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ABSTRACT

Improving the educational outcomes which schools achieve in the primary and secondary education
sectors has becomeacentral public policy goal, to which large sumsof public money have been devoted.
Being able to estimate the educational production function between pupil educational achievements,
resource inputs and characteristics of the pupil intake in an unbiased way can help progress both ex ante
policy formation and ex post effectiveness monitoring. Such an unbiased estimation requires
recognition of not only the supply-side concept of the educational production function but also several
demand-side relationships affecting the demand for school places, the socio-economic characteristics
of aschool’ spupil intake, the quality of teaching staff aschool can recruit, and the determination of local
property prices. Failure to recognise these additional inter-relationships through the use of standard
single-equation Ordinary Least Squares multivariate regression will result in  multiple sources of
cumulative downward bias in the estimated importance of resource variables in influencing pupil
educational outcomes, in ways which are analysed in this paper. The analysis of this paper calls into
guestion the conclusions drawn by Hanushek and others, from many of the earlier statistical studies of
the educational production function, of there existing no substantial link between educational resourcing
and educational outcomes.



1. INTRODUCTION

Education has many of the economic characteristics of alocal public good, being typically provided by
local schoolsto a local population of the school’ s pupil intake. Education is produced at different levels
by different individual schools, with these different levelsof production impacting upon the educational

outcomes which the pupils of each school achieve. Improving the educationa outcomes which schools
achieve in the primary and secondary education sectors has become a central public policy goal, to
which large sums of public money have been devoted in return for Public Service Agreements on the
target levels of educational outcomes which are expected to be achieved by the education system as a
wholein return for increased levels of public funding (see Mayston, 2000a).

Being ableto correctly identify the levels of educational outcomes which are achievable from different
levels of resourceinputs, for given characteristics of the pupil intake, and the levels of resourcing which
are required to achieve any given desired level of educational outcomes, is of importance not only for
public expenditure planning at the national level. It isaso important for the determination of the levels
of resources which should be alocated to different individual schools with differing characteristics of
their pupil intake to achieve individual target levels of educational outcomes, and for monitoring the
levelsof educational outcomeswhich can be expected from theseindividual schoolsfrom their available
resource budgets.

In the case of asingle scalar measure of educational outcomes, g, for any given school, such as the
school’ s average GCSE point scores for its pupils, we may seek to represent the relationship between
the levels of educational outcomes, g, that are achievable from different levels of resource inputs and
different characteristics of the school’ s pupil intake, through the concept of an educational production
function, f, of the form:

g="f(r,9 (1.2

wherer isavector of school resourceinputs. sishere avector of characteristics of the school’ s pupil
intake, which can include variables relating to the pupils home and parental circumstances which may
influence their educational outcomes for given levels of school resourcing.In the case of a vector of
educational outcomes, q, for the given school, we may write the production function in the implicit
multi-product form:

g(g,r,s) =0 (1.2



with g specifying the different combinations of the individual educationa outputs within the school
output vector g that are achievable from different given levels of the school resource input vector r and
of the vector of characteristics of the school’s pupil intake s.

The positive role of the resource vector, r, in improving educational outcomes has been called into
guestion by Hanushek (1979, 1986), based upon areview of earlier statistical studies which allegedly
find no statistically significant relationship between school expenditure and pupil outcomes. The method
of statistical estimation used in these earlier studies has been predominantly that of Ordinary Least
Squares (OLS) multivariate regression analysis. However, whether or not this estimation technique
provides unbiased estimates of the parameters of the relationship being investigated depends upon
whether or not the assumptions which the OL S technique makes are fully satisfied (see Johnston, 1984;
Gujarati, 1995). One of the main prior assumptions made by OLS is that the disturbance term in the
multivariate regression equation is uncorrelated with the explanatory variables that are used in the
regression equation. A failure to satisfy this prior assumption will in general result in the parameter
estimates which OLS produces being biased away from their true underlying values, even if alarge
sample of datais used for the estimation. In this paper, we will investigate a number of important
sources of this bias, in the context of the estimation of the educational production function.

2. THE ENDOGENEITY PROBLEM

For the sake of concreteness, we will first examine an efficient school with a single educational output,
g, and a Cobb-Douglas production function of the form:

g = AT QN K m>"" (2.1)

where the i subscripts denote the corresponding variables for school i.

The variable T, denotes the school’ s teacher-pupil ratio, whilst Q, is an index of teacher quality, the
variable N, represents non-teaching staff per pupil, K; represents non-staff inputs per pupil, m; denotes
total pupil numbers, and the variable S is a measure of the socio-economic background of the pupil
intake. Higher levels of S are assumed here to indicate a more advantaged pupil background. Whilst
S ishereascalar variable, the analysismay bereadily extended to include awhole set of different socio-
economic variables that characterise the pupil intake and which may influence the school’ s educational



outcomes for agiven set of resource inputs. In any given period of time, the parameter A is a constant,
but may increase over time if technological change makes possible higher levels of productivity within
schools. The parameters g, , ..., &, correspond to the proportional change in educational output which
can be achieved by a unit proportional change in the input of each of the corresponding variables, with
&, indicating the extent of the economies of scale with respect to pupil numberswhich exist within the
educational production function at the school level.

For any individual school i, whether fully efficient or not, we will write;
G = é>YA-TiaZ-Qiéls-Niéld-Kiéhs-miéle-337 (2.2)

where & denotes an index of efficiency of schoal i, yielding the linear regression equation:

log g, = &,+ &,.logT,+ &,109Q+ &,logN.+ &.logK + &,.logm+ &,.logS+ log § (2.3)

when the variables are expressed in logarithmic form. Equation (2.3) may be re-written in the form:

by, +by,109 ¢ +b,,.logT, +b,,.10gQ +b,, .logN, +b, .1ogK; +b,,.logm +b,,.1ogS = u,; (2.3a)

whereby, =-4&,,b,; =1, b, =-4 <0fork =2,..,7if S denotes a measure of socio-economic
advantage, and u, = log 3.

Under the standard assumption of OLSthat the disturbance term is of zero mean and positive variance,
log § in (2.3) can take on positive values for some schools in the sample. One main problem with the
use of OL Sto estimate the underlying production function isthen that OLSwill estimate astatistically
average ‘educational production function’, rather than the fully efficient educational production
function, corresponding to the underlying education production possibility frontier, in which log 3
would take on only non-positive values. A positive relationship may then exist between resource inputs
and educational outcomesal ong the educational productionfrontier, evenif no such positiverelationship
exists within the estimated statistically average ‘ educationa production function’.

However, even if weignorethis problem, important additional considerations arise when asecond main
assumption of OL Sisbroken. Thisisthe assumption that the explanatory variablesare uncorrelated with



the random disturbance term in an equation such as (2.3). As noted above, the parameter estimates
which OL S produces may then be biased estimates of the underlying parameters, suchas 4, , ...., & in
equation (2.1), that deviate from their true underlying values, even if an infinitely large sample of
observations is analysed, with the parameter estimates which OLS producing of the influence of each
of the school inputs on the school’ s educational output then failing to be consistent estimators of their
true underlying value (see Johnston, 1984; Gujarati, 1995 ).

One way in which non-zero correlations may be generated between the disturbance term and the
explanatory variables is if there are additiona inter-relationships between the variables beyond those
defined by the supply-side concept of the educational production function. In order to form acomplete
model of these inter-relationships, we will add further equations to the single equation that isinvolved
in (2.1a). These additional equations will recognise that there are likely to be additional demand-side
inter-relationships between the different variables beyond those that are involved in the supply-side
concept of the educational production function in (2.3) or (2.3a). The importance of educational
demand-side relationships, and their relationship to the optimal allocation of resources within schools,
is stressed in Mayston (1996).

Equation (2.3), or equivalently equation (2.3a), will be the first equation in our overall model of the
inter-relationships which may exist between the different variables of pupil outcomes, resource input
and characteristics of the pupil intake. Within this model, the coefficient b, ; will be used to designate
that on the kth variable in the jth equation of our model. Our first variable here islog g, the log of
examination scores, our second variableislog T, , thelog of the school’ s teacher-pupil ratio, our third
variable islog Q, the log of teacher quality, and so on. b,, isthen, for example, the coefficient on the
second variable in our first equation (2.3a).

3. INPUT INTER-RELATIONSHIPS

Thefirst such inter-relationship involves the teacher-pupil ratio, T, , for school i. Thiswill depend upon
anumber of factors. Under the devolved budgetary arrangements of Local Management of Schools, or
the current Fair Funding framework (DfEE, 1998), these are likely to include the level of the school’s
availableincome per pupil, + , which will form the eighth variable in our model. They are also likely to
includethelocal cost, p;, , of attracting teaching staff of agiven quality tothelocal area, thelocal price,
pyi » Of non-teaching staff and the local cost, py; , Of other inputs that must be purchased out of the
school’ stotal expenditure budget, and the quality, Q,, of the teaching staff which the school is successful



inrecruiting. These factorswill then enter into the demand function of the individual school for teaching
staff, which we may write in the form:

logT; = &, +ay.logQ +a;.log+ +a,.logpy+a,,. 109 py
3.1
+3y,,.100 P + Ui,

where we expect a;,> 0, i.e. the teacher-pupil ratio to be an increasing function of the school’sincome
per pupil, and &, < 0, i.e.the teacher-pupil ratio to be a decreasing function of the price it must pay for
teachers, given its total budget. a,,, and a,,, may be positive, negative or zero, depending upon the
relative strength of the income and substitution effects that a rise in the price of these other inputs
produces for the demand for teachers within the school. We would expect a;, < 0, so that the school
faces achoice within itstotal budget between hiring alarger quantity of teachers of alower quality and
hiring fewer teachers of higher quality who are more in demand elsewhere, and who can command
higher salaries. The random disturbanceterm, u,, , for school i reflectsthe significant degree of variation
which may still exist across individual schools in their teacher-pupil ratios even after the above
systematic factors are taken into account (see e.g. Audit Commission, 1993 - 1996).

(3.1) may be re-written in the form:

b02 + b22 ' logTi + b32' |Og Qi + b82 |Og _I + b92' |Og pTi + b10,2 ' |Og pNi
(3.19)

+by;,.100 P = U,

where by,= - 8y , 0, = 1, by=- 85, > 0, b, = - 8;,< 0, Dy, = - 85, >0, by, = - A, P11 =- &,
Again we adopt the convention that the coefficient b, ; is used to designate the coefficient on the kth
variable in the j th equation of our model, so that b, is here the coefficient in this second equation on
our third variable, log Q, . The fact that not all variables (such aslog g, here) are entering each of the
equations of our model imposes a structure on the model which will assist in overcoming problems of
identifiability of the education production function within our simultaneous equations model.

The quality of teaching staff which the school attracts plays a potentially significant role as a school
resource input in the educational production function (2.1). The importance of teacher quality in
boosting the educational output of schools has been stressed, for instance, by Murdane (1996). It is
important to note that teacher quality isaso likely to be asignificant additional source of endogeneity



in the inter-relationships between the variablesinvolved in (2.3). The ability of an individua schoal i to
attract teaching staff of high quality isitself likely to depend upon a number of variables. These may
includethe level of the school’ s examination success, g;, the nature of its pupil intake, S, the size of the
school, m, and its associated scope for specialised teaching and supporting facilities. They may also
include its teacher-pupil ratio, T, , and the level of its support from non-teaching staff, N, , and non-
staffing resources per pupil, K; . Schoolswhich are well endowed in these directions may be better able
to attract higher quality teachers than those school s without these advantages. Thisitself will, however,
establish an additional inter-relationship between the relevant variables.

If, other things being equal, higher quality teachers are attracted more to schools with ahigher levels of
examination performance, g, a positive correlation will exist between the explanatory variable of
teacher quality, Q, , in the multiple regression equation (2.3) and g; . Since the level of g in (2.3)
increases with the value of the disturbance term loga , this inter-relationship will tend to generate a
positive correlation between the explanatory variable of teacher quality, Q, , in the multiple regression
equation (2.3) and the disturbancetermlogd . Asnoted above, such anon-zero correlation breachesone
of the main assumptions that must be hold for the valid application of the standard OLS estimation
procedure. This breach will bias the parameter estimates of the impact of Q. in the educational
production function (2.1) away from its true value.

The quality of teaching staff which a school i attracts may also depend upon the level of pay, py; , for
teacherswhichisavailableto its staff. The cost of local housing, asinfluenced by local house prices, p,;
, may well also influence the quality of staff which school i can recruit and retain. Schools in central
L ondon may then have more difficulty in attracting high quality staff because of high local house prices
for houses of a given quality. If these schools aso have a high intake of disadvantaged and disruptive
pupils, theinfluence of S on Q. may further increase the difficulty of inner city areasin attracting high
qudity staff. Evenif not all teaching staff live closeto the school, high local house prices may necessitate
their commuting from a greater distance to teach in the school, reducing its relative attractions as a
school inwhich to teach. The above considerationsimply an inter-relationship between teacher quality,
Q. , and the other variables of the form:

log Q = 8y + @3 109 G + 8 log T; +a,; .1og N; + &g, log K; + &g, . logm,
(3.2)

+a,109S +ag.logpy +a,s 10gpy + Us

where u; is arandom disturbance term. We would expect that a,; > 0, so that schools with superior



examination performance and a high rating in school performance tables are better ableto attract higher
quality teachers. We would also expect that a,; > 0, a,; > 0, and a;,;> 0, so that schools with more
favourable teacher-pupil ratios and other supporting resources are better able to attract higher quality
teachers. Larger schoolsthat are able to offer more specialised teaching may a so be more ableto attract
better quality teachers, implying a;; > 0. If thereisastatistical association between an advantaged socio-
economic background, asmeasured by S, and the proportion of pupilswho are disruptive, then we may
also have a,; > 0, so that schoolsin tougher inner-city areas may have more difficulty in attracting
higher quality staff. If higher local house pricesalso makeit more difficult to attract higher quality staff,
then we would expect &, ; < 0. Higher local salariesfor teacherswill, however, make it easier to attract
higher quality teachers, with a,; > 0.

Equation (3.2) may be written in the form:

by + by3 l0g g + b,;.log T, + by, log Q, + byg .log N, + be;. log K; + by, . log m,
(3.29)
+D05109 S + bgg.logpy + Dby logpy = U

where by;= - 8y , D13= - 313< 0, by3= - 8,3< 0, D33=1, byg=- 83 <0, bz = - 83< 0, bz = - 35 <0, by,
= - 8;3<0, Dgg = - 853 <0, by, 3= &,3>0.

The demand of school i for non-teaching staff per pupil, N, islikely to depend upon itsavailableincome
per pupil, + , upon thelocal price, p;, of non-teaching staff , and on the prices which it must pay for

teaching staff and non-staff expenditure out of its overall expenditure per pupil budget. In log-linear
form, thisimplies an inter-relationship between N, and the other variables of the form:

log N; =@y, +a,.l0g+ +a,.109Pr+ag,.l10gpy +a,.100pg + U, (33
where u, , is the disturbance term for school i in this inter-relationship, and where we expect g, > 0 and
ay, < 0, so that the school’ s demand for non-teaching staff per pupil is an increasing function of its
income per pupil and a decreasing function of the price that it must pay for non-teaching staff.

We may re-write (3.3) in the form:

by, + by, . 10g N +bg, Jog % +Dbg,. 10g pri + byg, . 10g Py + Dby 4109 P = Ui (3.39)



where by,= - @y, by =1, bg=- 85, <0, by, = - 8y, Dios=-3104> 0015 4=-ay,.

Similarly, the demand of school i for non-staff inputs per pupil, K;, islikely to depend upon its available
income per pupil, =+, upon the local price, py;, of non-staff inputs, such as premises, and on the prices
which it must pay for teaching staff and non-teaching staff expenditure out of itsoverall expenditure per
pupil budget. Inlog-linear form, thisimplies an inter-relationship between K, and the other variables
of theform:

Iog Ki = a05 + a85 |Og _I + 895' |Og pTi + a'10,5 ' |Og pNi +all,5 |Og pKi + ui5 (34)

where u; 5 is the disturbance term for school i in thisinter-relationship. We expect a5 > 0 and a,; 5 < 0,
so that the school’s demand for non-staff inputs per pupil is an increasing function of its income per
pupil, and a decreasing function of their price.

Equation (3.4) may be re-written in the form:

Dos + bss. l0g K, + bgs .log + bgs. log pry + bygs . l0g Py + byy5.100 e = Ui (3.49)

where bys= - 85, Pss= 1, Dgs=- 35 < 0, by = - &5, b10,5 = - Q5 ’b11,5 = -5 0.

4. THE DEMAND FOR SCHOOL PLACES

If there are significant economies of scale in the educational production function (2.1) that links school
inputs with school output, there will be a positive contribution indicated by the logarithmic coefficient
8, 1n (2.1) in the educational production function on the school’ stotal size in terms of pupil numbersin
contributing towards the school’ s educationa output, g, . An important further source of endogeneity
then arises if the school’s pupil numbers, m. , themselves depend in part upon the school’s level of
educational attainment, ¢ . The publication of school league tables and OFSTED reports, and
competition between schools for pupil numbers, will place schools with more favourable examination
results in a stronger position to attract increased pupil numbers. Conversely, schools with low
examination results are in aweaker competitive position to increase or maintain their pupil numbers.

Such ademand-side inter-relationship arises from the desire by parents to send their children to more



successful schools. The funding formulae which Local Education Authorities (LEAS) usein England to
allocate resourcesto individua schools under the Local Management of Schools (LMS) initiative and
its Fair Funding successor have been required to have a substantial element which depends upon the
school’ s (age-weighted) pupil numbers. This itself provides a strong incentive for each schools to
accept more pupil numbers when it has the physical capacity to do so. The resulting link on the demand
side between pupil numbers, m., and g, , and hence log &, in (2.3) will again tend to undermine the
assumption for the valid use of the OLS estimation technique, of zero correlation between the
explanatory variablesin (2.3) and the disturbance term loga.

The pupil numbers for school i will also depend upon its capacity, though the latter may itself change
over time in response to demand pressures from local parents. It may also depend upon the local
population of children of the relevant age group in the catchment area of the school. Thisvariable may
also be to some extent endogenous, reflecting in part the demand by parents for education from the
school.

The demand from parentsto send their children to school i may depend al so upon the quality of teachers,
Q, , of the school, and its level of resourcing, as reflected in its teacher-pupil ratio, T; , itslevel of non-
teaching staff per pupil, N, , its non-staff inputs per pupil, K, , and on the general characteristics of its
pupil intake, S . A further variable which may limit the ability of some parents to send their children to
schools which are most favourably endowed with these factorsisthat of local house prices, p,; . If these
are high, the economic ability of some parents to move into the catchment area of school i is reduced,
exerting some degree of downward pressure on pupil numbers.

The inter-relationship on the demand side between pupil numbers, m, , for school i and these other
variables may then be of the form:

logm, = 8 + & 109 G + 8 10g T; + &g .10g Q; + @y Iog N; + & .log K;
(4.1)

+ay.109S +a,6.l00py +ass. 1000+ U,

where u, 4 is the disturbance term for school i in this inter-relationship. We expect that a,s> 0, so that
schools with superior examination performance tend to attract more pupils. Similarly we expect that a,
>0, a5>0,845>0, a >0, a, >0, so that schools with more resources per pupil, higher quality
teachers, and a more advantaged pupil intake tend to attract more pupils. We would also expect that



a6 < 0, so that higher local house prices act as an economic deterrent to locate in the local school
catchment area, and that a,;¢ > 0, so that the school’s pupil numbers are an increasing function of the
local child population density.

Equation (4.1) may be re-written in the form:

by + Dy 109 G + by log T; + by .log Q, + by lOg N; + bss log K, +bg, . log M,
(4.19)
+D0s6. 109 S +Dby6.l0g Py +bise. 1092 = Ujg

where b= - 8y, D1e= - A6 < 0, b= - A< 0, Pyg= - A< 0, bye= - A< 0, byg= - a5z < 0, bgg= 1, bys=-
A <0,bp6=-8,6>0,056=-a3<0.

There may also be demand-side influences which establish a relationship between the background
characteristics of the pupil intake, S, which aschool attractsand itslevel of examination results, g, and
itslevel of resources. Middle-class parents may be more conscious of the examination results of different
schools in published school performance tables and OFSTED reports, and place greater importance on
a school’s examination performance and level of resources, than parents in less favourable socio-
economic circumstances. They will also tend to have a greater economic ability to compete in the
housing market to locate in the catchment areas of the schools with superior levels of examination
performance and resourcing. Schoolsin astrong relative position in their examination results and their
levels of resources may aso tend to discriminate in favour of admitting pupils from more advantaged
backgrounds in their pursuit of higher positions in published |eague tables of examination results.

The local nature of the public good which education typically provides implies here that demand side
relationships resulting from the mobility of consumers between different local public good providers
must be taken into account alongside the supply-side educational production function in the
determination of equilibrium outcomes. Whilst there may not beasimpledirect fiscal mechanism at work
which matches local willingness to pay for the local public good to loca revenue to fund provision of
the public good, as in Tiebout (1956), there still nevertheless exist in the UK the intermediary
mechanisms of local house prices, and school funding formulae which make school revenue dependent
in large part upon pupil demand. These mechanisms will themselves ensure that demand-side factors,
related in part to a school’ s existing level of examination performance, are likely to have an important
influence upon equilibrium outcomes in the production of the local public good of education.
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Links from examination results and resourcing levels to the socio-economic background of the pupil
intake will establish a further source of endogeneity in the variables, here the characteristics of the pupil
background, which enter the educational production function (2.1). Again the result is likely to be a
breach of the key assumption of zero correlation between these variables and the level of g;, and hence
of the disturbance term logg in (2.3).

The dependence of the background characteristics of the pupil intake, S , which school i attracts upon
these other factors may take on the form:

logS =ay+ay.logg +aylogT +ay;.logQ +a, logN; +a;.logK

(4.2)
+8;.logm +a,;.logpy +U;,

where u,, is the disturbance term for school i in thisinter-relationship. We expect that a,; > 0, a,, >0,
a&,>0,38,>0,a;,>0,a; >0, so that superior examination performance by a school, more favourable
school resourcing, and the more specialised facilities which alarger school can offer, al tend to attract
more advantaged pupils. We also expect that a,,, > 0, so that higher local house prices tend to
discourage parents with lower incomesfrom locating in thelocal catchment area of the school, and tend
to encourage a more advantaged pupil intake into the school.

Equation (4.2) may be re-written in the form:
by; + b;. log g +b,.log T, + by, .log Q + b,;. logN; + by, logK;, + Dby, .logm,
(4.29)

+b,.log§ +by,,.logpy =u;;

where b07 = -9y, b= -a,<0, bs7E - a5, <0, b= -a,;<0, bs7E - a;;<0, bs7E - 3,;<0, b,=1, b12,7

= '3-12,7<0-
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5. THE DETERMINATION OF SCHOOL INCOME

A further important i nter-rel ationship between the variabl es ari ses through the process which determines
each school’s income. This resource alocation process involves firstly the Standard Spending
Assessment (SSA) allocation from central government to local authorities, and secondly what is now
the Fair Funding formulae for allocating resources from Local Education Authorities (LEAS) to
individual schools (see Mayston and Jesson, 1999). For earlier years, it was the Local Management of
Schools (LM S) formul ae that were used to allocate resourcesfrom Local Education Authorities (LEAS)
to individual schools. For schools that were Grant Maintained (GM) in these earlier years, the Funding
Agency for Schools (FAS) that allocated funds directly to GM schools used a funding formulae that
paralleled that of the local LEA in whose areathe GM school was located. Each school’ s income will
also include the receipt of resources via specific grants, such as through the Standards Fund.

We will assume here that the income per pupil, + , of each individua school i is determined to be at
some constant level plus adjustments that depends upon the characteristics of its pupil intake, S, upon
the size, m;, of its pupil intake, upon the education achievement, g, , of the school and upon the local
prices, pri, P @d py; Which school i facesfor its resource inputs. For the sake of concreteness, we will
assume that the income per pupil for school i is determined by the relationship:

log+ =ag+aglogq+ag.logm +a,.logS +ag.logpy +a,g. 100 py
(5.1
+ay,g.100 P + Uig

where u, gisarandom disturbance term for school i. If schools with smaller pupil intakes, with more
disadvantaged pupil intakes, with relatively low examination performances, or facing higher local prices,
receive morefavourableresourcing for their expenditure per pupil, either through theresourceallocation
formulae or through the alocation of specific grants, or both, we would expect a5, 8, and a,4 to be
negative, and ay, a5 and a,; ¢ to be positive.

Equation (5.1) may be written in the form:

b + D15.10g G + Dgg.log My + by . 109 S + by . log % + bgg . l0g pr;
(5.19)

+byg . l0g pyi + byyg.l0g Py = Uig
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wherebyg = - 8y, D1g= - 3> 0, bgg= - 85> 0, b= - >0, g =1, Dgg= -ag5 < 0, b= - A5< 0, by 4
=-a,5<0.

6. THE DETERMINATION OF LOCAL PRICES

There may also befurther links between the above variables because of adependency of thelocal salaries
which are required to attract teaching staff and non-teaching staff to school i upon local house prices.
Similarly premises coststhat enter into non-staff costs, p,; , may be dependent to some extent upon local
property prices. This may imply relationships of the form:

log pri =&y, + 80109 Py + Ui (6.1)
log Py = @10 + @210 100 Py + 33410- 109D, 4 U, 40 (6.2)
log Py = 811 + p11 10T Py + U 4 (6.3)

whereu, 4, U; 50, and u, ,, are the relevant disturbance terms for school i, and where we expect a,,,
>0, ay,,,>0, and a,,,, > 0. G, isherethelocal unemployment rate, which may have anegativeinfluence
on non-teaching staff costs, with a, ,, < 0.

Equations (6.1) - (6.3) may be re-written in the form:

bo +10g pr; +by.l0gpy = Ui (6.13)
Do+ 109 Py + Do logpy  +biyg0. 1093 = U, 4 (6.29)
Ppay +109 P + Db logpy =U; (6.39)

whereby ¢ = - 3 9, D1og= - 8126 < 0,00 10 = - 310, Pro10= - 812 10<0, Diy10= -84 20>0,00 13 = -8

11 s b12,11E -y < 0.

Finally, local house prices, p; , may be higher than otherwise for schoolswith higher levels of resources
and superior examination results, because of demand pressures from parents seeking to move into the
catchment area of such schools pushing up house prices. They may aso beinfluenced by thelocal socio-
economic background characteristics. High levels of unemployment, housing density, crime and other
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social problems may tend to depresslocal house prices. House prices may also be affected by other local
factors, such asthe distance of the school from central London, d. , and the distance of the schoal, &,
from the nearest city other than London (normalising on & = 1 for cases where the nearest city is
London). These distance variables will be assumed here not to form part of the loca pupil background
characteristics which are relevant to the educational production function (2.1).

The overall influences on local house prices, p,; , may then be of the form:

logpy =8t 81,1090 +@,.109T, +855,.100Q +8,,,. 10gN; +a,,.l0gK; (6.4
6.4
+ a6,12'log mi + a'7,12' |Og S + a'13,12' |Og gi + a'15,12' |Og di + a16,12' |Og e| + ui,12

where u, ,, is the disturbance term for school i in thisrelationship, and we expect & ,, >0, 8,,,> 0, 8;,,
> 01 a4,12 > 01 a5,12> 01 a6,12> 01 a'7,12 > 01 a'13,12 < O and a15,12 < 01 a'16,12 < O

Equation (6.4) may be re-written in the form:

b0,12 + bl,12' |Og qi + b2,12 |Og Ti + b3,12 |Og Qi + b4,12' |Og Ni + b5,12 log Ki + b6,12'log mi

(6.49)
+ b7,12' |Og S + b12,12 |Og pHi + bl3,12' |Og gi + b15,12' |Og di + b16,12' |Og el = ui,12

where bo, 2= "% 12, b1,12E -9 < 0, bz, 1258 < 0, bs,lzE - < 0, b4,12E =915 < 0, b5,12E - 851
<0, be,lzE - 8510 < 0, b7,12E - < 0, b12,12: 1, bl3,12E - Q312> 0, bls,lzE - Sy510 > 0, ble,lzE - Qg 12 >
0.

7. THE EXTENT OF THE ENDOGENEITY BIAS

The equations (2.3a) - (6.4a) form a simultaneous equations model, here with twelve structural
equationsto the model involving twelve endogenous variables and four exogenousvariables. Thetwelve
endogenous variables are the logarithms of the following variables:

1. g, = school i’s educational output, as reflected in the examination performance of its pupils
2. T, =school i’ s teacher-pupil ratio

3. Q= ameasure of teacher quality for school i

4. N,;= non-teaching staff per pupil in school i

14



5. K, = non-staff expenditure in volume termsin school i

6. m, = total pupil numbers for school i

7. S = ameasure of the socio-economic background of the pupil intake into school i
8. + = school i’sincome per pupil

9. p;; =theloca pay level for teachers of a standard quality facing school i

10. py; = thelocal pay level for non-teaching staff facing school i

11. p,; =thelocal level of non-staff costs facing school i

12. p,; =thelocal level of house pricesin the catchment area of school i.

The four exogenous variables are the logarithms of the following variables:

13. @, = the local population density of children in the relevant age groups

14. @, = the local unemployment rate in the catchment area of school i

15. d, = the distance of school i from central London

16. & = the distance of the school from the nearest city other than London (normalising on & =
1 for cases where the nearest city is London).

The resulting simultaneous equations model is of the genera form:

b + §. =u  fori=1,..v j=1,..n’
kz:;ylk kj ;zlh q“ ij | (7.1)

where y, , denotes the ith observation on the kth endogenous variable for each of the n” endogenous
variables, andz,, denotesthe ith observation on the hth pre-determined variable for each of then” pre-
determined variables, which may include exogenous and lagged endogenous

variables. The b,; and §; are the corresponding structural parametersin the jth structural relation of the
above simultaneous equations model. u; is the random disturbance term for the ith observation in the
jth structural relation in the model (7.1) for each of v observations. In matrix form, (7.1) may be written
as:

YB+ZA=U (7.14)
where Y= [y,] , B=[by] , Z=[z], AE[Q"] and U=[u].
In the model (2.33) - (6.4a), we haven’ = 12 endogenous variables, with they,, given by the logarithms
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of thevariables 1 - 12 listed above. We aso have n” = 4 exogenous variables, with the z, given by the
logarithms of the variables 13,..., 16 listed above.

We will assume that the disturbance terms u; in the structura equations are independently and
identically multi-variate normally distributed for each observation i=1,....,v, with zero means and a
diagonal covariance matrix V. The covariance matrix is assumed to have positive diagonal el ements éjz
for j=1,..,n" and zero off-diagonal terms, reflecting uncorrelated disturbances across the different
structural relationswithin the model. Thedisturbancetermsin eachindividual structural equation within
the complete model are also assumed to be uncorrelated with the values of each of the observed
explanatory variablesin (7.1).

The biasthat results from neglecting the simultaneous equations nature of the problem and applying the
standard Ordinary Least Squares (OLS) multivariate regression technique to directly to estimating the
parameters g, , ...., &, of the educational production function equation (1.3) is shown in the Appendix
to be of the form:

plimé, = plima, - & fork=2,..,n (7.2)
62 n/
1 ~ 2
- -2 JZZ:blj @by + by 1 6 (7.3)
n’ 62
WhereTs(1+Zb12j.—;)>O (7.4)
j=2 o)

I

pIimé\\k here denotes the estimated coefficient which the application of OLS will achieve for the
coefficient §, asthe number of observationsincreasestoinfinity. Thismeansthat it excludesbiaseswhich
are due smply to a small sample size. As in equation (2.1) above, each &, denotes the (logarithmic)
contribution of the each relevant school input variable to the school’ s educational output, ¢, . We expect
the &, to be positive in value. From our above discussion, we expect that:

b,=0,b;3<0,b,=0b;=0,b<0,b;<0,byg>0,b,y=0, b1,10 =0, b1,11 =0, b1,12< 0 (7.5)

by =1,0,<0,0b,,=0,b,=0,by<0,b,; =0, by =0, by=0, b2,10 =0, b2,11 =0, b2,12 <0 (7.6)
The signs of the coefficientsin (7.5) and (7.6), together with (7.3) and (7.4), imply that
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plimeé,, = plima, - 4, <0 (7.7)

so that the OL Sestimator, &, u/r\lder-esti matesthetruevalueof &,, the proportionate contribution which
the teacher-pupil ratio makes to school output. From (7.3), the extent of the under-estimate is,
moreover, the sum of the endogeneity biaseswhich arisefrom all those equationsinthe model for which
the relevant by; coefficients on the school’ s educational performance, g, , in (7.5) are non-zero.

These additive sources of endogeneity include not only the eighth equation in (5.1) that links school
funding through the resource allocation processto the school’ slevel of examination success. They also
include the third equation that linksthe ability of aschool to attract teachers of higher quality to the level
of itsexamination performance, the sixth equation that linksthe demand for school placesby parentsand
pupils to the school’ s examination performance, the seventh equation that links the socio-economic
background of the pupils that the school attracts to the level of the school’ s examination performance,
and the twelfth equation that links local house prices to the level of the school’s examination
performance.

All of these additional inter-relationships will add to the extent of the downward endogeneity bias
which result in OL S under-estimating the logarithmic coefficient, &,, of the proportionate contribution
which the teacher-pupil teacher ratio makesto school output. The sixth, seventh and twelfth equations,
moreover, reflect demand-sidefactorsfrom parents boosting demand for those schoolswith highlevels
of school educational output, in addition to the demand-side factors which arise from the school funding
mechanisms. Asnoted below, it is possiblethat these |atter sources of endogeneity biasin estimating the
contributions of school resource variables to school output will be at least as great as that from the
funding mechanisms.

We dso have:

b,=0,b,;<0,b,=1,bs=0b,<0,b,<0,b,=0by=0b,,=0,b,,,=0,b,,,<0 (7.8)
b5, =0, by <0, b, =0, bss =1, bys <0, by; <0, bsg =0, bgg =0, b5 1o =0, by, =0, b5, <0 (7.9)

which together with (7.2) - (7.4) can be shown to imply that:

pimeé, = plima, -4, <0 and  plimeé, = plima, - & <0 (7.10)
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i.e. downward bias in the OLS estimate of the contribution of the other two resource inputs to the
educational production function of non-teaching staff per pupil, N; , and non-staff inputs per pupil, K;

In the case of the quality of teachers variable, Q, , we have:

by, >0,b;5=1,b3=0, by =0, by <0, by, <0, bys=0,byy=0,b;,0=0, b5, =0,b;,, <0 (7.11)

Again downward biasin the OL S estimate of the contribution of the quality of teachersvariable, Q,, in
the educational production function is indicated by all termsin (7.3), given (7.4) , (7.5) and (7.11),
except for theterm involving the third equation j = 3. Herewe have b,;< 0and by, = 1, making thisterm
of uncertain sign for &, > 0. Since in equations (2.1) and (3.2a) respectively:

& =0logqg/dlogQ and-b,; =dlogQ,/alogq (7.12)
stability requires that:
-4,.b, <1 (7.13)

If condition (7.13) does not hold, there will be a positive feedback effect of schools with higher
examination results attracting better quality teachers which in turn contribute towards higher
examination results in the educational production function. This will tend to lead to an unstable
cumulative advantage for schools with initialy higher examination results. If (7.13) holds, the term
involving the third equation j = 3 in (7.3) will offset to some extent the downward bias in the OLS
estimate of &, that otherwise prevails. If (7.13) does not hold, and a process of unstable cumulative
advantage does potentialy exist, then the term involving the third equation j = 3in (7.3) will reinforce
the overall downward bias in the OLS estimate of &, that the other terms of (7.3) imply.

For the remaining variables of pupil numbers, m, , and socio-economic background, S , that also enter
the educational production function, we have:

s, = 0, b3 < 0, b, = 0, bgs = 0, bgg = 1, bg; <0, bgg > 0, bgg = 0, g, =0, bg,, =0, b,, <0 (7.19)
b,=0,b;<0,b,=0,b,;=0,b,<0,b,;=1b,>0,by=0, b7,1o =0, b7,11 =0, b7,12 <0 (7.15)

so that similar remarks apply as for teacher quality. There will in general be a downward bias in the
estimates which OLS achieves for the contribution which pupil numbers, m. , and socio-economic
background, S, make to the educational production function. However, when the stability conditions

-8 b <1 and -8, .b; <1 (7.16)
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hold, this downward bias will be reduced to some extent by some degree of positive offset from the
termsin (7.3) corresponding to j = 6 and j = 7 respectively.

If (7.16) does not hold, an unstable cumulative advantage potentially exists from schools with better
examination results attracting greater demand from parents, in terms of pupil numbers and pupils with
more advantaged pupil backgrounds, which in turn boost examination performance in an unstable way.
In such acase, therewill be no positive offset to the downward biasin the estimates which OL S achieves
here. The potential instability of cumulative advantage may also be offset in practice by the funding
mechanism for school s protecting to some extent the expenditure per pupil of schools with lower pupil
intakes and with more disadvantaged pupil intakes.

8. CONCLUSIONS

Thereare severa important additional possibleinter-rel ationships between the variableswhich enter into
the school -level educational production function which arelikely to result in the standard Ordinary Least
Squares estimation technique under-estimating the true influence of school resourcing variables on
pupil educational outcomes. The inter-relationshipsinclude demand-side relationships that make the
demand for school places by parents and pupils, the socio-economic background of the pupils that the
school attracts, and local house prices, themselves functions of the school’s degree of examination
success. In addition, they include the inter-rel ationship between the ability of aschool to attract teachers
of higher quality in the labour market and the school’ s standing in school league tables of examination
performance. They a so include possible links between thelevel of school funding through the resource
allocation process and the existing level of the school’ s examination success.

Under reasonable assumptions, the effect of these additional inter-relationships will be to bias
downwards the estimates which OLS makes of the influence of school resource variables on pupils
educational outcomesin acumulativeway. Little faith can then be placed upon conclusions based upon
the OL S estimations contained in many existing studies of the educational production function that the
underlying influence of school resource variables on pupil educational outcomes are not significantly
positive.

While we have analysed the associated endogeneity problem in terms of the OLS estimation of what
will bea‘statistically average’ educational production function, similar conclusionsarelikely to hold for

the estimation of stochastic frontier production function models (see Aigner et al, 1997; Forsund et al,
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1980) in the presence of the additional inter-relationships between the underlying variables which we
haveanaysed above. Similarly, theuseof multilevel, or error component, models(see Goldstein, 1987)
that would recognise the contributions of variables at different levels of the education process, such as
the LEA, school and pupil levels, represents a variation on the basic single-equation multivariate
regression model that is unlikely to escape the biases that are introduced by the additiona inter-
relationships we have discussed above. The estimation problems which arise in the context of non-
parametric models of the educational production frontier, such asthose of Data Envelopment Analysis
(DEA), are discussed in Mayston (2000b), and are compounded by the existence of additional inter-
relationships between the variables beyond that described by the underlying production frontier.

The policy importance of correctly estimating the educational production function underlinesthe need
for improvements in the database of comparative information between schools, including resource
variables, that are advocated in Mayston and Jesson (1999). The scope for making progress in the
empirical estimation of the educationa production function based upon our above model of the inter-
relationshipsthat are likely to exist between the key variableswill be discussed in detail in alater paper.
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APPENDI X

Our system of structural equationsis of the form:
Y Vb * Y78 =y, fori=1..v j=1..n’ (A1)
k=1 h=1

where y,, denotes the ith observation on the kth endogenous variable for each of the n’ endogenous
variables, and z,, denotes the ith observation on the hth predetermined variable for each of the n”
predetermined variables, which may include exogenous and lagged endogenous variables. The b, and
g, arethe corresponding structural parametersin thejth structural relation of the above structural model.
u; isthe random disturbance term for theith observation in the jth structural relationin the model (A.1).
The u; are assumed to be independently and identicaly multi-variate normally distributed for each
observation i=1,....,v, with zero means and a diagonal covariance matrix V, with positive diagona
elements éjz for j=1,...,n" and uncorrelated disturbances across different structural relations within the
model. The disturbance terms are also assumed to be uncorrelated with the values of each of the
observed explanatory variablesin (A.1).

The model (A.1) may be written in matrix form as:

YB+ZA=U (A.2)

where Y isthev x 0’ matrix with elements vy, , B isthen’ x n' matrix with elements b, , Z isthe v x
n” matrix with elements z,,,, Aisthen” x 0" matrix with elements , - Wewill assumethat B isanon-
singular matrix. We may write:

Y=[y Y wherey = [y;] and Y, = [y,] fori=1,..,vand k = 2,...n’ (A.3)
X =[Y Z] = [x] fori=1,..,vandk =1,..,n wheren=n" +n” (A.49)
Xo=[YeZ] andA =[B A] (A.5)

(A.2) may then be written:

XA =U (A.6)

If we normalise the structural equations by setting b,; = 1, we may write:
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8= 11 2 | whereB, - [ byl fork=2,..0 ;j=2,.0 (A7)
Y
a=[by]forj=2,..,n (A.8)
c=[by]=-[4] fork=2,.,n (A.9)
when we set:
a =-b, fork=2..n (A.10)
Setting:
a,., =-G, forh=1,.,n" (A1)

yieldsfrom (A.2) - (A.11), thefirst structural relation of the equation written in the form:
y=X,a+u (A.12)
whered=[§ ] fork=2,..,n andu=[u,]fori=1,..,v.

We have the OL S estimator of the coefficients of (A.12) given by:

A= (X, Xo) XgY (A.13)

asin Johnston (1984, p. 171). From (A.12):
A= (X, Xg) Xg XA+ (Xg X)) TX, U (A.14)
= a+ (X, Xy TXgu (A.15)

The extent of the bias which the use of Ordinary Least Squares (OLS) producesin its estimates of the
coefficients of the first structural relation (A.12), away from their true underlying values given by the
vector 4§, isthen given by:

e

A -a=(Xg X)) TX, U (A.16)
From (A.5), we have:

(A.17)
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Let

(Xo X)) " = [E CS?J (A.18)

wherePis(n’ -1) x (n" -1), Qis(n’ - 1) xn”",Risn” x (n" - 1), and Sisn” x n”. From Hadley (1961,
p. 109), we have:

P=H* whereH =Y,Y, - Y, Z (Z2)'2Y, (A.19)
Q=-PY,Z(Z2)?" (A.20)
R=-(Z2)'Z2Y,P (A.21)
S=@Z'2)*-(Z2*'72Y,Q (A.22)
From (A.2):
Y =UB* - ZAB* (A.23)
e Bi- |G 9] (A.24)

|8 F]

wheregislx 1,gislix(n -1),0is (N -1)x1,andFis(n -1)x(n' - 1). From (A.7) and Hadley
(1961, p. 109), we have:

F=(B,-ca* ,0=-Fc, g=-aF, ¢=1-ab (A.25)
Le G=[g F]=F[a I] (A.26)

Then from (A.3), (A.23) - (A.24):

Y,=UG - ZAG (A.27)
Y, Z=GUZ-GAZZ (A.28)
Y, Z(Z2)'=GUZ(Z2*-GA (A.29)
ZY,=2'UG-Z'ZAG (A.30)

Y, Z(@Z2)'ZY,=GUZ(Z2)'ZUG-GUZAG
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-G A ZUG +GAZZAG (A.31)

Y, Y,=GUUG-GAZUG-GUZAG+GAZZAG (A.32)

Hence from (A.19), (A.31) - (A.32):
H=GUUG-GUZ((Z2)'ZUG (A.33)

Since the disturbance terms are assumed to be uncorrelated with the explanatory variablesin (A.1), we
have:

pimUZ=0,pimZ’U=0and plimZu=0 (A.34)

where plim denotesthe value of the term asthe number of observations, m, goesto infinity. Hencefrom
Johnston (1984, pp. 269 - 271):

pimH=GVG whereV =[624,] forjk=1,.,n’ (A.35)
and where &, = 1 for j =k and g, = O for j#k. Hence from (A.26):

pimH=F(@6,°a +V,) FwhereV,=[ 6724 ] forjk=2,.,n (A.36)
From (A.19), (A.36) and Johnston (1984, p. 271), we have:

P*= plimP=plimH'=F*(@6,°a +V,)* (F)* (A.37)
From (A.21) and (A.30), we have:

R=-(Z2)*Z’UGP + AGP (A.38)
Hence from (A.34) and (A.37):
R*= plimR = AGP* = AGF! (a6,2a + V,)* (F)* (A.39)

From (A.5), (A.16), (A.18) and (A.27):

AN
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& =[4-4a]fork=2...n (A.40)

=PY,u+QZ'u (A.41)
=P(GUu-GAZu+QzZu (A.42)
& =[A -4]fork=n+1..,n (A.43)
=RY,u+SZ'u (A.44)
=R(GUu-GAZu+SZu (A.45)

Since the u; are assumed to be uncorrelated across the different structural relations:
pimUu=w  wherew = (6,%,0,0,...,0) (A.46)

Hence from (A.25) - (A.26), (A.34), (A.37) - (A.45):

plim &, = [plim&, - 4] fork =2,..., ' (A.47)
=P*G'w (A.48)
=Fl(@é,a + V) (F)' Gw (A.49)
= (B,-ca)@o2a + Vo)t (F)Y'F [-@ I]w (A .50)
= (ca- ByKaé,> whereK = (@6,2a +V,)* (A.51)

We may show that:
K=[@&d62) - ((by by .62/ (6% .62.1))] (A.52)
n’ 52
where Tz(1+JZZ: bﬁ%po (A.53)

]
withK (@6,2a +V,) =1, using (A.8). From (A.8), (A.52) - (A.53):
Ka=[b/(@.62)] fork=2,..,n (A.54)

Hence from (A.8), (A.47) and (A.51):

plim &, = [plimA, - 4] for k =2,..., (A.55)

=(ca-By) [ b/ (i.62)] 6, (A.56)
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= (-&. by -by)[ b/ (. 62)16,° (A.57)

Hence from (A.57) the extent of the asymptotic bias between the OLS estimator %lk for the kth
endogenous variablein the structural equation (A.12) and itstrue underlying value &, that remainswhen
the number of observationsincreases to infinity is given by:

plimé, = plima, - & fork=2,..,n (A.58)

/

= - = by &by + b))/ O (A.59)

j=2

|
= N

From (A.26), (A.34), (A.39), (A.43) - (A.46), and (A.51):

plime, = [plim ét -] fork=n+1,...,n

(A.60)
=R*G'w (A.61)
=AGF'K (F)'F [-a 1] (A.62)
=A[-a I]'Kaos? (A.63)
=[Quby - &1 [ by/ (. 62)] 6.2 (A.64)

using (A.2), (A.8) and (A.54).

Hence from (A.64) the extent of the asymptotic bias between the OLS estimator &, for the kth
predetermined variable in the structural equation (A.12) and its true underlying value &, that remains
when the number of observations increases to infinity is given by:

plime, = plima, - & fork =n'+1,..,n (A.65)
2 /
6 & by, R
T Geh @ (1.66)
using (A.11).
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