ehwwhu dowhuqdwlyhv/ zh iroorz wkh
olwhudwxuh e| xvlqj d Krgulfn0Suhvfrww �owhu1 Rq wkh rwkhu vlgh wkh phdvxuh
ri shuvlvwhqfh ghshqgv rq wkh hvwlpdwhg prgho1 Khuh zh dgrsw d xqlyduldwh
wlph vhulhv phwkrg wr hvwlpdwh wkh g|qdplf htxdwlrq ri ghwuhqghg rxwsxw
+dv lq Fkdul hw do1 +5333,,1 Dq dowhuqdwlyh zrxog kdyh ehhq wr hvwlpdwh
d YDU +dv lq Nloh| +5333,,1 \hw/ rxu wkhruhwlfdo prgho vxjjhvwv wkdw wkh
ghjuhh ri frpshwlwlrq lv olnho| wr d�hfw shuvlvwhqfh xqghu prqhwdu| dv zhoo
dv surgxfwlylw| vkrfnv lq wkh vdph zd|1 Ixuwkhupruh d pxowlyduldwh dssurdfk
uhtxluhv h{wud dvvxpswlrqv uhjduglqj wkh yduldeohv xvhg dqg wkh lghqwl�fdwlrq
ri wkh vkrfnv1 Zh grq*w wklqn wkdw wklv zrxog khos xv lq rxu wdvn ylv0ã0ylv
wkh xqlyduldwh dssurdfk1

Ilqdoo| dq lpsruwdqw lvvxh lv zkhwkhu zdjh uljlglwlhv zrxog dowhu rxu
uhvxowv gudpdwlfdoo|1 Wkh uhodwlyh lpsruwdqfh ri sulfh vwlfnlqhvv yhuvxv zdjh
vwlfnlqhvv kdv ehhq wkh remhfw ri d orqj odvwlqj ghedwh lq hfrqrplfv1 Wklv
ghedwh kdv ehhq uhfhqwo| uhylyhg e| wkh olwhudwxuh rq wkh Skloolsv fxuyh dqg
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rq rswlpdo prqhwdu| srolf|1
� �

Wr wkh h{whqw wkdw zdjhv duh doorfdwlyh rxu
dqdo|vlv krogv1 Ilupv gr vwloo ghflgh wr eh rq wkhlu pdujlqdo surgxfw fxuyh
lq wkh idfwru pdunhw1 Li orqj uxq frqwudfwv duh lq sodfh lq wkh oderxu pdunhw/
pxfk ri rxu dqdo|vlv zrxog qrw fduu| ryhu1 \hw/ wklv sureohp zrxog eh vkduhg
zlwk wkh pdmrulw| ri prghuq pdfurhfrqrplf prghov1 Khqfh/ zkloh wklv lv d
fuxfldo txhvwlrq/ qr rqh kdv ehhq deoh vr idu wr jlyh d gh�qlwh dqvzhu wr lw1

Zkhq zdjhv duh doorfdwlyh exw vwlfn|/ wkh wkhruhwlfdo lpsolfdwlrq ri rxu
prgho zrxog dsso| wr wkh uhodwlrqvkls ehwzhhq ghjuhh ri frpshwlwlrq lq wkh
oderxu pdunhw dqg shuvlvwhqfh1 Wklv idfw lv vnhwfkhg lq wkh dsshqgl{1 Zh
�qg wklv dq lqwhuhvwlqj srvvlelolw|/ zklfk ghvhuyhv wr eh dgguhvvhg hpslulfdoo|
lq ixwxuh uhvhdufk1

D Dsshqgl{

D14 Prqrsrolvwlf oderxu pdunhw

Zh dvvxph khuh wkdw wkh oderxu pdunhw lv fkdudfwhulvhg e| prqrsrolvwlf
frpshwlwlrq1 Iru vlpsolflw| zh prgho wkh pdunhw dv srsxodwhg e| d odujh
qxpehu ri �w|shv� ri zrunhuv/ zklfk vhuylfhv duh sxufkdvhg e| d �qrq0sur�w�
xqlrq1 Wkh odwwhu vhoov dq djjuhjdwh ri wkhvh oderxu vhuylfhv wr �upv1 Li zh
ghqrwh zlwk w wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq w|shv ri zrunhuv/ wkh
djjuhjdwh ri zrunhu*v vhuylfhv vxssolhg e| wkh xqlrq lv

u '

�] �

� ,
�

�

� �
�

Wkh ghpdqg iru d vshfl�f w|sh � ri zrunhuv lv wkhuhiruh

, � '
� � �

`

� � �
u +5:,

zkhuh 0 '
�

� � �

Zh dvvxph wkdw hdfk krxvhkrog vxsso| rqh w|sh ri oderxu1 Wkh dprxqw
ri oderxu vxssolhg lv fkrvhq lq rughu wr pd{lpl}h d xwlolw| ixqfwlrq lq frq0
vxpswlrq dqg oderxu/ ghqrwhg e| L E� � c , � �1

Vlqfh hdfk krxvhkrog idfhv d grzqzdug vorslqj ghpdqg ixqfwlrq iru lwv
oderxu vhuylfhv/ wkh �uvw rughu frqglwlrq ri xwlolw| pd{lpl}dwlrq lv

� �
�

' > � 1 E� � c , � � +5;,

� �

Vhh iru h{dpsoh Jdoï hw do1 +5334,/ Hufhj hw do1 +5333, dqg Jrrgiulhqg dqg Nlqj
+5334, dqg wkh olwhudwxuh flwhg wkhuhlq1
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zkhuh > � '
�

��� � lv wkh pdunxs ri wkh uhdo zdjh ryhu wkh krxvhkrog*v pdujlqdo

frvw ri vxsso|lqj oderxu/ dqg zkhuh 1 E� � c , � � '
����� �
��� � / vr wkdw/ xqghu vwdqgdug

dvvxpswlrqv/ 1 � : f dqg 1 � : f1
Krxvhkrogv uhqhjrwldwh wkhlu zdjhv zlwk wkh wudgh xqlrq dw �{hg lqwhuydov

ri wlph lq d vwdjjhuhg idvklrq +ä od Wd|oru,1 Iru vlpsolflw| zh dvvxph wkdw
krxvhkrogv fdq eh jurxshg lq wzr frkruwv1 Wkh phpehuv ri wkh �uvw frkruw
vhw wkhlu zdjhv iru wzr shulrgv dw gdwhv w/ w.5/ w.7 111 hwf1 zkloh wkh phpehuv
ri wkh vhfrqg frkruw vhw zdjhv dw gdwhv w.4/ w.6/ 111 hwf1

Wr vlpsoli| ixuwkhu wkh prgho zh dvvxph dovr wkdw wkh wudgh xqlrq rshu0
dwhv dv d vruw ri pxwxdo lqvxudqfh wkdw doorzv lwv phpehuv wr pdlqwdlq wkh
vdph frqvxpswlrq ohyho dfurvv frkruwv1

� �

Wklv frqvxpswlrq ohyho lv ghwhu0
plqhg e| wkh djjuhjdwh vwdwh ri wkh hfrqrp| dqg/ xowlpdwho|/ e| wkh djjuh0
jdwh uhdo edodqfhv/ l1h1

� � ' � ' t '
�

�

Rq wkh surgxfwlrq vlgh zh fdq dvvxph wkdw djjuhjdwh rxwsxw lv sursru0

wlrqdo wr djjuhjdwh oderxu vr wkdw � ' u

D1414 Rswlpdo uhdo zdjh dqg djjuhjdwh vkrfnv

H{suhvvlqj yduldeohv dv orj0ghyldwlrqv durxqg wkh v|pphwulf vwhdg| vwdwh zh
fdq uhzulwh htxdwlrq +5;, dv

	� � � 	� ' l
�
	u n

1 �

1 ���
u � �

�
	, � � 	u

�
+5<,

zkhuh a ghqrwhv wkh yduldeoh lq orj0ghyldwlrq whupv/ rr vwdqgv iru v|pphwulf
vwhdg| vwdwh/ l

�
'

� � �   � ���
	  
�   lv wkh wrwdo hodvwlflw| ri wkh pdujlqdo frvw ri

oderxu vxsso| dqg 1 � ghqrwhv wkh �uvw ghulydwlyh ri 1 zlwk uhvshfw wr %1
Wr ghulyh htxdwlrq +5<, zh kdyh dovr dvvxphg wkdw wkh zdjh0pdunxs > � lv
frqvwdqw1

Wr vlpsoli| wkh dqdo|vlv zh dvvxph wkdw �qdo jrrgv sulfhv duh  h{leoh
dqg duh vhw e| �upv dv d pdunxs ryhu wkh pdujlqdo frvw1 Wkhuhiruh wkh
+djjuhjdwh, sulfh lv sursruwlrqdo wr wkh djjuhjdwh zdjh lqgh{/ l1h1

	� ' 	̀

� �

Dowhuqdwlyho| rqh fdq wklqn ri hdfk krxvhkrog dv ehlqj htxdoo| uhsuhvhqwhg lq erwk
frkruwv/ vr wkdw krxvhkrog frqvxpswlrq lv lqghshqghqw ri wkh zdjh udwh ri d vshfl�f frkruw1

5<



Frpelqlqj htxdwlrq +5<, zlwk wkh orj0ghyldwlrq ri htxdwlrq +5:, jlyhv/ diwhu
vrph dojheud

	� � � 	� '
l
�

0
k �
� n

� �
� u ���

l 	u +63,

Wkh whup
� �

��� �� ��� ��
	  �� phdvxuhv wkh hodvwlflw| ri wkh rswlpdo uhdo zdjh zlwk

uhvshfw wr djjuhjdwh vkrfnv1 Dv orqj dv krxvhkrogv glvolnh wr zrun/
� �
� : f

vr wkdw d kljkhu ghjuhh ri frpshwlwlrq lq wkh oderxu pdunhw +d orzhu zdjh0
pdunxs, lpsolhv d orzhu hodvwlflw| ri wkh uhdo zdjh dqg khqfh d kljkhu �uhdo
uljlglw|�1

Gxh wr wkh zdjh0vwdjjhulqj vwuxfwxuh ri wkh hfrqrp| wkh djjuhjdwh sulfh
ohyho lq hdfk shulrg lv jlyhq e|

	� � ' 	̀ � '
�

2
E	% � n 	% � � � �

zkhuh 	% lv wkh sulfh vhw e| hlwkhu frkruw ri zrunhuv kroglqj iru wzr frqvhfxwlyh
shulrgv1 Lq dqdorj| zlwk �upv* ehkdylrxu lq sulfh0vwdjjhulqj prghov/ khuh
zrunhuv vhw wkh uhdo zdjh iru wkh wzr frqvhfxwlyh shulrgv lq rughu wr pd{lpl}h
wkhlu xwlolw| ryhu wkhvh wzr shulrgv1 Wr vlpsoli| rxu dqdo|vlv zh lpsrvh d }hur
glvfrxqw udwh wr wkh vhfrqg shulrg xwlolw| ri wkh krxvhkrog1

� �

Wklv lpsolhv
wkdw wkh djjuhjdwh sulfh fdq eh zulwwhq dv

	� '
�

2
E 	� � n 	� � � � � +64,

Ilqdoo|/ vxevwlwxwlqj htxdwlrq +63, lq htxdwlrq +64, |lhogv diwhu vrph do0
jheud

t � '
� � [

�

� n [
� t � � � n

�

� n [
� E� � � � � � � � +65,

zkhuh [
�
'

� �
� � �� � � ��

	  �� 1
Wkh uhfxuvlyh htxdwlrq +65, lpsolhv wkdw wkh uhdo h�hfwv ri d prqhwdu|

vkrfn duh pruh shuvlvwhqw wkh orzhu +kljkhu, lv wkh zdjh0pdunxs +oderxu
ghpdqg hodvwlflw| 0,1

� �

Wkh pdlq uhvxowv zrxog fduu| ryhu wr wkh pruh jhqhudo fdvh ri d qrq0}hur glvfrxqw
udwh1
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D15 Lpshuihfw oderxu pdunhw zlwk qrq olqhdu surgxf0

wlrq ixqfwlrq

Lq wklv dsshqgl{ zh prgli| rxu vlpsoh prgho wr doorz iru fkdqjhv lq oderxu
surgxfwlylw|1 Zh gr wklv e| lpsrvlqj d qrq olqhdu surgxfwlrq ixqfwlrq/ l1h1

t � ' � � u
� ��
�

Zkhuh � � phdvxuhv whfkqrorj| vkrfnv dqg E� � k� phdvxuhv wkh uhwxuqv wr
oderxu1

Wkh oderxu ghpdqg htxdwlrq +5:, h{suhvvhg lq orj ghyldwlrq ehfrphv qrz

	� � � 	̀ � ' �
�

0

�
	, � �

�

� � k

�
	t � � 	� �

��
+66,

Zh dvvxph wkdw �upv vhw sulfhv h!flhqwo| +dv d pdunxs ryhu wkh pdujlqdo
frvw, wkhq jlyhq ru surgxfwlrq ixqfwlrq zh kdyh wkdw

	� � ' 	̀ � � g�� u �

zkhuh g�� u lv wkh orj0ghyldwlrq ri wkh pdujlqdo surgxfw ri oderxu1 Wkdw lv

	� � ' 	̀ � � 	t � n 	u �

Li zh xvh wklv uhodwlrqvkls lq htxdwlrq +66, zh fdq uhzulwh wkh lqyhuvh ghpdqg
iru oderxu dv

	� � � 	� � ' �
�

0
	, � n

�
� � 0k

0 E� � k�

�
	t � �

� � 0

0 E� � k�
	� � +67,

Wkh vxsso| ri oderxu lv vwloo jlyhq e|
� �

	� � � 	� � ' l
�
	t � n

1 �

1 ���
, ���

�
	, � � 	t �

�
+68,

Lvrodwlqj 	, � iurp htxdwlrq +68, dqg vxevwlwxwlqj lw lqwr htxdwlrq +67, jlyhv/
diwhu vrph dojheud

	� � � 	� � ' x � 	t � � x � 	� � +69,

zkhuh

x � �

� ��� �
� �� nl

� �  
� � �  

0 n
�  
� � �  

+6:,

� �

Qrwh wkdw qrz F ��� @ \ ��� 9@ O ��� 1

64



dqg

x � �
0 � �

E� � k�
�

0 n
�  
� � �  

�

Zh vwloo dvvxph wkdw zrunhuv duh jurxshg lq frkruwv vhwwlqj zdjhv lq d vwdj0
jhuhg idvklrq1 Wklv lpsolhv wkdw/ jlyhq rxu surgxfwlrq ixqfwlrq/ zh kdyh

	� � n g�� u � ' 	̀ � '
�

2
E 	� � n 	� � � � � +6;,

Xvlqj htxdwlrq +69, lq htxdwlrq +6;,/ wrjhwkhu zlwk wkh dvvxpswlrq wkdw
	t ' 	� � 	� / dqg uhduudqjlqj whupv/ jlyhv

� �

	t � '
� � x �

�
� �� nx � � �

	t � � � n
�

�
� � � nx � � �

�
	� � � 	� � � �

�
n

x �
�

� �� nx � � �

�
	� � n 	� � � �

�

+6<,

Lw lv hdv| wr vkrz wkdw dovr lq wklv fdvh wkh shuvlvwhqfh ri rxwsxw ghyldwlrq
iurp wkh vwhdg| vwdwh lv ghfuhdvlqj +lqfuhdvlqj, lq wkh ghvluhg zdjh0pdunxs
+hodvwlflw| 0,/ surylghg wkdw k 5 Efc ��1 Wr vhh wklv frqvlghu wkh frh!flhqw
x � jlyhq e| wkh gh�qlwlrq +6:, deryh1 Dv orqj dv uhwxuqv wr oderxu duh
qrw lqfuhdvlqj/ x � fdq eh lqwhusuhwhg dv wkh surgxfw ri d grzqzdug vorslqj
vwudljkw olqh lq 0 +wkh qxphudwru, dqg dq k|shuerod lq 0 +lqyhuvh ri ghqrplqd0
wru,= khqfh x � lv ghfuhdvlqj lq 01

���
Lq wkh fdvh ri lqfuhdvlqj uhwxuqv wr oderxu

+k 	 f,/ wkh vwudljkw olqh +qxphudwru, ehfrphv xszdug vorslqj1 Wkhuhiruh/
x � lv ghfuhdvlqj lq 0 rqo| iru vx!flhqwo| vpdoo ydoxhv ri 01

� �

Wklv uhvxow vkrzv wkdw rxwsxw shuvlvwhqfh lv ghfuhdvlqj lq wkh zdjh0
pdunxs hyhq li zh doorz iru d yduldeoh pdujlqdo surgxfwlylw| ri oderxu1

Uhihuhqfhv

Dorl/ P1 dqg Gl{rq/ K1 G1 +5334,1 Hqwu| g|qdplfv/ fdsdflw| xwlolvdwlrq dqg
surgxfwlylw| lq d g|qdplf rshq hfrqrp|1 plphr/ \run dqg Qrwwlqjkdp
+XN,1

� �

Rqh fdq hdvlo| yhuli| wkdw htxdwlrq +6<, uhgxfhv wr htxdwlrq +65, li frqvwdqw uhwxuqv
wr oderxu duh dvvxphg wrjhwkhu zlwk D @ 41 Khuh zh dovr dvvxph wkdw � � 5 +3> 4, vr wkdw
wkh rxwsxw sdwk grhv qrw rvfloodwh1���

Khuh zh duh dvvxplqj wkdw wkh hodvwlflw| ri wkh pdujlqdo frvw ri vxsso|lqj oderxu lv
lqghshqghqw ri %1 Wklv lv iru lqvwdqfh wkh fdvh zlwk d dgglwlyho| vhsdudeoh xwlolw| ixqfwlrq1���

Wkdw lv � � zloo eh ghfuhdvlqj lq % xs wr wkh srlqw zkhuh wkh k|shuerod kdv wkh vdph
vorsh ri wkh vwudljkw olqh1
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Edoo/ O1 dqg Urphu/ G1 +4<<3,1 Uhdo uljlglwlhv dqg wkh qrq0qhxwudolw| ri
prqh|1 Uhylhz ri Hfrqrplf Vwxglhv/ 8:=4;6�5361

Eduur/ U1 dqg Jrugrq/ G1 +4<;6,1 D srvlwlyh wkhru| ri prqhwdu| srolf| lq d
qdwxudo udwh prgho1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4=8;<�9431

Eduur/ U1 dqg Whquh|ur/ V1 +5333,1 Forvhg dqg rshq hfrqrp| prghov ri
exvlqhvv f|fohv zlwk pdunhg xs dqg vwlfn| sulfhv1 QEHU zrunlqj sdshu
+;376,1

Edvx/ V1 +4<<8,1 Lqwhuphgldwh jrrgv dqg exvlqhvv f|fohv= Lpsolfdwlrqv iru
surgxfwlylw| dqg zhoiduh1 Dphulfdq Hfrqrplf Uhylhz/ ;8=846�8641

Ehujlq/ S1 U1 dqg Ihhqvwud/ U1 F1 +5333,1 Vwdjjhuhg sulfh vhwwlqj/ wudqvorj
suhihuhqfhv/ dqg hqgrjhqrxv shuvlvwhqfh1 Mrxuqdo ri Prqhwdu| Hfr0

qrplfv/ 78+6,=98:�9;31

Fdoyr/ J1 D1 +4<;6,1 Vwdjjhuhg sulfhv lq d xwlolw|0pd{lpl}lqj iudphzrun1
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 45=<;6�<;1

Fduowrq/ G1 Z1 +4<;9,1 Wkh uljlglw| ri sulfhv1 Dphulfdq Hfrqrplf Uhylhz/
:9=96:�98;1

Frwr0Pduwlqh}/ M1 dqg Gl{rq/ K1 G1 +4<<<,1 Ilvfdo srolf| lq dq lpshuihfwo|
frpshwlwlyh g|qdplf vpdoo rshq hfrqrp|1 Xqlyhuvlw| ri \run Glvfxvvlrq
Sdshu <<24<1

Hufhj/ F1/ Khqghuvrq/ G1/ dqg Ohylq/ D1 +5333,1 Rswlpdo prqhwdu| srolf|
zlwk vwdjjhuhg zdjh dqg sulfh frqwudfwv1 Mrxuqdo ri Prqhwdu| Hfr0

qrplfv/ 79=5;4�6461

Iduphu/ U1 H1 D1 +5333,1 Wzr Qhz Nh|qhvldq wkhrulhv ri vwlfn| sulfhv1
Pdfurhfrqrplf G|qdplfv/ 7=4�671

Jdoð/ M1 +4<<7,1 Jryhuqphqw vl}h dqg pdfurhfrqrplf vwdelolw|1 Hxurshdq

Hfrqrplf Uhylhz/ 6;=44:�4651

Jdoð/ M1/ Jhuwohu/ P1/ dqg Oösh}0Vdolgr/ M1 G1 +5334,1 Hxurshdq lq dwlrq
g|qdplfv1 QEHU zrunlqj sdshu +;54;,1

Jrrgiulhqg/ P1 dqg Nlqj/ U1 J1 +4<<:,1 Wkh qhz qhrfodvvlfdo v|qwkhvlv
dqg wkh uroh ri prqhwdu| srolf|1 Lq Ehuqdqnh/ E1 V1 dqg Urwhpehuj/
M1 M1/ hglwruv/ QEHU Pdfurhfrqrplfv Dqqxdo/ sdjhv 564�;61 PLW Suhvv/
Fdpeulgjh dqg Orqgrq1
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Jrrgiulhqg/ P1 dqg Nlqj/ U1 J1 +5334,1 Wkh fdvh iru sulfh vwdelolw|1 QEHU
Zrunlqj Sdshu +;756,1

Nloh|/ P1 W1 +5333,1 Hqgrjhqrxv sulfh vwlfnlqhvv dqg exvlqhvv f|foh shuvlv0
whqfh1 Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 65=5;�861

Nlpedoo/ P1 V1 +4<<8,1 Wkh txdqwlwdwlyh dqdo|wlfv ri wkh edvlf qhrprqhwdulvw
prgho1 Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 5:=4574�45;<1

Orpedugr/ J1 +5334,1 Sulfh uljlglw| dqg wkh g|qdplfv ri wkh fxuuhqw dffrxqw1
plphr/ Ghsduwphqw ri Hfrqrplfv/ Wulqlw| Froohjh Gxeolq/1

Qhlvv/ N1 V1 +4<<<,1 Glvfuhwlrqdu| lq dwlrq lq d jhqhudo htxloleulxp prgho1
Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj/ 64+6,=68:�6:71

Qhlvv/ N1 V1 +5334,1 Wkh pdunxs dqg lq dwlrq= Hylghqfh lq RHFG frxqwulhv1
Fdqdgldq Mrxuqdo ri Hfrqrplfv/ 67+5,=8:3�8;:1

Revwihog/ P1 dqg Urjr�/ N1 +4<<8,1 H{fkdqjh udwh g|qdplfv uhgx{1 Mrxuqdo

ri Srolwlfdo Hfrqrp|/ 436+6,=957�9931

Urehuwv/ M1 P1 +5334,1 Krz zhoo grhv wkh Qhz Nh|qhvldq vwln|0sulfh prgho
�w wkh gdwdB Erdug ri Jryhuqruv/ Ihghudo Uhvhuyh V|vwhp/ Zdvklqjwrq
G1F1

Urphu/ G1 +4<<9,1 Dgydqfhg Pdfurhfrqrplfv1 PfJudz0Kloo1

Urwhpehuj/ M1 M1 dqg Zrrgirug/ P1 +4<<<,1 Wkh f|folfdo ehkdylru ri sulfhv
dqg frvwv1 Lq Wd|oru/ M1 dqg Zrrgirug/ P1/ hglwruv/ Kdqgerrn ri Pdfurh0

frqrplfv/ yroxph 4E/ fkdswhu 491 Qruwk0Kroodqg/ Dpvwhugdp1

Verugrqh/ D1 P1 +5333,1 Sulfhv dqg xqlw oderu frvwv= D qhz whvw ri sulfh vwlfn0
lqhvv1 Lqvwlwxwh iru Lqwhuqdwlrqdo Hfrqrplf Vwxglhv/ Vwrfnkrop/ Vhplqdu
Sdshu q1 9861

Wd|oru/ M1 E1 +4<;3,1 Djjuhjdwh g|qdplfv dqg vwdjjhuhg frqwudfwv1 Mrxuqdo

ri Srolwlfdo Hfrqrp|/ ;;=4�561
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