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Srvlwlyh dqg Qrupdwlyh Lvvxhv ri Hfrqrplf

Jurzwk zlwk Lqihfwlrxv Glvhdvh

G1 Gho�qrWdqg S1M1 Vlpprqv_

Ghsduwphqw ri Hfrqrplfv dqg Uhodwhg Vwxglhv/ Xqlyhuvlw| ri \run1

Qryhpehu 4:/ 5333

Devwudfw

Wklv sdshu xvhv d yduldqw ri wkh Orwnd0Yrowhuud v|vwhp h{sodlqlqj wkh
g|qdplf lqwhudfwlrq ehwzhhq srsxodwlrqv ri lqihfwhg dqg khdowk| lqglylg0
xdov lq zklfk wkh ghprjudsklf dqg hslghplrorjlfdo sdudphwhuv +wkh qhw
khdowk| eluwk udwh/ wkh ghdwk udwh ri wkh lqihfwhg dqg wkh lqihfwlrq udwh, duh
ixqfwlrqv ri hfrqrplf yduldeohv dqg vrph vlpsoh hfrqrplf jurzwk prghov
wr h{dplqh ghwhuplqlvwlf jurzwk sdwkv ri wkh v|vwhp zlwk dq h{rjhqrxv
vdylqjv udwh1 Ghprjudsklf0hslghplrorjlfdo sdudphwhuv ghshqg rq surgxf0
wlyh fdslwdo zklfk frpelqhg zlwk khdowk| zrunhuv surgxfhv rxwsxw1 Zh
�qg wkdw wkhuh duh jhqhudoo| pxowlsoh vwhdg| vwdwhv1 Wkh v|vwhp xvxdoo|
frqyhujhv wr d vwhdg| vwdwh lq zklfk wkh hfrqrp| prghudwhv wkh glvhdvh1
Li fdslwdo dffxpxodwlrq lv vhw rswlpdoo| wr pd{lplvh zhoiduh wkhq wkhuh
pd| eh pxowlsoh vwhdg| vwdwhv dqg rswlpdo jurzwk sdwkv jhqhudoo| glvsod|
irxu glphqvlrqdo vdggoh srlqw surshuwlhv1 H{whqvlrqv ri wkh iudphzrun
wr doorz iru ghqvlw| ghshqghqw lqihfwlrq/ uhfryhu| iurp wkh glvhdvh dqg
dowhuqdwlyh vrfldo zhoiduh ixqfwlrqv duh dqdo|vhg1

Nh|zrugv= hfrqrplf jurzwk/ lqihfwlrxv glvhdvh/ g|qdplf rswlpdo frq0
wuro

MHO Qrv= R44/ R74/ L43/ L4;

Wgg43<C|run1df1xn
_sv4C|run1df1xn
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Lq ydulrxv klvwrulfdo shulrgv wkhuh kdyh ehhq hslghplfv ri gl�huhqw joredo

lqihfwlrxv glvhdvhv zklfk kdyh kdg gudpdwlf h�hfwv rq srsxodwlrq dqg lqghhg

vrflhw| ri wkh wlph h1j1 wkh Sodjxh lq Zhvwhuq Hxursh dqg wkh Plggoh Hdvw
ryhu wkh 833 |hdu shulrg iurp 4683> wkh qlqhwhhqwk fhqwxu| dqg hduolhu h{0
dpsohv ri Wxehufxorvlv> vpdoo sr{ dqg fkrohud lq erwk Zhvwhuq Hxursh dqg
Dvld +Zdwwv/ 4<<:,1 Wkhuh duh frqwhpsrudu| zruulhv derxw wkh hslghplfv ri
KLY2DLGV +ZKR/ 4<<9> ZKR/ 4<<:> ZKR/ 5333,1 Vrph ri wkhvh glvhdvhv
duh qr orqjhu hqghplf lq wkh srsxodwlrq1 Vrphwlphv wklv frqwuro kdv ehhq gxh
wr lpsuryhphqwv lq phglfdo nqrzohgjh dqg whfkqrorj| h1j1 wkh ghyhorsphqw ri
sxeolf khdowk uhvsrqvlelolwlhv ri jryhuqphqwv wrjhwkhu zlwk lqfuhdvlqj dzduhqhvv
ri wkh wudqvplvvlrq phfkdqlvp ri wkh glvhdvh lq txhvwlrq +wkh frqwuro ri fkrohud
lq Lqgld kdv odujho| frph wkurxjk wklv urxwh,1 Vrphwlphv lw kdv ehhq gxh wr
vshfl�f wdujhwhg uhjxodwru| dfwlrq djdlqvw wkh glvhdvh h1j1 lq Hxurshdq dqg
hvshfldoo| Lwdoldq uhvsrqvhv wr wkh sodjxh dqg wr ohsurv| xqwlo wkh 4;wk fhqwxu|/
wkhuh zdv dq hqirufhg lvrodwlrq srolf| ri lqihfwhg lqglylgxdov1 Vrphwlphv wkh
lqfuhdvh lq nqrzohgjh wkdw iroorzhg hfrqrplf jurzwk ohg wr dq lqqrydwlrq zklfk
zdv wdujhwhg rq wkh glvhdvh h1j1 glvfryhu| lq wkh 4;wk fhqwxu| lq wkh X1N1 ri
wkh phulwv ri ydfflqdwlrq djdlqvw wkh sodjxh1 Riwhq frqwuro ri wkh glvhdvh kdv
ehhq lq pdmru sduw gxh wr hgxfdwlrq ri wkh srsxodwlrq dw odujh derxw suhyhqwlyh
sxeolf khdowk phdvxuhv h1j1 fkrohud frqwuro lq Lqgld1 Klvwrulfdoo|/ dsduw iurp
vhjuhjdwlrq srolf|/ hfrqrplf jurzwk kdv ehhq rqh ri wkh pdmru vwlpxol wr frqwuro
wkh glvhdvhv1 Lq wklv vhqvh lw frxog eh dujxhg wkdw gluhfw srolf| djdlqvw glvhdvh
kdv qrw ehhq sduwlfxoduo| vxffhvvixo ryhu wkh eurdg klvwrulfdo slfwxuh +Doyl hw do/
4<<;> Gh Frfn dqg Fkdlvrq/ 4<<<> Nlphuolqj hw do1/ 4<<<> Qhwwr/ 4<<<,1 Ghvslwh
wklv/ frqwhpsrudu| frqfhuqv zlwk glvhdvh frqwuro hvshfldoo| lq wkh Wklug Zruog
duh xvxdoo| iudphg lq whupv ri vshfl�f wdujhwhg srolflhv udwkhu wkdq rq wu|lqj wr
surprwh wkh jhqhudo ohyho ri survshulw| wr frqwuro wkh glvhdvh h1j1 wkh WE0ZKR
surjudpph +wkh GRWV vwudwhj|,1

Wkh fdxvdo gluhfwlrq rxwolqhg deryh frqfhuqv wkh h�hfw ri wkh hfrqrp| rq wkh
srsxodwlrq vwuxfwxuh1 Krzhyhu/ wkhuh duh dovr vhyhuh h�hfwv ri wkh srsxodwlrq
vwuxfwxuh rq wkh hfrqrp| h1j1 wkh lpsruw ri vpdoosr{ wr Plg0Dphulfd lq wkh
49wk fhqwxu| dprqjvw wkh orfdo srsxodwlrq zkr kdg qr lppxqh uhvlvwdqfh wr wkh
glvhdvh ohg wr wkhlu ghflpdwlrq zklfk lq wxuq holplqdwhg wkh orfdo oderxu irufh
iru zrunlqj wkh vloyhu plqhv> wkh sodjxh lq wkh Plggoh Hdvw wkdw kdg wkh h�hfwv
ri uhgxflqj wkh surgxfwlyh zrun irufh vr khdylo| wkdw orfdolvhg idplqhv hphujhg
+Eduwho dqg Wdxepdq/ 4<:<> Hwwqhu/ 4<<9> Ohh/ 4<;5> Oxiw/ 4<:8> Zdwwv/ 4<<:,1
Wkh lqwhudfwlrq ehwzhhq wkh hfrqrp| dqg wkh hslghplrorj| ri wkh srsxodwlrq
lv wkxv wzr zd| zlwk fdxvdo olqnv lq erwk gluhfwlrqv1

Klvwrulfdoo|/ zkhq wkhvh lqihfwlrxv glvhdvhv zhuh hqghplf wkh| riwhq jhqhu0
dwhg hslghplf f|fohv1 Iru h{dpsoh d frpprq sdwwhuq lq phglhydo Hqjodqg zdv
iru d jhrjudsklfdo duhd wr vxffxpe wr dq rxwexuvw ri sodjxh ryhu d shulrg ri
�yh prqwkv ru vr riwhq frqfhqwudwhg dw sduwlfxodu wlphv ri |hdu exw wkhq wkh
glvhdvh zrxog glh dzd|/ vxevhtxhqwo| euhdnlqj rxw djdlq1 Lq wkh srsxodwlrq
dqg hslghplrorjlfdo olwhudwxuh/ wkhuh duh ydulrxv iudphzrunv iru xqghuvwdqg0
lqj wkh lqwulqvlf g|qdplfv ri vxfk glvhdvhv dqg wkhlu h�hfwv rq wkh srsxodwlrq
vwuxfwxuh1 Rqh ri wkh prvw zhoo uhvhdufkhg ri wkhvh lv wkh Orwnd0Yrowhuud w|sh
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prgho zklfk glylghv wkh srsxodwlrq lqwr wkh khdowk| dqg wkh lqihfwhg lqglylgx0
dov dqg wkhq h{soruhv wkh g|qdplf lqwhudfwlrq ehwzhhq wkhvh wzr jurxsv1 Wklv
g|qdplf sdwwhuq pdwfkhv wkh f|fohv wkdw hphujh iurp wkh lqwhudfwlrq uhsuh0
vhqwhg lq suhgdwru0suh| prghov zkhuh lqihfwhg lqglylgxdov dfw dv suhgdwruv ri
vxvfhswleoh suh|1 E| frqwudvw/ lq wkh hfrqrplf olwhudwxuh prghov zklfk h{soruh
wkh h�hfwv ri hfrqrplf yduldeohv rq srsxodwlrq jurzwk dqg wkh vwrfn ri kxpdq
fdslwdo gr vr lq d uxglphqwdu| uhgxfhg irup idvklrq h1j1 wkh vlqjoh vhfwru jurzwk
prgho fdq dffrpprgdwh hqgrjhqrxv jurzwk ri oderxu lq h!flhqf| xqlwv hlwkhu
wkurxjk kxpdq fdslwdo h�hfwv ru wkurxjk h�hfwv rq wkh eluwk dqg ghdwk udwhv
ri wkh srsxodwlrq lq wklv zd| exw wuhdwv hyhu|rqh dv lghqwlfdo lq whupv ri khdowk
vwdwxv1

Lq rughu wr prgho wkh wzr zd| lqwhudfwlrq ehwzhhq wkh lqihfwlrxv glvhdvh dqg
survshulw|/ wklv sdshu frpelqhv wkh hfrqrplf dqg ghprjudsklf0hslghplrorjlfdo
dssurdfkhv wr h{dplqh krz hfrqrplf h�hfwv rq eluwk dqg pruwdolw| udwhv dqg
rq wkh udwh ri lqihfwlrq ri khdowk| e| lqihfwhg shrsoh ghwhuplqh wkh srsxodwlrq
vwuxfwxuh dqg khqfh dovr wkh vl}h ri wkh oderxu irufh1 Wkh odwwhu wkhq ghwhuplqhv
wkh ohyho ri survshulw|1 Wkh sdshu dovr h{dplqhv wkh irup ri rswlpdo hfrqrplf
srolf| wr frqwuro wkh glvhdvh1

Zh vwduw e| uhylhzlqj wkh wudqvplvvlrq phfkdqlvp ri glvhdvh lpsolflw lq
wkh Orwnd0Yrowhuud w|sh prgho ri Pd| dqg Dqghuvrq +4<;<,1 Wklv dvvxphv
udqgrp pl{lqj ri wkh wzr srsxodwlrq jurxsv dqg ohdgv wr g|qdplf srsxodwlrq
htxdwlrqv wkdw duh krprjhqrxv ri ghjuhh rqh lq wkh qxpehu ri khdowk| dqg
lqihfwhg lqglylgxdov1

Qh{w zh frqvlghu d ydulhw| ri iudphzrunv lq zklfk wkh glvhdvh g|qdplfv
duh hpehgghg lq wkh hfrqrp|1 D edvlf dvvxpswlrq lv wkdw khdowk| lqglylg0
xdov duh surgxfwlyh lq wkh hfrqrp| exw lqihfwhg lqglylgxdov duh qrw1 Jhqhu0
doo| wkh ghprjudsklf0hslghplrorjlfdo sdudphwhuv +wkh qhw jurzwk udwh ri wkh
khdowk| srsxodwlrq/ wkh ghdwk udwh ri wkh lqihfwhg dqg wkh lqihfwlrq udwh ehwzhhq
khdowk| dqg lqihfwhg, duh ixqfwlrqv ri hfrqrplf yduldeohv1 Hfrqrplf h�hfwv
rq ghprjudsklf0hslghplrorjlfdo sdudphwhuv zrun wkurxjk wkh ohyho ri jhqhudo
hfrqrplf survshulw| dv ghwhuplqhg e| wkh dffxpxodwlrq ri surgxfwlyh fdslwdo1
Zkhq frpelqhg zlwk wkh surgxfwlyh v|vwhp ri wkh hfrqrp|/ wkh krprjhqhlw|
ri wkh ghprjudsklf0hslghplrorjlfdo htxdwlrqv doorzv wkh h{lvwhqfh ri edodqfhg
jurzwk sdwkv lq zklfk fdslwdo vwrfn/ khdowk| dqg lqihfwhg srsxodwlrq jurxsv
doo jurz dw d frpprq udwh1 Zh frqvlghu erwk d ghvfulswlyh hslghplrorjlfdo0
hfrqrplf prgho zlwk dq h{rjhqrxv vdylqjv udwh dqg wkh irup wkdw rswlpdo
dffxpxodwlrq srolf| zrxog wdnh lq d fhqwudoo| sodqqhg hfrqrp|1 Iru prghov
zlwk d fhqwudo sodqqhu zkr fdq frqwuro wkh v|vwhp/ zh fkrrvh d wlph dgglwlyh
vrfldo zhoiduh ixqfwlrq zklfk ghshqgv srvlwlyho| rq wkh ohyho ri frqvxpswlrq shu
fdslwd ri wkh zkroh srsxodwlrq dqg qhjdwlyho| rq wkh fkdqjh lq wkh suhydohqfh
ri lqihfwhg lqglylgxdov1 Wkhuh lv reylrxvo| vrph urrp iru ghedwh khuh1 Lq wkh
odvw vhfwlrq zh rxwolqh wkh h�hfwv ri fkdqjlqj wkh remhfwlyh ixqfwlrq1 Zh gr qrw
frqvlghu plfurhfrqrplf lqglylgxdo uhvsrqvhv wr wkh suhydohqfh ri wkh glvhdvh lq
wklv sdshu1 Wkhuh lv hylghqfh wkdw vxfk uhvsrqvhv duh lpsruwdqw +h1j1 lq wkh fdvh
ri wkh sodjxh wkh zhdowk| frxog riwhq pryh dzd| iurp lqihfwhg duhdv dw ohdvw
gxulqj shulrgv ri lqihfwlrq, dqg duh prvwo| frqfhqwudwhg rq dyrlglqj gdqjhurxv
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frqwdfw zlwk lqihfwhg shrsoh1 Krzhyhu/ zh lqglfdwh krz wkhvh h�hfwv frxog eh
dgghg1

Rxu uhvxowv lqglfdwh wkdw wkh hfrqrplf0hslghplrorjlfdo lqwhudfwlrq kdv lp0
sruwdqw vwuxfwxudo h�hfwv1 Lq d ghvfulswlyh vfhqdulr/ jhqhudoo| wkhuh duh hlwkhu
wzr ru wkuhh vwhdg| vwdwhv ghshqglqj rq krz srzhuixo jhqhudo survshulw| lv
lq frqwuroolqj lqihfwlrq dqg rq krz surgxfwlyh wkh hfrqrp| lv1 Lq erwk fdvhv
rqh wulyldo vwhdg| vwdwh lv dw wkh ruljlq= wkh fdslwdo2khdowk| oderxu udwlr lv
}hur dqg srsxodwlrq lv h{wlqfw1 Wklv lv dovr wkh rqo| vwhdg| vwdwh ri wkh sxuh
ghprjudsklf0hslghplrorjlfdo v|vwhp1 Wkh rwkhu vwhdg| vwdwhv kdyh d ixqfwlrq0
lqj hfrqrp|1 Zkhq wkhuh duh wzr rwkhu vwhdg| vwdwhv/ lq erwk wkh srsxodwlrq
vwuxfwxuh lv frqvwdqw exw lq rqo| rqh ri wkhp duh wkhuh qr lqihfwhg shrsoh1 Pruh0
ryhu orfdoo| hudglfdwlrq ri wkh glvhdvh lv xqvwdeoh dqg wkh v|vwhp lqvwhdg whqgv
wr frqyhujh +zlwk f|fohv lq wkh srsxodwlrq vwuxfwxuh dqg hfrqrplf survshulw|
dorqj wkh sdwk ri frqyhujhqfh, wr wkh vwhdg| vwdwh zlwk d frqvwdqw sursruwlrq
ri lqihfwhg1 Zkhuh wkhuh lv mxvw rqh rwkhu vwhdg| vwdwh wkhq lw kdv qr lqihfwhg
shrsoh dqg wklv vwhdg| vwdwh lv joredoo| vwdeoh1 Wkhvh g|qdplf sdwwhuqv duh
uhodwlyho| urexvw wr dvvxpswlrqv pdgh derxw wkh hfrqrplf hqylurqphqw vr orqj
dv wkh ghprjudsklf0hslghplrorjlfdo yduldeohv ydu| zlwk wkh ohyho ri survshulw|
phdvxuhg e| wkh surgxfwlyh fdslwdo2surgxfwlyh oderxu udwlr1 Lq wkh fhqwudoo|
sodqqhg iudphzrun zh �qg wkdw/ lq wkh jhqhudo survshulw| prgho/ wkhuh duh xvx0
doo| wzr vwhdg| vwdwhv rqh zlwk qr lqihfwhg lqglylgxdov dqg rqh lq zklfk wkhuh
lv d frqvwdqw suhydohqfh ri wkh glvhdvh1 Wkh vwhdg| vwdwh zklfk kdv qr lqihf0
wlrq lv orfdoo| d irxu glphqvlrqdo vdggoh srlqw1 Wkh orfdo g|qdplfv ri wkh rwkhu
vwhdg| vwdwh duh pruh frpsoh{1 Ghshqglqj rq sdudphwhu ydoxhv lw pd| eh d
irxu glphqvlrqdo vdggoh srlqw zlwk ru zlwkrxw rvfloodwru| vroxwlrqv/ d fhqwuh ru
d irfxv1

Wkh sdshu lv rujdqlvhg dv iroorzv1 Vhfwlrq 4 lqwurgxfhv wkh ghprjudsklf0
hslghplrorjlfdo prghov xvhg dqg h{soruhv wkhlu htxloleulxp srlqwv dqg g|qdp0
lfv1 Vhfwlrq 5 h{soruhv wkh jhqhudo hfrqrplf survshulw| prgho/ lwv vwhdg| vwdwhv
dqg g|qdplfv1 Zh surylgh vrph qxphulfdo lqwhjudwlrqv iru d sduwlfxodu h{0
dpsoh1 Vhfwlrq 6 rxwolqhv h{whqvlrqv lqfoxglqj lqglylgxdo uhdfwlrq wr glvhdvh
suhydohqfh/ wkh srvvlelolw| ri uhfryhu| iurp wkh glvhdvh dqg gl�huhqw irupv ri
zhoiduh ixqfwlrq1

4 Ghprjudsklf0hslghplrorjlfdo prgho

Dw lqvwdqw w wkhuh duh {w khdowk| dqg |w lqihfwhg lqglylgxdov1 Khdowk| lqglylgxdov
duh lq wkh oderxu irufh exw lqihfwhg lqglylgxdov duh qrw fdsdeoh ri zrun1 Doo
eluwkv duh ri khdowk| lqglylgxdov exw e| lqwhudfwlqj zlwk dq lqihfwhg shuvrq/ d
khdowk| lqglylgxdo pd| ehfrph lqihfwhg1 Wkhuh lv d qrqglvhdvh gulyhq qdwxudo
ghdwk udwh ri khdowk| lqglylgxdov> lqihfwhg lqglylgxdov pd| glh ri wkh glvhdvh ru
iurp rwkhu fdxvhv1 Wkh wkuhh edvlf ghprjudsklf0hslghplrorjlfdo sdudphwhuv duh
�/ wkh qhw jurzwk udwh ri wkh khdowk|> �> wkh lqihfwlrq udwh ehwzhhq wkh khdowk|
dqg lqihfwhg> dqg $> wkh ghdwk udwh ri wkh lqihfwhg jurxs1

Wkh sk|vlfdo lqwhusuhwdwlrq ri wkh wudqvplvvlrq phfkdqlvp lv wkdw d jlyhq
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khdowk| shuvrq kdv d fkdqfh ri lqihfwlrq jlyhq e|

Su+ehfrplqj lqihfwhg, @

@ Su+phhwlqj dq lqihfwhg shuvrq ) wkh phhwlqj ohdgv wr lqihfwlrq, @

@ Su+phhwlqj dq lqihfwhg shuvrq,Su+wkh phhwlqj ohdgv wr lqihfwlrq,

vlqfh wkhvh hyhqwv duh jhqhudoo| wdnhq dv lqghshqghqw1 Wkh fkdqfh ri lqihf0
wlrq iurp dq hqfrxqwhu ehwzhhq dq lqihfwhg dqg d khdowk| shuvrq +�, lv xvxdoo|
dvvxphg wr eh d frqvwdqw1 Iru gl�huhqw glvhdvhv � pd| ghshqg rq lqglylgxdo
fkdudfwhulvwlfv +h1j1 wkh djh ri wkh khdowk| shuvrq, ru fkdudfwhulvwlfv ri wkh phhw0
lqj +wkh sodjxh riwhq vsuhdg wkurxjk  hdv sdvvlqj iurp rqh shuvrq wr dqrwkhu
lq pxowlrffxslhg ehgv,1 Lq frpprq zlwk wkh olwhudwxuh zh devwudfw iurp wklv
dqg dvvxph krprjhqhlw| zlwklq srsxodwlrq jurxsv lq whupv ri khdowk vwdwxv1
Jlyhq { khdowk| shrsoh dqg wklv wudqvplvvlrq phfkdqlvp/ wkh dyhudjh qxpehu
ri qhz fdvhv ri lqihfwlrq dw w lv wkhq

Su+phhwlqj dq lqihfwhg shuvrq,�{

Zlwk htxdoo| olnho| phhwlqjv ehwzhhq dq| wzr shrsoh wkh suredelolw| ri phhwlqj
dq lqihfwhg lv |@+{. |,1 Wklv dssurdfk kdv ehhq wdnhq e| Pd| dqg Dqghuvrq
+4<;<, lq h{sorulqj wkh g|qdplfv ri KLY dqg DLGV1 Wklv jlyhv

+
b{w @ �{w �

�{w|w
+{w.|w,

b|w @
�{w|w
+{w.|w,

� $|w

+4,

zkhuh �> �> $ duh frqvwdqwv1
Gh�qh sw @ |w@{w dqg uhzulwh wkh g|qdplf htxdwlrqv lq whupv ri mxvw sw dqg

{w dv

+
=
sw @

�sw
4.sw

� $sw � sw+��
�sw
4.sw

, @ +� ��� $,sw
b{w@{w @ �� � sw

4.sw

+5,

Lq wklv sxuh ghprjudsklf0hslghplrorjlfdo v|vwhp zh fdq vroyh dv iroorzv1

Wkh htxdwlrq lq s kdv wkh vroxwlrq sw @ s3 h{s ^� ��� $,w` = Sxwwlqj wklv edfn

lqwr wkh htxdwlrq iru { jlyhv

=

{

{
@ �� �

s3 h{s++� � �� $,w,

4 . s3 h{s++� ��� $,w,
+6,

zklfk kdv vroxwlrq

{w @ {3 h{s+�w,^4 . s3 h{s++� ��� $,w,`�
�

+����$,|3 +7,

dqg vr

|w @ s3{3 h{s++� � $,w,^4 . s3 h{s++� ��� $,w,`�
�

+����$,|3 +8,
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Iljxuh 4= Ghprjudsklf0hslghplrorjlfdo prgho/ � � �� $ ? 3 zhdn lqihfwlrq1

Lq wkh sxuh ghprjudsklf0hslghplrorjlfdo v|vwhp wkh udwlr s hlwkhu ulvhv h{0
srqhqwldoo| vr wkdw hyhqwxdoo| wkh khdowk| duh holplqdwhg ru idoov wr }hur vr wkdw
wkh lqihfwhg duh holplqdwhg ghshqglqj rq zkhwkhu wkh lqihfwlrq udwh lv juhdwhu
wkdq wkh frpelqhg qhw jurzwk udwh ri wkh khdowk| dqg ghdwk udwh ri wkh lqihfwhg1
Wkhuh duh qr vwdwlrqdu| ru vwhdg| vwdwhv ri wkh v|vwhp rwkhu wkdq dw wkh ruljlq1
Krzhyhu/ wkh qxpehu ri khdowk| lqglylgxdov pd| qrw eh prqrwrqlf= wkh jurzwk
udwh

=

{

{
iurp +6, pd| ydu| lq vljq vwduwlqj qhjdwlyh dqg wkhq ehfrplqj srvlwlyh

li � ? �s3@+4 . s3,= D w|slfdo h{dpsoh lv vkrzq lq wkh skdvh gldjudpv ri Ilj0

xuh 4 lq zklfk zh wdnh � � � � $ ? 3 dqg Iljxuh 5 lq zklfk � � � � $ A 31
Wklv h{wuhph g|qdplf ehkdylrxu lv frqvlvwhqw zlwk klvwru|1 Wkh h�hfwv ri wkh

sodjxh lq Hj|sw/ Hqjodqg dqg Lwdo| ru ri vpdoosr{ lq plg0Dphulfd zhuh wkdw

zkroh yloodjhv zhuh holplqdwhg zkloh rwkhu frppxqlwlhv hphujhg uhodwlyho| xq0

vfdwkhg iurp dq lqlwldo lqihfwlrq1 Zh xvh wklv edvlf ghprjudsklf0hslghplrorjlfdo

vwuxfwxuh lq wkh vhtxho1

5 Wkh hfrqrplf0hslghplrorjlfdo prgho

Khuh �/ � dqg $ duh lq jhqhudo ixqfwlrqv ri hfrqrplf survshulw|1 Wkh khdowk|
lqglylgxdov zrun wr surgxfh rxwsxw iurp surgxfwlyh fdslwdo1 Rxwsxw fdq hlwkhu
eh frqvxphg ru lqyhvwhg wr dgg wr surgxfwlyh fdslwdo1 Zh phdvxuh wkh ohyho ri
hfrqrplf survshulw| e| wkh udwlr ri surgxfwlyh fdslwdo wr wkh qxpehu ri khdowk|
zrunhuv dw wlph w1 Wklv lv frqvlvwhqw zlwk hlwkhu dq hfrqrplf lqiudvwuxfwxuh
lqwhusuhwdwlrq +wkh kljkhu wkh fdslwdo0oderxu udwlr/ wkh pruh phfkdqlvhg wkh vr0
flhw|, ru/ dv frqvxpswlrq shu khdowk| zrunhu lv d ixqfwlrq ri fdslwdo shu khdowk|
zrunhu/ frqvlvwhqw zlwk dq lqglylgxdolvwlf lqwhusuhwdwlrq lq zklfk ghprjudsklf0
hslghplrorjlfdo sdudphwhuv ghshqg rq frqvxpswlrq shu khdowk| zrunhu1 Zh

9



Iljxuh 5= Ghprjudsklf0hslghplrorjlfdo prgho/ � ��� $ A 3 vwurqj lqihfwlrq1

frqvlghu erwk wkh fdvh lq zklfk vdylqjv lv h{rjhqrxv4 dqg wkh fdvh ri rswlpdoo|
vhohfwhg vdylqjv zklfk wdnhv lqwr dffrxqw wkh h�hfwv ri surgxfwlyh fdslwdo rq
wkh ixwxuh ghprjudsklf0hslghplrorjlfdo sdudphwhuv1

Wkh edvlf whfkqrorjlfdo dvvxpswlrqv rq wkh hfrqrp| duh wkdw wkhuh lv d
vlqjoh jrrg zklfk fdq eh frqvxphg ru lqyhvwhg1 Dw dq| lqvwdqw w rxwsxw ri
wkh vlqjoh jrrg lv jlyhq e| I +nw> {w, zkhuh nw lv wkh h{lvwlqj fdslwdo vwrfn1
Wkh surgxfwlrq ixqfwlrq vdwlv�hv wkh xvxdo qhrfodvvlfdo surshuwlhv +I +nw> {w, lv
lqfuhdvlqj/ krprjhqrxv ri ghjuhh rqh dqg kdv glplqlvklqj pdujlqdo surgxfwlylw|
ri hdfk lqsxw,1 Lq dgglwlrq zh dvvxph wkdw hdfk lqsxw lv hvvhqwldo lq wkdw
I +3> {, @ I +n>3, @ I +3>3, @ 31 Zh dovr lpsrvh wkdw CI@Cn $4 dv wkh udwlr

n@{ $ 3 dqg wkdw CI@Cn $ 3 dv n@{ $41

Fdslwdo ghsuhfldwhv olqhduo| dw d frqvwdqw udwh ri !1 Wkh lqwhudfwlrq ehwzhhq

hfrqrplfv dqg wkh khdowk vwuxfwxuh ri wkh srsxodwlrq frphv wkurxjk wkh idfwv

wkdw �/ � dqg $ duh ixqfwlrqv ri nw@{w dqg wkdw rqo| khdowk| lqglylgxdov duh

surgxfwlyh lq whfkqrorj|1

514 H{rjhqrxv Vdylqjv Ehkdylrxu

Lq wklv vlpsoh vfhqdulr wkh rqo| srolf| lqvwuxphqw lv wkh glylvlrq ri rxwsxw dw

hdfk lqvwdqw ehwzhhq frqvxpswlrq dqg lqyhvwphqw1 Zlwk wklv ehlqj h{rjhqrxv/

4Wkh h{rjhqrxv vdylqjv fdvh frxog eh udwlrqdolvhg wkurxjk ghfhqwudolvhg lqglylgxdo vdylqjv

ghflvlrqv1 Zlwk frpshwlwlyh lqsxw pdunhwv/ zrunhu shu fdslwd lqfrph lv �no&% zkhuh wkh uhdo
zdjh +�, lv htxdo wr wkh pdujlqdo surgxfw ri oderxu dqg wkh uhqwdo udwh rq fdslwdo o lv htxdo
wr wkh pdujlqdo surgxfw ri fdslwdo1 Fdslwdo vwrfn lv htxdoo| rzqhg e| doo lqglylgxdov vr wkdw
&% lv fdslwdo vwrfn rzqhg shu zrunhu1 Dq lqihfwhg shuvrq rqo| uhfhlyhv uhqwdo lqfrph vr wrwdo
lqfrph ri wkh lqihfwhg jurxs lv o&+ zkhuh &+ lv wkh djjuhjdwh fdslwdo vwrfn1 Iurp krprjhqhlw|
ri ghjuhh rqh ri wkh surgxfwlrq ixqfwlrq djjuhjdwh lqfrph lv �%n oE&%%n &+� ' 8 1 Li hyhu|
lqglylgxdo vdyhv d frqvwdqw vkduh r ri wkhlu lqfrph wkhq djjuhjdwh vdylqjv r8 lv sursruwlrqdo
wr djjuhjdwh lqfrph1

:



zh dvvxph d sursruwlrqdo vdylqjv ixqfwlrq/ zlwk udwh ri vdylqjv v1 Khqfh/ fdslwdo
dffxpxodwhv dffruglqj wr

bnw @ vI +nw> {w,� !nw +9,

dqg shu fdslwd frqvxpswlrq ri wkh khdowk| lv

fw @ +4� v,I +nw> {w,@{w +:,

Dw vrph vwdjhv lq wkh vhtxho zh vhohfw ixqfwlrqdo irupv iru wkh surgxfwlrq

ixqfwlrq dqg �/ �/ $1 Lqlwldoo|/ zh mxvw dvvxph �
3

+=, � 3> �
3

+=, � 3> $
3

+=, ? 3>
�3+=, � �3+=,� $3+=, � 3 dqg �33+=, � �33+=,� $33+=, � 3 hyhu|zkhuh/ �+3,> �+3,>
$+3, A 3 dqg wkdw �+3, � �+3, � $+3, A 3 vr wkdw lq wkh devhqfh ri surgxfwlyh
fdslwdo wkh suhydohqfh ri wkh glvhdvh lqfuhdvhv zlwkrxw erxqg1 Lw lv dovr qdwxudo
wr dvvxph wkdw �> �> $ duh erxqghg deryh e| �> � / $ uhvshfwlyho| dqg ehorz
e| }hur +ghdolqj zlwk d jurzlqj udwkhu wkhq ghfolqlqj vxvfhswleoh srsxodwlrq,=

Zh kdyh
;A?
A=

b{w @ �{w �
�{w|w
{w.|w

b|w @
�{w|w
{w.|w

� $|w
bnw @ vI +nw> {w, � !nw

+;,

zkhuh �>�> $ duh ixqfwlrqv ri nw@{w1 Jlyhq wkdw I +=, lv krprjhqhrxv ri ghjuhh

rqh/ zh fdq gh�qh }w @ nw@{w> sw @ |w@{w dqg uhzulwh wkh g|qdplf htxdwlrqv

lq whupv ri mxvw }w dqg sw dv

+
=
sw @

�sw
4.sw

� $sw � sw+��
�sw
4.sw

, @ +� ��� $,sw
=
}w @ vi+}w, � !}w � }w+��

�sw
4.sw

,
+<,

zkhuh �>�> $ duh ixqfwlrqv ri }w 1
Wklv v|vwhp kdv vwhdg| vwdwhv lq zklfk } dqg s duh frqvwdqw1 Jhqhulfdoo|

wkhuh duh wkuhh vwhdg| vwdwhv=
+l, s� @ 3 dqg }� vxfk wkdw vi+}�,� !}� � �}� @ 31
Vlqfh � lv frqvwdqw lq vwhdg| vwdwh/ khuh zh kdyh wkh vwhdg| vwdwh ri d vwdq0

gdug Vrorz0Vzdq jurzwk prgho lq zklfk wkhuh duh qr lqihfwhg shrsoh1 Doo wkh
vwdqgdug dqdo|vlv ri jroghq uxoh vdylqjv udwlrv iru wklv vwhdg| vwdwh zrxog ds0
so|1 Ryhudoo frqvxpswlrq shu fdslwd lv jlyhq e| fw@+4.sw,= Lq wklv vwhdg| vwdwh

vlqfh s� @ 3/ f�@+4 . s�, @ i+}�, � !}� � �}� zklfk lv pd{lplvhg ryhu }� dw

i 3+}�,�!��3}��� @ 3= Wkh xvxdo Jroghq Uxoh htxdwhv wkh qhw pdujlqdo surg0
xfw ri fdslwdo wr wkh srsxodwlrq jurzwk udwh1 Khuh lw lv htxdwhg wr wkh pdujlqdo
srsxodwlrq jurzwk udwh doorzlqj iru wkh h�hfwv ri } rq srsxodwlrq jurzwk1

+ll, s� @ 3 dqg }� @ 3=
Gxh wr wkh dvvxpswlrqv rq whfkqrorj| dqg rq erxqghgqhvv ri wkh ghprjudsklf0

hslghplrorjlfdo sdudphwhuv wklv lv dozd|v d vwhdg| vwdwh lq zklfk wkh khdowk|
srsxodwlrq jurzv dw wkh udwh �+3,> wkhuh lv qr glvhdvh dqg qr rxwsxw ru fdslwdo1

;



+lll, Wkh prvw lqwhuhvwlqj fdvhv duh vwhdg| vwdwhv zkhuh s� 9@ 3 dqg }� 9@ 31
Wkhvh pxvw vroyh

+� ��� $, @ 3 +43,

vi+}�,� !}� � +��
�s�

4 . s�
,}� @ 3 +44,

Wkhuh pxvw eh d urrw }� wr +43, li �+3,��+3,�$+3, A 3 dqg �+4,��+4,�
$+4, ? 31 Wkh urrw pxvw eh xqltxh li �3+=, � �3+=, � $3+=, ? 31 Lq wklv vwhdg|
vwdwh wkh lqihfwhg2khdowk| vwuxfwxuh ri wkh srsxodwlrq lv frqvwdqw wkurxjk wlph
zlwk qhz khdowk| eluwkv mxvw edodqflqj wkh qhz lqihfwlrqv qhw ri lqihfwhg ghdwkv1
Wkh fdslwdo2khdowk| oderxu udwlr lv frqvwdqw zlwk qhz lqyhvwphqw mxvw pdwfklqj
wkh ghsuhfldwlrq ri fdslwdo dqg wkh jurzwk lq wkh qxpehu ri khdowk| lqglylgxdov
qhw ri dwwulwlrq wkurxjk lqihfwlrq1

Vroylqj +44, iru s zh kdyh

s� @ �
vi � !}� ��}�

vi � !}� � �}� . �}�
+45,

vr orqj dv wkh ghqrplqdwru lv qrq}hur1 Vlqfh zh qhhg s� � 3> wkhuh fdq rqo|

eh ihdvleoh vwhdg| vwdwhv ri wklv irup zkhq wkh qxphudwru dqg ghqrplqdwru ri

wklv h{suhvvlrq kdyh rssrvlwh vljqv1 Dv �}� A 3 wklv qhhgv wkh qxphudwru wr

eh qhjdwlyh1 Krzhyhu iru orz }� wkh qxphudwru lv srvlwlyh vlqfh i 3+3, lv kljk

dqg i+3, @ 31 Iru vx!flhqwo| kljk ydoxhv ri }� wkh qxphudwru lv qhjdwlyh vlqfh

i
3

A 3 dqg frqfdylw| ri i / xqghu wkh Lqdgd frqglwlrqv/ phdqv wkdw hyhqwxdoo|
wkh olqhdu whup lq ghsuhfldwlrq grplqdwhv1 Zh dovr nqrz wkh qxphudwru lv }hur
dw }� @ 3> khqfh dv }� lqfuhdvhv iurp 3 wkh qxphudwru lv �uvw srvlwlyh dqg ulvlqj
dqg wkhq idoov hyhqwxdoo| ehfrplqj qhjdwlyh1 Zkhuh lw ydqlvkhv zh kdyh wkh
vwhdg| vwdwh +s� @ 3/ }� 9@ 3,1 Gh�qlqj }5 dv wkh urrw ri +� � � � $, @ 3/ }4
dv wkh urrw ri vi � !} � �} @ 3/ dqg }6 dv wkh urrw ri vi � !} � �} . �} @ 3
/ d vwhdg| vwdwh zlwk s� 9@ 3 dqg }� 9@ 3 h{lvwv li }4 ? }5 ? }6 exw idlov wr h{lvw

li }4 A }5 dv lq Iljxuh 6 dqg Iljxuh 7/ uhvshfwlyho|1 Jhqhudoo| }4 A }5 lv pruh

olnho| zkhq wkh ohyho ri +� � � � $, lv uhodwlyho| orz dqg zkhq lw whqgv wr idoo

uhodwlyho| idvw1 Dowhuqdwlyho|/ zkhq i lv qrw yhu| frqfdyh/ v lv kljk dqg �> ! duh

orz1

Li }5 A }4 wkhuh lv d udqjh ri lqlwldo fdslwdo oderxu udwlrv erxqghg deryh

e| }4/ vxfk wkdw vwduwlqj iurp dq| fdslwdo oderxu udwlr lq wkdw udqjh/ fdslwdo

dffxpxodwhv dqg wkh suhydohqfh ri wkh glvhdvh lqlwldoo| idoov dqg wkhq ulvhv dv wkh

srsxodwlrq jurzv exw wkh h{lvwlqj fdslwdo lv vsuhdg wrr wklqo| ehwzhhq zrunhuv1

Wkh frqwlqxlqj fdslwdo dffxpxodwlrq dqg wkh uhgxfwlrq ri wkh zrun irufh gxh

wr wkh lqfuhdvh lq lqihfwlrq vx!flhqwo| udlvhv } wr lpsuryh wkh hslghplrorjlfdo

vlwxdwlrq vr wkdw suhydohqfh uhdfkhv d pd{lpxp dqg wkhq vwduwv idoolqj djdlq1

Wkhuhdiwhu s dqg } f|foh lq d frqyhujhqw zd| durxqg wkh vwhdg| vwdwh zlwk

<
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s� 9@ 3 dqg }
� 9@ 31 Wkh lqlwldo uhgxfwlrq lq suhydohqfh pd| qrw rffxu rq sdwkv

zlwk d kljk lqlwldo fdslwdo oderxu udwlr ru d orz suhydohqfh> lqvwhdg wkh v|vwhp

jrhv gluhfwo| lqwr frqyhujhqw f|fohv1

Frqyhuvho| li }5 ? }4 wkhq vx!flhqwo| kljk lqlwldo suhydohqfh ri wkh glvhdvh

ohdgv wr d wlph sdwk ri lqfuhdvlqj suhydohqfh dqg dffxpxodwlrq xqwlo suhydohqfh

uhdfkhv d pd{lpxp> wkhq suhydohqfh idoov zkloh fdslwdo dffxpxodwhv xqwlo wkh

oderxu irufh kdv ulvhq vr pxfk zlwk ghfuhdvlqj lqihfwlrq dqg srsxodwlrq jurzwk

wr ohdg wr d idoo lq }1 Rq wkh odvw sduw ri vxfk d sdwk/ erwk s dqg } idoo wrzdugv

wkh vwhdg| vwdwh zlwk s� @ 3 dqg }� 9@ 31

Wkh joredo skdvh vsdfhv lq Iljxuh 6 dqg Iljxuh 7 duh frqvlvwhqw zlwk wkh

orfdo vwdelolw| surshuwlhv ri wkh gl�huhqw vwhdg| vwdwhv1 Olqhdulvlqj wkh htxdwlrqv

� =

s
w

=

}w

�
@

�
� � �� $ +�3

��3
� $3,s

}�@+4 . s,5 vi 3
� vi@} � }+�3

� �3s@+4 . s,,

� �
s
}

�
+46,

Durxqg wkh vwhdg| vwdwh s�
4
@ 3> }�

4
vroylqj vi+}�, � !}� � �+}�,}� @ 3 wkh

Mdfreldq ehfrphv

�
� � �� $ 3

}� vi 3
� vi@} � }�3

�
+47,

Dw wklv vwhdg| vwdwh li }�
4
? }�

5
? }�

6
+vr zh duh lq wkh fdvh zlwk wkuhh vwhdg|

vwdwhv, zh nqrz wkdw ����$ A 3 vlqfh �3+=,��3+=,�$3+=, ? 31 Wkh ghwhuplqdqw
ri wkh pdwul{ lv qhjdwlyh dqg zh kdyh d orfdo vdggoh srlqw1 Dowhuqdwlyho| li
}�
4
A }�

5
+l1h1 wkhuh duh rqo| wzr vwhdg| vwdwhv,/ wkhq � � � � $ ? 31 Wkh wudfh

lv qhjdwlyh zklovw wkh ghwhuplqdqw lv srvlwlyh vr wkdw zh kdyh wzr urrwv zlwk
qhjdwlyh uhdo sduwv dqg orfdo vwdelolw| +qrgh ru irfxv,1

Durxqg wkh vwhdg| vwdwh +s� 9@ 3> }� 9@ 3, zkhq lw h{lvwv wkh Mdfreldq
ehfrphv

�
3 +�3 � �3 � $3,s

}�@+4 . s,5 vi 3
� �� !� }+�3

� �3s@+4 . s,,

�
+48,

Wkh wudfh lv qhjdwlyh dqg wkh ghwhuplqdqw lv srvlwlyh= wkh uhdo sduwv ri wkh
wzr urrwv duh erwk qhjdwlyh dqg zh kdyh orfdo vwdelolw| +qrgh ru irfxv,1

Durxqg wkh vwhdg| vwdwh +s� @ 3> }� @ 3, wkh Mdfreldq ehfrphv�
� � �� $ 3

3 vi 3
� !��

�
+49,

Wkh gldjrqdo hohphqwv/ zklfk frlqflgh zlwk wkh hljhqydoxhv/ duh erwk srvlwlyh
vlqfh dw }� @ 3> i 3+}�, lv kljk1 Vr zh kdyh orfdo lqvwdelolw|1

Qxphulfdo lqwhjudwlrq lv xvhixo wr vkrz wkh vshhg dqg dpsolwxgh ri wkh g|0
qdplfv dowkrxjk lw uhtxluhv vshfldol}dwlrq ri ixqfwlrqdo irupv1 Dv dq h{dpsoh
zh wdnh ixqfwlrqv ri wkh irup

i+}, @ j}d@d 3 ? d ? 4 +4:,
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Iljxuh 8= Surgxfwlyh fdslwdo prgho/ joredo skdvh vsdfh iru j @ 3=58=

�+}, @ �3 ��4 h{s+��5}, � A 3 +4;,

�+}, @ �
3
. �

4
h{s+��5

}, � A 3 +4<,

$+}, @ $3 . $4 h{s+�$5}, $ A 3 +53,

Zh vhohfw ydoxhv �3 @ 3=37> �4 @ 3=35> �5 @ 3=8> �
3
@ 3=5> �

4
@ 3=5> �

5
@ 3=8>

$3 @ 3=5> $4 @ 3=4> $5 @ 3=8> d @ 3=8> ! @ 3=5> v @ 3=5 dqg wzr dowhuqdwlyh
ydoxhv iru wkh vfdoh ri rxwsxw= j @ 3=58 dqg j @ 41 Zlwk wkhvh sdudphwhuv/ dv
} ydulhv iurp 3 wr4/ wkh qhw jurzwk udwh ri wkh khdowk| lqglylgxdov ydulhv iurp
5( wr 7(/ wkh lqihfwlrq udwh dqg wkh wrwdo ghdwk udwh ri wkh lqihfwhg lqglylgxdov
ydu| iurp 73( wr 53( dqg iurp 53( wr 43(/ uhvshfwlyho|1

Xvlqj wkhvh ydoxhv zkhq j @ 3=58 zh kdyh wkuhh vwhdg| vwdwhv lq wkh fdvh
ri dq h{rjhqrxv vdylqj uxoh= +s� @ 3> }� @ 3,/ +s� @ 3> }� @ 5=4<:, dqg +s� @
4=979> }� @ 5=<4:,1 Wkh skdvh vsdfh lv vkrzq lq Iljxuh 81 Zkhq j @ 4 zh kdyh

wzr vwhdg| vwdwhv= +s� @ 3> }� @ 3, dqg +s� @ 3> }� @ 5=4<:,1 Wkh skdvh vsdfh

lv vkrzq lq Iljxuh 91

Vwduwlqj iurp dq lqlwldo +s3> }3, wkh hfrqrp| vkrzv f|fohv lq zklfk s dqg

} dowhuqdwho| pryh hlwkhu wrjhwkhu ru lq rssrvlwh gluhfwlrqv1 Lq dq hfrqrplf

xsvzlqj wkh suhydohqfh ri glvhdvh lv ulvlqj exw wkhq uhdfkhv d pd{lpxp dqg

lq wkh odwhu sduw ri wkh xsvzlqj wkh glvhdvh suhydohqfh idoov1 Lq wkh hduo| vwdjh

ri wkh xsvzlqj wkhuh lv vxfk orz survshulw| wkdw wkh lqihfwlrq udwh lv wrr kljk

uhodwlyh wr wkh khdowk| eluwk udwh dqg lqihfwhg ghdwk udwh wr uhgxfh wkh suhydohqfh

ri wkh glvhdvh1 Rqfh survshulw| kdv vx!flhqwo| lqfuhdvhg/ wkh lqihfwlrq udwh kdv

idoohq idu hqrxjk wr pdnh ixuwkhu survshulw| lqfuhdvhv uhgxfh suhydohqfh1 Wkh

rssrvlwh h�hfw rffxuv lq wkh grzqvzlqj1 Wkh g|qdplfv vkrzq khuh pdwfk wkrvh

ri Iljxuh 6 dqg Iljxuh 7 dowkrxjk lq Iljxuh 8 wkh uhjlrq ri idoolqj suhydohqfh dw

orz ydoxhv ri } lv frpsuhvvhg qhdu wkh yhuwlfdo d{lv1
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Iljxuh 9= Surgxfwlyh fdslwdo prgho/ joredo skdvh vsdfh iru j @ 4=

515 Rswlpdo frqwuro ri dffxpxodwlrq

Lqvwhdg ri wdnlqj wkh vdylqjv udwh wr eh h{rjhqrxv/ wkhuh pd| eh d fhqwudoo|
sodqqhg hfrqrp| lq zklfk vdylqjv lv fkrvhq wr edodqfh wkh zhoiduh h�hfwv ri
fxuuhqw dqg ixwxuh frqvxpswlrq dqg wkh h�hfwv ri fdslwdo dffxpxodwlrq rq frq0
wuroolqj glvhdvh51

51514 Wkh zhoiduh ixqfwlrq

Lq wkh fhqwudoo| sodqqhg frqwh{w gh�qlqj lqwhuwhpsrudo zhoiduh lv sureohpdwlf=
wkh srsxodwlrq dqg lwv frpsrvlwlrq lv fkdqjlqj1 Wklv udlvhv qrupdwlyh lvvxhv
wkdw kdyh ehhq glvfxvvhg lq wkh rswlpdo srsxodwlrq olwhudwxuh +Gdvjxswd/4<9<>
Phdgh 4<88> \ddul/ 4<;4,1 Rqh lvvxh wr eh ehzduh ri lv wkh gdqjhu ri pd{lplvlqj
lqglylgxdo zhoiduh ri wkrvh dolyh e| kdylqj mxvw d vlqjoh lqglylgxdo zkr rzqv doo
wkh fdslwdo vwrfn1 D ixuwkhu lvvxh lv wkdw ri wlph dgglwlylw|1 Iluvwo| wkhuh pd| eh
lqwhujhqhudwlrqdo dowuxlvp zlwklq wkh sulydwh zhoiduh ixqfwlrqv ri wkrvh dolyh dw w=
Vhfrqg wkhuh lv wkh lvvxh ri wlph glvfrxqwlqj> jhqhudoo| lq wkh erg| ri wkh sdshu
zh gr qrw doorz iru glvfrxqwlqj hvvhqwldoo| rq hwklfdo jurxqgv +Gdvjxswd/ 4<:7>
Jurxw/ 4<;5> Udzov/ 4<:5, vlqfh wkhuh vhhpv olwwoh uhdvrq wr ydoxh jhqhudwlrqv
gl�huhqwo|1 Li zh glg xvh d wlph glvfrxqwhg dgglwlyh zhoiduh ixqfwlrq wkh irup ri
wkh qhfhvvdu| frqglwlrqv duh hvvhqwldoo| xqdowhuhg/ h�hfwlyho| zh fdq devrue wkh
glvfrxqw udwh lq wkh ghsuhfldwlrq udwh ! dqg lq wkh ghprjudsklf0hslghplrorjlfdo
ixqfwlrqv �>�>$= Krzhyhu glvfrxqwlqj lv dovr ri dvvlvwdqfh lq ghprqvwudwlqj
wkdw dq rswlpdo vroxwlrq h{lvwv1 Dsduw iurp wklv dw dq| w wkhuh lv wkh gl!fxow|

5D pxfk pruh frpsoh{ dssurdfk zrxog prgho d ghfhqwudolvhg v|vwhp lq zklfk khdowk| lq0

glylgxdov vhohfw oderxu vxsso| dqg vdylqjv wr rswlplvh wkhlu olihwlph xwlolw| wdnlqj lqwr dffrxqw

wkh fkdqfh ri ehfrplqj lqihfwhg dqg ri g|lqj1 Vlploduo| wkh lqihfwhg fkrrvh wkhlu vdylqjv rxw

ri dq| uhqwdo lqfrph wdnlqj lqwr dffrxqw wkhlu fkdqfh ri ghdwk1 Pruhryhu qhz jhqhudwlrqv

zrxog frqwlqxrxvo| hqwhu wkh slfwxuh1
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ri ghwhuplqlqj wkh uhodwlyh ehqh�w ri wkh lqihfwhg dqg khdowk|1 Li wkhuh lv d wlph
dgglwlyh zhoiduh ixqfwlrq

U
x+=, gw zlwk x+=, uh hfwlqj wkh vrfldo zhoiduh ri wkh

srsxodwlrq dw w/ wkhq lw lv sodxvleoh wr wdnh ryhudoo shu fdslwd frqvxpswlrq ri wkh
zkroh srsxodwlrq +f@+4 . s,, dv rqh dujxphqw ri x+=, zklfk lpsolhv wkdw x+=, lv
ghfuhdvlqj lq s1 Wklv/ krzhyhu/ jlyhv dq lqfhqwlyh wr uhgxfh s e| zkdwhyhu phdqv
srvvleoh +*srsxodwlrq fohdqvlqj*, zklfk kdugo| vhhpv dffhswdeoh1 D suhihudeoh
vwuxfwxuh pdnhv x+=, dovr d ghfuhdvlqj ixqfwlrq ri bs dqg jhqhudoo| zh zrun
zlwk wklv irupxodwlrq1 Dw w zhoiduh lv jlyhq e| x+f@+4 . s,>

=

s, zkhuh +xvlqj
vxevfulswv 4 dqg 5 iru ghulydwlyhv zlwk uhvshfw wr wkh �uvw dqg vhfrqg dujxphqw
ri x+ f

+4.s, >
=

s,,/ x4 A 3> x5 ? 3> x44 ? 3> x55 ? 3 dqg jhqhudoo| zh wdnh x45 @ 3

wrjhwkhu zlwk x5+=> 3, @ 31 Zh dovr jhqhudoo| dvvxph wkdw olp x4 $ 4 dv
f@+4 . s,$ 31

51515 Qhfhvvdu| frqglwlrqv iru rswlpdolw|

Wkh srolf| sureohp wkhq kdv frqwuro yduldeoh fw dqg vwdwh yduldeohv sw> }w dqg lv

wr

pd{

]
x+f@+4 . s,>

=

s,gw +54,

vxemhfw wr

=

s @ +� ��� $,s
=

} @ i+},� !} � +�� � s

4.s
,} � f

+55,

Wkh Kdplowrqldq lv

K @ x+f@+4 . s,>
=

s, . �4

�
i+}, � !} � +�� �

s

4 . s
,} � f

�
. �5+� ��� $,s

+56,

Rswlplvlqj K ryhu f=

x4 @ �4+4 . s, +57,

Wkh htxdwlrqv ri prwlrq iru wkh frvwdwh yduldeohv duh

=

�4 @ �+�5 . x5,+�
3

� �3
� $3,s +58,

��4^i
3
� !� +�� �s@+4 . s,,� }+�3

� �3s@+4 . s,,`

=

�5 @ x4f@+4 . s,5 � �4}�@+4 . s,5 � +�5 . x5,+� ��� $, +59,
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Khuh +57, kdv wkh lqwhusuhwdwlrq wkdw wkh pdujlqdo xwlolw| ri frqvxpswlrq shu
ryhudoo fdslwd glylghg e| +4 . s, zklfk fruuhfwv iru wkh xqsurgxfwlyh zrunhuv
vkrxog eh htxdwhg wr wkh pdujlqdo ydoxh ri lqyhvwphqw shu khdowk| zrunhu1 Qh{w
+58, prgl�hv wkh xvxdo Hxohu htxdwlrq lq wzr uhvshfwv1 Iluvw wkh vrfldo pdujlqdo
surgxfwlylw| ri fdslwdo ghhshqlqj lv uhgxfhg ehfdxvh lw udlvhv wkh khdowk| eluwk
udwh yld � dqg lw uhgxfhv wkh lqihfwlrq udwh yld wkh wudqvplvvlrq udwh �1 Vhfrqg
ehfdxvh fdslwdo ghhshqlqj dowhuv wkh jurzwk ri lqihfwlrq dqg ri s/ lw fkdqjhv wkh
pdujlqdo ydoxh ri wkh srsxodwlrq vwuxfwxuh lq wkh ixwxuh1 +59, lqglfdwhv wkdw wkh
vkdgrz ydoxh ri wkh suhydohqfh ri wkh glvhdvh iru wkh ixwxuh ulvhv ehfdxvh ri lwv
h�hfwv lq uhgxflqj wkh lqvwdqwdqhrxv xwlolw| exw idoov ehfdxvh ri lwv h�hfwv rq
wkh ixwxuh ydoxh ri lqyhvwphqw dqg wkh ixwxuh jurzwk ri suhydohqfh1 Qrwlfh wkdw
wkhvh frqglwlrqv lpso| wkdw rq rqh pdujlq kljkhu suhydohqfh lv vrfldoo| ghvludeoh
dv lw lqfuhdvhv wkh fdslwdo ghhshqlqj h�hfw ri d jlyhq dprxqw ri lqyhvwphqw e|
kdylqj ihzhu khdowk| zrunhuv dydlodeoh wr xvh lw1 E| frqwudvw/ lw uhgxfhv wkh ydoxh
ri fxuuhqw f@+4 . s,1 +55,/ +57, 0 +59, duh qhfhvvdu| frqglwlrqv iru rswlpdolw|1
Vxevhtxhqwo| zh frqvlghu wkhlu vx!flhqf| dqg dovr zkhwkhu d vroxwlrq h{lvwv
wr wkh sureohp1 Lq wkh fdvh ri wlph glvfrxqwlqj wkh qhfhvvdu| frqglwlrqv duh
prgl�hg6 exw hvvhqwldoo| wkh dqdo|vlv ehorz uhpdlqv ydolg1

51516 G|qdplf dqdo|vlv

Wr dqdo|vh wkh g|qdplf surshuwlhv ri wklv vroxwlrq zh vwduw e| h{dplqlqj wkh
vwhdg| vwdwhv1 Wkhuh duh wzr lq jhqhudo1 Wkh �uvw kdv s� @ 3 dqg fruuhvsrqgv
wr wkh Jroghq Uxoh ri d jurzwk prgho zlwk hqgrjhqrxv qhw srsxodwlrq jurzwk
dw udwh � dqg frqglwlrqdo rq wkh devhqfh ri lqihfwlrq +� @ 3,1 Nqrzlqj s� @ 3/
frqvlghu wkh vwhdg| vwdwh fdslwdo0khdowk|0oderxu0udwlr } zklfk pd{lplvhv vwhdg|
vwdwh xwlolw| x+f> 3,1 Wklv vroyhv

i 3
� !� ���3}� @ 3 +63,

6
Li wkh zhoiduh ixqfwlrq lv

]
e3o|�ES*E� n R�c

�

R� +5:,

wkh suhvhqw ydoxh Kdplowrqldq lv

M ' e3o|

�
�E

S

� n R
c
�

R� n b�EsE5�3 �5 3 Ek3 q
R

� n R
�5 3 S� n b2EEq 3 k3 /�R�

�
+5;,

dqg wkh qhfhvvdu| frqglwlrqv ehfrph

�� ' b�E� n R�

�

b� ' 3b�Es
3

3 �3 o 3 5Ek
3

3 q
3 R

� n R
�3 Ek3 q

R

� n R
��3 b2Eq

3

3 k
3

3 /
3

�R

�

b2 ' b�dSE� n R�3 q5o3 b2Eq 3 k3 / 3 o� +5<,

dqg wkh g|qdp lf htxdwlrqv iru wkh vwdwh yduldeohv1 Wklv d�hfwv wkh vwhdg| vwdwh ydoxhv ri wkh

frvwdwh yduldeohv dqg dggv d jurzwk whup wr wkhlu g|qdplfv1
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Sxwwlqj wkhvh ydoxhv lqwr wkh frvwdwh htxdwlrqv +58, dqg +59, dw wkh vwhdg|
vwdwh jlyhv

3 @ ��
�

4
^i 3
� !� +�� �s�@+4 . s�,, � }�+�3

� �3s�@+4 . s�,,` +64,

���

5
s�+�3

� �3
� $3,

+zklfk lv dxwrpdwlfdoo| }hur vlqfh s� @ 3 dqg i 3
� !��� �3}� @ 3, dqg

3 @ x4f
�
� +��

5
. x5,+� � �� $,� ��

4
}�� +65,

ru

3 @ �
�

4
+f� � }��, � �

�

5
+� � �� $, +66,

vlqfh dw s� @ 3> x�
4
@ �

�

4
dqg x�

5
@ 31 Vr rqh vwhdg| vwdwh lv s� @ 3> }� vxfk

wkdw i 3
�!����3}� @ 3> x4 lv hydoxdwhg dw f� @ i+}�,�!}���}�> ��

4
vroyhv

x�

4
@ �

�

4
> ��

5
vdwlv�hv ��

4
+f� }��, � �

�

5
+� � �� $, @ 31

Wkh vljq ri ��
5
lv dpeljxrxv1 Vlqfh C b}@Cs A 3 wkh prgho grhv qrw vdwlvi| wkh

prvw frpprq frqglwlrq lpsrvhg iru qhjdwlylw| ri �5 +Ohrqdug/ 4<;4,1 Krzhyhu/
dv zh vhh ehorz �5 ? 3 irupv sduw ri d vhw ri vx!flhqf| frqglwlrqv iru rswlpdolw|
ri wkh vroxwlrqv wr wkhvh htxdwlrqv1

Lq jhqhudo wkhuh lv dovr d vhfrqg vwhdg| vwdwh zlwk s� 9@ 31 Wklv vdwlv�hv wkh
htxdwlrqv

x4 @ ��
4
+4 . s�, +67,

� ��� $ @ 3 +68,

3 @ i+}�,� !}� � }�+�� �s�@+4 . s�,, � f� +69,

3 @ �+��
5
. x5,+�

3 � �3 � $3,s� � ��

4
^i 3 � !� +�� �s�@+4 . s�,, +6:,

�}�+�3 � �3s�@+4 . s�,,`

3 @ ^x4f
�

� ��
4
}��`@+4 . s�,5 @ ��

4
^f�+4 . s�,� }��`@+4 . s,5 +6;,

lpso|lqj hlwkhu ��
4
@ 3 zklfk lv lpsrvvleoh xqghu wkh dvvxpswlrqv rq x4/ ru

+4 . s�,f� @ }��1 Xvlqj wklv lq +69, zh fdq vroyh iru s dqg f=

s� @ �
i � !}� ��}�

i � !}� ��}� . �}�
+6<,

f� @ i � !}� ��}� . �}� +73,
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dqg �
�

4
lv jlyhq e|

��
4
@

x4+�}�@+4 . s�,5,

+4 . s�,
+74,

Khuh +68, vhwv }� dqg +6:, vhwv ��
5
1

Wklv vhfrqg vwhdg| vwdwh dovr kdv d Jroghq Uxoh lqwhusuhwdwlrq1 Frqvlghu
wkh sureohp ri vhohfwlqj vwhdg| vwdwh ydoxhv ri s dqg } zklfk pd{lplvh f@+4.s,
dqg vdwlvi| wkh vwhdg| vwdwh frqglwlrqv

+� ��� $, s @ 3 +75,

f@+4 . s, @

�
i+}, � !} � +�� �

s

4 . s
,}

�
@+4 . s, +76,

Wkhuh duh wzr srvvlelolwlhv1 Iluvw }� lv vhw wr vdwlvi| +75, dqg s� pd{lplvhv
+76, dqg vr vroyhv7

i+}�,� !}� ��}� @ �}�
+4� s�,

+4 . s�,
+77,

|lhoglqj f�@+4 . s�, @ �}�@+4 . s�,5 dqg s� @ �^i � !}� � �}�`@^i � !}� �
�}� . �}�` A 3 li i � !}� � �}� ? 3= Vhfrqg zh frxog kdyh s� @ 3 zklfk wkhq
uhwxuqv xv wr wkh �uvw vwhdg| vwdwh vdwlvi|lqj +63,1 Erwk wkhvh vroxwlrqv duh orfdo
pd{lpd vr wkdw wkh joredo Jroghq Uxoh frxog eh hlwkhu1

Wr ghwhuplqh wkh orfdo g|qdplfv/ lq wkh Dsshqgl{ +D4, zh fdofxodwh wkh
Mdfreldq ri wkh olqhdulvhg v|vwhp dqg lwv ydoxh dw wkh gl�huhqw vwhdg| vwdwhv1
Durxqg wkh vwhdg| vwdwh zlwk s

�

@ 3 wkh Mdfreldq kdv d }hur wudfh vr wkdw/
xqohvv doo uhdo sduwv ri urrwv duh }hur/ wkhuh duh hohphqwv ri erwk orfdo vwdelolw|
dqg lqvwdelolw|1 Zh fdq vkrz wkdw wkh pdwul{ kdv wzr sdluv ri uhdo urrwv/ hdfk
sdlu frqvlvwlqj ri d uhdo qxpehu ri rssrvlwh vljq1 Wr vhh wklv uhzulwh wkh pdwul{
dv

5
997

d44 3 3 3

d54 3 d56 3

d64 d65 3 3

d74 d64 �d54 �d44

6
::8 +78,

Lwv fkdudfwhulvwlf sro|qrpldo lv +[ � d44,
�
[

6 .[
5
d44 � d65d56[ � d65d56d44

�
=

Wkhuh duh irxu uhdo urrwv wr wklv pdwul{ lq sdluv ri rssrvlwh vljq= 	d44>	sd65d56=
Qrwh wkdw d65 A 3 dqg d56 A 3 vlqfh �

33

A 31 Orfdoo| wkh vwhdg| vwdwh lv d irxu

glphqvlrqdo vdggoh srlqw1

7Wklv lv dfwxdoo| d orfdo pd{lpxp ri S*E� n R� lq R vlqfh dw wklv ydoxh
Y5ES*E�nR��

YR5
'

3

2q5
E�nR�6

	 f1

4:



Durxqg wkh vwhdg| vwdwh zlwk s
� 9@ 3 wkh Dsshqgl{ +D4, vkrzv wkdw wkh

Mdfreldq pdwul{ kdv d }hur wudfh vr wkh vxpv ri wkh uhdo sduwv ri wkh urrwv duh
}hur1 Wkh Mdfreldq kdv wkh irup

5
997

3 d 3 3

e f g 3

i h �f �d

j i �e 3

6
::8 +79,

vr wkdw wkh fkdudfwhulvwlf htxdwlrq lv [7
� 5ed[5

�[5f5 � hg[5 . e5d5 . jd5g

zklfk fdq eh uhsdudphwulvhg dv [7 . D[5 .E1 Li +D5
� 7E, lv srvlwlyh dqg

+�D�
s
+D� 7E,, lv srvlwlyh wkhuh duh wzr sdluv ri uhdo urrwv ri htxdo devroxwh

ydoxh exw rssrvlwh vljq zklfk uhsuhvhqwv d 70G vdggoh srlqw1 Zkhq +D5
�7E, lv

srvlwlyh dqg +�D�
s
+D� 7E,, lv qhjdwlyh wkhq wkhuh duh wzr sdluv ri lpdjlqdu|

urrwv1 Zkhq +D5
� 7E, lv srvlwlyh dqg +�D .

s
+D� 7E,, lv srvlwlyh dqg

+�D �
s
+D� 7E,, lv qhjdwlyh wkhq wkhuh lv rqh sdlu ri sxuh lpdjlqdu| dqg

d sdlu ri uhdo urrwv ri rssrvlwh vljq1 Krzhyhu/ li +D5
� 7E, lv qhjdwlyh zh

kdyh wzr sdluv ri frpsoh{ frqmxjdwh urrwv zlwk wkh frpprq uhdo sduw ri hdfk

sdlu ehlqj ri htxdo devroxwh ydoxh exw rssrvlwh vljq1 Zh fdq wklqn ri wklv dv d

frpelqdwlrq ri d 70G vdggoh srlqw dqg orfdoo| rvfloodwru| vroxwlrqv1 Vxppdulvlqj

wkh srvvlelolwlhv duh vkrzq lq Wdeoh 41

+D5
� 7E, . . . �

+�D�
s
+D� 7E,, . � �

+�D.
s
+D� 7E,, . �

70G vdggoh f|fohv irfxv 70G vdggoh dqg orfdo rvfloodwlrqv

Wdeoh 4= Rswlpdo frqwuro ri surgxfwlyh fdslwdo prgho/ orfdo g|qdplfv

Xqghu rxu dvvxpswlrqv erwk ri wkhvh vwhdg| vwdwhv pd| qrw dozd|v h{lvw dqg

lq sduwlfxodu wkh vwhdg| vwdwh zlwk s
� 9@ 3 jhqhudoo| uhtxluhv d uhodwlyho| kljk

lqihfwlrq udwh1 Iru h{dpsoh/ vxssrvh zh frq�qh dwwhqwlrq wr lvrhodvwlf xwlolw|

vr wkdw x+f@+4 . s,> bs, @ +f@+4 . s,,+4�e,@+4� e, zkhuh e A 3= Sxwwlqj wrjhwkhu

wkh rswlpdo frqwuro frqglwlrqv dqg wkh frqglwlrqv iru b�5 @ 3>
=

} @ 3 jlyhv xv wkh

htxdwlrqv

�
4

5e�4

4
@ 5+}�,

e�4

5e�4 @+i � !} � �} . �}, +7:,

f @ +i � !} � �} . �},@5 +7;,

s @
5}�

+i � !} ��} . �},
� 4 +7<,

vr wkdw s� A 3 uhtxluhv � A i@} � !�� jlyhq wkdw i � !} ��} . �} A 31
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51517 Qxphulfdo dqdo|vlv

Wr xqghuvwdqg wkh frqqhfwlrqv ehwzhhq wkh orfdo vwdelolw| surshuwlhv ri wkh
dowhuqdwlyh vwhdg| vwdwhv dqg dovr wkh txdolwdwlyh dpsolwxgh ri dq| rvfloodwlrqv/
qxphulfdo lqwhjudwlrq ri wkh irxu glphqvlrqdo qrq0olqhdu v|vwhp lv looxplqdwlqj1
Wr glvsod| wkh uhvxowv ri wklv jhrphwulfdoo| zklovw uhpdlqlqj lq dw prvw wkuhh
glphqvlrqv/ zh lqwhjudwh durxqg frqwrxuv ri wkh Kdplowrqldq1 Vlqfh dorqj dq|
vroxwlrq sdwk iru ^s+w,> }+w,> �4+w,> �5+w,`/ wkh Kdplowrqldq lv lghqwlfdoo| frqvwdqw
+Gdqnrzlf}/ 4<<:, zh fdq xvh wkh htxdwlrq

�K @ x

�
f+�4+w,> s+w,,

+4 . s+w,,

�
. �5+w, ^+� ��� $,s+w,`

.�4+w,

�
i+}+w,, � !}+w, � }+w,+�� �

s+w,

4 . s+w,
, � f+�4+w,> s+w,,

�
+83,

wr vroyh iru �5+w,

�5+w, @

k
�K � x

�
f+�4+w,>s+w,,
+4.s+w,,

�l

^+� ��� $,s+w,`
� +84,

�4+w,
k
i+}+w,, � !}+w, � }+w,+�� �

s+w,
4.s+w, , � f+�4+w,> s+w,,

l

^+� � �� $,s+w,`

zkhuh �K lv wkh frqvwdqw ydoxh ri wkh Kdplowrqldq rq wkh vxuidfh1 Zh fdq wkhq

vxevwlwxwh wklv h{suhvvlrq iru �5+w, lqwr wkh gl�huhqwldo htxdwlrqv iru wkh rwkhu

yduldeohv s+w,> }+w,> �4+w, wr uhgxfh wkh v|vwhp wr wkuhh glphqvlrqv zlwkrxw

orvlqj dq| lqirupdwlrq1 Qrwlfh wkdw ehfdxvh wkh v|vwhp kdv wkh Kdplowrqldq

frqvhuydwlrq surshuw|/ forvh wr d vwdwlrqdu| srvlwlrq ri s+w,/ �5+w, ehfrphv xq0

erxqghg1

Iru wkh zhoiduh ixqfwlrq zh wdnh wkh lvrhodvwlf fdvh dqg dgg e @ 5=3 wr wkh

hduolhu vhw ri sdudphwhuv1 Zlwk wkhvh sdudphwhu ydoxhv zkhq j @ 3=58 wkh frqwuro
prgho kdv wzr vwhdg| vwdwhv +s� @ 3> }� @ 4=464> ��

4
@ 46=736> ��

5
@ �6;=;4;,

dqg +s� @ 3=76<> }� @ 5=4<:> ��
4
@ ;=9:;> ��

5
@ �45=;83,1 Wkh hljhqydoxhv dw wkh

�uvw vwhdg| vwdwh zkhuh s� @ 3 duh 	3=35; dqg 	3=4571 Dw wkh vhfrqg vwhdg|

vwdwh zkhq s� 9@ 3 wkh hljhqydoxhv duh 	3=3<6 dqg 	3=35:1 Iljxuh : vkrzv
wkh wkuhh glphqvlrqdo skdvh vsdfh lq s> } dqg �4 durxqg d ohyho vxuidfh ri wkh
Kdplowrqldq fruuhvsrqglqj wr �K @ �6=9591 Iljxuhv ; dqg < vkrz pdjql�fdwlrqv
ri wklv lq wkh ylflqlw| ri hdfk ri wkh wzr vwhdg| vwdwhv/ uhvshfwlyho|1 Vlqfh �5
rqo| hqwhuv wkh gl�huhqwldo htxdwlrq iru �4/ wkh frqvwudlqw wkdw wkh 60G vroxwlrq
olhv rq wkh Kdplowrqldq vxuidfh rqo| elwhv lq wkdw htxdwlrq1 Khqfh/ lq wkh b�4
htxdwlrq +58, wkh whup lq �5 lv uhsodfhg e| +84,1 Li wkh v|vwhp dssurdfkhv rqh
ri wkh vwhdg| vwdwhv/ wkhq rq wkh Kdplowrqldq vxuidfh wklv pdnhv �4 glyhujh
wr hlwkhu 	4 ghshqglqj rq zkhwkhu } frqyhujhv wr wkh vwhdg| vwdwh idvwhu ru

vorzhu wkdq s1 Lq wkh gldjudp/ vlqfh �4 glyhujhv wr 4 dorqj vrph wudmhfwrulhv/

rq wkhvh sdwkv s pxvw eh frqyhujlqj pruh udslgo| wkdq }1 Rq rwkhu wudmhfwrulhv

4<



Iljxuh := Rswlpdo frqwuro ri surgxfwlyh fdslwdo prgho/ joredo skdvh vsdfh iru

j@31581

�4 lv frqyhujlqj wr }hur1 Zlwk wkh fkrvhq sdudphwhuv wkh wzr vwhdg| vwdwhv erwk

vkrz gxdo lqvwdelolw| ri d vdggoh srlqw w|sh dqg wkhuh duh qr rvfloodwlrqv> wklv

uh hfwv wkh idfw wkdw doo wkh hljhqydoxh duh uhdo1 Fduhixo vwxg| ri Iljxuhv :0<

uhyhdov wkdw wkhuh duh vl{ sdwwhuqv ri sdwkv= dorqj irxu ri wkhvh �4 hyhqwxdoo|

jurzv zlwkrxw erxqg dqg dorqj wzr �4 frqyhujhv wr }hur1 W|slfdoo| } lv qrw

prqrwrqlf exw lqlwldoo| lqfuhdvhv/ vxevhtxhqwo| idoov1 Vwduwlqj qhdu s� @ 3=7 wkh

pryhphqw ri suhydohqfh lv yhu| vorz exw vwduwlqj qhdu s� @ 3 wkhuh lv d uhodwlyho|

udslg pryhphqw ri suhydohqfh wrzdugv wkh vwhdg| vwdwh zlwk s� 9@ 31 Dv d zkroh

wkh v|vwhp vshqgv prvw lwv wlph forvh wr wkh vwhdg| vwdwh lq zklfk s dqg } duh

qrq}hur dqg dzd| iurp wkh ruljlq1

Wr vkrz wkdw wkh v|vwhp vrphwlphv orvhv wkh vhfrqg vwhdg| vwdwh zlwk s� 9@ 3
zh dovr wdnh wkh deryh h{dpsoh zlwk j @ 41 Khuh wkh frqwuro prgho kdv d vlqjoh

vwhdg| vwdwh= +s� @ 3> }� @ 4:=68:> ��
4
@ 3=38;> ��

5
@ �4=334,1 Wkh hljhqydoxhv

dw wkh xqltxh vwhdg| vwdwh zkhuh s� @ 3 duh 	3=3733 dqg 	3=4531 Vr djdlq zh

kdyh d 70G vdggoh srlqw1
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Iljxuh ;= Rswlpdo frqwuro surgxfwlyh fdslwdo prgho/ pdjql�hg ylhz ri wkh joredo

skdvh vsdfh qhdu s @ 31
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Iljxuh <= Rswlpdo frqwuro surgxfwlyh fdslwdo prgho/ pdjql�hg ylhz ri wkh joredo

skdvh vsdfh iru ydoxhv qhdu s @ 3=7=
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51518 Vx!flhqf| frqglwlrqv iru rswlpdolw|

Frqvlghu wkh vx!flhqf| ri wkh qhfhvvdu| frqglwlrqv iru rswlpdo frqwuro1 Iluvw

wdnh wkh fdvh lq zklfk �> � dqg $ duh frqvwdqwv1 Wkh frqwuro sureohp lv wkhq

wkh xvxdo rqh ri wudglqj r� frqvxpswlrq djdlqvw lqyhvwphqw1 Lq wklv fdvh s+w, lv
olnh dq h{rjhqrxv wlph wuhqg/ jurzlqj ru idoolqj dw udwh � @ +� � �� $,/ zklfk
d�hfwv wkh dffxpxodwlrq surfhvv ri } dqg suhihuhqfhv1 Zh fdq dsso| wkh xvxdo

vx!flhqf| dujxphqw wr vkrz wkdw li x+=, dqg i+=, duh frqfdyh wkhq wkh qhfhvvdu|

frqglwlrqv iru rswlpdolw| duh vx!flhqw vr orqj dv olpw$4 �4+w,}+w, @ 31 +Vhh
Dsshqgl{ D5,1

D vlplodu exw pruh frpsoh{ dujxphqw krogv li zh doorz iru wkh h�hfwv ri
} rq wkh ghprjudsklf0hslghplrorjlfdo sdudphwhuv1 Zlwk d �qlwh wlph krul}rq
dqg qrqqhjdwlyh whuplqdo frqvwudlqwv rq wkh vwdwh yduldeohv/ wkh wudqvyhuvdolw|
frqglwlrqv

�4+W ,}+W , @ 3> �5+W ,s+W , @ 3 +85,

irup sduw ri wkh qhfhvvdu| frqglwlrqv iru rswlpdolw|1 Wkhq zh fdq xvh wkh
vx!flhqf| wkhruhp wkdw li wkh pd{lplvhg Kdplowrqldq lv frqfdyh lq wkh vwdwh
yduldeohv s> } +Fkldqj/ 4<<5> Pdqjdudvldq/ 4<99, dq| sdwk vdwlvi|lqj wkh qhfhv0
vdu| frqglwlrqv lv rswlpdo1 Li wkh wlph krul}rq lv lq�qlwh wkhq wkh wudqvyhuvdolw|
frqglwlrqv duh qrw jhqhudoo| qhfhvvdu| exw zh fdq xvh dq dgdswdwlrq ri d vlplodu
vx!flhqf| wkhruhp +Wkhruhp <1614 lq Ohrqdug dqg Orqj/ 4<<5, wkdw li d irup
ri wudqvyhuvdolw| frqglwlrq krogv

olp
W$4

^�4+W ,}+W , . �5+W ,s+W ,` @ 3

dqg wkh pd{lplvhg Kdplowrqldq lv frqfdyh lq wkh vwdwh yduldeohv s> } wkhq dq|

sdwk vdwlvi|lqj wkh qhfhvvdu| frqglwlrqv lv rswlpdo lq wkh fdwfklqj xs vhqvh1

Qh{w zh fkhfn wkh frqfdylw| ri wkh pd{lplvhg Kdplowrqldq1 Li K�

@ pd{

f

K

wkhq e| wkh hqyhorsh wkhruhp

CK�@Cs @ CK@Cs @ �x4f@+4 . s,5 . �4�@+4 . s,5 � +x5 . �5,+� � �� $,
+86,

vr

C5K�@Cs5 @ x4@+4 . s,7 ^f+4 . s,� �}`� ^4 . 4@�` f@+4 . s,5 . x55+� � �� $,5

+87,

zkhuh � lv wkh hodvwlflw| ri wkh pdujlqdo xwlolw| ri ryhudoo shu fdslwd frqvxps0

wlrq1 Vx!flhqw frqglwlrqv iru C5K�@Cs5 wr eh qhjdwlyh duh wkdw ^4 . 4@�` A 3/
^f+4 . s, � �}` ? 3 dqg x55 ? 31

Vlploduo|

C5K�@CsC} @ �4+}�
3 . �,@+4 . s,5 . +x55 . �5,+�

3
� �3

� $3, +88,
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zklfk lv srvlwlyh li wkh hodvwlflw| ri � lv juhdwhu wkdq 041 Vlploduo|

C5K�@C}5 @ x55+�
3

��3
� $3,5s5 . +x5 . �5,+�

33

��33
� $33,s

.�4+i
33
� 5+�3

� �3
s

4 . s
,� }+�33

� �33
s

4 . s
,, +89,

Wklv lv qhjdwlyh li �5+w, ? 3 dqg �33

��33
�$33 A 31 Wkhuh lv qrwklqj lq wkh wkhru|

wr frqvwudlq wkh vljq ri �5+w, d sulrul1 Lqwhusuhwlqj �5+w, dw wlph w dv wkh vkdgrz
frvw ri d pdujlqdo lqfuhdvh lq suhydohqfh ri wkh glvhdvh/ zh pljkw h{shfw �5+w,
wr eh qhjdwlyh vlqfh wklv kdv d frvw lq uhgxflqj lqvwdqwdqhrxv xwlow|1 Krzhyhu/
wkh lqfuhdvh lq s+w, udlvhv wkh fdslwdo shu surgxfwlyh zrunhu udwlr iru d jlyhq
fdslwdo vwrfn e| vzlwfklqj pruh ri wkh srsxodwlrq lqwr wkh lqihfwhg jurxs +l1h1
lq wkh

=

} htxdwlrq wkh h�hfw ri s+w, lv srvlwlyh, zklfk lv zhoiduh lpsurylqj1 Lq
wkh qxphulfdo h{dpsohv suhvhqwhg/ �5+w, lv qhjdwlyh iru doo w dqg dw hdfk vwhdg|
vwdwh wkh rwkhu vx!flhqw frqglwlrqv iru frqfdylw| duh ixo�oohg1

6 H{whqvlrqv dqg Dowhuqdwlyhv

Wkhuh duh d ydulhw| ri srlqwv dw zklfk dowhuqdwlyh ru pruh jhqhudo dvvxpswlrqv

frxog eh pdgh1 Zh kdyh h{foxghg dq| lqglylgxdo dgdswlyh ehkdylrxu wr wkh

suhydohqfh ri wkh glvhdvh1 Zh kdyh qrw doorzhg iru wkh srvvlelolw| ri fxuh ri wkh

glvhdvh1 Wkhuh lv d orw ri vfrsh iru frqvlghudwlrq ri dowhuqdwlyh vrfldo zhoiduh

ixqfwlrqv1 Zh kdyh frqvlghuhg/ hfrqrplf idfwruv dv dfwlqj lq d sxeolf zd| rq

doo ghprjudsklf0hslghplrorjlfdo sdudphwhuv1 Wkdw lv wkhuh duh qr lqglylgxdo

surshuw| uljkwv lq suhyhqwlyh khdowk dqg doo wkh ghprjudsklf sdudphwhuv duh

d�hfwhg e| dq lqyhvwphqw srolf|1 Wkhuh duh dovr lqwhuhvwlqj vshfldo fdvhv ri

rxu iudphzrun1 Iru h{dpsoh li �3
@ $

3
@ 3 lghqwlfdoo| wkhq wkh prgho fdq eh

wkrxjkw ri dv �qglqj wkh rswlpdo wdujhwhg lqyhvwphqw srolf| iru frqwuroolqj wkh

vsuhdg ri lqihfwlrq1 Vlplodu lqwhusuhwdwlrqv dwwdfk wr wkh vshfldo fdvhv lq zklfk

rqo| hlwkhu � ru $ ydu| zlwk }1 Wkh| fruuhvsrqg wr qhw srsxodwlrq jurzwk ru

fxuh ri wkh glvhdvh srolflhv1

614 Lqglylgxdo Dgdswlyh Ehkdylrxu

Wkh prvw lpsruwdqw duhd iru doorzlqj dgdswlyh ehkdylrxu e| lqglylgxdov lq

wkh srsxodwlrq lv wkurxjk � wkh lqihfwlrq udwh h1j1 lq dffrxqwv ri wkh sodjxh

lq Hqjodqg wkh ulfk frxog wdnh suhyhqwlyh vhjuhjdwlrq phdvxuhv e| sk|vlfdoo|

prylqj rxw ri d flw| zklfk kdg sodjxh rxweuhdnv1 Wr doorz iru wklv zh wdnh

� @ �+}> s, zlwk �
}
? 3> �

s
? 3= Iurp dq hslghplrorjlfdo shuvshfwlyh wklv lv

riwhq frqvlghuhg dv ghqvlw| ghshqghqw h�hfwv rq wkh lqwhudfwlrq surfhvv ehwzhhq

wkh wzr vxesrsxodwlrqv1 Lq wkh ghvfulswlyh hfrqrplf prgho wklv kdv wkh h�hfw ri

fkdqjlqj wkh qdwxuh ri wkh skdvh vsdfh dowkrxjk wkh jhqhudo sdwwhuq ri vwhdg|

vwdwhv uhpdlq xqfkdqjhg1 Wkh pdlq h�hfw rq wkh bs @ 3 orfxv lv wr jhqhudwh

dgglwlrqdo qrqolqhdulw|8 lq wkh orfxv dv lq Iljxuh 46 zklfk vkrzv wzr srvvleoh

8Khuh zkhq Eq 3 k3 /� ' fc YR
Y5

' 3
�
q

3

3 k
3

3 /
3

�
*qR 	 f1
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dz/dt=0

dp/dt=0p

z
z1

dp/dt=0

Iljxuh 43= Lqglylgxdo dgdswlyh ehkdylrxu

frq�jxudwlrqv1
Wkh orfdo vwdelolw| surshuwlhv ri wkh �uvw dqg wklug vwhdg| vwdwhv duh xq0

fkdqjhg exw wkh| pd| fkdqjh iru wkh vhfrqg vwhdg| vwdwh zkhuh s
� 9@ 3 dqg

}
� 9@ 3 li lw h{lvwv1 Wkh olqhdulvdwlrqv ri +46, ehfrph

�
=

sw
=
}w

�
@

5
7 �ss. � ��� $ +�} ��3

� $3,s

}�@+4 . s,5 . }�
s
s@+4 . s,

vi 3
� vi@} � !

�}+�3
� �

}
s@+4 . s,,

6
8
�

s

}

�

+8:,

dqg hydoxdwlqj wkh urrwv ri wklv pdwul{ dw wkh �uvw ru wklug vwhdg| vwdwhv ohdgv
wr qr fkdqjh lq vljq sdwwhuq1

Durxqg wkh vhfrqg vwhdg| vwdwh zkhq lw h{lvwv zh kdyh wkh Mdfreldq�
�
s
s +�

}
��3

� $3,s
}�@+4 . s,5 . }�

s
s@+4 . s, vi 3

� vi@} � !� }+�3
� �

}
s@+4 . s,,

�
+8;,

Khuh wkh wudfh lv qhjdwlyh exw wkh ghwhuplqdqw pd| frqfhlydeo| ehfrph
qhjdwlyh ohdglqj wr d vdggoh srlqw1 Dq h{dpsoh ri wkh skdvh vsdfh lv jlyhq lq
Iljxuh 47 dqg Iljxuh 48 zkhuh zh kdyh fkrvhq

� @ �
3
@+4 . s+w,, . �

4
h{s+��

5
}+w,,

wrjhwkhu zlwk wkh hduolhu vhw ri sdudphwhuv h{fhsw wkdw lq wkh �uvw gldjudp
j @ 3=58 dqg lq wkh vhfrqg gldjudp j @ 61 Zkhq j @ 3=58 wkh vwhdg| vwdwhv duh
dw +s� @ 3=69<> }� @ 3=833, dqg +s� @ 3> }� @ 3=3536,1 Wkh hljhqydoxhv duh wkhq
uhvshfwlyho| 031377/ 0315;3 iru s

� @ 3 dqg 031646/ 319;3 iru s
� 9@ 31 Zkhq j @ 6

wkhuh lv d vlqjoh vwhdg| vwdwh s
� @ 3> }� @ 58 zklfk kdv hljhqydoxhv 03137/ 031651
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Iljxuh 44= Lqglylgxdo dgdswlyh ehkdylrxu/ joredo skdvh vsdfh iru j @ 3=581

Iljxuh 45= Lqglylgxdo dgdswlyh ehkdylrxu/ joredo skdvh vsdfh iru j @ 6=31
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615 Fxuh ri wkh Glvhdvh

Uhfryhu| iurp wkh glvhdvh pd| wdnh dowhuqdwlyh irupv zkhq lw lv srvvleoh dw doo1

Iru vrph glvhdvhv/ olnh WE/ lqglylgxdov zkr uhfryhu iurp wkh glvhdvh ghyhors

lppxqlw|1 Lq wklv fdvh zh zrxog kdyh wkuhh jurxsv lq wkh srsxodwlrq= wkrvh

zkr duh khdowk| exw vxvfhswleoh wr lqihfwlrq/ wkrvh zkr duh lppxqh dqg wkrvh

zkr duh lqihfwhg1 Wkh lppxqh lqglylgxdov dqg wkh khdowk| lqglylgxdov fdq erwk

zrun1 Wkh edvlf htxdwlrqv ri wkh v|vwhp wkxv ehfrph
;AAA?
AAA=

b{w @ �{w �
�{w|w

{w.|w.uw

b|w @
�{w|w

{w.|w.uw
� $|w � �|w

bnw @ vI +nw> {w . uw, � !nw
=
uw @ �|w � �uw

+8<,

zkhuh � lv wkh uhfryhu| udwh ri wkh lqihfwhg dqg � lv wkh qhw ghdwk udwh ri wkh
uhfryhuhg lqglylgxdov1 Zh gr qrw dqdo|vh wklv fdvh khuh1 Dowhuqdwlyho| li wkh
fxuhg lqglylgxdov gr qrw ghyhors lppxqlw| wkhq wkh htxdwlrqv fdq eh zulwwhq
dv ;A?

A=

b{w @ �{w �
�{w|w
{w.|w

. �|w

b|w @
�{w|w
{w.|w

� $|w � �|w
bnw @ vI +nw> {w,� !nw

+93,

Wudqviruplqj wkh htxdwlrqv wr s dqg }

�
=

s @ +� � $ � �� �,s� �s5
=

}w @ vi+}w, � !}w � }w+�� �sw@+4 . sw, . �sw,
+94,

Wkh sxuh ghprjudsklf0hslghplrorjlfdo v|vwhp uhsuhvhqwhg e| wkh
=

s htxdwlrq
qrz kdv wkh vroxwlrq

sw @ s3@+
�

� � $ ��� �
s3 . +4�

�

� � $ ��� �
s3,h

�+��$����,w, +95,

Wkh ghvfulswlyh hfrqrplf v|vwhp vwloo kdv d vwhdg| vwdwh dw s� @ }� @ 3 dqg

dw s� @ 3> vi+}�,�!}��}�� @ 3= Krzhyhu wkh srvvlelolwlhv iru wkh wklug vwhdg|

vwdwh duh pruh frpsoh{1 Zkhuh s� 9@ 3 wkh
=

s @ 3 orfxv vroyhv ��$���� @ �s

dqg vr kdv d qhjdwlyh vorsh xqghu wkh dvvxpswlrq wkdw �3

� $3
� �3

� �3 ? 3=

Lq wklv fdvh wkh
=

} @ 3 orfxv lv txdgudwlf lq s zlwk d pd{lpxp= vi+}, � !} �

}�. s+vi+},� !} � }�. �} � �},,� �}s5 @ 31 Wklv wkhq kdv lpsolfdwlrqv iru

wkh h{lvwhqfh ri wklv vwhdg| vwdwh1 Wkh frqvhtxhqfhv rq wkh orfdo vwdelolw| ri wkh

vwhdg| vwdwhv duh yhu| vlplodu wr wkh fdvh ri dgdswlyh lqglylgxdo ehkdylrxu= li

� @ �+}, zlwk �3+}, A 3 dqg �+3, � $+3, � �+3, � �+3, A 3 wkh vwhdg| vwdwh dw

wkh ruljlq lv vwloo orfdoo| xqvwdeoh91 Wkh vwhdg| vwdwh zlwk s
�

@ 3 exw }� 9@ 3 kdv

9Dw RW ' 5W ' f wkh Mdfreldq lv

�
q 3 k3 / 3 4 f

f rs �
3 �3 k

�

5:



Iljxuh 46= Doorzlqj iru uhfryhu|/ joredo skdvh vsdfh iru j @ 3=58 dqg � @ 3=38=

d qhjdwlyh wudfh dqg dq dpeljxrxv ghwhuplqdqw dqg vr lv hlwkhu d vdggoh srlqw

ru d vwdeoh qrgh: 1 Wkh orfdo vwdelolw| ri wkh wklug vwhdg| vwdwh zkhuh lw h{lvwv

lv xqfohdu;1 Lq Iljxuh 49 dqg Iljxuh 4: iru wkh xvxdo sdudphwhu ydoxhv zkhq

j @ 3=58 wkh wklug vwhdg| vwdwh h{lvwv dqg lv d vwdeoh qrgh/ zkhuhdv iru j @ 6=3

wkh wklug vwhdg| vwdwh idlov wr h{lvw1 Lq wkh qxphulfdo h{dpsoh zkhq j @ 3=58

dqg � @ 3=38 wkh hljhqydoxhv iru wkh fdvh s
� 9@ 3/ }� 9@ 3 duh 03139:/ 0313:; dqg

zkhq s
�

@ 3/ }� 9@ 3 wkh hljhqydoxhv duh 03144</ 3134:1

616 Dowhuqdwlyh Zhoiduh Ixqfwlrqv

Rqh sureohp lv wr edodqfh wkh lqwhuhvw ri wkh fxuuhqw lqihfwhg zlwk wkrvh ri

ixwxuh dqg suhvhqw khdowk| vxvfhswleohv1 Iurp wkh ylhzsrlqw ri rxwsxw dqg frq0

vxpswlrq shu fdslwd wkh lqihfwhg duh d qhw gudlq rq wkh hfrqrp|> wkh| gr qrw

zrun exw xqghu wkh dvvxpswlrq wkdw frqvxpswlrq lv htxdoo| glvwulexwhg/ wkh|

frqvxph rxwsxw wkxv �gloxwlqj� wkh frqvxpswlrq ri wkh zrunhuv1 Wkh| dovr

lqihfw khdowk| zrunhuv wkxv uhgxflqj wkh ixwxuh oderxu irufh1 Wklv dovr udlvhv

wkh ixwxuh fdslwdo zrunhu udwlr fhwhulv sdulexv zklfk ghfuhdvhv wkh surgxfwlylw|

ri zrunhuv1 Li vrfldo zhoiduh dw rqh lqvwdqw zdv wdnhq wr ghshqg rqo| rq frq0

:Dw R
W
' fc 5

W �' f wkh Mdfreldq lv

�
q 3 k3 / 3 4 f

5q 3 45 rs � 3 �3 k3 5k�

�

;Dw RW �' fc 5W �' f wkh Mdfreldq lv

�
q 3 k3 / 3 43 2R4 Eq�

3 k�
3 /�

3 4��R3 R24�

5q*E� n R�2 3 45 rs �
3 �3 Ek3 qR*E� n R� n 4R�3 5Ek�

3 q�R*E� n R� n 4��

�
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Iljxuh 47= Doorzlqj iru uhfryhu|/ joredo skdvh vsdfh iru j @ 6=3 dqg � @ 3=38=

vxpswlrq shu fdslwd ri wkh zkroh srsxodwlrq wkhq wklv zrxog eh pd{lplvhg ryhu

wkh vwuxfwxuh ri wkh srsxodwlrq e| kdylqj }hur lqihfwhg1 Lq d vfhqdulr lq zklfk

uhvrxufhv fdq eh doorfdwhg wr dowhuqdwlyh w|shv ri khdowk fduh srolf|/ wkhuh zrxog

eh dq lqfhqwlyh wr plqlplvh uhgxfwlrqv lq wkh ghdwk udwh ri wkh lqihfwhg dqg wr

vshqg doo uhvrxufhv rq hlwkhu qhw eluwk srolf| ri wkh khdowk| ru rq suhyhqwlyh

khdowk fduh1 Zlwk uhfryhuhg lqglylgxdov lq wkh slfwxuh wklv lv qr orqjhu vr fohdu1

Wkhuh zrxog wkhq eh dq hfrqrplf ehqh�w iurp erwk wu|lqj wr udlvh wkh uhfryhu|

udwh dqg uhgxfh wkh ghdwk udwh ri wkh lqihfwhg vr wkdw wkh fkdqfh ri lqihfwhg

shrsoh uhfryhulqj dqg wkhq ehfrplqj surgxfwlyh zrunhuv lv lqfuhdvhg1

Dq reylrxv dowhuqdwlyh zhoiduh ixqfwlrq lv
U
x+f@+4 . s,> s,gw zlwk x+=> =,

ghfuhdvlqj lq lwv vhfrqg dujxphqw1 Wklv jlyhv vrph pdujlqdo gl�huhqfhv lq wkh

rswlpdo srolf|1 Wkh Kdplowrqldq ehfrphv

K @ x+f@+4 . s,> s, . �4+i+},� !} � }+�� �
s

4 . s
,� f, . �5+� ��� $,s

+96,

Wkh htxdwlrq iru wkh rswlpdo frqwuro lv xqfkdqjhg=

x4 @ �4+4 . s, +97,

Wkh htxdwlrqv ri prwlrq iru wkh frvwdwh yduldeohv duh
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Jlyhq wkdw x5+=>3, @ 3 wkhuh duh dw ohdvw wzr vwhdg| vwdwhv> rqh dw s� @ 3
dqg zlwk
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dqg dq| rwkhuv ehlqj vroxwlrqv ri

� ��� $ @ 3 +:4,
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� �3s�@+4 . s�,,` +:8,
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5
s�+�3

��3
� $3, @ 3

Khuh }� lv vhw e| +:4,1 Li zh lqyhuw +:5, wr jhw f @ x
�4

4
+�4+4 . s,, dqg

holplqdwh f/ wkhq lw lv txlwh srvvleoh wkdw +:6, dqg +:7, kdyh pxowlsoh vroxwlrqv
iru ��

4
dqg s�1 Iru dq| ri wkhvh ydoxhv iru ��

4
dqg s�/ ��

5
lv vhw e| +:8,1 Wkxv

zh pd| kdyh pruh wkdq wzr vwhdg| vwdwhv1 E| frqwudvw/ olqhdulvlqj wkh g|qdplf
htxdwlrqv durxqg wkh vwhdg| vwdwhv wkh rqo| fkdqjh lq wkh Mdfreldqv ri +78, dqg

+79, lv lq wkh �uvw hohphqw ri wkh odvw urz zklfk ehfrphv d74 @
�+x4f,
�s

4
+4.s,5 �

5x4f
+4.s,6 .

5�4}�
+4.s,6 �x55= Wkh irxu glphqvlrqdo vdggohsrlqw vwuxfwxuh ri wkh vwhdg|

vwdwhv lv lqghshqghqw ri wkh surshuwlhv ri wkh d74 whup dqg vr lv suhvhuyhg1 Wkh

frqglwlrqv iru frqfdylw| ri wkh pd{lplvhg Kdplowrqldq lq wkh vwdwh yduldeohv

dowhu=

C5K�@Cs5 @ �5�4�@+4 . s,6 � x55 ? 3 li x55 A 3 +:9,

Vlploduo|
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C5K�@CsC} @ �4�
3

@+4 . s,5 A 3 +::,

Vr orqj dv

C5K�@C}5 @ �5+�
33
��33

� $33,s . �4+i
33
� 5+�3

� �3
s

4 . s
, � }+�33

� �33
s

4 . s
,, ? 3

+:;,

xqghu vxlwdeoh frqglwlrqv rq wkh vhfrqg ghulydwlyhv ri wkh ghprjudsklf0hslghplrorjlfdo
sdudphwhuv1

7 Frqfoxvlrqv

Zh xvh wkh Pd| dqg Dqghuvrq +4<;<, yhuvlrq ri wkh Orwnd0Yrowhuud htxdwlrqv wr
prgho wkh lqwhudfwlrq ehwzhhq khdowk| dqg lqihfwhg lqglylgxdov dqg wkhq hpehg
wkdw surfhvv lq dq dffxpxodwlrq prgho ri surgxfwlyh fdslwdo1

Wkhuh lv d wzr zd| lqwhudfwlrq ehwzhhq wkh srsxodwlrq vwuxfwxuh dqg wkh
hfrqrp|1 Lqihfwhg lqglylgxdov duh xqsurgxfwlyh dqg fdqqrw zrun/ wkh kljkhu
wkh vwdwh ri hfrqrplf ghyhorsphqw/ wkh orzhu lv wkh lqihfwlrq udwh dqg wkh ghdwk
udwhv ri erwk wkh khdowk| dqg wkh lqihfwhg1 Wdnhq rq lwv rzq wkh srsxodwlrq
vwuxfwxuh kdv qr vwhdg| vwdwh +rwkhu wkdq h{wlqfwlrq zkhq sdudphwhuv kdyh wkh
dssursuldwh pdjqlwxgh,1 Li wkhuh lv dq h{rjhqrxv vdylqjv uxoh ghwhuplqlqj wkh
udwh ri dffxpxodwlrq/ zh �qg wkdw zlwk erwk w|shv ri fdslwdo vwrfn/ wkhuh lv d
vwhdg| vwdwh lq zklfk wkh glvhdvh lv hudglfdwhg dqg wkh fdslwdo0khdowk| oderxu
udwlr lv frqvwdqw1 Krzhyhu/ li wkh ohyho ri hfrqrplf ghyhorsphqw uhtxluhg wr
nhhs wkh suhydohqfh ri wkh glvhdvh frqvwdqw lv kljk uhodwlyh wr wkh surgxfwlylw|
ri whfkqrorj| dqg wkh vdylqjv udwh/ wkhq wkhuh lv dovr d vwhdg| vwdwh lq zklfk
suhydohqfh ri wkh glvhdvh lv frqvwdqw dw d srvlwlyh ohyho ri wkh glvhdvh1 Zkhq
wklv vwhdg| vwdwh h{lvwv lw lv joredoo| vwdeoh dqg wkh glvhdvh lv qrw hudglfdwhg
e| hfrqrplf h�hfwv lq wkh orqj uxq1 Krzhyhu/ li wkh vdylqjv udwh lv kljk ru wkh
whfkqrorj| vx!flhqwo| surgxfwlyh iru wklv vwhdg| vwdwh wr idlo wr h{lvw/ wkhq wkh
hfrqrp| frqyhujhv wr wkh vwhdg| vwdwh lq zklfk wkh glvhdvh lv holplqdwhg dqg wkh
fdslwdo0khdowk| oderxu udwlr lv frqvwdqw1 Lq dq| fdvh wkh frqyhujhqfh wr d orqj
uxq htxloleulxp lv jhqhudoo| rvfloodwru|1 H{wlqfwlrq ri wkh srsxodwlrq dqg d }hur
ohyho ri fdslwdo vwrfn lv dovr d vwhdg| vwdwh exw lw lv xqvwdeoh1 Zh looxvwudwh wkhvh
txdolwdwlyh uhvxowv zlwk h{dpsohv ri qxphulfdo lqwhjudwlrq xvlqj d Free0Grxjodv
surgxfwlrq ixqfwlrq dqg *sodxvleoh* ixqfwlrqv iru wkh zd| lq zklfk hfrqrplf gh0
yhorsphqw lpsdfwv rq wkh ghprjudsklf0hslghplrorjlfdo sdudphwhuv1 Wkh txdo0
lwdwlyh uhvxowv duh frqvlvwhqw zlwk eurdg klvwrulfdo revhuydwlrq wkdw frqwuro ri
pdmru lqihfwlrxv glvhdvhv kdv frph sdul sdvvx zlwk hfrqrplf ghyhorsphqw1

Zh dovr h{dplqh wkh vlwxdwlrq lq zklfk d fhqwudo sodqqhu fdq ghwhuplqh wkh
surfhvv ri dffxpxodwlrq dqg grhv vr lq rughu wr rswlplvh d phdvxuh ri lqwhuwhp0
srudo zhoiduh1 Zkhq srsxodwlrq lv fkdqjlqj lw lv qrw hdv| wr vhh krz wkh odwwhu
vkrxog eh gh�qhg> zh wdnh lw wr eh d wlph dgglwlyh ixqfwlrq ri wkh ohyho ri ryhudoo
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shu fdslwd frqvxpswlrq ri wkrvh dolyh dqg ri wkh udwh ri fkdqjh ri suhydohqfh1
Lq qrupdwlyh whupv suhydohqfh kdv dq dpeljxrxv h�hfw= rq wkh rqh kdqg kljkhu
suhydohqfh orzhuv lqvwdqwdqhrxv shu fdslwd frqvxpswlrq> rq wkh rwkhu kdqg lw
pdnhv wkh h{lvwlqj fdslwdo vwrfn jr ixuwkhu zkhq vkduhg ehwzhhq wkh orzhu qxp0
ehu ri khdowk| zrunhuv zklfk lpsdfwv rq wkh ixwxuh lqihfwlrq udwh dqg ghdwk udwhv
e| udlvlqj hfrqrplf ghyhorsphqw1 Zh �qg wkdw wkh fhqwudoo| sodqqhg v|vwhp
kdv wzr vwhdg| vwdwhv= rqh ri wkhp lv orfdoo| d 70G vdggoh srlqw lq zklfk wkh
glvhdvh lv hudglfdwhg> wkh rwkhu kdv d srvlwlyh suhydohqfh ri wkh glvhdvh dqg d
ulfkhu ydulhw| ri srvvleoh orfdo g|qdplf sdwwhuqv ghshqglqj rq sdudphwhu ydoxhv1
Zlwk irxu qrqolqhdu gl�huhqwldo htxdwlrqv dqg wzr vwhdg| vwdwhv lw lv gl!fxow wr
jhw ixuwkhu txdolwdwlyh lqirupdwlrq rq wkh v|vwhp> vr zh h{sorlw d whfkqltxh ri
qxphulfdoo| lqwhjudwlqj durxqg d frqwrxu ri wkh pd{lplvhg Kdplowrqldq zklfk
doorzv xv wr holplqdwh rqh glphqvlrq dqg wr sorw wkuhh glphqvlrqdo skdvh vsdfhv1

Ydulrxv h{whqvlrqv duh frqvlghuhg= wr doorz iru uhfryhu| iurp wkh glvhdvh>
wr wu| wr dqdo|vh vhqvlwlylw| ri wkh sodqqhg hfrqrp| uhvxowv wr wkh irup ri lq0
whuwhpsrudo zhoiduh ixqfwlrq dqg wr frqvlghu suhydohqfh khdowk dfwlrq1 Jhqhudoo|
wkhvh h{whqvlrqv gr qrw fkdqjh wkh edvlf irup ri wkh g|qdplfv ri wkh v|vwhp
exw wkh| lqglfdwh wkdw dq lpsruwdqw rxwvwdqglqj uhvhdufk txhvwlrq lv wr uhodwh
wkh djjuhjdwh pdfur ylhz ri wkh v|vwhp wkdw lv xvhg khuh wr pruh h{solflw plfur
xqghuslqqlqjv1
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D Dsshqgl{ 4

D14 Wkh Mdfreldq iru wkh fhqwudoo| sodqqhg surgxfwlyh

prgho

Olqhdulvlqj wkh g|qdplf htxdwlrqv +55,/ +58, dqg +59, jlyhv d Mdfreldq ri
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Durxqg wkh vwhdg| vwdwh zlwk s
� 9@ 3 wkh Mdfreldq pdwul{ ehfrphv
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D15 Vx!flhqf| ri wkh qhfhvvdu| frqglwlrqv iru rswlpdolw|

zlwk h{rjhqrxv jurzwk lq suhydohqfh
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Uhihuhqfhv

^4` Doyl/ D1 U1 hw do1 +4<<;,1 �Suhydohqfh ri sxoprqdu| wxehufxorvlv rq wkh urri
ri wkh zruog�/ Lqwhuqdwlrqdo Mrxuqdo ri Wxehufxorvlv dqg Oxqj Glvhdvhv/ 5
+44,/ <3<0<461

^5` Eduwho/ D1 dqg Wdxepdq/ S1 +4<:<,1 �Khdowk dqg oderu pdunhw vxffhvv= Wkh
uroh ri ydulrxv glvhdvhv�/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 94/ 40;1

^6` Fkldqj/ D1 +4<<5,1 Hohphqwv ri G|qdplf Rswlpl}dwlrq/ PFJudz0Kloo/ Qhz
\run1

^7` Gdqnrzlf}/ K1 +4<<:,1 Fkdrwlf G|qdplfv lq Kdplowrqldq V|vwhpv/ Zruog
Vflhqwl�f/ Vlqjdsruh1

^8` Gdvjxswd/ S1 +4<9<,1 �Rq wkh frqfhsw ri rswlpdo srsxodwlrq�/ Uhylhz ri

Hfrqrplf Vwxglhv/ 69/ 6/ 5<8064;1

^9` Gdvjxswd/ S1 +4<:7,1 �Vrph dowhuqdwlyh fulwhuld iru mxvwlfh ehwzhhq jhqhu0
dwlrqv�/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 6/ 73807571

^:` Gh Frfn/ N1 P1 dqg Fkdlvvrq/ U1 H1 +4<<<,1 �Zloo GRWV gr lwB D uhds0
sudlvdo ri wxehufxorvlv frqwuro lq frxqwulhv zlwk kljk udwhv ri KLY lqihfwlrq�/
Lqwhuqdwlrqdo Mrxuqdo ri Wxehufxorvlv dqg Oxqj Glvhdvhv/ 6 +9,/ 78:07981

^;` Hwwqhu/ V1 O1 +4<<9,1 �Qhz hylghqfh rq wkh uhodwlrqvkls ehwzhhq lqfrph
dqg khdowk�/ Mrxuqdo ri Khdowk Hfrqrplfv/ 48/ 9:0;81

^<` Jurxw/ S1 D1 +4<;5,1 �Zhoiduh Hfrqrplfv ri Ghflvlrq Pdnlqj zlwk Fkdqjlqj
Suhihuhqfhv�/ Uhylhz ri Hfrqrplf Vwxglhv/ 7</ ;60<31

^43` Nlphuolqj/ P1 H1 hw do1 +4<<<,1 �Lqdghtxdf| ri wkh fxuuhqw ZKR uh0
wuhdwphqw uhjlphq lq d fhqwudo Vlehuldq sulvrq= wuhdwphqw idloxuh dqgPGU0
WE�/ Lqwhuqdwlrqdo Mrxuqdo ri Wxehufxorvlv dqg Oxqj Glvhdvhv/ 6 +8,/ 7840
7861

^44` Ohh/ O1 I1 +4<;5,1 �Khdowk dqg zdjh= d vlpxowdqhrxv htxdwlrqv prgho zlwk
pxowlsoh glvfuhwh lqglfdwruv�/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 56/ 4<505551

^45` Ohrqdug/ G1 +4<;4,1 �Wkh vljqv ri wkh Frvwdwh Yduldeohv dqg Vx!flhqf|
Frqglwlrqv lq d Fodvv ri Rswlpdo Frqwuro Sureohpv�/ Hfrqrplf Ohwwhuv/ ;/
65406581

^46` Ohrqdug/ G1 dqg Orqj/ Q1 Y1 +4<<5,1 Rswlpdo Frqwuro Wkhru| dqg Vwdwlf
Rswlpl}dwlrq lq Hfrqrplfv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

^47` Oxiw/ K1 V1 +4<:8,1 �Wkh lpsdfw ri srru khdowk rq hduqlqjv�/ Uhylhz ri
Hfrqrplfv dqg Vwdwlvwlfv/ 8:/ 7608:1

^48` Pdqjdudvldq/ R1 O1 +4<99,1 �Vx!flhqw frqglwlrqv iru wkh Rswlpdo Frqwuro
ri Qrqolqhdu V|vwhpv�/ Mrxuqdo ri VLDP Frqwuro/ 7/ 46<04851
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^49` Pd|/ U1 P1 dqg Dqghuvrq/ U1 P1 +4<;<,1 �Wkh Wudqvplvvlrq G|qdplfv ri
Kxpdq Lppxqrgh�flhqf| Yluxv�/ lq V1 D1 Ohylq/ W1 J1 Kdoodp dqg O1 M1
Jurvv/ Hgv1/ Dssolhg Pdwkhpdwlfdo Hfrorj|/ Vsulqjhu0Yhuodj/ Ehuolq1

^4:` Phdgh/ M1 H1 +4<88,1 Wudgh dqg Zhoiduh/ R{irug Xqlyhuvlw| Suhvv/ R{irug1

^4;` Qhwwr/ H1 P1 hw do1 +4<<<,1 �Surjuhvv lq joredo wxehufxorvlv frqwuro 4<<80
4<<9/ zlwk hpskdvlv rq 55 kljk0lqflghqfh frxqwulhv�/ Lqwhuqdwlrqdo Mrxuqdo
ri Wxehufxorvlv dqg Oxqj Glvhdvhv/ 6 +7,/ 64306531

^4<` Udzov/ M1 +4<:5,1 D wkhru| ri mxvwlfh/ R{irug Xqlyhuvlw| Suhvv/ R{irug1

^53` Zdwwv/ V1 +4<<:,1 Glvhdvh/ Srzhu dqg Lpshuldolvp/ \doh Xqlyhuvlw| Suhvv/
Qhz Kdyhq dqg Orqgrq1

^54` ZKR/ +4<<9,1 KLY2DLGV= wkh joredo hslghplf1

^55` ZKR/ +4<<:,1 Wxehufxorvlv dqg DLGV1

^56` ZKR/ +5333,1 Wkh Zruog Khdowk Uhsruw 5333/ Khdowk V|vwhpv= Lpsurylqj
Shuirupdqfh1

^57` \ddul/ P1 H1 +4<;4,1 �Udzov/ Hgjhzruwk/ Vkdsoh|/ Qdvk 0 Wkhrulhv ri glv0
wulexwlyh mxvwlfh uhh{dplqhg�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 57/ 4/ 406<1
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