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4Wkdqnv duh gxh wr Ndulp Dedglu/ Jlrydqql Irufklql/ Urehuw Wd|oru dqg wzr dqrq|prxv

uhihuhhv iru frpphqwv dqg vxjjhvwlrqv1 Dq| uhpdlqlqj huuruv duh wkh uhvsrqvlelolw| ri wkh

dxwkru1

Wklv sdshu zdv zulwwhq zkloh wkh dxwkru zdv d Ohyhukxoph Vshfldo Uhvhdufk Ihoorz/ dqg

wkdqnv jr wr wkh Ohyhukxoph wuxvw iru wkhlu �qdqfldo vxssruw1



Devwudfw

Vdggohsrlqw dssur{lpdwlrqv iru wkh �qlwh vdpsoh ghqvlw| dqg glvwulexwlrq ri wkh hv0

wlpdwh ri wkh dxwruhjuhvvlyh sdudphwhu lq dq DU+4, prgho duh ghulyhg1 Zh gluhfwo|

h{whqg wkh uhvxowv ri Skloolsv +4<:;, dqg Olhehupdq +4<<7,/ wr qrqvwdwlrqdu| fdvhv/

e| doorzlqj xqlw dqg h{sorvlyh urrwv dqg wkh suhvhqfh ri ghwhuplqlvwlf frpsrqhqwv/

lq sduwlfxodu wlph wuhqgv dqg guliwv1 D wudfwdeoh dojrulwkp lv suhvhqwhg/ ohdglqj wr

d jhqhudo irup zklfk lv xqfkdqjhg zkhwkhu wkh prgho lv vwdwlrqdu|/ qrq0vwdwlrqdu|

ru frqwdlqv ghwhuplqlvwlf frpsrqhqwv1 Wkh dffxudf| ri wkh dssur{lpdwlrq lv ghprq0

vwudwhg/ lq sduwlfxodu lq frpsdulvrq zlwk hvwdeolvkhg dv|pswrwlf uhvxowv1

Nh| Zrugv= Dxwruhjuhvvlrq/ wuhqg dqg gl�huhqfh vwdwlrqdulw|/ vdggohsrlqw ds0

sur{lpdwlrq1



4 Lqwurgxfwlrq

H{suhvvlrqv iru wkh ghqvlw| dqg glvwulexwlrq/ zkhwkhu dssur{lpdwh ru h{dfw/ ri wkh

hvwlpdwru ri wkh dxwruhjuhvvlyh sdudphwhu kdyh ehhq h{whqvlyho| vrxjkw wkurxjkrxw

wkh wlph vhulhv olwhudwxuh1 Iru h{dpsoh/ lq wkh vlpsohvw }hur phdq/ vwdwlrqdu| �-E��

prgho dv|pswrwlf qrupdolw| kdv ehhq hvwdeolvkhg dqg Hgjhzruwk w|sh fruuhfwlrqv

wr wkh dv|pswrwlf ghqvlw| suhvhqwhg/ iru h{dpsoh lq Skloolsv +4<::,1 Krzhyhu/ lq

xqlw urrw dqg h{sorvlyh fdvhv dv|pswrwlf ghqvlwlhv duh ixqfwlrqdov ri vwdqgdug Zlhqhu

surfhvvhv +vhh Zklwh +4<8;, dqg Skloolsv +4<;9,,1 Wkh vlwxdwlrq lv ixuwkhu frpsolfdwhg

vlqfh lqwurgxflqj h{rjhqrxv uhjuhvvruv/ iru h{dpsoh d guliw ru wlph wuhqg/ lqwr xqlw

urrw prghov/ uh0hvwdeolvkhv dv|pswrwlf qrupdolw| +vhh Hydqv dqg Vdylq +4<;7, ru

Kdplowrq +4<<7,,1 Dv d frqvhtxhqfh/ dv|pswrwlf dqdo|vlv ri wkh surshuwlhv ri wkh

dxwruhjuhvvlyh hvwlpdwru lq vrph jhqhudo g|qdplf uhjuhvvlrq prgho lv vrphzkdw ri

d slhfhphdo surfhvv vlqfh wkh dv|pswrwlf glvwulexwlrq ghshqgv xsrq> l, zkhwkhu wkh

prgho lv vwdwlrqdu|/ dqg ll, li lw lv qrw vwdwlrqdu|/ zkhwkhu wuhqgv dqg guliwv duh

lqfoxghg1

Lq wklv sdshu zh suhvhqw d vlpsoh xql�hg dssur{lpdwlrq iru wkh ghqvlw| dqg glvwul0

exwlrq ri wkh hvwlpdwru/ zkrvh ixqfwlrqdo irup lv lqghshqghqw ri zkhwkhu wkh prgho

lv vwdwlrqdu| dqg2ru li h{rjhqrxv uhjuhvvruv duh lqfoxghg1 Wkh dssur{lpdwlrq whfk0

qltxh lv d yduldqw rq wkh vdggohsrlqw dssur{lpdwlrq lqwurgxfhg e| Gdqlhov +4<87,/

dqg zklfk lv ehfrplqj hvwdeolvkhg dv h{fhoohqw dssur{lpdwlrqv wr wkh �qlwh vdpsoh

ghqvlw| dqg glvwulexwlrq ri ydulrxv hvwlpdwruv dqg whvwv1 Wkh vwdwlvwlfdo dssolfdwlrqv

ri wkh whfkqltxh vhhp wr idoo lqwr rqh ri wzr fdwhjrulhv1 Dssur{lpdwlrqv iru olnholkrrg

edvhg vwdwlvwlfv pd| eh frqvwuxfwhg wkurxjk h{srqhqwldo wlowlqj ri wkh olnholkrrg/ iru
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h{dpsoh vhh Gxuelq +4<;3, ru Uhlg*v +4<;;, uhylhz1 Dowhuqdwho|/ dssur{lpdwlrqv pd|

eh frqvwuxfwhg wkurxjk wkh h{sorlwdwlrq ri wkh surshuwlhv ri wkh sduwlfxodu vwdwlvwlf

lwvhoi/ iru h{dpsoh udwlrv ri txdgudwlf irupv/ dv lq Pduvk +4<<;,1 Iru d frpsuhkhqvlyh

h{srvlwlrq ri wkh whfkqltxh/ h{dpsohv dqg wkh vhplqdo uhihuhqfhv/ vhh Mhqvhq +4<<8,1

Wklv sdshu suhvhqwv d vdggohsrlqw dojrulwkp iru dssur{lpdwlqj wkh ghqvlw| dqg

glvwulexwlrq ri wkh hvwlpdwh ri wkh dxwruhjuhvvlyh sdudphwhu lq vlpsoh qrq0vwdwlrqdu|

wlph vhulhv/ lqfoxglqj erwk gl�huhqfh dqg wuhqg vwdwlrqdu| surfhvvhv1 Wklv gluhfwo|

jhqhudolvhv vlplodu dojrulwkpv suhvhqwhg dqg lqyhvwljdwhg e| Gdqlhov +4<89,/ Skloolsv

+4<:;,/ Zdqj +4<<5, dqg Olhehupdq +4<<7, iru wkh vlpsohvw/ vwdwlrqdu| �-E��1 Wkrvh

sdshuv irxqg wkh dssur{lpdwlrq d vljql�fdqw lpsuryhphqw rq wkh �uvw0rughu dv|ps0

wrwlf uhvxow dqg wkh frpshwlqj kljkhu0rughu Hgjhzruwk h{sdqvlrq1 Wklv sdshu �qgv

wkdw vxfk dffxudf| lv suhvhuyhg/ hyhq zkhq wkh qdwxuh ri wkh dxwruhjuhvvlrq lv pruh

frpsolfdwhg/ lq sduwlfxodu zkhq zh doorz xqlw urrwv zlwk guliwv ru wlph wuhqgv1 Vlqfh

lw fdq dovr eh hvwdeolvkhg wkdw wkh hvwlpdwh lwvhoi irupv d edvlv iru h{dfw lqihuhqfh/ l1h1

lqyduldqfh zlwk uhvshfw wr qxlvdqfh sdudphwhuv/ dq| lpsuryhg glvwulexwlrq wkhru|/ lq

vxfk zlgho| dssolhg prghov/ vhhpv zruwkzkloh1

Pruhryhu/ vlqfh zh duh dssur{lpdwlqj wkh �qlwh vdpsoh ghqvlw| dqg glvwulex0

wlrq/ wkurxjk dssur{lpdwlrq ri wkhlu h{dfw lqyhuvlrq irupxodh/ wkh jhqhudo irup ri

wkh dssur{lpdwlrq lv vhhq wr eh wkh vdph iru vwdwlrqdu| dqg qrq0vwdwlrqdu| prghov/

zkhwkhu uhjuhvvruv duh lqfoxghg ru qrw1 Ri pruh uhohydqfh lv wkh shuirupdqfh ri wkh

dssur{lpdwh glvwulexwlrq/ wkdw lv krz zhoo lw dssur{lpdwhv wkh glvwulexwlrq ri wkh

hvwlpdwru lq prghudwh vdpsoh vl}hv1 Zkloh dv|pswrwlf uhsuhvhqwdwlrqv lq wkh xqlw

urrw fdvh/ Dedglu +4<<6, shuirup zhoo/ lq vwdwlrqdu| prghov zlwk dxwruhjuhvvlyh sdud0

phwhu dssurdfklqj xqlw| dqg xqlw urrw prghov zlwk guliw/ wkh dv|pswrwlf glvwulexwlrq
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lv lqdghtxdwh lq wklv uhjdug1 Vrph lqvljkw dv wr zk| wklv rffxuv lv ghwdlohg lq wkh

vwxglhv ri wkh fxuydwxuh ri dxwruhjuhvvlyh prghov e| Udylvkdqnhu/ Phoqlfn dqg Wvdl

+4<<3, dqg ydq Jdughuhq +4<<<,1 Shuirupdqfh ri wkh vdggohsrlqw dssur{lpdwlrq/ lq

whupv ri erwk dffxudf| dqg lpsohphqwdwlrq/ zloo eh ghprqvwudwhg wr eh idu ohvv fdvh

vhqvlwlyh wkdq wkh uhvshfwlyh olplwlqj dv|pswrwlf dssur{lpdwlrqv1

Wkh sodq iru wkh sdshu lv dv iroorzv1 Wkh iroorzlqj vhfwlrq ghwdlov wkh sduwlfxodu

prgho xqghu frqvlghudwlrq/ wkh hvwlpdwru lwvhoi dqg frqvhtxhqwo| suhvhqwv wkh pdlq

uhvxow/ wkh ohdglqj whup vdggohsrlqw dssur{lpdwlrq1 Vhfwlrq 6 suhvhqwv dq dqdo|vlv ri

wkh dssur{lpdwlrq/ lq sduwlfxodu frpsdulvrqv ehwzhhq wkh ch{dfw* ghqvlw|/ rewdlqhg

wkurxjk Prqwh Fduor vlpxodwlrq/ wkh olplwlqj dv|pswrwlf uhvxow/ dqg wkh vdggohsrlqw/

iru sduwlfxodu frq�jxudwlrqv ri wkh prgho1 Vhfwlrq 7 frqfoxghv/ dqg dq dsshqgl{

ghwdlov wkh suhflvh irup ri wkh dojrulwkp/ lpsohphqwhg wkurxjk wkh v|perolf sdfndjh

Pdwkhpdwlfd/ lq rughu wr pdnh wkh surfhgxuh pxfk pruh wudqvsduhqw1

5 Prgho dqg Dssur{lpdwlrqv

Irupdoo| wklv sdshu lv frqfhuqhg zlwk lqihuhqfh rq wkh dxwruhjuhvvlyh sdudphwhu lq

wkh iroorzlqj jhqhudo prgho

+� ' 5��q n 4+�3� n 0� ( � ' �c ���c � c +4,

zkhuh +f ' f/ 0� � �U(Efc j2� dqg wkh 5� duh & � � yhfwruv frqwdlqlqj dq| uhohydqw

ghwhuplqlvwlf +ru h{rjhqrxv, yduldeohv1 H{whqvlrq wr wkh fdvh +f 9' f lv wulyldo rq

dssolfdwlrq ri wkh wudqvirupdwlrq lq Hydqv dqg Vdylq +4<;7/ Vhfwlrq 5,1 Gh�qlqj wkh

vdpsoh yhfwru dv + ' i+�c ���c +�j�/ lw lv hdvlo| vhhq wkdw

+ � �
�
A3�4 ~qc j2PE4�

�
c +5,
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zkhuh

~ '

3
EEEEEEEEEEEC

5��

5�2
111

5��

4
FFFFFFFFFFFD

c A4 '

3
EEEEEEEEEEEC

� f � � � f

�4
1 1 1 1 1 1

111

f
1 1 1 1 1 1

111

f f �4 �

4
FFFFFFFFFFFD

dqg P3�E4� ' A �4A4c

dqg khqfh wkh olnholkrrg lv

uE4c qc j2 m +� ' E2Zj2�3�*2 i T
�
� �

2j2
E+ � A3�4 ~ �q��A �4A4E+ � A3�4 ~ �q�

�
� +6,

Ixuwkhu/ hvwlpdwlqj q dqg j2c whpsrudulo| vxssrvlqj 4 �{hg/ wkh sur�oh olnholkrrg lv

u� E4 � ' E2Z	j2�3�*2 i T
�
� �

2	j2
E+�A �4A4+ � 	q�~ �A4+�

�
c +7,

	q ' 	qE4� ' E~ �~�3�~ �A4+ dqg

	j2 ' 	j2E4� '
E+ � 	q �A3�4 ~��A �4A4E+ � 	q �A3�4 ~�

�
�

Khqfh zh rewdlq wkh xvxdo pd{lpxp olnholkrrg hvwlpdwru +POH, iru 4

	4 '
+��~�+

+�� ��~�+
c

zkhuh�~ ' U�~E~ �~�3�~ � dqg � lv wkh odj0rshudwru pdwul{ zlwk rqhv rq wkh xsshu

r� gldjrqdo dqg }hurv hovhzkhuh1

K|srwkhvlv whvwv rq 4 pd| eh shuiruphg/ iru h{dpsoh/ hlwkhu vlpso| xvlqj wkh

POH ru wkurxjk wkh sur�oh orj0olnholkrrg udwlr

�E4f� ' 2E*?du� E	4 �o� *?du� E4f�o��

Lq sduwlfxodu/ lqyduldqfh wr sdudphwhu wudqvirupv ri wkh irup
3
EEC q

j2

4
FFD $

3
EEC @ n Kq

Sj2

4
FFD c
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@c K 5 Uc S 5 Unc lv uhdglo| vkrzq iru erwk 	4 dqg �E4f�/ vhh iru h{dpsoh Gxirxu dqg

Nlylhw +4<<:,1 Pruhryhu/ dw qr vwdjh zloo zh sodfh dq| uhvwulfwlrqv xsrq wkh udqjh ri

4 lq wkh frqwh{w ri wkh jhqhudo dssur{lpdwlrq1 Qrz/ erwk 	4 dqg �E4f� pd| eh vhhq wr

eh udwlrv ri txdgudwlf irupv lq +1 Lq wklv sdshu zh suhvhqw wkh dssur{lpdwlrq rqo| iru

	4/ lq rughu wr h{whqg wkh dqdo|vlv ri Skloolsv +4<:;, dqg Olhehupdq +4<<7,/ dowkrxjk

wkh dojrulwkp pd| hdvlo| eh dgdswhg iru wkh ghqvlw| dqg glvwulexwlrq ri �E4f��

Lq rughu wr lpsohphqw wkh vdggohsrlqw dssur{lpdwlrq iru 	4/ iru dq| qc 4 dqg j2/

zh zulwh

	4 '
�

2
��EA3�4 ��E�~� n���~�A

3�
4 �

��EA3�4 �����~�A3�4 �
'

����E4��

���2E4��
c +8,

zkhuh qrz � � �E~qc U��1 Dv d frqvhtxhqfh ri Jxuodqg +4<7;,/ wkh ghqvlw| dqg

glvwulexwlrq/ dw dq| srlqw ^c ri wkh hvwlpdwh duh

s	4E^� '
�

2Z�

] �n�"

�3�"

Y�Ew�c w2�

Yw�

�����
w2'3^w�

_w�c

8	4E^� '
�

2Z�

] �n�"

�3�"

�Ew�c�^w��

w�
_w�c +9,

zkhuh �Ew�c w2� lv wkh mrlqw fkdudfwhulvwlf ixqfwlrq ri wkh txdgudwlf irupv ����E4��

dqg ���2E4��� Iru wkh hvwlpdwru lq +8, zh kdyh

Y�Ew�c w2�

Yw�

�����
w2'3^w�

' e3
q�~�~q

2 i T
�
�

2

�
AodC3�~qq�~ �o� *? mCm

��
�

AodC3��2E4�EC
3�~qq �~ � n U�oc

�Ew�c�^w�� ' e3
q�~�~q

2 i T
�
�

2

�
AodC3�~qq�~ �o� *? mCm

��
c +:,

zkhuh C ' CEw�� ' U � 2w�8c dqg 8 ' ��E4�� ^�2E4�� Xsrq vxevwlwxwlrq ri +:, lqwr

lqyhuvlrqv +9,/ dssolfdwlrq ri wkh vdggohsrlqw whfkqltxh ri Gdqlhov +4<87, lv vwudljkw0

iruzdug1
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Wkhruhp 4 Xqghu wkh frqglwlrqv ri wkh surfhvv ghvfulehg lq +4, wkh ohdglqj whup

vdggohsrlqw dssur{lpdwlrqv wdnh wkh irup

	s	4E^� '
e3

q�~�~q

2 i T
q
Aod 	C3�~qq�~ �o

r
Ao

k
	C3��2E4�E 	C

3�~qq�~ � n U�
l

m 	Cm�*2
u
eZAo

k
E 	C3�8 �2E2 	C3�~qq �~ � n U

l c +;d,

	8	4E^� ' E�� e3
q�~�~q

2 � n e3
q�~�~q

2 x

#
	R� �

	R
*?

#
	R

	o

$$
c +;e,

zkhuh 	C ' CE	w��c

	R ' r�}?E	w��
t
Aod 	C3�~qq �~ �o� *? m 	Cmc

	o ' 2	w�

u
Ao

k
E 	C3�8 �2E2 	C3�~qq �~ � n U

l
c

dqg wkh vdggohsrlqw 	w� vroyhv wkh vdggohsrlqw gh�qlqj htxdwlrq

Ao
k
C3�8 EC3�~qq �~ � n U�

l
' f� +<,

Wkh ghulydwlrq ri wkh dssur{lpdwlrqv iroorzv wkdw ri Pduvk +4<<;,/ vhfwlrqv 6

dqg 7/ vhh dovr Mhqvhq +4<<8,1 Lq sduwlfxodu/ qrwh wkdw zh pd| zulwh wkh vdggohsrlqw

gh�qlqj htxdwlrq dv

[�

�'�

%
s�

�� 2w�s�

#
� n

�2�
�� 2w�s�

$&
' fc +43,

zkhuh wkh s� duh wkh rughuhg hljhqydoxhv ri 8 dqg wkh �� duh hohphqwv ri � ' -~q/

zkhuh wkh � �� pdwul{ - gldjrqdolvhv 8� Wkh hljhqydoxhv duh frqwlqxrxv lq ^ dqg

+43, lv d sro|qrpldo ri ghjuhh 2� lq wc khqfh fkrrvlqj wkh xqltxh vroxwlrq

	w� 5
#

�

2s�
c
�

2s�

$
c

vhh Gdqlhov +4<87,/ hqvxuhv wkdw �uvw wkh dssur{lpdwlrqv h{lvw dqg vhfrqg/ duh frq0

wlqxrxv lq ^/ e| wkh lpsolflw ixqfwlrq wkhruhp1

9



Li q ' f dqg m4m 	 �c wkhq wkh dssur{lpdwlrqv fruuhvsrqg wr wkrvh jlyhq e|

Skloolsv +4<:;, dqg Olhehupdq +4<<7,/ h{fhsw ri frxuvh wkdw khuh +f lv �{hg1 Khuh/

zh gr qrw irfxv xsrq wkh dv|pswrwlf qdwxuh ri wkh dssur{lpdwlrq/ dowkrxjk Pduvk

+4<<;, ghprqvwudwhv wkdw lq wkh idu wdlov wkh rughu ri huuru ri wkh �uvw fruuhfwlrq wr

+;d, lv �E�3�� lq jhqhudo1 Ri pruh lqwhuhvw lv wkh qxphulfdo dffxudf| ri +;d, dqg

+;e,/ dqg wkh iroorzlqj vhfwlrq frqwdlqv dq dqdo|vlv ri wkh �qlwh vdpsoh shuirupdqfh

ri wkh dssur{lpdwlrqv1

6 Dqdo|vlv ri wkh Dssur{lpdwlrqv1

Wklv sdshu lv vshfl�fdoo| frqfhuqhg zlwk lqihuhqfh lq qrq0vwdwlrqdu| wlph0vhulhv1 Lq

rughu wr dvvhvv wkh dffxudf| ri wkh dssur{lpdwlrq zh frqvlghu wkuhh vshfl�f sdudphwhu

frq�jxudwlrqv iru wkh jhqhudo prgho jlyhq lq +4,1 Lq sduwlfxodu zh fkdudfwhulvh wkhvh

e|

P� G q ' f

P2 G q 9' f dqg 5� ' � iru doo �

P� G m4m 	 � / q 9' f dqg 5� ' � iru doo ��

P� hqfrpsdvvhv wkh sxuh vwdwlrqdu|/ udqgrp zdon dqg h{sorvlyh surfhvvhv/ P2 wkh

qrq0}hur phdq vwdwlrqdu|/ udqgrp zdon zlwk guliw dqg gluhfwhg h{sorvlyh surfhvvhv

dqg P� wuhqg qrqvwdwlrqdu| surfhvvhv1 Wkh dqdo|vlv fdq eh h{whqghg wr pruh jhqhudo

prghov/ iru lqvwdqfh lqfoxglqj erwk d frqvwdqw dqg wuhqg/ ru dq| rwkhu vhw ri uhohydqw

ghwhuplqlvwlf +ru dqfloodu|, yduldeohv/ e| vlpso| lqfoxglqj vxfk whupv lq wkh 5��

Frqvlghu �uvw P� G +� ' +�3�n 0�c wkh sxuh udqgrp zdon1 Lw lv zhoo nqrzq +Zklwh

:



+4<8<,, wkdw wkh vwdqgduglvhg POH frqyhujhv lq glvwulexwlrq

�s
2
E	4� �� $_

` E��2 � �s
H
U �
f `

2Er�_r
c

zkhuh ` E�� ghqrwhv wkh vwdqgdug Zhlqhu surfhvv rq dfc �o� Pruhryhu/ Dedglu4 +4<<6,

ghulyhv dq h{solflw forvhg irup iru wkh ghqvlw| dqg glvwulexwlrq/ klv htxdwlrqv +5147,

dqg +5148, uhvshfwlyho|1

Iru prgho P2 G +� ' qn+�3�n0� wkh fruuhvsrqglqj olplwlqj uhvxow lv +vhh Kdplowrq

+4<<7,/ Fkdswhu 4:,
��*2

s
2
E	4� �� $_ �

#
fc
�j2

q2

$
c

dqg iru wkh vdnh ri frpsdulvrq/ dssur{lpdwlrq +;d, pd| eh wudqviruphg vxfk wkdw

wkh dssur{lpdwh ghqvlw| ri V ' ��I
2
E	4� �� dw d srlqw & lv

	sVE&� ' s	4E	4�

s
2

� �
c

zkhuh � ' �c �*2 iru q ' f dqg q 9' f uhvshfwlyho|1 Lpsohphqwdwlrq ri wkh vdggohsrlqw

dojrulwkp iru wkh sduwlfxodu vwdwlvwlfv zdv shuiruphg xvlqj wkh v|perolf dojheud sdfn0

djh Pdwkhpdwlfd1 Wkh Dsshqgl{ frqwdlqv wkh dssur{lpdwlrq jhqhudwlqj surjudpph

lwvhoi1 Wdeohv 4 wkurxjk 9 wkhq jlyh wkh uhohydqw txdqwlohv rewdlqhg iurp 583333Prqwh

Fduor uhsolfdwlrqv/ wkh vdggohsrlqw dqg olplwlqj dssur{lpdwlrqv +zlwk j2 ' �,1

Vrph lpphgldwh srlqwv dulvh1 Vwdqgduglvdwlrq zdv iru frpsdudwlyh sxusrvhv rqo|/

krzhyhu iru dq duelwudu| �-E�� surfhvv dv|pswrwlf uhvxowv iru wkh POH ghshqg rq

wkh sduwlfxodu sdudphwhu frq�jxudwlrqv1 Wkh irup ri wkh vdggohsrlqw dssur{lpdwlrq

lv lqyduldqw wr vxfk fkdqjhv1 Htxdoo|/ zkdw frqvwlwxwhv d codujh* ru d cvpdoo* vdpsoh

vl}h lv dovr ghshqghqw xsrq wkh sdudphwhu frq�jxudwlrq1 Dv d frqvhtxhqfh lq wkh

4Wkh dxwkru lv lqghewhg wr Ndulp Dedglu iru pdnlqj dydlodeoh wkh Jdxvv frgh iru hqxphudwlrq

ri wkh olplwlqj dssur{lpdwlrq1

;



udqgrp zdon prgho frqyhujhqfh lv rewdlqhg pxfk pruh txlfno| wkdq lq wkh guliw fdvh

+dqg dovr vwdwlrqdu| prghov,1 Gl�hulqj vdpsoh vl}hv zhuh wkxv wdnhq iru wkh edvlv ri

frpsdulvrq1 Wkh vdggohsrlqw vhhpv/ lq dq devroxwh vhqvh/ wr shuirup zhoo lq vpdoo

vdpsohv/ dqg h{fhswlrqdoo| vr lq d uhodwlyh +wr wkh olplwlqj, vhqvh1

Iru wkh fdvh P� G +� ' q� n 4+�3� n 0�c �jxuhv 4 wkurxjk 7/ sorw wkh vdggohsrlqw

dqg wkh vlpxodwhg ghqvlwlhv iru wkh qrq0vwdqgduglvhg POH1 Djdlq 583333 uhsolfdwlrqv

zhuh shuiruphg lq wkh Prqwh Fduor vwxg|1 Zh frqvlghu fdvhv zkhuh q ' �*e dqg

4 ' fc �*�c �*2c 2*�c iru d vdpsoh vl}h ri �f dqg djdlq/ wkh dssur{lpdwlrq shuirupv

zhoo lq frpsdulvrq zlwk wkh vlpxodwhg/ dowkrxjk wkh shuirupdqfh whqgv wr vx�hu zkhq

4 ehfrphv odujh1

<



Wdeohv

Hdfk wdeoh frqwdlqv wkh txdqwlohv ri wkh ch{dfw* glvwulexwlrq/ rewdlqhg yld vlpx0

odwlrq/ dqg wkh dssur{lpdwlrqv iurp wkh Vdggohsrlqw +htxdwlrq +;e,, dqg Olplwlqj

glvwulexwlrqv/ jlyhq e| htxdwlrq +44, iru prgho P� dqg e| htxdwlrq +45, iru prgho

�2�

Wdeoh 4= P�( � ' D

Txdqwloh 4 518 8 43 83 <3 <8 <:18 <<

H{dfw 08189 0719< 061;< 06136 03178 413: 4188 513; 51;8

Vdggohsrlqw 0818: 0718< 061:; 051;9 03164 4147 4196 5153 613;

Olplwlqj 0<19: 0:16: 0819: 07135 03195 319; 31<6 4146 4176

Wdeoh 5= P�( � ' �f

Txdqwloh 4 518 8 43 83 <3 <8 <:18 <<

H{dfw 0:18: 09145 071<5 06196 0318: 31:9 4138 4167 41:3

Vdggohsrlqw 0;134 09179 08155 061;6 031;4 31;4 31<< 4153 418:

Olplwlqj 0<19: 0:16: 0819: 07135 03195 319; 31<6 4146 4176

Wdeoh 6= P2( q ' �*e : � ' �f

Txdqwloh 4 518 8 43 83 <3 <8 <:18 <<

H{dfw 0591;8 0561:3 05319: 04:15; 091;4 0314: 4177 51<7 71:4

Vdggohsrlqw 058137 05518; 053165 04:199 0;17< 05134 0319: 3177 5134

Olplwlqj 049145 04618; 044173 0;1;; 3133 ;1;; 44173 4618; 49145
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Wdeoh 7= P2( q ' �*e : � ' 2f

Txdqwloh 4 518 8 43 83 <3 <8 <:18 <<

H{dfw 07719< 06:1:9 06513; 0581<: 0;193 03138 41:5 6159 71:;

Vdggohsrlqw 07;16; 074175 068143 05;147 0<1;3 03145 419< 615: 71;7

Olplwlqj 049145 04618; 044173 0;1;; 3133 ;1;; 44173 4618; 49145

Wdeoh 8= P2( q ' �*2 : � ' �f

Txdqwloh 4 518 8 43 83 <3 <8 <:18 <<

H{dfw 057174 053174 04:133 046155 061:3 414; 518< 61<5 81:;

Vdggohsrlqw 05518; 053167 04;166 0481;: 0:16: 04167 3177 4167 51<3

Olplwlqj 04416< 0<193 0;139 0915; 3133 915; ;139 <193 4416<

Wdeoh 9= P2( q ' �*2 : � ' 2f

Txdqwloh 4 518 8 43 83 <3 <8 <:18 <<

H{dfw 065139 057143 04;15; 046175 06163 41<5 6158 717; 914:

Vdggohsrlqw 0651;9 05;1:4 0561;5 04<163 08167 5179 619< 8167 918:

Olplwlqj 04416< 0<193 0;139 0915; 3133 915; ;139 <193 4416<

44



Iljxuhv

Wkhvh �jxuhv sorw wkh ch{dfw* ghqvlw| ixqfwlrq ri 	4c rewdlqhg yld vlpxodwlrq dqg

uhsuhvhqwhg e| wkh vrolg olqh/ zkloh wkh Vdggohsrlqw dssur{lpdwlrq/ htxdwlrq +;d, lv

uhsuhvhqwhg e| wkh grwwhg olqh1 Lq hdfk fdvh wkh vdpsoh vl}h zdv �{hg dqg � ' �f�

Ilj1 4= P� zlwk 4 ' f

Ilj1 5= P� zlwk 4 ' �*�
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Ilj1 6= P� zlwk 4 ' �*2

Ilj1 7= P� zlwk 4 ' 2*�
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7 Frqfoxvlrqv

Wkh vdggohsrlqw whfkqltxh dsshduv wr r�hu d frqyhqlhqw/ wudfwdeoh dqg dffxudwh ds0

sur{lpdwlrq wr wkh �qlwh vdpsoh ghqvlw| dqg glvwulexwlrq ri pdq| hvwlpdwruv dqg

whvwv1 Lq wklv fdvh dq duelwudu| �-E�� surfhvv zdv dqdo|vhg dqg wkh vdggohsrlqw

dssur{lpdwlrq iru wkh hvwlpdwh ri wkh dxwruhjuhvvlyh sdudphwhu zdv ghulyhg1 Wkh qx0

phulfdo dffxudf| irxqg e| Skloolsv +4<:;, dqg Olhehupdq +4<<7, lv vhhq wr krog hyhq

lq wkh qrqvwdwlrqdu| dqg qrq0fhqwudo fdvhv1 Qrw rqo| lv wkh shuirupdqfh jrrg zlwk

uhvshfw wr erwk wkh ch{dfw* dqg frpshwlqj olplwlqj dssur{lpdwlrqv/ exw frpsxwdwlrq

lwvhoi lv vzliwhu wkdq Prqwh Fduor vwxglhv/ dqg frpsdudeoh wr olplwlqj uhsuhvhqwdwlrqv/

vxfk dv ghulyhg lq Dedglu +4<<6,1

Dsshqgl{= +Pdwkhpdwlfd Frgh,
Wkh iroorzlqj lv wkh frgh iru wkh lpsohphqwdwlrq ri wkh jhqhudo vdggohsrlqw ds0

sur{lpdwlrq/ zulwwhq iru Pdwkhpdwlfd 6131

		VwdwlvwlfvcFrqwlqxrxvGlvwulexwlrqvc

qq @ Lqsxw^�Vdpsoh Vl}h�`>

do @ Lqsxw^�DU sdudphwhu�`>

eh @ Lqsxw^�Frqvwdqw2Wuhqg frh!flhqw�`>

}} @ Wdeoh^Q^eh - l`/ ~l/4/qq�`^

P{ @ Lghqwlw|Pdwul{^qq` 0 Rxwhu^Wlphv/ }}/}}`2+}}1}},>

E @ Wdeoh^Vzlwfk^l0m/04/4/3/3/4/3/b/3`/ ~l/4/qq�/ ~m/4/qq�`>

D @ Wdeoh^Vzlwfk^l0m/04/4/425/3/3/425/b/3`/ ~l/4/qq�/ ~m/4/qq�`>

W @ Wdeoh^Vzlwfk^l0m/04/3/3/4/4/0do/b/3`/ ~l/4/qq�/ ~m/4/qq�`>
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W4 @ Lqyhuvh^W`> W5 @ Wudqvsrvh^W4`>

E4 @ P{1E> E5 @ Wudqvsrvh^E`1P{1E>

D4 @ +W51+E4.Wudqvsrvh^E4`,1W4,25>

D5 @ W51E51W4>

I^tb` @ Fkrs^D4 0 t D5`>

V @ Rxwhu^Wlphv/}}/}}` > odpegd @ 0}}1}}25>

Gr^

~u^m` / v^m`� @ VfkxuGhfrpsrvlwlrq^Q^I^m```>

x^m` @ Wudqvsrvh^u^m``1}}>

�^m` @ Vruw^Wdeoh^v^m`^^l/l``/ ~l/4/qq�``>

s^wb/m` @ +425, - +Vxp^x^m`^^l``a5 - +4 0 5 w �^m`^^l``,a+04,/ ~l/4/qq�` 0 Vxp^Orj^4 0 5

w �^m`^^l```/ ~l/4/qq�`,>

s4^wb/m` @ G^s^w/m`/ w`>

h4^m` @ 42+5 Pd{^�^m``, > h5^m` @ 42+5 Plq^�^m``,>

vds4^m` @ IlqgUrrw^s4^w/m`/ ~w/425 - +h4^m` . h5^m`,�`>

vds^m` @ w 21 vds4^m`> / ~m/04/418/ 3134�`

Gr^

ss4^m` @ +425, - +Vxp^x^m`^^l``a5 2 +4 0 5 vds^m` �^m`^^l``,/ ~l/4/qq�` 0 Vxp^Orj^4 0 5

vds^m` �^m`^^l```/ ~l/4/qq�`,>

ss5^m` @ 5 - Vxp^+x^m`^^l``a5 - �^m`^^l``a5, 2 +4 0 5 vds^m` �^m`^^l``,a6/ ~l/4/qq�` .

Vxp^�^m`^^l``a5 2 +4 0 5 vds^m` �^m`^^l```,a5/ ~l/4/qq�`>

J^m` @ Lghqwlw|Pdwul{^qq` 0 5 vds^m` I^m`>

P4^m` @ Lqyhuvh^J^m``1D5>

P5^m` @ Lqyhuvh^J^m``1V . Lghqwlw|Pdwul{^qq`>
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P6^m` @ P4^m`1P5^m`>

t^m` @ Vxp^P6^m`^^l/l``/ ~l/4/qq�`>

ghqv^m` @ +H{s^odpegd` - H{s^ss4^m`` - t^m`, 2 +Vtuw^7 Sl ss5^m``,>/ ~m/04/418/3134�`

qrup @ Vxp^ghqv^m`/ ~m/ 04/418/ 3134�``

ghqvlw| @ Wdeoh^~m/ ghqv^m`2+qrup - 3134,/ ~m/04/418/3134�`>

OlvwSorw^ghqvlw|/ SorwMrlqhg0:Wuxh/ SorwVw|oh0:Gdvklqj^~3134�``
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Uhihuhqfhv

DEDGLU/ N1P1 +4<<6,1 Wkh olplwlqj glvwulexwlrq ri wkh dxwrfruuhodwlrq frh!flhqw

xqghu d xqlw urrw1 Dqqdov ri Vwdwlvwlfv/ +54,= 438;043:31

GDQLHOV/ K1H1 +4<87,1 Vdggohsrlqw dssur{lpdwlrqv lq vwdwlvwlfv1 Dqqdov ri Pdwkh0

pdwlfv dqg Vwdwlvwlfv/ +58,= 96409831

GDQLHOV/ K1H1 +4<89,1 Wkh dssur{lpdwh glvwulexwlrq ri wkh vhuldo fruuhodwlrq frhi0

�flhqw1 Elrphwulnd/ +76,=49<04;81

GXIRXU/ M0P1 dqg NLYLHW/ M1I1 +4<<;,= �H{dfw Lqihuhqfh Phwkrgv iru Iluvw0Rughu

Dxwruhjuhvvlyh Glvwulexwhg Odj Prghov/� Hfrqrphwulfd/ +99,/ :<04371

GXUELQ/ M1 +4<;3,1 Dssur{lpdwlrqv iru wkh ghqvlwlhv ri vx!flhqw hvwlpdwhv1 Elr0

phwulnd/ +::,= 64406661

HYDQV/ J1E1D1 dqg VDYLQ/ Q1H1 +4<;7,= �Whvwlqj iru Xqlw Urrwv= 5/� Hfrqrphwulfd/

+85,/ 45740459<1

JXUODQG/ M1 +4<7;,1 Lqyhuvlrq irupxod iru wkh glvwulexwlrq ri udwlrv1 Dqqdov ri

Pdwkhpdwlfdo Vwdwlvwlfv/ +4<,= 55;056:1

KDPLOWRQ/ M1G1 +4<<7,1 Wlph Vhulhv Dqdo|vlv1 Sulqfhwrq Xqlyhuvlw| Suhvv1

MHQVHQ/ M1O1 +4<<8,1 Vdggohsrlqw Dssur{lpdwlrqv1 R{irug Vwdwlvwlfdo Vflhqfh Vh0

ulhv=491 Foduhqgrq Suhvv/ R{irug1

ODUVVRQ/ U1 +4<<;,1 Glvwulexwlrq dssur{lpdwlrq ri xqlw urrw whvwv lq dxwruhjuhvvlyh

prghov1 Plphr/ Vwrfnkrop Xqlyhuvlw|1

OLHEHUPDQ/ R1 +4<<7,1 Vdggohsrlqw dssur{lpdwlrq iru wkh ohdvw vtxduhv hvwlpdwru

lq �uvw0rughu dxwruhjuhvvlrq1 Elrphwulnd/ +;4,= ;3:0;441

PDUVK/ S1Z1Q1 +4<<;,1 Vdggohsrlqw dssur{lpdwlrqv iru qrq0fhqwudo txdgudwlf irupv1

Hfrqrphwulf Wkhru|/ +47,/ 86<�88<1

4:



SKLOOLSV/ S1F1E1 +4<::,1 Dssur{lpdwlrqv wr vrph Ilqlwh Vdpsoh Glvwulexwlrqv Dv0

vrfldwhg zlwk d Iluvw0Rughu Vwrfkdvwlf Gl�huhqfh Htxdwlrq1 Hfrqrphwulfd/ +78,/ 7960

7;81

SKLOOLSV/ S1F1E1 +4<:;,1 Hgjhzruwk dqg vdggohsrlqw dssur{lpdwlrqv lq d �uvw0rughu

dxwruhjuhvvlrq1 Elrphwulnd/ +98,= <40<;1

SKLOOLSV/ S1F1E1 +4<;9,1 Wlph Vhulhv Uhjuhvvlrq zlwk d Xqlw Urrw1 Hfrqrphwulfd/

+88,/ 5::06341

UDYLVKDQNHU/ Q1/ PHOQLFN/ H1O1 dqg WVDL/ F0O1 +4<<3,1 Gl�huhqwldo jhrphwu|

ri DUPD prghov1 Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ +44,= 58<04:71

ydq JDUGHUHQ/ N1M1 +4<<<,1 H{dfw Jhrphwu| ri Iluvw Rughu Dxwruhjuhvvlyh Prg0

hov1 Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ +53,/ 40541

UHLG/ Q1 +4<;;,1 Vdggohsrlqw phwkrgv dqg vwdwlvwlfdo lqihuhqfh +zlwk glvfxvvlrq,1

Vwdwlvwlfdo Vflhqfh/ +6,= 546056;1

ZDQJ/ V +4<<5,1 Wdlo suredelolw| dssur{lpdwlrqv lq �uvw0rughu qrqflufxodu dxwruh0

juhvvlrq1 Elrphwulnd/ +:<,= 76407671

ZKLWH/ M1 V1 +4<8;,1 Wkh olplwlqj glvwulexwlrq ri wkh vhuldo fruuhodwlrq frh!flhqw lq

wkh h{sorvlyh fdvh1 Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlvwlfv/ +5<,/44;;�44<:1

ZROIUDP/ V1 +4<<9,1 Pdwkhpdwlfd= D V|vwhp iru Grlqj Pdwkhpdwlfv e| Frp0

sxwhu/ 6ug hg1 Dgglvrq0Zhvoh|/ Qhz \run1

4;


