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Rq Gldjqrvwlf Whvwv

J1 Irufklql�

Xqlyhuvlw| ri \run

Dsulo 5333

Devwudfw

Gldjqrvwlf whvwv kdyh juhdw lpsruwdqfh lq dssolhg hfrqrphwulfv dv wrrov iru dvvhvvlqj
wkh frqvlvwhqfh| ri wkh prgho hvwlpdwhg zlwk wkh dvvxpswlrqv xvhg1 Wkh Prqwh Fduor
hylghqfh dydlodeoh derxw wkh srzhu ri vxfk whvwv iru wkh olqhdu uhjuhvvlrq prgho lv qrw wr0
wdoo| frqylqflqj1 Wklv sdshu irfxvhv rq whvwv iru qhjohfwhg qrqolqhdulw| iru wkh Jdxvvldq
olqhdu uhjuhvvlrq prgho/ dqg dujxhv wkdw wkh sureohp lv uhodwhg wr wkh jhrphwulfdo surs0
huwlhv ri wkh whvwlqj vhw0xs1 Zh �qg wkdw whvwlqj iru qrqolqhdulw| uhtxluhv frqvlghudeoh
d0sulrul nqrzohgjh derxw wkh qdwxuh ri wkh srvvleoh qrqolqhdulw|/ zklfk wkh sudfwlwlrqhu
grhv qrw xvxdoo| kdyh1 Wkhuhiruh/ wkh frqfoxvlrqv duh vlplodu wr wkrvh ri Gdylgvrq dqg
PdfNlqqrq +4<;:, +exw wkh dqdo|vlv lv gl�huhqw, lq wkh vhqvh wkdw wkh srzhu ri d whvw
ghshqgv rq dq lpsolflw dowhuqdwlyh1 Lq frqwudvw wr Gdylgvrq dqg PdfNlqqrq +4<;:, zh
irfxv rq fulwlfdo uhjlrqv udwkhu wkdq rq whvw vwdwlvwlfv dqg rxu uhvxowv duh ydolg iru hyhu|
vdpsoh vl}h +udwkhu wkdq dv|pswrwlf,/ duh joredo +udwkhu wkdq orfdo, dqg krog iru hyhu|
vlplodu whvw +udwkhu wkdq mxvw wkrvh whvwv kdylqj dv|pswrwlfdoo| fkl0vtxduh glvwulexwlrq,/
krzhyhu/ wkh| duh edvhg rq wkh vwurqjhu dvvxpswlrq ri qrupdo huuruv1

Dgguhvv iru Fruuhvsrqghqfh

Ghsduwphqw ri Hfrqrplfv dqg Uhodwhg Vwxglhv
Xqlyhuvlw| ri \run
Khvolqjwrq
\run \R4 8GG
XN
h0pdlo= ji:C|run1df1xn

�L wkdqn Ndulp Dedglu/ Ohv Jrgiuh|/ Judqw Kloolhu dqg Sdwulfn Pduvk iru frpphqwv wkdw lpsuryhg wkh

suhvhqwdwlrq ri wkh sdshu1 Wklv uhvhdufk zdv vxssruwhg e| d Xqlyhuvlw| ri \run uhvhdufk ihoorzvkls xqghu judqw

Qr1 353S433341
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4 Lqwurgxfwlrq

Lw kdv ehfrph frpprq sudfwlfh lq dssolhg hfrqrphwulfv wr hvwlpdwh d olqhdu uhjuhvvlrq prgho

dqg wkhq sxw lw wkurxjk d vhulhv ri gldjqrvwlf ru +plv,vshfl�fdwlrq whvwv iru qrqqrupdolw|/

khwhurvnhgdvwlflw|/ vhuldo fruuhodwlrq/ vwuxfwxudo fkdqjh/ rplwwhg qrqolqhdulw|2yduldeohv/ hwf11

Lq vslwh ri wkh eurdg xvh ri vxfk surfhgxuhv/ rqo| d ihz wkhruhwlfdo sdshuv kdyh fulwlfdoo|

hydoxdwhg wkhlu surshuwlhv1

Wkhuh vhhpv wr eh zlghvsuhdg djuhhphqw wkdw wkhvh surfhgxuhv vkrxog eh ri khos lq dfklhy0

lqj wzr remhfwlyhv= +l, dvvhvvlqj wkh frqvlvwhqf| ri wkh hvwlpdwhg prgho zlwk wkh dvvxpswlrqv

xvhg/ +ll, dqg/ lq fdvh wkhuh lv hylghqfh wkdw wkh dvvxpswlrqv duh ylrodwhg/ lqglfdwlqj krz wkh

prgho fdq eh prgl�hg1 Lw lv frpprqo| dffhswhg wkdw wkh vhfrqg jrdo fdqqrw eh dwwdlqhg1

Iru h{dpsoh/ Jrgiuh| +4<<3/ s1 496, vxppdul}hv wkh fxuuhqw dwwlwxgh wrzdugv gldjqrvwlf whvwv

lq wkh iroorzlqj zd|= �^111` plvvshfl�fdwlrq fkhfnv fdqqrw eh h{shfwhg wr dfw dv vlpsoh dqg

dffxudwh jxlghv wr wkh uhirupxodwlrq ri prghov wkdw kdyh ehhq irxqg wr eh lqfrqvlvwhqw zlwk

wkh vdpsoh gdwd1 Wkh| vkrxog/ krzhyhu/ eh xvhixo wrrov iru wkh ghwhfwlrq ri lqdghtxdwh prghov1

Wkh uhmhfwlrq ri plvvshfl�hg prghov zlwk kljk suredelolw| zloo uhtxluh fduhixo xvh ri dydlodeoh

lqirupdwlrq rq/ iru h{dpsoh/ uhohydqw hfrqrplf wkhrulhv/ uhodwhg hpslulfdo zrun dqg wkh qdwxuh

ri wkh gdwd�1

Wkh delolw| ri gldjqrvwlf whvwv wr ghwhfw lqdghtxdwh prghov lv dovr vrxufh ri frqfhuq iru

hfrqrphwulfldqv1 Kloolhu +4<<4, dujxhv wkdw h{lvwlqj pxowlsoh gldjqrvwlf surfhgxuhv fdq eh

orjlfdoo| lqfrqvlvwhqw dqg pd| qrw ohdg wr fulwlfdo uhjlrqv zlwk ghvludeoh surshuwlhv/ vlqfh wkh|

frqvlvwv ri d vhulhv ri whvwv iru vlqjoh dowhuqdwlyh k|srwkhvhv1 Dv d frqvhtxhqfh/ wkh jrdo ri

dvvhvvlqj wkh frqvlvwhqf| ri wkh hvwlpdwhg prgho zlwk wkh dvvxpswlrqv xvhg lv qrw dwwdlqhg

lq wkh fxuuhqw sudfwlfh1 Kh vxjjhvwv d gl�huhqw dssurdfk wr wkh ghulydwlrq ri gldjqrvwlf

whvwv edvhg rq wkh frqvlghudwlrq ri fulwlfdo uhjlrqv udwkhu wkdq wkh whvw vwdwlvwlfv wkhpvhoyhv1

Xqiruwxqdwho|/ qrerg| vhhpv wr kdyh ghyhorshg wklv vxjjhvwlrq ixuwkhu1

Grxewv derxw wkh srvvlelolw| ri dfklhylqj wkh �uvw remhfwlyh kdyh dovr ehhq h{suhvvhg e|

Gdylgvrq dqg PdfNlqqrq +4<;:,1 Wkh| vkrz wkdw wkh orfdo dv|pswrwlf srzhu ri d hyhu| whvw

kdylqj dq dv|pswrwlfdoo| fkl0vtxduhg glvwulexwhg vwdwlvwlf ghshqgv rq dq lpsolflw dowhuqdwlyh1

Iru wkh olnholkrrg udwlr/ wkh Odjudqjh pxowlsolhu dqg wkh Zdog whvwv wkhvh lpsolflw dowhuqdwlyhv
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duh wkh h{solflw dowhuqdwlyhv iru zklfk wkh| duh frqvwuxfwhg1 Lq jhqhudo/ wkh lpsolflw dowhuqdwlyh

ri d whvw lv wkh dowhuqdwlyh iru zklfk wkh dv|pswrwlf srzhu lv pd{lpl}hg1 Wkhuhiruh/ vlqfh doo

gldjqrvwlf whvwv kdyh lpsolflw dowhuqdwlyhv/ qrqh ri wkhp fdq eh srzhuixo djdlqvw hyhu| nlqg

ri plvvshfl�fdwlrq1

Lq wklv sdshu zh glvforvh vrph ixuwkhu grxewv derxw gldjqrvwlf whvwv iru wkh Jdxvvldq olqhdu

uhjuhvvlrq prgho edvhg rq d joredo �qlwh vdpsoh dqdo|vlv udwkhu wkdq rq d orfdo dv|pswrwlf

vwxg| dv lq Gdylgvrq dqg PdfNlqqrq +4<;:,1 Wklv lv dovr uh hfwhg lq wkh phwkrg xvhg= zh

�uvw fkdudfwhul}h doo vlplodu fulwlfdo uhjlrqv +l1h1 wkh fulwlfdo uhjlrqv ri whvwv iru zklfk wkh vl}h

grhv qrw ghshqg rq qxlvdqfh sdudphwhuv, dqg wkhq wu| wr fkrrvh dq rswlpdo fulwlfdo uhjlrq

dffruglqj wr rswlpdolw| fulwhuld vshfl�hg lq wkh wh{w1 Wkxv/ rxu frqfoxvlrqv zloo frqfhuq doo

vlplodu whvwv/ dqg qrw mxvw wkh olnholkrrg udwlr/ wkh Odjudqjh pxowlsolhu/ wkh Zdog whvw dqg

whvwv ehlqj dv|pswrwlfdoo| fkl0vtxduhg glvwulexwhg1 Lq wklv uhvshfw rxu uhvxowv duh vwurqjhu

wkdq wkrvh ri Gdylgvrq dqg PdfNlqqrq +4<;:,1

Zh irfxv rq wkh Jdxvvldq olqhdu prgho ehfdxvh lw |lhogv dq lqwxlwlyh jhrphwulfdo lqwhusuhwd0

wlrq ri wkh whvwlqj sureohp1 Dowkrxjk uhvwulfwlyh/ wkh dvvxpswlrq ri Jdxvvldq huuruv grhv qrw

ylrodwh wkh vwdqgdug dvvxpswlrqv xvhg lq dv|pswrwlf wkhru|/ vr/ e| hpskdvlvlqj wkh h{lvwhqfh

ri vljql�fdqw gl!fxowlhv wr frqvwuxfw dqg lqwhusuhw gldjqrvwlf whvwv lq wklv vlpsoh vhw xs/ zh

kljkoljkw sureohpv srvvleo| rffxuulqj lq pruh frpsolfdwhg vlwxdwlrqv zkhuh wkh dv|pswrwlf

dqdo|vlv vhhpv wr jlyh d fohdu dqvzhu1 Wkh dqdo|vlv dovr surylghv d gluhfw lqwhusuhwdwlrq ri

Prqwh Fduor vlpxodwlrqv zklfk duh riwhq edvhg rq wkh dvvxpswlrq ri qrupdolw| ri wkh huuruv1

Wr vlpsoli| wkh h{srvlwlrq zh dqdo|vh whvwv iru qhjohfwhg qrqolqhdulw| lq wkh phdq1 Xvlqj d

wkhruhp lq Kloolhu +4<<4, zh fkdudfwhul}h doo vlplodu whvwv iru qrqolqhdulw|1 Iru wkh whvwlqj vhw

xs frqvlghuhg/ prvw ri wkh whvwv vxjjhvwhg lq wkh olwhudwxuh +vhh iru h{dpsoh Udpvh| +4<9;,/

Dqguhzv +4<:4,/ Wkxuve| dqg Vfkplgw +4<::,/ Zklwh +4<;3,/ Ohh/ Zklwh dqg Judqjhu +4<<6,,

duh vlplodu/ wkhuhiruh wkh irfxv rq vlplodu whvwv pxvw qrw eh vhhq dv d uhvwulfwlyh frqglwlrq1

Pruhryhu/ iroorzlqj Kloolhu +4<<4, wklv sdshu irfxvhv rq wkh surshuwlhv ri wkh fulwlfdo uhjlrqv

ri wkh whvwv udwkhu wkdq rq wkh whvw vwdwlvwlfv wkhpvhoyhv/ dqg/ wkxv/ �oov d jds lq wkh olwhudwxuh

rq whvwlqj iru qrqolqhdulw|1

Wzr gl�huhqw whvwlqj vhw0xsv duh dqdo|vhg1 Vhfwlrq 6 frqvlghuv wkh fdvhv zkhuh wkh ixqf0

wlrqdo irup ri wkh srvvleoh qrqolqhdulw| xqghu wkh dowhuqdwlyh k|srwkhvlv lv nqrzq1 Vlqfh xql0
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irupo| prvw srzhuixo whvwv gr qrw h{lvw/ zh frqvlghu zhdnhu rswlpdolw| frqglwlrqv1 Krzhyhu/

wkhvh gr qrw ohdg/ lq jhqhudo/ wr �rswlpdo� whvwv xqohvv wkhuh lv vx!flhqw d0sulrul lqirupdwlrq

rq wkh qdwxuh ri wkh srvvleoh qrqolqhdulw|1

Wkh vhfrqg whvwlqj vlwxdwlrq dqdo|vhg +Vhfwlrq 7, frqfhuqv wkh fdvh zkhuh wkh ixqfwlrqdo

irup ri wkh qrqolqhdulw| xqghu wkh dowhuqdwlyh k|srwkhvlv lv wrwdoo| xqnqrzq1 Zh glvfxvv wkh

surshuwlhv ri vrph ri wkh h{lvwlqj whvwv/ dqg �qg wkdw gldjqrvwlf whvwv iru qhjohfwhg qrqolqhdulw|

fdqqrw eh wkhruhwlfdoo| mxvwl�hg lq �qlwh vdpsohv1 Iroorzlqj Gdylgvrq dqg PdfNlqqrq +4<;:,

zh lghqwli| wkh lpsolflw dowhuqdwlyhv ri wkhvh whvwv dqg vkrz wkdw wkh| duh idu iurp ehlqj

vdwlvidfwru|1 Wkxv/ wklv sdshu surylghv d wkhruhwlfdo h{sodqdwlrq iru wkh uhvxowv vxppdul}hg lq

d jurzlqj olwhudwxuh zklfk kdv wulhg wr dvvhvv wkh surshuwlhv ri ydulrxv whvwv iru qrqolqhdulw|/

hvshfldoo| iru g|qdplf prghov/ xvlqj Prqwh Fduor vlpxodwlrqv +vhh dprqj rwkhuv/ Ohh/ Zklwh

dqg Judqjhu +4<<6,/ dqg Eduqhww/ Jdoodqw/ Klqlfk/ Mxqjhlojhv/ Ndsodq dqg Mhqvhq +4<<;,,1

Rxu dqdo|vlv fohduo| h{sodlqv wkh uhdvrq zk| qr whvw kdv d uhdvrqdeo| jrrg srzhu djdlqvw dq

duelwudu| dqg xqnqrzq w|sh ri qrqolqhdulw|1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 jlyhv d ghvfulswlrq ri wkh prgho dqg fkdudfwhu0

l}hv vlplodu whvwv iru qrqolqhdulw|1 Vhfwlrq 6 dqdo|vhv wkh fdvh zkhuh lw lv nqrzq zkdw w|sh ri

qrqolqhdulw| lv suhvhqw xqghu wkh dowhuqdwlyh/ dqg Vhfwlrq 7 ghdov zlwk wkh fdvh zkhuh qrwklqj

lv nqrzq derxw wkh qdwxuh ri wkh srvvleoh qrqolqhdulw|1 Wkh frqfoxvlrqv hqg wkh sdshu1

5 Wkh sureohp ri whvwlqj iru qrqolqhdulw|

Wkh sdshu irfxvhv rq whvwv iru wkh qxoo k|srwkhvlv Mf G + � � Efqc j2UA � zkhuh f lv d A � &

pdwul{ ri lqghshqghqw +�{hg, yduldeohv/ q lv d &�� +& 	 A , yhfwru ri xqnqrzq sdudphwhuv/ dqg

j2 lv d vfdodu xqnqrzq sdudphwhu1 Wkh dowhuqdwlyh k|srwkhvlv lv M� G + � � Es� Ef� c j2UA �/

zkhuh s� Ef� ' Es� E%�� c ���c s� E%A ��
�/ � lv dq ?� � +? 	 A , yhfwru ri sdudphwhuv1 Wr vlpsoli|

wkh qrwdwlrq zh zulwh s� lqvwhdg ri s� Ef�/ dqg s lqvwhdg ri s Ef� li qr sdudphwhu lv suhvhqw1

Wklv whvwlqj vhwxs/ dowkrxjk vlpsoh/ frpsulvhv pdq| lpsruwdqw vshfldo fdvhv=

41 s� lv olqhdu lq �/ l1h1 s� ' s ��1 Iru h{dpsoh/ wkh prgho xqghu wkh dowhuqdwlyh lv orj0olqhdu

s� ' E*?%�|c *?%2|c ���c *?%&|� �c
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| ' �c ���c Ac

ru kdv surgxfwv ru vtxduhv ri wkh hohphqwv ri f/

s� '
�
%�|c %2|c ���c %&|c %

2
�|c %

2
2|c ���c %

2
&|c %�|%2|c ���c %�|%&|c ����c %&3�|%&|

�
�

| ' �c ���c A�

51 s� lv sduwldoo| olqhdu lq � ' E��c �2�/ zkhuh �� dqg �2 duh ?� � � dqg ?2 � � yhfwruv

s� ' s�
�
� �21 Iru h{dpsoh/

s� '
�
s�

�
E%�|� c s�

�
E%2|� c ���c s�

�
E%&|�

�
�2c

| ' �c ���c Ac ?2 ' &�

Wkh ixqfwlrq s�
�
E%�|�/ � ' �c ���c &/ frxog eh wkh Er{0Fr{ wudqvirupdwlrq ri %�|/ ru/ lq

jhqhudo dq| ixqfwlrq ghshqglqj rq %�| dqg vrph sdudphwhuv1

61 s� lv qrqolqhdu lq �1 Iru h{dpsoh/

s� ' �f i T

+
&\
�'�

%�|��

,
c

ru

s� ' s�� E%�|� n s�2 E%2|� n ���n s�& E%&|�

zkhuh s�� E%�|� frxog djdlq eh wkh Er{0Fr{ wudqvirupdwlrq ri %�|1

Wzr whvwlqj vlwxdwlrqv fdq eh frqvlghuhg1 Lq rqh/ dqdo|vhg lq Vhfwlrq 6/ wkh ixqfwlrqdo

irup ri s� lv nqrzq1 Lq wkh rwkhu/ vwxglhg lq Vhfwlrq 7/ frqfhuqlqj whvwv iru qhjohfwhg qrqolq0

hdulw|/ wkh ixqfwlrq s� lv xqnqrzq1 Wkh fkdudfwhul}dwlrq ri vlplodu whvwv lv wkh vdph iru erwk

vlwxdwlrqv1

514 D fkdudfwhul}dwlrq ri vlplodu whvwv

Hyhu| vlplodu uhjlrq ri vl}h k kdv Qh|pdq vwuxfwxuh/ ehfdxvh xqghu Mf/ wkh vwdwlvwlfv 	q '

Ef �f�3�f �+/ dqg r2 ' +��f+/ zkhuh �f ' UA �f Ef �f�3�f �/ duh mrlqwo| vx!flhqw iru wkh

qxlvdqfh sdudphwhuv q dqg j2/ dqg wkhlu ghqvlwlhv duh dovr erxqghgo| frpsohwh1 Wkxv/ hyhu|

vlplodu uhjlrq ri vl}h k kdv frqvwdqw vl}h lq wkh frqglwlrqdo glvwulexwlrq ri + jlyhq
�
	qc r2

�
/
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616 s! wrwdoo| qrqolqhdu lq �

Li s� lv qrq olqhdu lq � wkh prvw srzhuixo vlplodu fulwlfdo uhjlrq fdq eh frqvwuxfwhg e| fkrrvlqj

� lq wkh vdph gluhfwlrq dv � �s� +dv lq Wkhruhpv 5 ru 7,/ exw wklv zrxog ghshqg rq �1 Wkhuhiruh/

lw lv lpsruwdqw wr uhsruw d phdvxuh ri krz vhqvlwlyh wkh rswlpdo fulwlfdo uhjlrq lv wr fkdqjhv

lq � dv lqglfdwhg lq wkh suhylrxv Vxevhfwlrq1 Dq| I whvw djdlqvw dq| vshfl�f ydoxh ri � zloo

eh doprvw rswlpdo li wkh fulwlfdo uhjlrqv duh qrw d�hfwhg pxfk e| �1

Uhpdunv

Vhfwlrq 6140616 kdyh vkrzq wkdw zkhq s� lv sduwldoo| ru wrwdoo| qrqolqhdu lq �/ qr +dyhudjh,

prvw srzhuixo whvw iru qrqolqhdulw| fdq eh frqvwuxfwhg hyhq li wkh ixqfwlrqdo irup ri s� lv

nqrzq1 Krzhyhu/ li wkh srvvleoh ydoxhv ri � fdq eh uhvwulfwhg wr d vhw x/ dqg li iru doo � 5 x

wkh rswlpdo fulwlfdo uhjlrqv doprvw ryhuods hdfk rwkhu/ wkhq wkhuh lv dq doprvw rswlpdo whvw1

Wklv lv dq I whvw iru dq| dowhuqdwlyh kdylqj d �{hg � 5 x1

Lw vhhpv wkdw uhohydqw d sulrul nqrzohgjh lv hvvhqwldo iru whvwv ri wklv nlqg/ dqg wkdw wkh

odfn ri lw lqydolgdwhv wkh whvwlqj surfhgxuh1 Wkh uhvxowv duh dqdorjrxv wr wkrvh frqfhuqlqj

whvwv iru vwuxfwxudo fkdqjh rewdlqhg e| wkh dxwkru lq dqrwkhu sdshu +Irufklql +4<<:,,1 Wkh

gl!fxow| lqwulqvlf wr wkh whvwlqj vlwxdwlrq zklfk kdv ehhq hpskdvl}hg lq wkhvh vhwxsv vhhpv

wr eh shfxoldu wr whvwlqj vlwxdwlrqv zkhuh wkhuh duh qxlvdqfh sdudphwhuv xqghu wkh dowhuqdwlyh

zklfk duh qrw lghqwl�hg xqghu wkh qxoo1

617 Glvwdqfh ehwzhhq vlplodu fulwlfdo uhjlrqv

Wkh srzhu ri wklv whvw fohduo| ghshqgv rq wkh glvwdqfh ri wkh wuxh gluhfwlrq

� �s�*
�
s ���fs�

��*2
iurp @ ' � �s�W*

�
s ��W�fs�W

��*2
vd|1 Wr vhh krz vhqvlwlyh wkh gluhfwlrq ri

wkh dowhuqdwlyh lv wr fkdqjhv lq wkh sdudphwhuv zh frqvlghu d vlpsoh sudfwlfdo h{dpsoh1 Zh

fdofxodwh wkh dqjoh ehwzhhq � �s�*
�
s ���fs�

��*2
dqg @ iru wkh gdwd lq H{dpsoh :1< lq Juhhqh

+4<<4,1 Wkhvh gdwd duh |hduo| X1V1 gdwd iurp 4<99 wr 4<;8/ iru wkh prqh| vwrfn P5 +ghshq0

ghqw yduldeoh,/ JQS vhdvrqdoo| dgmxvwhg lq 4<;5 frqvwdqw grooduv +%C�� ,/ dqg wkh lqwhuhvw udwh

+%o,1 D frqvwdqw lv dovr lqfoxghg1

Ohw*v vxssrvh d whvw iru qhjohfwhg qrqolqhdulw| lv vrxjkw1 Wr vlpsoli| wkh dqdo|vlv zh dvvxph
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wkdw wkh irup ri qrqolqhdulw| xqghu wkh dowhuqdwlyh kdv d nqrzq ixqfwlrqdo irup s�=

s� '
%
��
o � �

��
n
%
�2
C�� � �

�2
+7,

dqg

s� '

�
%
�
�

o � �
��

%
�
2

C�� � �
�

���2
+8,

Vxssrvh wkdw wkh fdvh zkhuh �W� ' �W2 ' � jlyhv lpsolflw dowhuqdwlyh fruuhvsrqglqj wr wkh

gluhfwlrq @1 D frqwrxu sorw ri wkh vlqh ri wkh dqjoh ehwzhhq @ ' � �s�W*
�
s ��W�fs�W

��*2
dqg

dqrwkhu yhfwru � �s�*
�
s ���fs�

��*2
jhqhudwhg e| gl�huhqw ydoxhv ri f 	 �� 	 � dqg f 	 �2 	 �

lv sorwwhg lq Iljxuhv 4 dqg 5 iru s� jlyhq lq +7, dqg +8, uhvshfwlyho|1 Wkh duhdv duh vkdghg

lq vxfk d zd| wkdw uhjlrqv zlwk kljkhu ydoxhv ri t�? ET�c T�W� duh oljkwhu1 Lw lv fohdu wkdw wkh

glvwdqfh ehwzhhq wkh �wuxh� dowhuqdwlyh dqg wkh lpsolflw dowhuqdwlyh fdq ydu| vljql�fdqwo| dv

wkh sdudphwhuv fkdqjh/ vr wkdw dq| whvw frqvwuxfwhg xvlqj Wkhruhp 4 ru Wkhruhp 5 zloo eh

srzhuixo rqo| li zh uhvwulfw hqrxjk wkh ydoxhv ri �� dqg �2 xqghu wkh dowhuqdwlyh1

7 Whvwv djdlqvw dq duelwudu| dowhuqdwlyh

Vhfwlrq 6 kdv dqdo|vhg vlplodu whvwv ri Mf G + � � Efqc j2UA � djdlqvw M� G + � � Es�c j
2UA �/

zkhuh s� lv d nqrzq ixqfwlrq ri wkh hohphqwv ri f/ exw � lv dq xqnqrzq sdudphwhu1 Wklv

Vhfwlrq frqvlghuv wkh fdvh zkhuh wkh ixqfwlrq s� lv qrw nqrzq dqg vkrzv wkdw wkh vroxwlrqv

sursrvhg lq wkh olwhudwxuh duh qrw vdwlvidfwru|1

Wkh jhrphwulfdo frqvwuxfwlrq ri Vhfwlrq 6 vkrzv wkdw dq rswlpdo vlplodu fulwlfdo uhjlrq lv

d iudfwlrq k ri wkh vxuidfh ri wkh xqlw EA � &�0vskhuh forvh wr wkh surmhfwlrq rq wkh vskhuh

ri wkh dgplvvleoh srlqwv xqghu wkh dowhuqdwlyh1 Wkh h{lvwhqfh ri dq �rswlpdo� vlplodu fulwlfdo

uhjlrq uhtxluhv wkh vshfl�fdwlrq ri wkh gluhfwlrq ri wkh dowhuqdwlyh1 Li wkh qhjohfwhg qrqolqhdulw|

fdq kdyh dq| gluhfwlrq zkdwvrhyhu/ wkhq dq| uhjlrq ri vl}h k zrxog eh dv suhihudeoh dv dq|

rwkhu uhjlrq rq wkh vskhuh +kdylqj wkh vdph vl}h,1 Dv d frqvhtxhqfh/ whvwlqj iru qhjohfwhg

qrqolqhdulw| ghshqgv xsrq d sulrul uhvwulfwlrqv ri wkh srvvleoh qrqolqhdulw| ri wkh prgho xqghu

wkh dowhuqdwlyh/ lq whupv ri erwk ixqfwlrqdo irup dqg sdudphwhu ydoxhv1 Wklv lqirupdwlrq lv

qrw xvxdoo| dydlodeoh wr wkh sudfwlwlrqhu/ dqg wkhuhiruh qr whvw iru qhjohfwhg qrqolqhdulw| zlwk

jrrg srzhu surshuwlhv fdq eh frqvwuxfwhg lq jhqhudo1
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Iljxuh 4= Vlqh ri wkh dqjoh ehwzhhq � �s�*
�
s ���fs�

��*2
dqg @ ' � �s�W*

�
s ��W�fs�W

��*2
iru

s� '
%
��
o 3�
��

n
%
�2
C��

3�

�2
/ �W� ' �W2 ' �1

Wkh ydoxhv ri �� duh rq wkh krul}rqwdo d{lv zkloh wkh ydoxhv ri �2 duh rq wkh yhuwlfdo d{lv1
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Iljxuh 5= Vlqh ri wkh dqjoh ehwzhhq � �s�*
�
s ���fs�

��*2
dqg @ ' � �s�W*

�
s ��W�fs�W

��*2
iru

s� '
�
%
��
o 3�
�
�

��
%
�2
C��

3�

�
2

�
/ �W� ' �W2 ' �1

Wkh ydoxhv ri �� duh rq wkh krul}rqwdo d{lv zkloh wkh ydoxhv ri �2 duh rq wkh yhuwlfdo d{lv1

47



Doo h{lvwlqj whvwv iru qhjohfwhg qrqolqhdulw| vxjjhvwhg lq wkh olwhudwxuh duh +riwhq, lpsolflwo|

edvhg rq Ohppd 8 lq wkh Dsshqgl{/ zklfk vkrzv wkdw �� ' � �+ +zlwk � gh�qhg dv lq Wkhruhp

4, fdq eh zulwwhq dv d uhjuhvvlrq prgho

�� ' � �s� n � +9,

zkhuh � � � Efc j2UA3&�/ dqg xqghu Mf � �s� ' f1 Vlqfh s� lv qrw nqrzq/ wklv lv xvxdoo|

uhsodfhg e| dq dssur{lpdwlrq ri wkh irup ~�W +wkh lpsolflw dowhuqdwlyh,/ dqg wkhq dq I whvw

lv shuiruphg wr whvw li �W ' f1 Wklv lv htxlydohqw wr vd|lqj wkdw s� lv olqhdu ru sduwldoo| olqhdu

lq � xqghu wkh dowhuqdwlyh1 Li wkh dssur{lpdwlrq wr � �s� lv jrrg/ wkh whvw lv yhu| forvh wr

dq �rswlpdo� whvw1 Lq jhqhudo/ wklv jrdo fdqqrw eh dfklhyhg wkrxjk1 Vr lw lv lpsruwdqw wr

xqghuvwdqg krz wkh lpsolflw dowhuqdwlyh lv fkrvhq zlwk vrph h{lvwlqj whvw surfhgxuhv1

Vrph ri wkh dssur{lpdwlrqv wr � �s� frqvlghuhg lq wkh olwhudwxuh duh wkh iroorzlqj=

41 Wkxuve| dqg Vfkplgw +4<::, vxjjhvw xvlqj srzhuv dqg furvv surgxfwv ri wkh uhjuhvvruv

dv hohphqwv ri ~1 Wkhuhiruh/ wkh| frqvlghu dq lpsolflw dowhuqdwlyh zkhuh s� lv olqhdu

lq �1 E| whvwlqj iru wkh vljql�fdqfh ri wkh frh!flhqwv ri srzhuv dqg furvv surgxfwv ri

wkh uhjuhvvruv wkh Wkxuve| dqg Vfkplgw whvw fdq eh frqvlghuhg dv d whvw iru rplwwhg

yduldeohv1

51 Zklwh +4<;3, vhwv ~ ' `f/ zkhuh ` lv d A � A gldjrqdo pdwul{ zlwk +duelwudu|,

qrq}hur gldjrqdo hohphqwv1 Dv revhuyhg ehiruh e| rwkhu dxwkruv +iru h{dpsoh Jrgiuh|

+4<;;,/ Vhfwlrq 716, wkh srzhu ri wkh whvw ghshqgv rq wkh fkrlfh ri ` / l1h1 rq wkh d sulrul

nqrzohgjh ri wkh gluhfwlrq ri wkh dowhuqdwlyh1 Wkh dprxqw ri lqirupdwlrq uhtxluhg e|

wklv whvwv lv frqvlghudeoh/ dqg lv xqolnho| wr eh dydlodeoh wr wkh sudfwlwlrqhu1 Pruhryhu/

wkh dgylfh ri frqvlghulqj gl�huhqw srvvleoh zhljkwv pljkw lqgxfh d odujh vl}h glvwruwlrq1

61 Ohh/ Zklwh dqg Judqjhu +4<<6, xvh ~ ' [/ zkhuh

[ '

5
9997
� E%��K�� � E%��K2� � � � � E%��K^�
� E%�2K�� � E%�2K2� � � � � E%�2K^�
111

111
111

� E%�AK�� � E%�AK2� � � � � E%�AK^�

6
:::8 c

%�� ghqrwhv wkh �0wk urz ri f/ � E�� lv wkh orjlvwlf fxpxodwlyh glvwulexwlrq ixqfwlrq/ ^

lv wkh qxpehu ri klgghq od|huv lq wkh qhxudo qhwzrun/ dqg K�/111/K^ duh fkrvhq d sulrul
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lqghshqghqwo| ri f +xvxdoo| dw udqgrp,1 Lq wklv fdvh s� lv dvvxphg wr eh sduwldoo| olqhdu

lq �/ dqg vrph ri wkh sdudphwhuv duh fkrvhq udqgrpo|1

71 Udpvh|*v +4<9<, UHVHW whvw lv edvhg rq wkh lghd ri xvlqj 	q +zklfk dffruglqj wr Ohppd

4 lv lqghshqghqw ri ��, wr hvwlpdwh � �s�1 Wkh dssur{lpdwlrq lv grqh e| fkrrvlqj ~ '�
	+E2�c 	+E��c ���c 	+E� �

�
/ zkhuh 	+E�� ' E	+��c 	+

�
2c ���c 	+

�
A �

�

/ � ' �c ���c � / 	+ ' f	q 1

Udpvh|*v +4<9<, UHVHW whvw xvhv pruh vdpsoh lqirupdwlrq wkdq dq| ri wkh rwkhu whvwv +4,0

+6, dqg dsshduv wr eh ohvv ghshqghqw rq wkh sudfwlwlrqhu*v sulru nqrzohgjh derxw wkh gluhfwlrq

ri wkh ghsduwxuh xqghu wkh dowhuqdwlyh k|srwkhvlv1 Wkh pdlq fkdudfwhulvwlf ri wkh whvwv +4,0+6,

frqvlvwv lq fkrrvlqj duelwudulo| d uhmhfwlrq uhjlrq rq 7A3&1 Dv d frqvhtxhqfh/ vxfk whvwv gr

qrw kdyh dq| rswlpdo surshuwlhv/ dqg/ dovr/ vhhp wr eh frpsohwho| xqlqirupdwlyh derxw wkh

h{lvwhqfh ri qhjohfwhg qrqolqhdulw| +ru dq| rwkhu irup ri plvvshfl�fdwlrq,1

Vlqfh wkh UHVHW whvw hvwlpdwhv � �s� xvlqj vdpsoh lqirupdwlrq lw pljkw vhhpv suhihudeoh

wr wkh rwkhu wkuhh whvwv1 Xqiruwxqdwho|/ wkh dssur{lpdwlrq xvhg lv htxdoo| xqlqirupdwlyh derxw

wkh phdq ri �� dv wkh dssur{lpdwlrqv lpsolflw lq wkh rwkhu whvwv1 Lq idfw/ wkh phdqv ri �� dqg

	q/

. E��� ' � �s�

.
�
	q
�

' Ef �f�
3�
f �s�

fruuhvsrqg wr wkh ghfrpsrvlwlrq ri s� lq wzr ruwkrjrqdo vxevsdfhv ri UA / rqh ri glphqvlrq &

vsdqqhg e| wkh froxpqv ri Ef �f�3�f �/ wkh rwkhu ri glphqvlrq A �& vsdqqhg e| wkh froxpqv

ri � �1 Wkhuhiruh .
�
	q
�
fdqqrw eh xvhg wr hvwlpdwh . E��� hyhq li lw lv h{dfwo| revhuyhg1 Dv

d frqvhtxhqfh 	q fdqqrw eh lqirupdwlyh derxw � �s�1

Iljxuh 6 jlyhv d judsklfdo lqwxlwlrq iru wkh lqdghtxdf| ri doo whvwv ri qhjohfwhg qrqolqhdulw|1

Wkh vpdoohu flufoh uhsuhvhqwv wkh 50vskhuh/ ��� ' �/ zkhuh � lv gh�qhg1 Wkh odujhu flufoh lv wkh

ghqvlw| ri wkh xqlirup glvwulexwlrq rq wkh 50vskhuh1 Wkh vwudljkw olqh lqglfdwhv wkh gluhfwlrq

ri wkh dowhuqdwlyh/ � �s�*j
2/ dqg wkh fxuyh frqfhqwudwhg derxw wkh vwudljkw olqh lv wkh ghqvlw|

ri � zkhq wkh dowhuqdwlyh k|srwkhvlv lv wuxh1 E| fkrrvlqj d whvw zh lghqwli| d uhjlrq / rq

��� ' � kdylqj suredelolw| k zkhq wkh qxoo k|srwkhvlv lv wuxh1 Vlqfh iru doo whvwv iru qhjohfwhg

qrqolqhdulw| frqvlghuhg wklv fkrlfh grhv qrw wdnh dffrxqw ri wkh gluhfwlrq ri wkh prgho xqghu
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wkh dowhuqdwlyh k|srwkhvlv +zklfk lv xqnqrzq wr wkh uhvhdufkhu,/ wkh fulwlfdo uhjlrq lv orfdwhg

duelwudulo| rq wkh xqlw vskhuh1 Wklv pljkw ohdg wr d srzhuixo whvw/ li wkh fulwlfdo uhjlrq lv lq

wkdw sduw ri wkh vskhuh zkhuh wkh suredelolw| pdvv ri � xqghu wkh dowhuqdwlyh lv frqfhqwudwhg1

Krzhyhu/ wkh fulwlfdo uhjlrq pljkw dovr eh lq wkdw sduw ri wkh vskhuh zkhuh wkh suredelolw|

pdvv ri � xqghu wkh dowhuqdwlyh lv yhu| vpdoo/ gholyhulqj d srzhuohvv whvw1 Reylrxvo|/ zh gr

qrw nqrz zkhuh wkh dowhuqdwlyh olhv vr wkhuh lv qr zd| wr nqrz zkhwkhu wkh whvw frqvlghuhg lv

srzhuixo ru srzhuohvv1

v’v=1

the null hypothesis
Density of v under

Density of v under
the alternative hypothesis

C’f (X)/σ
φ

2

ω

Iljxuh 6= Qxoo dqg dowhuqdwlyh ghqvlw| ri � rq wkh xqlw 50vskhuh1

8 Frqfoxglqj Uhpdunv

Wklv sdshu kdv dqdo|vhg whvwv iru qhjohfwhg qrqolqhdulw| lq wkh olqhdu prgho zlwk Jdxvvldq

huuruv1 Lw kdv srlqwhg rxw wkdw wkhuh lv d gl!fxow| lq whvwlqj iru qhjohfwhg qrqolqhdulw|/ zklfk

lpsolhv wkdw wkh vwdqgdug surfhgxuhv wr frqvwuxfw whvwv duh qrw dssolfdeoh1 Qr vlplodu fulwlfdo

uhjlrq lv xqd�hfwhg e| wklv sureohp/ dqg qr vlpsoh vroxwlrq vhhpv dydlodeoh hyhq iru wkh

+uhodwlyho| vlpsoh, sureohp xqghu frqvlghudwlrq1

Whvwlqj iru vrph vshfl�f nlqg ri qrqolqhdulw| lv srvvleoh exw whvwv duh d�hfwhg e| wkh w|sh

ri qrqolqhdulw| xqghu wkh dowhuqdwlyh k|srwkhvlv1 Dv lqglfdwhg lq Vhfwlrq 6 vhqvleoh whvwlqj

uhtxluhv frqvlvwhqw d sulrul nqrzohgjh vx!flhqwo| uhvwulfwlqj wkh dowhuqdwlyh k|srwkhvlv= rqo|
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li wkh fodvv ri qrqolqhdulw| lv vpdoo hqrxjk lv wkhuh dq dssur{lpdwho| rswlpdo whvw/ dqg wklv lv

dq I whvw djdlqvw dq| vshfl�f qrqolqhdu prgho xqghu wkh dowhuqdwlyh k|srwkhvlv1

Wkh xvh ri whvwv iru qhjohfwhg qrqolqhdulw| dv gldjqrvwlf wrrov lv vhulrxvo| xqghuplqhg e|

wkh dujxphqwv eurxjkw iruzdug lq Vhfwlrq 71 Qrqh ri wkh whvwv frqvlghuhg wkhuh kdv vdwlvidfwru|

surshuwlhv dv gldjqrvwlf whvw/ dqg jlyhq wkh gl!fxowlhv ri ghulylqj d whvw iru wkh fdvh ri nqrzq

qrqolqhdulw|/ lw vhhpv yhu| gl!fxow wr pdnh dq| surjuhvv lq wklv duhd1

Wkhvh sureohpv duh frpprq wr rwkhu whvwlqj vlwxdwlrqv +h1j1 rplwwhg yduldeohv/ vwuxfwxudo

fkdqjh/ hwf1, dqg udlvh grxewv derxw wkh srvvlelolw| ri ghylvlqj gldjqrvwlf whvwv lq jhqhudo1

E| uhod{lqj wkh dvvxpswlrqv xvhg/ wr doorz iru h{dpsoh iru qrqqrupdo huuruv/ whvwlqj iru

qrqolqhdulw| ehfrphv hyhq pruh sureohpdwlf1

9 Uhihuhqfhv

Dqguhzv/ G1I1 +4<:4,/ �D Qrwh rq wkh Vhohfwlrq ri Gdwd Wudqvirupdwlrqv�/ Elrphwulnd/ 8;/

57<05871

Eduqhww/ Z1D1/ D1U1 Jdoodqw/ P1M1 Klqlfk/ M1D1 Mxqjhlojhv/ G1W1 Ndsodq dqg P1M1 Mhqvhq

+4<<:,/ �D Vlqjoh0Eolqg Frqwuroohg Frpshwlwlrq dprqj Whvwv iru Qrqolqhdulw| dqg Fkdrv�/

Mrxuqdo ri Hfrqrphwulfv/ ;5/ 48:04<51

Fklnxvh/ \1 +4<<4,/ �Kljk Glphqvlrqdo Olplw Wkhruhpv dqg Pdwul{ Ghfrpsrvlwlrqv rq wkh

Vwlhiho Pdqlirog�/ Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 69/ 47804951

Fr{/ G1U1 dqg G1Y1 Klqnoh| +4<:7,/ Wkhruhwlfdo Vwdwlvwlfv/ Fkdspdq dqg Kdoo/ Orqgrq1

Gdylgvrq/ U1 dqg M1J1 PdfNlqqrq +4<;:,/ �Lpsolflw Dowhuqdwlyhv dqg wkh Orfdo Srzhu ri Whvw

Vwdwlvwlfv�/ Hfrqrphwulfd/ 88/ 46380465<1

Irufklql/ J1 +4<<:,/ �Wkh Jhrphwu| ri Vlplodu Whvwv iru Vwuxfwxudo Fkdqjh�/ sdshu suhvhqwhg

dw wkh HFa5 Frqihuhqfh lq Dpvwhugdp1

Jrgiuh|/ O1J1 +4<<3,/ Plvvshfl�fdwlrq Whvwv lq Hfrqrphwulfv= wkh Odjudqjh Pxowlsolhu Sulq0

flsoh dqg rwkhu Dssurdfkhv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
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Juhhqh/ Z1K1 +4<<4,/ Hfrqrphwulf Dqdo|vlv/ Pdfploodq Sxeolvklqj Frpsdq|/ Qhz \run1

Kloolhu/ J1K1 +4<;:,/ �Fodvvhv ri Vlplodu Uhjlrqv dqg wkhlu Srzhu Surshuwlhv iru vrph Hfrqr0

phwulf Whvwlqj Sureohpv�/ Hfrqrphwulf Wkhru|/ 6/ 40771

Kloolhu/ J1K1 +4<<4,/ �Rq Pxowlsoh Gldjqrvwlf Surfhgxuhv iru wkh Olqhdu Prgho�/ Mrxuqdo ri

Hfrqrphwulfv/ 7:/ 7:0991

Ohh/ W10K1/ K1 Zklwh/ F1Z1M1 Judqjhu +4<<9,/ �Whvwlqj iru Qhjohfwhg Qrqolqhdulw| lq Wlph

Vhulhv Prghov�/ Mrxuqdo ri Hfrqrphwulfv/ 89/ 59<05<31

Udpvh|/ M1E1 +4<9<,/ �Whvwv iru Vshfl�fdwlrq Huuruv lq Fodvvlfdo Olqhdu Ohdvw Vtxduhv Uhjuhv0

vlrq Dqdo|vlv�/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| E/ 64/ 68306:41

Ur|/ V1Q1 +4<86,/ �Rq d Khxulvwlf Phwkrg ri Whvw Frqvwuxfwlrq dqg Lwv Xvh lq Pxowlyduldwh

Dqdo|vlv�/ Wkh Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 57/ 553056;1

Wkxuve|/ M1 dqg S1 Vfkplgw +4<::,/ �Vrph Surshuwlhv ri Whvwv iru Vshfl�fdwlrq Huuru lq d

Olqhdu Uhjuhvvlrq Prgho�/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :5/ 9680941

Zklwh/ K1 +4<;3,/ �Xvlqj Ohdvw Vtxduhv wr Dssur{lpdwh Xqnqrzq Uhjuhvvlrq Ixqfwlrqv�/

Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 54/ 47<04:31
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Dsshqgl{

Surri ri Wkhruhp 5

D xvhixo ohppd fdq eh hdvlo| hvwdeolvkhg=

Ohppd 4 Jlyhq + � � Es�c j
2UA �/ gh�qh �� ' � �+ +zkhuh � lv gh�qhg lq Wkhruhp 4, dqg

	q ' Ef �f�3�f �+1 Wkhq

�� � �
�
� �s�c j

2UA3&
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	q � �
�
Ef �f�

3�
f �s�c j

2 Ef �f�
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dqg �� dqg 	q duh lqghshqghqw1

Xvlqj Ohppd 4/ zh fdq wkxv �qg wkh mrlqw ghqvlw| ri
�
	qc��

�
1 Qrz/ qrwh wkdw zh fdq

wudqvirup �� wr srodu frruglqdwhv= �� ' Er2�
�*2

�/ � ' �� E�
�

����
3�*2/ r2 ' ��

��� dqg wkh
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zkhuh b ' s ���fs�1 Wkh xqfrqglwlrqdo srzhu ri d fulwlfdo uhjlrq / lv wkxv
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Wkh Wkhruhp iroorzv iurp wkh Qh|pdq0Shduvrq Ohppd1

Surri ri Wkhruhp 6

Wkh surri ri Wkhruhp 4 iroorzv Kloolhu +4<;:, Vhfwlrq 61 Ohw T eh wkh ? glphqvlrqdo

vxevsdfh ri UA3& vsdqqhg e| wkh froxpqv ri � �s Ef�� dv � ydulhv lq U?1 Hyhu| srlqw lq T

fdq eh zulwwhq dv d olqhdu frpelqdwlrq ri dq ruwkrjrqdo edvlv ri T =

� �s Ef�� ' \5c

zlwk 5 5 U? dqg wkh froxpqv ri \ ' � �s Ef�
�
s Ef���fs Ef�

�
3�*2

irup dq ruwkrjrqdo edvlv

ri T 1 Wkh yhfwru 5 fdq eh zulwwhq lq srodu frruglqdwhv dv 5 ' b�*2>/ zkhuh b : f dqg

> 5 7?3�1 Wkxv/

� �s Ef�� ' b�*2\>c
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