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� W?|hL_�U|�L?

Ordq frqwudfwv duh jhqhudoo| vljqhg lq dgydqfh ri nqrzohgjh ri wkh lqfrph ru zhdowk ri wkh

eruurzhu dw wkh wlph wkdw uhsd|phqw idoov gxh1 Zkhq wkh ordq lv iru surgxfwlyh lqyhvwphqw dqg

lv pdgh ehwzhhq ulvn qhxwudo sduwlhv/ d ydu|lqj ordq vl}h dowhuv wkh glvwulexwlrq ri uhwxuqv wr wkh

eruurzhu lq gl�huhqw vwdwhv1 Wkh �uvw ehvw ordq vl}h zloo wkhq eh vhw vr dv wr htxdwh wkh h{shfwhg

pdujlqdo surgxfw ri wkh ordq wr wkh vdih lqwhuhvw udwh1 Li wkhuh lv vx�flhqw lqfrph wr wkh eruurzhu

lq doo vwdwhv wr uhsd| wkh idlu uhwxuq +wkh htxlydohqw uhwxuq wr lqyhvwlqj dw wkh vdih lqwhuhvw udwh,

wkhq wkh frqwudfw fdq vwlsxodwh wkdw wkh eruurzhu vkrxog uhsd| wklv frqvwdqw dprxqw lq doo vwdwhv

ri wkh zruog1 Dowhuqdwlyho| li wkh eruurzhu kdv lqvx�flhqw uhvrxufhv lq vrph vwdwhv wr uhsd| wklv

dprxqw/ wkh frqwudfw fdq doorz wkh uhsd|phqwv ri wkh eruurzhu wr ydu| e| vwdwh vr orqj dv wkh

uhdolvhg lqfrph2zhdowk ri wkh ghewru dw uhsd|phqw wlph lv frpprqo| revhuyhg e| erwk ohqghu dqg

eruurzhu dqg wkh uhsd|phqwv fdq eh hqirufhg1 Krzhyhu li hlwkhu wkh uhdolvhg ghewru lqfrph lv

sulydwh lqirupdwlrq wr wkh ghewru> ru li wkh vwdwh ghshqghqw uhsd|phqwv fdqqrw eh hqirufhg/ wkhq

wkh eruurzhu kdv dq lqfhqwlyh wr fkhdw rq uhsd|phqwv/ ghfodulqj d orz lqfrph vwdwh dqg vr pdnlqj

d orz uhsd|phqw zkhq lq idfw klv uhdolvhg lqfrph lv kljk1 Wkh frqwudfw wkhq kdv wr lqfrusrudwh wkh

fruuhfw lqfhqwlyhv iru eruurzhu uhyhodwlrq1 Wkh frvwo| vwdwh yhul�fdwlrq olwhudwxuh +Wrzqvhqg/ 4<:</

4<;;> Jdoh0Khoozlj/ 4<;8/ 4<;<> Prrnkhumhh dqg Sqj/ 4<;<, doorzv iru wkh ohqghu wr sd| d frvw wr

glvfryhu wkh wuxh uhdolvhg lqfrph ri wkh ghewru dqg �qgv wkdw hlwkhu wkh vwdqgdug ghew frqwudfw

ru d udqgrp prqlwrulqj frqwudfw lv rswlpdo ghshqglqj rq wkh lqvwuxphqwv dydlodeoh1 Krzhyhu/ dv

vhyhudo zulwhuv kdyh srlqwhg rxw +Prruh/ 4<<8> Nkdolo/ 4<<;> Fkrh/ 4<<;,/ wkhvh frqwudfwv kdyh

frpplwphqw sureohpv lq d rqh vkrw vfhqdulr= wkh frqwudfw lpsrvhv wuxwkwhoolqj rq wkh ghewru

wkurxjk sxqlvkphqwv e| wkh ohqghu iroorzlqj d frvwo| yhul�fdwlrq e| wkh ohqghu1 Exw li wkh ohqghu

nqrzv wkhuh lv wuxwkixo uhsruwlqj wkhuh lv qr lqfhqwlyh iru wkh ohqghu wr lqfxu wkh yhul�fdwlrq frvwv1

Mrvw+4<<9, ryhufrphv wklv e| lpsrvlqj vhtxhqwldo udwlrqdolw| lq wkh lqlwldo frqwudfw wkdw wkh

sulqflsdo zulwhv lq wkh frqwh{w ri wkh vwdqgdug sulqflsdo0djhqw prgho zkhuh wkh sulqflsdo sd|v
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wkh djhqw iru dq h�ruw1 Vhtxhqwldo udwlrqdolw| uhtxluhv wkdw wkh sulqflsdo vkrxog eh lqgl�huhqw

ehwzhhq prqlwrulqj dqg qrw prqlwrulqj wkh djhqw iroorzlqj wkh djhqwv uhsruw dqg dggv wklv dv d

frqvwudlqw rq wkh h{dqwh frqwudfw Vlqfh prqlwrulqj lqyroyhv wkh vwdwh yhul�fdwlrq frvw lw phdqv

wkdw wkh sulqflsdo sd|v wkh djhqw pruh zkhq wkh djhqw lv qrw prqlwruhg wkdq zkhq kh lv prqlwruhg1

Iurp wklv Mrvw ghgxfhv wkdw dv wkh vwdwh yhul�fdwlrq frvw ulvhv/ wkh rswlpdo ghjuhh ri prqlwrulqj

ulvhv dqg wkh vsuhdg ri uhsd|phqwv wr wkh djhqw ehwzhhq wkh qrw prqlwruhg dqg prqlwruhg fdvhv

ulvhv1 Ixghqehuj dqg Wluroh+4<<3, vkrz wkdw lpsrvlqj wkh vhtxhqwldo udwlrqdolw| +ru uhqhjrwldwlrq

surriqhvv frqglwlrq, wr wkh h{dqwh frqwudfw lv htxlydohqw wr uhqhjrwldwlqj wkh frqwudfw1

Nkdolo dqg Sduljl +4<<; 0 khuhdiwhu NS, frqvlghu d ordq frqwudfw ehwzhhq wzr sduwlhv> wkh

frqwudfw vshfl�hv wkh ordq vl}h dqg wkh uhsd|phqwv wkdw vkrxog eh pdgh lq ydulrxv vwdwhv dw

wkh gdwh ri uhsd|phqw1 D vwdwh lv gh�qhg e| wkh eruurzhuv wuxh lqfrph dw uhsd|phqw +zklfk lv

sulydwho| revhuyhg e| wkh eruurzhu, dqg e| wkh uhvxowv ri d frvwo| dxglw wkdw wkh ohqghu fdq fkrrvh

wr pdnh1 Erwk sduwlhv wr wkh frqwudfw duh ulvn qhxwudo dqg wkuhh vfhqdulrv duh glvfxvvhg=

+l, �uvw ehvw zkhuh wkh eruurzhuv wuxh lqfrph vwdwh dw wkh uhsd|phqw gdwh lv frpprq lqiru0

pdwlrq>

+ll, d frpplwphqw frqwudfw zkhuh wkh ohqghu fdq suhfrpplw wr fduu| rxw dq dxglwlqj vwudwhj|

dw uhsd|phqw>

+lll, d qr frpplwphqw frqwudfw zkhuh dw wkh uhsd|phqw gdwh fkhdwlqj rq wkh wuxh vwdwh e| wkh

eruurzhu dqg dxglwlqj e| wkh ohqghu duh ghwhuplqhg dv d Qdvk htxloleulxp frqglwlrqdo rq wkh frq0

wudfw1 NS rqo| frqvlghu Qdvk htxloleuld lq zklfk wkh suredelolwlhv ri dxglw dqg ri fkhdwlqj duh hdfk

vwulfwo| ehwzhhq }hur dqg rqh1 Lq frqwudvw wr Mrvw zkhuh lw dv li wkh ohqghu lv dfwlqj dv d Vwdfnohehuj

ohdghu lq zulwlqj wkh frqwudfw/ NS ghwhuplqh prqlwrulqj dqg fkhdwlqj qrqfrrshudwlyho|1

Dw wkh uhsd|phqw vwdjh eruurzhu lqfrph fdq kdyh wzr ydoxhv |K A |O zkhuh |v @ |v+E,

zlwk |
3

v
+E, A 3> v @ K>O> |

33

v
+E, ? 3 dqg E A 3 lv wkh dprxqw ri wkh ordq1 Dw wklv vwdjh wkh

eruurzhu pdnhv dq lqfrph uhsruw wr wkh ohqghu> li wklv lv K wkh uhsd|phqw UK lv pdgh> li lw lv

O wkhq wkh ohqghu fdq fkrrvh zkhwkhu ru qrw wr dxglw wkh eruurzhu wr glvfryhu klv wuxh vwdwh dw
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d �{hg frvw ri ! A 3= Li qr dxglw lv shuiruphg wkh uhsd|phqw lv UO> li dq dxglw lv shuiruphg exw

wkh eruurzhu*v uhsruw lv glvfryhuhg wr eh wuxwkixo d uhsd|phqw ri UOO lv pdgh dqg �qdoo| li dq

dxglw lv shuiruphg dqg wkh eruurzhu lv irxqg wr kdyh fkhdwhg d uhsd|phqw ri UKO lv pdgh1 Wkh

frqwudfw vhwv Uv dqg E> jlyhq wkhvh/ wkh uhsruw wkh eruurzhu pdnhv dqg wkh ghflvlrq wr dxglw ru

qrw duh ghwhuplqhg wr hqvxuh wuxwkwhoolqj lq wkh frpplwphqw frqwudfw dqg dv d Qdvk htxloleulxp

lq wkh qr frpplwphqw frqwudfw1 NS*v dvvxpswlrqv rq uhyhqxhv lpso| wkdw lw lv qrw srvvleoh wr

dyrlg wkh lqfhqwlyh sureohpv frpsohwho| e| vhwwlqj Uv @ U iru doo v vlqfh wkh| dvvxph wkdw iru doo

E> |O+E, ? +4 . u,E= Wkhlu ixoo vhw ri dvvxpswlrqv rq whfkqrorj| duh=

|O+E, ? +4 . u,E ? |K +E, ;E +4,

|
3

O
+E, ? +4 . u, ? |

3

K
+E, ;E +5,

s|K +E, . +4� s,|O+E,� +4 . u,E � ! A 3 +6,

zkhuh s lv wkh suredelolw| ri rffxuuhqfh ri wkh kljk vwdwh1

Wkh �uvw ehvw E lv ghwhuplqhg wr pd{lplvh H|v+E, � +4 . u,E> vlqfh lqyhvwphqw pxvw eh

pdgh sulru wr wkh vwdwh uhdolvdwlrq wkhuh lv vwloo xqfhuwdlqw| exw wkhuh lv v|pphwulf lqirupdwlrq

dw hdfk vwdjh ehwzhhq wkh wzr sduwlhv1 Qrz li |O+E4, � +4 . u,E4 zkhuh E4 lv wkh �uvw ehvw

ohyho ri lqyhvwphqw/ wkhq wkh eruurzhu kdv vx�flhqw uhvrxufhv wr uhsd| wkh ghew hyhq lq wkh orz

vwdwh1 Khqfh vhwwlqj Uv @ +4. u,E iru doo v uhpryhv dq| lqfhqwlyh wr fkhdw dqg wkh �uvw ehvw fdq

eh lpsohphqwhg wkurxjk d vlqjoh uhsd|phqw frqwudfw wkdw lv lqghshqghqw ri vwdwh1 Dvvxpswlrq

+4, lpsolhv wkdw wkh �uvw ehvw lv xqdwwdlqdeoh dqg vwdwh frqwlqjhqw uhsd|phqwv zlwk UO> UOO �

UK > UKO kdyh wr eh vxlwdeo| fkrvhq wr frxqwhudfw wkh lqfhqwlyh sureohp=

NS vkrz wkdw wkh frpplwphqw frqwudfw vdwlv�hv=

+l, UOO @ UO @ |O

+ll, UKO @ |K

+lll, |O ? UK ? |K
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+ly, wkhuh lv xqghueruurzlqj frpsduhg zlwk wkh �uvw ehvw1

Xqghu wkh dvvxpswlrq wkdw s|K . +4 � s,|O � E � ! A 3 wkh| dovr vkrz wkdw wkh frqwudfw

zlwkrxw frpplwphqw kdv=

+l, UOO @ UO @ |O

+ll, UKO @ |K

+lll, UK ? |K

+ly, wkhuh lv pruh dxglwlqj wkdq xqghu frpplwphqw>

+ly, wkhuh lv xqghueruurzlqj frpsduhg zlwk wkh �uvw ehvw exw ryhueruurzlqj frpsduhg zlwk

wkh frpplwphqw fdvh1

Lq wklv sdshu zh h{dplqh vrph ri NS*v qr frpplwphqw uhvxowv1 Sduwo| lq wkh lqwhuhvw ri fodulw|

ri h{srvlwlrq zh glylgh wklv lqwr wzr vwdjhv> �uvw wdnlqj wkh fdvh zkhuh wkh ohyho ri lqyhvwphqw E lv

�{hg h{rjhqrxvo|1 Zklovw wklv lv pdlqo| d shgdjrjlfdo ghylfh wr kljkoljkw lqfhqwlyh h�hfwv/ lw dovr

kdv vrph lqwhuhvw lq lwv rzq uljkw dv ghvfulelqj wkh fdvh lq zklfk wkh lqyhvwphqw kdv wkh irup ri d

vhw0xs frvw ru dq dffhvv2hqwu| frvw wr wkh whfkqrorj|1 Wr hqvxuh wkdw wkh �uvw ehvw lv xqdwwdlqdeoh

zkhq E lv �{hg dprxqwv wr dvvxplqj wkdw |O ? +4 . u,E= Lq wklv vfhqdulr zh vkrz wkdw wkh

rswlpdo uhsd|phqwv pd| qrw lqyroyh d vxevhtxhqw lqwhulru pl{hg vwudwhj| Qdvk htxloleulxp ri wkh

uhsruwlqj2dxglwlqj jdph/ exw/ lqvwhdg/ d srvlwlyh suredelolw| ri dxglwlqj zlwk wuxwkwhoolqj> dqg

zh lghqwli| wkh frqglwlrqv iru wklv wr eh wuxh1 Zkhq E lv �{hg zh kdyh wzr srvvleoh irupv iru

wkh rswlpdo vwdwh frqwlqjhqw sdwwhuq ri uhsd|phqwv dqg iru wkh w|sh ri htxloleulxp zklfk zloo eh

hvwdeolvkhg lq wkh dxglwlqj2uhsruwlqj jdph1

Zkhq E lv yduldeoh zh xvh voljkwo| pruh jhqhudo dvvxpswlrqv rq wkh uhyhqxh ixqfwlrqv wkdq

NS/ zklfk phdq wkdw wkh �uvw ehvw lqyhvwphqw ohyho E4 lv lqihdvleoh ehfdxvh |O+E4, ? +4 . u,E4>

exw qhyhuwkhohvv d vlqjoh uhsd|phqw frqwudfw lv d srvvlelolw| ehfdxvh wkhuh lv d udqjh ri ydoxhv ri

E iru zklfk |O+E, A +4 . u,E1 Rxu ixoo vhw ri whfkqrorjlfdo dvvxpswlrqv duh=

|K+E, A |O+E,> |
3

K
+E, A |

3

O
+E, � 3> |

33

K
+E, ? |

33

O
+E, ? 3>;E +7,
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|O+E4, ? +4 . u,E4 zkhuh s|
3

K
+E4, . +4� s,|

3

O
+E4, @ 4 . u +8,

s|K+E4, . +4� s,|O+E4, � +4 . u,E4 � ! A 3 +9,

|v+3, @ 3> |
3

v
+3, A 4 . u> olp

E$4

|
3

v
+E, ? 4 . u +:,

Khuh zh �qg wkdw wkhuh duh wkuhh hvvhqwldo frqwudfw irupv/ hdfk fruuhvsrqglqj wr d gl�huhqw vruw

ri htxloleulxp ri wkh dxglw2uhsruwlqj jdph= wkh vlqjoh uhsd|phqw +VU, frqwudfw/ zkhuh Uv lv vwdwh

lqghshqghqw dqg E lv uhgxfhg vx�flhqwo| wr hqvxuh wkdw wkh eruurzhu fdq d�rug wkh uhsd|phqw

lq wkh edg vwdwh> wkh lqwhulru pl{hg vwudwhj| +NS, frqwudfw/ lq zklfk wkhuh lv vrph fkhdwlqj dqg

vrph frvwo| prqlwrulqj> dqg zkdw zh fdoo d k|eulg frqwudfw +K, lq zklfk wkhuh lv wuxwkwhoolqj/

vwdwh frqwlqjhqw uhsd|phqwv dqg vrph frvwo| prqlwrulqj1 Zh �qg vx�flhqw frqglwlrqv rq wkh

whfkqrorj| dqg revhuydwlrq frvw iru hdfk ri wkhvh irupv wr eh wkh rswlpdo frqwudfw1

Rxu uhvxowv lq wkh �{hg E fdvh lqglfdwh wkdw iru uhodwlyho| kljk ydoxhv ri E> wkh K frqwudfw

lv rswlpdo> iru orzhu ydoxhv ri E wkh NS frqwudfw lv rswlpdo1 Zkhq E lv yduldeoh/ iru gl�huhqw

frq�jxudwlrqv ri wkh whfkqrorjlfdo dqg revhuydwlrq frvw sdudphwhuv/ wkh rswlpdo frqwudfw pd|

kdyh dq| ri wkh irupv= VU/ NS/ K1 Zh �qg wkdw zkhuh wkh revhuydwlrq frvw lv lqghshqghqw ri E>

dv wklv revhuydwlrq frvw lqfuhdvhv wkh rswlpdo frqwudfw vzlwfkhv iurp NS wr K dqg wkhq wr VU1 Dv

wkh revhuydwlrq frvw lqfuhdvhv wkhuh duh wzr h�hfwv= �uvwo| lq uhjlrqv zkhuh NS lv wkh rswlpdo irup

ri frqwudfw wkh rswlpdo lqyhvwphqw ohyho idoov/ wkh dprxqw ri fkhdwlqj e| wkh eruurzhu ulvhv dqg

wkh dprxqw ri prqlwrulqj ulvhv dv zhoo> zkloh lq uhjlrqv zkhuh K lv rswlpdo wkh ohyho ri lqyhvwphqw

idoov1 Vhfrqgo| wkh frqwudfw irup lwvhoi fkdqjhv dw fulwlfdo ohyhov ri ! iurp NS wr K dqg wkhq

hyhqwxdoo| wr VU1 Wklv vzlwfk lq wkh irup ri wkh rswlpdo frqwudfw iurp NS wr K ohdgv wr d mxps

lq wkh lqyhvwphqw ohyho dv wkh revhuydwlrq frvw ulvhv1

Zh surylgh ydulrxv qxphulfdo h{dpsohv ri wkhvh h�hfwv1 Iurp wkhvh wkh grplqdqw lpsuhvvlrq lv

wkdw dv wkh revhuydwlrq frvw ulvhv/ wkh ohyho ri lqyhvwphqw pd| ulvh wr hqvxuh wkdw wkhuh duh vx�flhqw
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uhyhqxhv hvshfldoo| lq wkh kljk vwdwh ri wkh zruog erwk wr �qdqfh wkh prqlwrulqj dqg dovr wr kdyh d

odujh hqrxjk vfrsh iru sxqlvklqj wkh ghewru iru fkhdwlqj wr hqvxuh wuxwkwhoolqj1 Krzhyhu rqfh wkh

revhuydwlrq frvw kdv ehfrph uhdoo| yhu| kljk/ prqlwrulqj lv srlqwohvv dqg lqyhvwphqw lv vkduso|

uhgxfhg wr d ohyho zklfk fdq vxvwdlq d VU frqwudfw1 Wkxv lq d vrphzkdw frxqwhulqwxlwlyh zd|

wkhuh lv dq lqfuhdvlqj lqfhqwlyh iru wuxwkwhoolqj dv wkh revhuydwlrq frvw ulvhv1

2 A�i �L �L44�|4i?| �L?|h@U|G |�i 5iUL?_ �ih�L_ B@4i

Zkhwkhu E lv �{hg h{rjhqrxvo| ru ghwhuplqhg lq wkh �uvw shulrg frqwudfw lv lppdwhuldo iru wkh

vroxwlrq ri wkh vhfrqg shulrg jdph> krzhyhu lw zdv lqlwldoo| ghwhuplqhg/ e| wkh wlph shulrg 5 lv

uhdfkhg/ E lv �{hg iurp wkh sdvw1

Lq shulrg 5 wkh ghewru fkrrvhv dq lqfrph uhsruw1 Lw zloo eh fohdu wkdw wkh ghewru rqo| kdv dq

lqfhqwlyh wr xqghuuhsruw lqfrph +vlqfh UK A UO> UOO, dqg zloo dozd|v pdnh wuxwkixo uhsruwv ri

orz lqfrph1 Exw zlwk wuxh kljk lqfrph wkh ghewru pd| pdnh d idovh orz lqfrph uhsruw wr wkh

ohqghu zlwk suredelolw| o> zkloh lq shulrg 5 wkh ohqghu zloo fkrrvh wkh suredelolw| p zlwk zklfk

wr prqlwru dq| orz lqfrph uhsruw e| wkh ghewru1 Hdfk ri wkhvh ghflvlrqv duh vlpxowdqhrxv ehvw

uhvsrqvhv wr wkh rwkhu sduw|*v fkrlfh/ vr wkdw zh duh lq d vhfrqg shulrg Qdvk htxloleulxp1 Jlyhq

wklv wkh prqlwrulqj lv wkhq lpsohphqwhg= wuxwkixo uhsruwv uhvxow lq uhsd|phqwv wkdw duh vhw lq wkh

lqlwldo frqwudfw> idovh uhsruwv uhvxow lq uhsd|phqwv wkdw pd| lqfrusrudwh vrph sxqlvkphqw1 Wr

vroyh wklv jdph qrwh wkdw wkh ohqghu*v h{shfwhg sur�w lv=

H� @ s+4� o,UK . sop+UKO � !, . +4� s. so,+4�p,UO . +4� s,p+UOO � !,� +4 . u,E

+;,

Vr wkh ohqghu*v ehvw uhvsrqvh wr o lv=

p @ 3 li CH�@Cp ? 3

3 �p � 4 li CH�@Cp @ 3

p @ 4 li CH�@Cp A 3 zkhuh=

9



CH�@Cp @ so+UKO � !, . +4� s,+UOO � !,� +4� s . so,UO

Qrwh wkdw p 9@ 3 rqo| li hlwkhu UKO � ! ru UOO � !> rwkhuzlvh wkh frvwv ri prqlwrulqj fdqqrw

eh uhfrxshg1

Rq wkh rwkhu kdqg zh nqrz wkdw wkh eruurzhuv h{shfwhg xwlolw| lv=

HX @ s+4� o,+|K �UK , . sop+|K �UKO, . so+4�p,+|K �UO, +<,

. +4� s,+4�p,+|O �UO, . +4� s,p+|O �UOO,

Vr wkh eruurzhuv ehvw uhvsrqvh wr p lv=

o @ 3 li CHX@Co ? 3

3 � o � 4 li CHX@Co @ 3

o @ 4 li CHX@Co A 3

zkhuh CHX@Co @ s^UK �pUKO � +4�p,UO`

2�� ��hi 5|h@|i}) ,^��*�Mh�@

Ghshqglqj rq wkh ydoxhv ri wkh vlqjoh uhsd|phqw U wkhuh duh vhyhudo srvvlelolwlhv iru d Qdvk

htxloleulxp lq sxuh vwudwhjlhv1 Iru hdfk fdqglgdwh zh xvh wkh gh�qlwlrqv ri wkh h{shfwhg sd|r�v

wr wkh wzr sduwlhv/ wrjhwkhu zlwk wkh idfw wkdw lq dq| rswlpdo frqwudfw zulwwhq e| wkh ghewru/ wkh

uhsd|phqwv pxvw eh vhw vr wkdw wkh ohqghu jhwv }hur h{shfwhg uhwxuq +lh wkh ohqghuv sduwlflsdwlrq

frqvwudlqw dozd|v elqgv 0 li wklv zhuh qrw vr/ lw zrxog eh srvvleoh wr uhgxfh wkh uhsd|phqwv lq hdfk

vwdwh dqg pdnh wkh ghewru ehwwhu r�,/ wr ghulyh h{suhvvlrqv iru wkh pd{lpdo sd|r� ri wkh ghewru1

Zh fdq wkhq xvh wkhvh h{suhvvlrqv wr udqn wkh ydulrxv irupv ri frqwudfw0jdph rxwfrph1

+l, o @ p @ 3 Li ! �UOO .UO A 3 dqg UK ? UO wklv lv d Qdvk htxloleulxp1 Krzhyhu lw lv ri

olwwoh lqwhuhvw vlqfh lw jlyhv lqfhqwlyhv wr fkhdw lq wkh uhdolvhg orz lqfrph vwdwh1

+ll, o @ 3>p @ 4 Li ! �UOO . UO ? 3 dqg UKO A UK wklv lv d Qdvk htxloleulxp> wkh ohqghu

nqrzv wkdw wkhuh lv qr o|lqj exw fdq pdnh prqh| e| prqlwrulqj dozd|v vlqfh wkh revhuydwlrq frvw

:



lv ohvv wkdq wkh jdlq lq uhsd|phqw1 Wklv lv fohduo| yhu| lqh�flhqw> revhuydwlrq frvwv duh dozd|v

sdlg dowkrxjk wkhuh lv nqrzq wr eh qr fkhdwlqj e| wkh ohqghu1 H�hfwlyho| wkhuh duh wzr vwdwhv=

wkh kljk lqfrph uhsruw vwdwh +zklfk lv qhyhu prqlwruhg, dqg wkh orz lqfrph uhsruw vwdwh +zklfk

lv dozd|v prqlwruhg,1 Wkh h{shfwhg revhuydwlrq frvw zlwk wklv jdph rxwfrph lv +4� s,! dqg wkh

h{shfwhg uhwxuqv wr wkh wzr sduwlhv duh=

� H� @ sUK . +4� s,+UOO � !,� +4 . u,E

� HX @ H| � sUK � +4� s,UOO @ H| � +4 . u,E � +4� s,!

Qrwh wkdw li ! @ 3 wkhq wklv frqwudfw zlwk d vxevhtxhqw sxuh vwudwhj| htxloleulxp dfwxdoo|

lv lghqwlfdo wr wkh �uvw ehvw1

+lll, o @p @ 4 Wklv lv d Qdvk htxloleulxp li s+UKO�!�UO,.+4�s,+UOO�!�UO, A 3 dqg

UKO ? UK = Djdlq wklv lv yhu| lqh�flhqw= vlqfh UKO ? UK wkh ohqghu kdv dq lqfhqwlyh wr dozd|v

fkhdw> exw vlqfh revhuydwlrq frvwv duh qrw wrr kljk/ rq dyhudjh wkh ohqghu zloo jdlq e| prqlwrulqj

hyhu| orz lqfrph uhsruw1 Djdlq wkhuh duh h�hfwlyho| wzr vwdwhv lq wkh vhfrqg shulrg= wkh kljk

lqfrph vwdwh zlwk d idovh orz lqfrph uhsruw zklfk lv prqlwruhg dqg sxqlvkphqw lv sdlg dqg wkh

orz lqfrph vwdwh zklfk lv wuxwkixoo| uhsruwhg exw dozd|v prqlwruhg 1

Wkh h{shfwhg revhuydwlrq frvw lv ! dqg wkh h{shfwhg jdlqv wr wkh wzr sduwlhv duh=

� H� @ s+UKO � !, . +4� s,+UOO � !, � +4 . u,E

� HX @ H| � sUKO � +4� s,UOO @ H| � +4 . u,E � !

+ly, o @ 4>p @ 3 Wklv lv d Qdvk htxloleulxp li s+UKO�!�UO,.+4�s,+UOO�!�UO, ? 3 exw

UK A UO vr wkdw wkh eruurzhu kdv dq lqfhqwlyh wr fkhdw exw wkh ohqghu kdv qr lqfhqwlyh wr prqlwru

vlqfh ! lv wrr kljk1 Zkhqhyhu o @ 4 zh kdyh d srrolqj htxloleulxp zlwk lghqwlfdo uhsd|phqw r�huv

UO iurp erwk w|shv ri ghewru1 Li ! lv kljk hqrxjk wkh srrolqj htxloleulxp grplqdwhv wkh �uvw

sxuh vwudwhj| htxloleulxp1

;



Wkh h{shfwhg revhuydwlrq frvw lv }hur dqg wkh uhwxuqv wr wkh wzr sduwlhv duh=

� H� @ UO � +4 . u,E

� HX @ H| �UO @ H| � +4 . u,E

2�2 O)Mh�_ ,^��*�Mh�@

Wkh vhfrqg shulrg jdph pd| kdyh htxloleuld lq zklfk rqo| rqh sduw| sod|v d sxuh vwudwhj| dqg wkh

rwkhu sduw| udqgrplvhv1 Iru wkhvh htxloleuld wr eh pxwxdo ehvw uhvsrqvhv wkh udqgrplvlqj sduw|

pxvw eh lqgl�huhqw ehwzhhq gl�huhqw ydoxhv ri khu fkrlfh suredelolw| zklovw wkh ghwhuplqlvwlf sduw|

pxvw vwulfwo| suhihu wkh fruqhu1 Wkh srvvlelolwlhv duh=

+l, p @ 3>3 ? o ? 4 Wklv uhtxluhv UK @ UO dqg wkh h{shfwhg revhuydwlrq frvw lv }hur1 Wkh

h{shfwhg uhwxuqv wr wkh wzr sduwlhv +vhh dsshqgl{ D14, duh=

� H� @ s+4� o,UK . +4� s. so,UO � +4 . u,E

� HX @ H| � s+4� o,UK � +4� s. so,UO @ H| � +4 . u,E

+ll, p @ 4>3 ? o ? 4 Wklv uhtxluhv UKO @ UK dqg wkh h{shfwhg revhuydwlrq frvw lv +4�s.so,!1

Wkh h{shfwhg uhwxuqv wr wkh wzr sduwlhv duh=

� H� @ s+4� o,UK . soUKO . +4� s,UOO � +4� s. so,!� +4 . u,E

� HX @ H| � s+4� o,UK � soUKO � +4� s,UOO @ H| � +4 . u,E � +4� s. so,!

+lll, o @ 3>3 ? p ? 4 Wklv uhtxluhv +! .UO �UOO, @ 3 dqg wkh h{shfwhg revhuydwlrq frvw lv

+4� s,p!1 Wkh h{shfwhg uhwxuqv wr wkh wzr sduwlhv duh=

� H� @ sUK . +4� s,+4�p,UO . +4� s,p+UOO � !, � +4 . u,E

� HX @ H| � sUK � +4� s,+4�p,UO � +4� s,pUOO @ H| � +4 . u,E � +4� s,p!

<



+ly, o @ 4>3 ? p ? 4 Wklv uhtxluhv s+UKO�UO�!,�+4�s,+!.UO�UOO, @ 3 = Wkh h{shfwhg

revhuydwlrq frvw lv +4� s,p! dqg wkh h{shfwhg uhwxuqv wr wkh wzr sduwlhv duh=

� H� @ sp+UKO � !, . +4�p,UO . +4� s,p+UOO � !,� +4 . u,E

� HX @ H|�spUKO�s+4�p,UO� +4�s,+4�p,UO� +4�s,pUOO @ H|� +4.u,E�p!

2�� W?|ih�Lh �� i_ 5|h@|i}) ,^��*�Mh��4

D Qdvk htxloleulxp lq pl{hg vwudwhjlhv lv gh�qhg e| wkh htxloleulxp ydoxhv ri o dqg p=

o @ +4� s,+!�UOO .UO,@^s+UKO � !�UO,` +43,

p @ +UK �UO,@+UKO �UO, +44,

Iru dq lqwhulru lqwhuvhfwlrq ri wkh uhdfwlrq fxuyhv/ +43,0+44, lpso|=

UKO A UK wr jlyh p ? 4 dqg hlwkhu=

+D,= !�UOO .UO A 3 UKO � !�UO A 3 sUKO . +4� s,UOO � !�UO A 3 ru

+E,= !�UOO .UO ? 3 UKO � !�UO ? 3 sUKO . +4� s,UOO � !�UO ? 3

wr jlyh 3 � o � 4

Krzhyhu/ wr eh lq dq lqwhulru pl{hg vwudwhj| zh kdyh wr uxoh rxw hdfk ri wkh sxuh vwudwhjlhv vr

wkdw lq sduwlfxodu wr suhyhqw wkh fdvh o @ 3>p @ 4 zh pxvw eh lq +D,> !�UOO.UO A 3= Zh fdq

zulwh wkh h{shfwhg sd|r�v wr wkh wzr sduwlhv dv=

� H� @ H| � sUK � +4� s,UO � +4� s,+UOO �UO,+Uk �UO,@+UKO �UO,

� HX @ sUK . +4� s,UO �
+4�s,+!.UO�UOO,

UKO�UO�!
� +4 . u,E

2�e #L4�?@?Ui +i*@|�L?t Mi|�ii? B@4i 6Lh4t

Li E lv �{hg wkhq wkh uhyhqxhv ri hdfk vwdwh duh dovr �{hg dqg zh fdq udqn prvw ri wkh sxuh dqg

k|eulg vwudwhj| rxwfrphv1 Iluvw/ li |O � +4 . u,E wkh sxuh vwudwhj| rxwfrph o @ 4>p @ 3 lv

43



ihdvleoh dqg lqyroyhv qr lqfhqwlyh sureohpv= lw lv wkh VU frqwudfw/ zklfk jlyhv wkh �uvw ehvw dqg

grplqdwhv doo wkh rwkhuv1 Exw li |O ? +4 . u,E wkh VU frqwudfw lv lqihdvleoh1 Lq wklv fdvh wkh K

vroxwlrq zlwk p @ 3> 3 ? o ? 4 lv dovr lqihdvleoh vlqfh lw wrr lqyroyhv d vlqjoh uhsd|phqw UO ehlqj

pdgh1

Zh fdq dovr udqn wkh rwkhu dowhuqdwlyhv1 Frqvlghu wkh rswlpdo frqwudfw sureohp frqglwlrqdo

rq d sduwlfxodu irup ri rxwfrph ri wkh prqlwrulqj2fkhdwlqj jdph=

pd{
Uv>p>o

H� +45,

v=w= HX � 3

o>p frqvwudlqhg

Wkh vhfrqg frqvwudlqw ghslfwv wkh fdvh ehlqj frqvlghuhg/ h1j1 wkh vhfrqg sxuh vwudwhj| rxwfrph

o @ 3>p @ 4= Wkh �uvw frqvwudlqw zloo dozd|v elqg= zh kdyh douhdg| vhhq wkdw wklv lv vr lq wkh

sxuh vwudwhj| fdvhv1 Lw lv dovr wuxh lq wkh k|eulg fdvhv1 Khqfh wkh rswlpdo frqwudfw zlwklq dq|

fdvh frqglwlrqdo rq wkh irup ri vxevhtxhqw jdph htxloleulxp pxvw dozd|v jlyh d }hur h{shfwhg

uhwxuq wr wkh ohqghu1 Wklv phdqv zh fdq Sduhwr udqn wkh frqwudfwv e| wkh h{shfwhg eruurzhuv

sd|r�1 Zkhq E lv �{hg wklv dprxqwv wr frpsdulqj wkh h{shfwhg revhuydwlrq frvw lq wkh gl�huhqw

frqwudfwv/ zklfk jlyhv=

� wkh k|eulg fdvh o @ 3>3 ? p ? 4 grplqdwhv wkh sxuh vwudwhj| fdvh o @ 3>p @ 4 ehfdxvh lw

kdv orzhu revhuydwlrq frvw> lq wxuq wkh odwwhu grplqdwhv wkh k|eulg fdvh p @ 4>3 ? o ? 4>

� wkh k|eulg fdvh o @ 3>3 ? p ? 4 dovr grplqdwhv wkh k|eulg fdvh o @ 4> 3 ? p ? 4 iru wkh

vdph uhdvrqv>

� wkh sxuh vwudwhj| fdvh o @p @ 4 lv grplqdwhg e| o @ 3>p @ 4=

Vr zkhq E lv �{hg zlwk |O ? +4 . u,E wkhuh duh wzr srvvleoh fdqglgdwhv iru dq rswlpdo

frqwudfw0jdph irup= wkh K fdvh o @ 3> 3 ? p ? 4 dqg wkh NS fdvh1

44



Qrz vxssrvh wkdw E lv yduldeoh= xqghu rxu whfkqrorjlfdo dvvxpswlrqv +8, dqg +:, zklovw wkh

�uvw ehvw fdqqrw eh lpsohphqwhg/ qhyhuwkhohvv/ hlwkhu wkh k|eulg irup p @ 3>3 ? o ? 4 ru

wkh sxuh vwudwhj| fdvh p @ 3> o @ 4 fdq eh pdgh ihdvleoh e| uhgxflqj E wr wkh ohyho vdwlvi|lqj

|O+E, @ +4 . u,E dqg duh wkhq lqgl�huhqw wr hdfk rwkhu1

Wdnh dq| rwkhu sdlu ri k|eulg ru sxuh vwudwhj| fdvhv> dw dq| �{hg ohyho ri E zh nqrz wkh

deryh udqnlqjv krog1 Vr iru h{dpsoh HiX+E,mo @ 3>3 ? p ? 4j A HiX+E,mo @ 3>p @ 4j iru dq|

E= Ohwwlqj E34 @ dujpd{HiX+E,mo @ 3>p @ 4j> lw iroorzv wkdw=

pd{
E

HiX+E,mo @ 3> 3 ? p ? 4j � HiX+E34,mo @ 3>3 ? p ? 4j A HiX+E34,mo @ 3>p @ 4j +46,

Vr dovr lq wkh yduldeoh E fdvh lw iroorzv wkdw wkh rswlpdo frqwudfw2jdph irup pxvw eh rqh ri wkh

VU / NS ru K fdvhv zlwk o @ 3>3 ? p ? 4=

� A�i �T|�4@* �L �L44�|4i?| �L?|h@U| +iT@)4i?|t ��|�

6� i_ �

Zh vwduw zlwk wkh fdvh lq zklfk wkh vl}h ri wkh lqyhvwphqw lv h{rjhqrxvo| �{hg> wklv lv sulpdulo|

iru suhvhqwdwlrq uhdvrqv vr wkdw zh fdq kljkoljkw wkh gl�huhqfhv ehwzhhq wkh irupv ri uhsd|phqw

frqwudfwv wkdw pd| eh rswlpdo1 Lw fdq dovr eh lqwhusuhwhg dv wkh fdvh lq zklfk wkh lqyhvwphqw kdv

wkh irup ri d vhwxs frvw ru hqwu| ihh wr dffhvv wkh whfkqrorj|1 Rqfh zh kdyh fkdudfwhulvhg wkh

rswlpdo uhsd|phqw vwuxfwxuhv dv d ixqfwlrq ri E dqg wkh rwkhu h{rjhqrxv sdudphwhuv/ zh pryh

rq wr h{dplqh wkh fdvh lq zklfk E lv hqgrjhqrxvo| ghwhuplqhg1

Wkh fulwlfdo srvvlelolwlhv duh wkdw hlwkhu wkh rswlpdo frqwudfw lqyroyhv d vxevhtxhqw lqwhulru

pl{hg vwudwhj| +3 ? o ? 4> 3 ? p ? 4, ru d k|eulg htxloleulxp ri w|sh o @ 3>3 ? p ? 4=

Orrnlqj dw wkh uhdfwlrq fxuyhv iru wkh wzr sduwlhv dw wkh uhsd|phqw vwdjh/ dv ! lqfuhdvhv/ wkh

ohqghuv uhdfwlrq fxuyh pryhv yhuwlfdoo| xszdugv zklovw wkh eruurzhuv uhdfwlrq fxuyh lv xqfkdqjhg>

wkh ulvh lq wkh ohqghuv uhdfwlrq fxuyh dqg wkh htxloleulxp whqghqf| wr fkhdw fdq eh r�vhw e|

45



L

M

Iljxuh 4=

udlvlqj UOO�UO ru udlvlqj UKO�UO�! dqg erwk ri wkhvh h{huw grzqzdug suhvvxuh rq UO +vhh

Iljxuh 4,1 Wkhvh r�vhwwlqj srvvlelolwlhv duh olplwhg e| wkh frqglwlrqv UKO � |K /UOO � |O> wkh

srvvlelolw| ri uhgxflqj UO lv olplwhg e| wkh sduwlflsdwlrq frqvwudlqw ri wkh ohqghu +vhh ehorz,> vr

iru kljk hqrxjk ! zh zrxog h{shfw wkh rswlpdo frqwudfw wr lqyroyh srrolqj1 Dw wkh rwkhu olplw li

wkh uhdfwlrq fxuyhv kdyh dq lqwhulru lqwhuvhfwlrq wkhq e| udlvlqj UOO +zkhq wklv lv ihdvleoh, wkh

uhdfwlrq fxuyh ri wkh ohqghu vkliwv yhuwlfdoo| grzqzdugv zklovw wkdw ri wkh eruurzhu lv xqfkdqjhg1

Wklv zloo qrw fkdqjh wkh htxloleulxp dprxqw ri dxglwlqj exw zloo uhgxfh wkh htxloleulxp dprxqw

ri fkhdwlqj dqg zh pljkw h{shfw wklv wr udlvh wkh h�flhqf| ri wkh frqwudfw1 Khqfh wkhuh vkrxog

eh d udqjh ri orz ydoxhv ri ! zkhuh wkh rswlpdo frqwudfw kdv o @ 3> 3 ? p ? 41

Zh fdofxodwh wkh rswlpdo uhsd|phqwv iru hdfk vxevhtxhqw srvvleoh jdph htxloleulxp> wkhq/

vwloo iru dq h{rjhqrxvo| �{hg ohyho ri E/ zh ghwhuplqh zklfk ri wkhvh uhsd|phqw frqwudfw0jdph

htxloleulxp sdluv lv rswlpdo iru jlyhq frq�jxudwlrqv ri wkh h{rjhqrxv sdudphwhuv1

Zkhq E lv �{hg/ uhyhqxhv kdyh d �{hg uhodwlrq wr wkh ordq frvw= wr pdwfk NS zh dvvxph wkdw
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|O ? +4 . u,E ? |K dqg dovr wkdw

s|K +E, . +4� s,|O+E,� +4 . u,E � ! A 3 +47,

��� A�i �T|�4@* +iT@)4i?|t �L?_�|�L?@* L? |�i O)Mh�_ 5L*�|�L?

Nqrzlqj wkdw o @ 3> !.UO �UOO @ 3 dqg p � +UK �UO,@+UKO �UO,/ wkh rswlpdo frqwudfw

sureohp kdv wkh irup=

pd{H| � sUK � +4� s,UO � +4� s,+UOO �UO,p +48,

sUK . +4� s,UO � +4 . u,E +49,

p � +UK �UO,@+UKO �UO,

Wkh }hur sur�w frqvwudlqw pxvw elqg> rwkhuzlvh udlvlqj E zloo udlvh H| @ s|K .+4�s,|O zlwkrxw

d�hfwlqj ihdvlelolw|/ zklfk wkhq udlvhv eruurzhu h{shfwhg uhwxuqv1 Vlploduo| wkh frqvwudlqw rq p

pxvw elqg> rwkhuzlvh uhgxflqj p pdujlqdoo| uhgxfhv prqlwrulqj frvwv/ gluhfwo| udlvlqj ghewru

h{shfwhg xwlolw| +vlqfh zh nqrz UOO @ UO . ! A UO, zlwkrxw pdnlqj o A 3= Vxevwlwxwlqj rxw p

dqg wkhq UK iurp wkh frqvwudlqwv p @ +UK �UO,@+UKO �UO,>UK @ ^+4 . u,E � +4� s,UO`@s

wkh sureohp uhgxfhv wr=

pd{H| �
+4� s,!

s

+4 . u,E �UO
UKO �UO

+4:,

Wkhuh duh dovr ihdvlelolw| frqvwudlqwv= |K � UKO>UK > |O � UO>UOO= Zh fdq uhsodfh wkh

vhfrqg ri wkhvh e| UO � |O�! vlqfh zh nqrz wkdw UOO @ UO.!= Vlqfh +4:, lv lqfuhdvlqj lq UKO

+wr dyrlg wkh �uvw ehvw ehlqj ihdvleoh +4. u,E�UO A 3,> wkhuh pxvw eh pd{lpxp sxqlvkphqw lq

d K frqwudfw l1h1 UK
KO

@ |K = Vlploduo| +4:, lv lqfuhdvlqj lq UO vlqfh |K @ UKO A +4. u,E> khqfh

lq wkh K frqwudfw UK
O

lv vhw dw lwv pd{lpxp ydoxh ri |O � != Frqvhtxhqwo| UK
OO

@ |O= Nqrzlqj
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wklv zh fdq dovr fdofxodwh wkh rswlpdo ohyhov ri UK dqg p lq wkh K frqwudfw dv=

UK
K
@ ^+4 . u,E � +4� s,+|O � !,`@s +4;,

pK @
+4 . u,E � |O . !

s+|K � |O . !,
+4<,

zklfk wkhq jlyhv pd{lpdo h{shfwhg xwlolw| ri=

HXK @ H| �
+s+|K � |O, . !,E+4 . u,� !+|O � !,+4� s,

s+|K � |O . !,
+53,

Wkh K vroxwlrq uhtxluhv 3 ? pK ? 4 zklfk dxwrpdwlfdoo| krogv= wr kdyh vx�flhqw h{shfwhg

uhyhqxh wr sd| iru wkh lqyhvwphqw uhtxluhv +4 . u,E � |K vlqfh |K A |O dqg +4 . u,E A |O=

��2 A�i �T|�4@* +iT@)4i?|t �L?_�|�L?@* L? |�i W?|ih�Lh �� i_ 5|h@|�

i}) 5L*�|�L?

Wkh frqwudfw sureohp kdv wkh irup=

pd{H| � sUK � +4� s,UO � +4� s,+UOO �UO,+Uk �UO,@+UKO �UO, +54,

sUK . +4� s,UO �
+4� s,+!.UO �UOO,

UKO �UO � !
� +4 . u,E +55,

zkhuh zh kdyh xvhg p @ +UK�UO,@+UKO�UO,> o @ +4�s,+!.UO�UOO,@+s+UKO�UO�!,,

dqg nqrz wkdw !.UO�UOO � 3> sUKO.+4� s,UOO�UO �! � 3 dqg Uv � |v iru wkh uhohydqw

vwdwhv1

NS vkrz wkdw wkh }hur sur�w frqvwudlqw pxvw elqg> UOO @ |O dqg UKO @ |K +vhh dsshqgl{

D15,= Qrwlfh wkdw wkh frqvwudlqwv ! . UO � UOO � 3> sUKO . +4 � s,UOO �UO � ! � 3 gr qrw

d�hfw wklv vroxwlrq dqg wkdw wkh vhfrqg uhtxluhv wkdw s+|K � |O, � !. +|O �UO, � 3=

Sxwwlqj UOO @ |O dqg UKO @ |K lq +8;, |lhogv=
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HX @ H| �
+H| �UO,+|k �UO � !,+4 . u,E � !UO+4� s,+|K � |O,

+s|K . +4� s,|O � !�UO,+|K �UO,
+56,

Wkh sureohp lv wkhq wr fkrrvh UO wr plqlplvh=

+H| �UO,+|K �UO � !,+4 . u,E � !UO+4� s,+|K � |O,

+s|K . +4� s,|O � !�UO,+|K �UO,
+57,

vxemhfw wr UO A |O � !>UO � plqiH| � !> |Oj=

Wkh remhfwlyh ixqfwlrq +57, lv frqfdyh lq UO +vhh dsshqgl{ D16,1

Xqghu wkh ihdvlelolw| frqglwlrq +47, dqg wkh dvvxpswlrq wkdw wkh �uvw ehvw lv xqdwwdlqdeoh vr

wkdw |O � +4 . u,E ? 3> s+|K � |O, � ! A 3 zklfk lq wxuq lpsolhv plqiH| � !> |Oj @ |O=

Khqfh wkh sureohp lv wr plqlplvh +57, vxemhfw wr |O � ! ? UO � |O= Wr vdwlvi| wkh frqvwudlqwv

|O � ! ? UO � |O> exw HX+=, lv frqyh{ lq UO vr wkh rswlpxp ydoxh ri UO pxvw eh hlwkhu

duelwudulo| forvh wr UO @ |O � ! ru dw UO @ |O= Lq wkh iruphu fdvh wkhuh lv qr rswlpdo vroxwlrq

lq NS irup ehfdxvh ri wkh rshq vhw uhvwulfwlrq |O � ! ? UO> exw dv zh kdyh vhhq lqvwhdg wkh K

irup lqyroyhv UO @ |O � !=

Sxwwlqj hdfk ri wkhvh ydoxhv ri UO lq +94, lq wxuq/ zh �qg wkdw UO @ |O lv rswlpdo dv lq NS

li E+4 . u,+4 . s, ? s|K . |O � !> rwkhuzlvh UO @ |O � ! lv rswlpdo zlwk wkh K vroxwlrq1 Wklv

dovr jlyhv xv wkh vzlwfk srlqw ehwzhhq wkh NS dqg K fdvhv lq whupv ri wkh ydoxh ri E ru !=

Vxppdulvlqj/ zkhq E+4 . u,+4 . s, ? s|K . |O � !> pd{lpdo h{shfwhg xwlolw| ehfrphv=

HXNS @ H| �
s+|K � |O � !,+4 . u,E � !|O+4� s,

s+|K � |O,� !
+58,

Wkhq wkh rswlpdo uhsd|phqw frqwudfw zloo kdyh wkh NS irup dqg lqyroyh=

oNS @
+4� s,!

s+|K � |O � !,
+59,

UNS
O

@ |O +5:,

UNS
OO

@ |O +5;,
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UNS
KO

@ |K +5<,

UNS
K

@
+4 . u,E+|K � |O � !,� |O+|K � |O,+4� s,

s+|K � |O,� !
+63,

pNS @
^+4 . u,E � |O`^|K � |O � !`

^s+|K � |O, � !`^|K � |O`
+64,

Li E lv �{hg/ +47, frlqflgh zlwk +40<, vr zh kdyh vkrzq wkdw wkhuh pd| eh h{dpsohv lq

zklfk wkh uhyhqxhv dqg ghew vdwlvi| doo NS*v dvvxpswlrqv exw wkh rswlpdo frqwudfw irup xq0

ghu qr frpplwphqw dfwxdoo| lqyroyhv wuxwkwhoolqj1 Qrz/ NS dvvxph H| � +4 . u,E � ! A 3>

krzhyhu +s|K . |O � !,@+4 . s, ? H|� ! dqg vr li +s|K . |O � !,@+4 . s, ? +4 . u,E ? H| � !

wkhq NS*v ihdvlelolw| dvvxpswlrq lv vdwlv�hg exw wkh rswlpdo qr frpplwphqw frqwudfw lqyroyhv

UO @ |O � ! ? UOO @ |O= Lq wklv fdvh wkhuh lv d frvw wr wuxwkwhoolqj eruqh e| wkh eruurzhu> lw

lv dv li kh lv vkdulqj lq wkh revhuydwlrq frvw1Lw lv srvvleoh wkdw wkh NS ihdvlelolw| frqglwlrq grhv

qrw krog exw wkh deryh dqdo|vlv ri wkh NS uhsd|phqwv lv vwloo ydolg/ h1j1 li |O ? +4 . u,E exw

s+|K � |O, � ! A 3= Lq wklv fdvh plqiH| � !> |Oj @ |O dqg vr wkh deryh dujxphqw dssolhv1

��� A�i �T|�4@* +iT@)4i?| 5|h�U|�hi �? @ 6� i_ � L̀h*_

Zh fdq uhzulwh wkh wzr srvvleoh pd{lpdo h{shfwhg xwlolw| ohyhov dv=

HXNS @ H| � +4 . u,E �
!+4� s,++4 . u,E � |O,

s+|K � |O,� !
+65,

HXK @ H| � +4 . u,E �
!+4� s,++4 . u,E . !� |O,

s+|K � |O . !,
+66,

Zh nqrz wkdw HXK A HXNS l� ! A s|K .|O�E+4. u,+4.s,= Jlyhq wkdw wkh NS vroxwlrq zlwk

�{hg E lv ihdvleoh rqo| li s+|K � |O,� ! A 3 zh fdq zulwh wkh iroorzlqj=

Sursrvlwlrq 4 Jlyhq |O ? +4 . u,E =

4:



+d, Li hlwkhu s+|K � |O, � ! A 3 ru H| � +4 . u,E � ! A 3 wkhq wkh rswlpdo frqwudfw kdv=

wkh NS irup li ! ? s|K . |O �E+4 . u,+4 . s,>

wkh K irup li ! A s|K . |O �E+4 . u,+4 . s,=

+e, Li s+|K � |O,� ! ? 3 wkhq wkh rswlpdo frqwudfw kdv wkh K irup=

Frpsdulqj wkh kljk vwdwh uhsd|phqw lq wkh wzr frqwudfw irupv jlyhv=

UNS
K �UK

K
@ �

!+4� s,+H| � +4 . u,E � !,

s+s+|K � |O,� !,
? 3 +67,

exw vlqfh UNS
O

� UK
O

@ ! A 3 zh �qg wkdw wkh uhsd|phqwv uhvxowlqj zkhq prqlwrulqj lv qrw

dfwxdoo| fduulhg rxw duh pruh vsuhdg rxw lq wkh K frqwudfw wkdq lq wkh NS frqwudfw=

UNS
K �UNSO ? UK

K �
UK
O

+68,

vr wkdw wkhuh lv d kljkhu lqfhqwlyh wr fkhdw lq wkh k|eulg fdvh1 Rq wkh rwkhu kdqg wklv lv qhjdwhg

e| wkh prqlwrulqj vwudwhjlhv ri wkh wzr frqwudfwv> zh kdyh=

p
NS @

UNS
K

� |O

|K � |O
?
UNS
K

� |O . !

|K � |O . !
?
UK
K
� |O . !

|K � |O . !
@pK +69,

Wkh lqwhusuhwdwlrq lv wkdw iru vx�flhqwo| kljk E wkh uhyhqxhv lq hdfk vwdwh duh kljk hqrxjk wr eh

deoh wr ghwhu fkhdwlqj wkurxjk dq djjuhvvlyh dxglwlqj srolf|1

e A�i �T|�4@* ��L�Ui Lu �

Khuh zh xvh wkh whfkqrorjlfdo dvvxpswlrqv +8,0+:,> wkh �uvw ehvw lv vwloo xqdwwdlqdeoh exw wkhuh

zloo w|slfdoo| h{lvw d ydoxh EVU> dw zklfk |O+EVU, @ +4 . u,EVU vr wkdw/ vr orqj dv E lv dw ru

ehorz EVU> d VU frqwudfw lv ihdvleoh lq zklfk UK @ UKO @ UO @ UOO= Vr zh vwduw e| rxwolqlqj

wkh irup ri wkh rswlpdo VU frqwudfw dqg wkhq pryh rq wr ghwhuplqh frqglwlrqv xqghu zklfk wkh

rswlpdo frqwudfw lv VU/ NS ru K lq irup1

e�� A�i 5�?}*i +iT@)4i?| �L?|h@U|

4;



Wkh rqo| xqgrplqdwhg sxuh vwudwhj| kdv p @ 3 dqg o @ 4> zh fdoo wklv d VU frqwudfw vlqfh wkhuh

lv dozd|v d orz uhsruw zklfk uhvxowv lq d vlqjoh uhsd|phqw ri UO= Lq wklv fdvh wkh frqwudfw sureohp

kdv wkh irup=

pd{H| �UO +6:,

UO � +4 . u,E

UO � |v

Wkh frqvwudlqw pxvw elqg vlqfh rwkhuzlvh UO frxog eh uhgxfhg udlvlqj ghewru h{shfwhg xwlolw|1 Vr=

pd{H| �UO +6;,

+4 . u,E � |O

Vlqfh |v+=, lv lqfuhdvlqj dqg frqfdyh/ wkh vroxwlrq iru E lq wkh VU frqwudfw zloo eh dw EVU/ |lhoglqj

d pd{lpdo h{shfwhg xwlolw| ri=

HXVU @ s+|K � |O, +6<,

Zh kdyh wr frqwudvw wklv sd|r� zlwk wkrvh dulvlqj iurp hlwkhu d NS vroxwlrq ru d K vroxwlrq

lq zklfk o @ 31

e�2 A�i �T|�4@* wi�i* Lu �

H{shfwhg xwlolw| ri hdfk frqwudfw zlwk rswlpdo uhsd|phqwv zloo eh jlyhq e|=

HXVU+E, @ H|+E,� +4 . u,E +73,

HXK+E, @ H| �
+s+|K � |O, . !,E+4 . u,� !+|O � !,+4� s,

s+|K � |O . !,

@ HXVU+E,�
!+4� s,^+4 . u,E � +|O � !,`

s+|K � |O . !,
+74,

4<



HXNS +E, @ H| �
s+|K � |O � !,E+4 . u, � !|O+4� s,

s+|K � |O,� !

@ HXVU+E,�
!+4� s,^+4 . u,E � |O`

s+|K � |O,� !
+75,

Wr ghwhuplqh wkh uhodwlrqvklsv ehwzhhq wkhvh frqwudfw irupv/ wkhuh duh irxu txhvwlrqv= �uvwo|

iru zkdw udqjh ri ydoxhv ri E lv hdfk frqwudfw irup gh�qhgB Vhfrqgo|/ iru d jlyhq lqyhvwphqw ohyho/

krz gr wkh zhoiduh ohyhov ri wkh dowhuqdwlyh frqwudfwv frpsduhB Wklugo|/ krz gr rswlpdo ydoxhv ri

lqyhvwphqw dqg prqlwrulqj frpsduh zlwklq d jlyhq frqwudfw irupB Dqg/ irxuwko|/ zklfk frqwudfw

irup lv joredoo| rswlpdo/ doorzlqj iru wkh rswlpdo lqyhvwphqw ohyho wr gl�hu e| frqwudfwB

71514 Ihdvlelolw| ri wkh Frqwudfwv

+73, lv ihdvleoh rqo| iru E � EVU gh�qhg e|=

|O+EVU, @ +4 . u,EVU +76,

vlqfh rqo| iru wklv udqjh ri lqyhvwphqwv duh wkhuh vx�flhqw uhvrxufhv wr uhsd| wkh ghew lq wkh

orz vwdwh1 Qrwh wkdw dw EVU>HXNS @ HXVU A HXK vr orqj dv HXNS lv zhoo gh�qhg1 Dqg

iru E A EVU> HXVU A HXNS djdlq vr orqj dv HXNS lv zhoo gh�qhg1 Zh dovr nqrz wkdw e|

dvvxpswlrq E4 A EVU=

+75, lv rqo| ydolg iru 3 ? oNS ? 4 dqg 3 ? pNS ? 4> zklfk uhtxluh E A ENS dqg E A EVU

dqg pNS ? 4 zkhuh ENS lv gh�qhg e|=

s+|K+ENS ,� |O+ENS ,, @ ! +77,

Wkh frqglwlrq pNS ? 4 fdq eh h{suhvvhg dv=

+|K � |O,^+4 . u,E � s|K � +4� s,|O . !` ? ^+4 . u,E � |O`! +78,

zklfk zh dvvxph wr krog dw wkh rswlpxp lqyhvwphqw ohyho lq wkh NS frqwudfw4 > fhuwdlqo| lw lv

ydolg lq hdfk qxphulfdo vlpxodwlrq ehorz1

� �L|i |�@| |�i k� ui@t�M�*�|) UL?_�|�L? Eb� �t @ t��U�i?| UL?_�|�L? uLh |��t�
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+74, lv rqo| zhoo gh�qhg zkhq 3 ? pK ? 4> wklv uhtxluhv +4.u,E�|O.! A 3 dqg +4.u,E ? |K =

Jhqhudoo| wkhuh pd| h{lvw wzr ydoxhv ri E>EKV4 dqg EKV5> dw zklfk +4 . u,E . ! @ |O= Iru

EKV5 ? E ? EKV4> +4.u,E.! ? |O dowkrxjk iru vx�flhqwo| kljk ! wkhuh zloo eh qr vroxwlrqv wr

wklv htxdwlrq1 Pruhryhu/ zkhuh wkh urrwv h{lvw/ EKVl
? EVU +l @ 4> 5,= Qrwh wkdw wkh K frqwudfw

lv ihdvleoh dw dq| E A EVU= Iurp wkh irup ri +74, lw iroorzv wkdw ehorz EVU wkh VU frqwudfw

grplqdwhv wkh K frqwudfw lq uhjlrqv zkhuh wkh odwwhu lv gh�qhg1 Krzhyhu vlqfh zh duh frqfhuqhg

zlwk vlwxdwlrqv zkhuh wkh �uvw ehvw ohyho ri lqyhvwphqw fdqqrw eh lpsohphqwhg e| d VU frqwudfw/

rxu vhfrqg ehvw rswlpd zloo eh deryh EVU=

71515 Zhoiduh Ohyhov ri wkh Frqwudfwv dw Frpprq E

Dw dq| ydoxh ri EK gh�qhg e|=

+4 . s,+4 . u,EK @ s|K+EK, . |O+EK ,� ! +79,

zh kdyhHXK @ HXNS vr orqj dv erwk h{shfwhg xwlolwlhv duh zhoo gh�qhg +l1h1 E Apd{+EVU>ENS ,,=

Ohw=

I +E>!, @ +4 . s,+4 . u,E � s|K +E,� |O+E, . !

@ +4 . s,^+4 . u,E � |O+E,`� ^s+|K+E, � |O+E,,� !` +7:,

Vr EK lv gh�qhg e| I +EK > !, @ 31 Wkhq I 33+E, A 3 dqg/ xqghu rxu dvvxpswlrqv rq uhyhqxhv/

I +3, @ !>I +4, @41 Zkhq I +E, A 3 zh kdyh HXK A HXNS = Gh�qh +!i > Ei , e| I +Ei > !i , @

3 @ I
3

+Ei > !i , vr wkdw wkhuh lv d vlqjoh urrw Ei wr wkh htxdwlrq I +E>!i , @ 3 dqg iru ! A !i

wkhuh duh qr urrwv1

Iru ! ? !i wkhuh duh wzr urrwv EKl vdwlvi|lqj I +EKl> !, @ 3> zh odeho wkhp dv EK5 ? EK4=

Wkhq iru EK4 ? E ? EK5> HXK ? HXNS = Dovr li wkhuh duh wzr urrwv wkhq wkh orzhu urrw vdwlv�hv

EK5 ? E4 vlqfh zh kdyh I
3

+EK5, ? 3 exw=

I
3

+E4, @ s+4 . u � |
3

O
+E4,, A 3 +7;,

zkloh EK4 fdq eh hlwkhu A? E4=

54



F(B,φ)

B
BH2

BH1

φ

φf

Iljxuh 5=

71516 Rswlpdo Lqyhvwphqw dqg Prqlwrulqj xqghu K|eulg dqg Pl{hg Vwudwhj| Frq0

wudfwv

Ohw E�

K
vroyh HX

3

K
+E, @ 3> dqg E�

NS
vroyh HX

3

NS
+E, @ 3= Li hdfk h{shfwhg xwlolw| lv vwulfwo|

frqfdyh wkhvh frqglwlrqv gh�qh wkh uhohydqw rswlpdo lqyhvwphqw ohyhov1 Li zh fdq vkrz wkdw

HX
3

K
+E�

NS
, A 3> vr wkdw HXK lv vwloo ulvlqj zkhq HXNS dwwdlqv d pd{lpxp/ wkhq zh nqrz

wkdw E�

K
A E�

NS
= Qrz/ vlqfh I +=, lv vwulfwo| frqyh{ zlwk dw prvw rqh wxuqlqj srlqw/ zh fdq

glylgh xs wkh udqjh ri E lqwr wkuhh vxeuhjlrqv lq zklfk E�

NS
pd| h{lvw1 Lw pd| eh wkdw dw

E�

NS
> I 3+E�

NS
, ? 3> ru I 3+E�

NS
, A 3 exw I +E�

NS
, ? 3> ru lw pd| eh wkdw I 3+E�

NS
, A 3 dqg

I +E�

NS
, A 3= Lq dsshqglfhv D170D180D19 zh vkrz wkdw=

Sursrvlwlrq 5 Li HXK dqg HXN duh vwulfwo| frqfdyh wkhq wkh rswlpdo lqyhvwphqw ohyho lq hdfk

fdvh lv ehorz wkh �uvw ehvw E4= Pruhryhu lq hdfk fdvh rswlpdoo| lqyhvwphqw lv kljkhu lq wkh K

frqwudfw wkdq lq wkh NS frqwudfw1

Rqh zd| ri xqghuvwdqglqj wklv lv wkdw lq wkh K frqwudfw wkhuh lv wuxwkwhoolqj> wklv uhtxluhv

d uhodwlyho| kljk ohyho ri prqlwrulqj wr srolfh wkh ghewru1 Exw wkhq vlqfh wkh prqlwrulqj frvwv

duh kljk/ wkh frqwudfw kdv wr hqvxuh wkdw wkhuh lv vx�flhqw uhyhqxh wr fryhu wkhvh frvwv1 Wklv lv

dfklhyhg e| kdylqj d kljk lqyhvwphqw ohyho1

Iurp wklv dv h{shfwhg lw iroorzv wkdw wkhuh lv pruh prqlwrulqj lq wkh K wkdq lq wkh NS frqwudfw/

dv vkrzq lq dsshqgl{ D1:=
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Sursrvlwlrq 6 Li HXK dqg HXN duh vwulfwo| frqfdyh/ wkh rswlpdo ohyho ri prqlwrulqj lq wkh K

frqwudfw lv kljkhu wkdq wkh rswlpdo ohyho ri prqlwrulqj lq wkh NS frqwudfw1

71517 Wkh Joredoo| Rswlpdo Frqwudfw Irup

Zh fdq xvh wkh vwuxfwxuh ri wkh ixqfwlrq I +E>!, wrjhwkhu zlwk nqrzohgjh ri wkh lqwhuydo lq zklfk

wkh rswlpdo lqyhvwphqw ohyho iru d jlyhq frqwudfw olhv wr fkdudfwhulvh zklfk irup ri frqwudfw lv

joredoo| rswlpdo1

Wr surfhhg zh �uvw kdyh wr ghwhuplqh wkh uhodwlrqvkls ehwzhhq ydulrxv fulwlfdo ohyhov ri E=

Jlyhq |v+E,/u>!> s> uhfdoo wkdw EVU vroyhv +4. u,E @ |O+E,= Qrwh wkdw EVU ghshqgv rq u/ exw lv

lqghshqghqw ri s dqg !=

Zh fdq xvh wkh h{suhvvlrq iru pdujlqdo xwlolw|=

HX
3

NS
@ H|3

� +4 . u,�
+4� s,!^+4 . u,� |

3

O
`

s+|K � |O,� !
.

+4� s,!^+4 . u,E � |O`s^|
3

K
� |

3

O
`

^s+|K � |O, � !`5

@ H|3
� +4 . u,�

+4� s,!^+4 . u,� |
3

O
`

s+|K � |O,� !
+7<,

wr vhh krz wkh vljq ri HX
3

NS
+EVU, ydulhv zlwk ! = zkhq ! @ 3> HX

3

NS
+EVU, A 3 vlqfh EVU ? E4

dqg dw ! @ !�> HX
3

NS
+EVU, ? 3= Dovr= CHX

3

NS
+EVU,@C! @ �+4�s,^4.u�|

3

O
`s+|K�|O,@^s+|K�

|O3� !`5 ? 3> khqfh wkhuh lv d !�� dw zklfk HX
3

NS
+EVU, @ 3= Dw !�� =

^s+|K � |O,� !
��`^H|

3

� +4 . u,` @ +4� s,!��^4 . u � |
3

O
` A 3 +83,

zklfk lpsolhv s+|K � |O,� !
��

A 3=

Wkhq uhfdoo wkdw ENS +!, vroyhv s+|K � |O, @ ! dqg !
� vroyh s+|K+EVU, � |O+EVU,, @ !

�

=

Khqfh !�� ? !
�

=

Dq| wzr ri wkh wkuhh frqglwlrqv I +=, @ 3> s+|K � |O, @ !> +4 . u,E @ |O lpso| wkh wklug1 Dw

!� doo wkuhh frqglwlrqv krog dqg ENS +!
�, @ EVU dqg/ zulwlqj I 3+=, @ CI@CE> li I 3+EVU> !

�, ? 3

wkhq EK5+!
�, @ EVU zklovw li I 3+EVU> !

�, A 3 wkhq EK4+!
�, @ EVU1

Zh fdq xvh wkh uhodwlrqvklsv ehwzhhq wkh h{shfwhg xwlolwlhv ri wkh gl�huhqw frqwudfwv dw wkhvh

fulwlfdo ohyhov ri E wrjhwkhu zlwk nqrzohgjh ri zkhuh wkh rswlpdo lqyhvwphqw ohyho fruuhvsrqglqj
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wr d sduwlfxodu frqwudfw olhv wr ghwhuplqh wkh joredoo| rswlpdo irup ri frqwudfw1 Wkh ghwdlohg surri

lv lq dsshqgl{ D1;1

Sursrvlwlrq 7 +l, Li !� A ! dqg EVU ? E�

K
? EK4 wkh joredoo| rswlpdo frqwudfw fdqqrw eh K>

+ll, Li !� A ! dqg li EK4
? E�

NS
? E4 wkh joredoo| rswlpdo frqwudfw fdqqrw eh NS>

+lll, Li ! A !� dqg li I
3

+EVU> !
�, A 3 wkh joredoo| rswlpdo frqwudfw fdqqrw eh NS>

+ly, Li ! A !
� dqg li I

3

+EVU> !
�, ? 3 dqg li EK5 ? E�

K
? EK4 wkh joredoo| rswlpdo frqwudfw

fdqqrw eh K>
+y, Li ! A !

� dqg li I
3

+EVU> !
�, ? 3 dqg li hlwkhu ENS ? E�

NS
? EK5 ru/ zkhq EK4 ? E4>

EK4 ? E�

NS
? E4 wkh joredoo| rswlpdo frqwudfw fdqqrw eh NS1

Krzhyhu wklv uhtxluhv nqrzohgjh ri wkh srvlwlrq ri wkh rswlpdo lqyhvwphqw ohyho zlwklq d frq0

wudfw dqg lq prvw fdvhv wkhuh duh vwloo wzr srvvleoh fdqglgdwhv iru rswlpdolw|= wkh VU frqwudfw dqg

hlwkhu K ru NS> lq jhqhudo wr frpsduh wkhvh uhtxluhv d joredo frpsdulvrq ri xwlolwlhv1

Li wkh h{shfwhg xwlolw| ri wkh K dqg NS frqwudfwv lv vwulfwo| frqfdyh lq E +zkhq ihdvleoh, wkhq

zh fdq lghqwli| wkh udqjh lq zklfk wkh rswlpdo lqyhvwphqw ohyho ri wkh gl�huhqw frqwudfwv olhv e|

nqrzlqj wkh vljq ri HX
3

+E, dw wkh urrwv ri I +E>!, @ 31 Wkh ghwdlov ri wkh dujxphqw gl�hu e|

fdvh exw wkh hvvhqwldo lqwxlwlrq lv wkdw ehwzhhq wkh urrwv EKl
zh nqrz wkdw HXNS +E, A HXK +E,

zkhuhdv rxwvlgh wklv uhjlrq/ HXNS +E, ? HXK +E, zkhuhyhu erwk urrwv dqg erwk frqwudfwv duh

zhoo gh�qhg1 Wkhq li HX
3

NS
+EK4

, A 3/ lw pxvw eh wkdw E�

NS
A EK4

dqg vr HXNS +E�

N
, ?

HXK+E
�

K
,= Vlploduo| li HX

3

K
+EK5

, A 3 exw HX
3

K
+EK4

, ? 3> wkhq EK5
? E�

K
? EK4

dqg vr

HXNS +E�

N
, A HXK +E�

K
,= Wklv irupv wkh edvlv iru frpsdulqj wkh zhoiduh ohyhov ri wkh rswlpdo

NS dqg K frqwudfwv1
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F

F’(BSR,φ*)>0
φ*> φ

BKP

BH2

BSR

B1

BH1 B1

Iljxuh 6

F

F’(BSR,φ*)<0
φ*> φ

BH2 BKP

B1 BH1

B1BSR

Iljxuh 7

F

F’(BSR,φ*)>0
φf>φ*> φ

BH2 BKPBH1

B1BSR

Iljxuh 8

F

F’(BSR,φ*)<0
φf>φ*> φ

BH2

BKP

BH1

B1BSR B1

Iljxuh 9

Wr ghwhuplqh wkh uhodwlrqvkls ehwzhhq wkhvh zhoiduh ohyhov dqg wkdw ri wkh rswlpdo VU frqwudfw

zh xvh wkh idfwv wkdw/ dw EVU> HXVU+EVU, A HXK+EVU, dqg HX
3

K
+EVU, A 3> dqg/ li 3 ? ! ? !

�

vr wkdw ENS ? EVU dqg wkh NS frqwudfw lv gh�qhg dw EVU> HXVU+EVU, @ HXNS +EVU,=

Sursrvlwlrq 8 Li HXK dqg HXNS duh hdfk vwulfwo| frqfdyh wkhq=
+d, Li I

3

+EVU> !
�, ? 3

dqg +d14, !i A ! A !
� dqg EK4 A E4 wkh joredoo| rswlpdo frqwudfw ghshqgv rq d joredo

frpsdulvrq ri NS dqg VU>
dqg +d15, !i A ! A !

� dqg EK4 ? E4 dqg HX
3

K +EK4, ? 3>wkh joredoo| rswlpdo frqwudfw
ghshqgv rq d joredo frpsdulvrq ri NS dqg VU>

dqg +d16, !i A ! A !
� dqg EK4 ? E4 dqg HX

3

NS +EK4, A 3>wkh joredoo| rswlpdo frqwudfw
ghshqgv rq d joredo frpsdulvrq ri K dqg VU>

dqg +d17, !i A ! A !
�

dqg EK4 ? E4 dqg HX
3

K
+EK4, A 3 dqg HX

3

NS
+EK4, ? 3>wkh joredoo|

rswlpdo frqwudfw lv vlqjoh uhsd|phqw li ghshqgv rq d joredo frpsdulvrq ri NS/ K dqg VU1
+e, Li I

3

+EVU> !
�, A 3 dqg !i A ! A !

� wkh joredoo| rswlpdo frqwudfw lv vlqjoh uhsd|phqw li

HX
3

K+EVU, ? 3 ghshqgv rq d joredo frpsdulvrq ri K dqg VU li HX
3

K+EVU, A 3=

+f, Li !� A ! A !
�� wkh joredoo| rswlpdo frqwudfw lv vlqjoh uhsd|phqw li HX

3

K+EVU, ? 3 ghshqgv

rq d joredo frpsdulvrq ri K dqg VU li HX
3

K+EVU, A 3=
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+g, !�� A ! dqg E4 ? EK4 wkh joredoo| rswlpdo frqwudfw lv NS1
+h, !�� A ! dqg E4 A EK4 wkh joredoo| rswlpdo frqwudfw lv NS li HX

3

K
+EK4, ? 3=

+i, !�� A ! dqg E4 A EK4 wkh joredoo| rswlpdo frqwudfw lv K li HX
3

NS
+EK4, A 3>

+j, !�� A ! dqg E4 A EK4 wkh joredoo| rswlpdo frqwudfw ghshqgv rq d joredo frpsdulvrq ri
NS dqg K li HX

3

K
+EK4, A 3 dqg HX

3

NS +EK4, ? 3=
+k, Li ! A !i wkh joredoo| rswlpdo frqwudfw ghshqgv rq d joredo frpsdulvrq ri VU dqg K1

Wkh dvvxpswlrq wkdw h{shfwhg xwlolwlhv duh frqfdyh lv vrphzkdw gholfdwh1 Dvvxplqj wkdw hdfk

uhyhqxh ixqfwlrq |v+E, lv lqfuhdvlqj dqg frqfdyh lq E dqg wkdw |
33

K
+E, ? |

33

O
+E,> d vx�flhqw

frqglwlrq iru HXNS +E, wr eh frqfdyh +vhh dsshqgl{ D17, lv wkdw=

^s+|K � |O,� !`^4 . u � |
3

O
` ? s+|

3

K
� |

3

O
,^+4 . u,E � |O` +84,

dqg iru HXK +E, wr eh frqfdyh wkdw=

^|K � |O . !`^4 . u � |
3

O
` ? +|

3

K �
|

3

O
,^+4 . u,E � |O . !` +85,

Wkhvh frqglwlrqv fdqqrw krog joredoo|> iru h{dpsoh dw dq| vwdwlrqdu| srlqw ri wkh K frqwudfw=

^|K � |O . !`^4 . u � |
3

O
`� +|

3

K �
|

3

O
,^+4 . u,E � |O . !` +86,

@ ^H|
3

� +4 . u,`s+|K � |O . !,5@+!+4� s,, A 3 +87,

li wkhuh lv xqghulqyhvwphqw dw wkh vwdwlrqdu| srlqw +vhh ehorz,1 Qhyhuwkhohvv wkh vlpxodwlrqv

wkdw zh suhvhqw gr kdyh frqfdyh h{shfwhg xwlolwlhv zlwklq wkh zkroh udqjh zkhuh wkh uhvshfwlyh

frqwudfwv duh ihdvleoh1

Lw zrxog eh srvvleoh wr dvvxph wkdw mxvw rqh ri wkh wzr h{shfwhg xwlolwlhv lv frqfdyh dqg frpelqh

wklv zlwk lqirupdwlrq derxw wkh orfdwlrq ri wkh rswlpdo lqyhvwphqw ohyho lq wkh qrqfrqfdyh frqwudfw

wr jhw vlplodu fkdudfwhulvdwlrqv ri wkh srvvleoh joredo frpsdulvrqv1 Jhqhudoo| zkdw frphv rxw ri

wkhvh frpsdulvrqv lv wkdw wkh kljkhu wkh vsuhdg ehwzhhq |K dqg |O wkh ohvv olnho| lv wkh VU frqwudfw

wr eh rswlpdo1 Rq wkh rwkhu kdqg wkh kljkhu lv ! wkh pruh olnho| lv wkh VU frqwudfw wr eh rswlpdo1

Iru d jlyhq kljk vsuhdg ehwzhhq |K dqg |O> wkh kljkhu lv ! wkh pruh olnho| lv wkh rswlpxp wr eh

K udwkhu wkdq NS 0 dw �uvw vljkw wklv lv frxqwhulqwxlwlyh1
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D ��4ih�U@* �**�t|h@|�L?t

Wr looxvwudwh wkh ydulrxv srvvlelolwlhv zh surylgh vrph qxphulfdo vroxwlrqv iru wkuhh edvlf vfhqdulrv

wkdw kdyh ydu|lqj ohyhov ri wkh revhuydwlrq frvw1 Lq erwk vfhqdulrv zh wdnh lvrhodvwlf uhyhqxh

ixqfwlrqv zlwk pxowlsolfdwlyh xqfhuwdlqw|=

|v @ dv
s
E +88,

Lq hyhu| fdvh wkh h{shfwhg xwlolw| ri hdfk w|sh ri jdph2frqwudfw wxuqv rxw wr eh frqfdyh lq E

zkhuh lw lv gh�qhg> dqg wkh ihdvlelolw| frqglwlrq lv vdwlv�hg hyhu|zkhuh deryh pd{+ENS >EVU,1

Lq rxu �uvw vfhqdulr zh wdnh wkh sdudphwhuv wr kdyh ydoxhv=

s @ 3=8> u @ 3=4> dO @ 4> dK @ 53 +89,

dqg wkhq ohw ! ydu|1 Lq wklv fdvh wkh �uvw ehvw ohyho ri lqyhvwphqw lv E4 @ <4=45 dqg wkh rswlpdo

srrolqj uhsd|phqw frqwudfw vdwlvi|lqj |O+E, @ +4 . u,E kdv lqyhvwphqw ri EVU @ 6=64 zklfk

jhqhudwhv h{shfwhg xwlolw| iru wkh ghewru ri HX+EVU, @ 67=87= Wkhq iru ydu|lqj ! zh jhw wkh

iroorzlqj=

5:



! E o p HX UK EN EK5 EK4

43 15:: 1555 49817

NS ;;193 135;; 1786 <:1;:< 4;31:8

K ;;1;: 17;5 <:1;3 4;919:4

53 4144 1<9 4851

NS ;91435 1393 178< <815:: 4;31945

K ;;1;:8 184; <71<<4 4<61373

73 7176 71:5 45718:

NS ;41798 1465 17;4 ;<1379 4;51<73

K ;71<63 18<3 ;;1653 53;1747

83 91<5 ;17 43;1

NS :<1955 14:6 17:< ;81549 4;917<5

K ;71669 1957 ;717:< 54:14:4

93 <1<: 4719 <317

NS :;17:: 154: 1853 ;31:39 4<51<6:

K ;7133< 1989 ;31698 55917;<

98 441: 4<18 :<17

NS :;1644 1573 1868 :;145: 4<:1:53

K ;61<65 19:5 :;14<8 564165:

:3 4618: 5:18 9817

NS :;1845 1595 1886 :815;7 5361;8<

K ;61<37 19;; :81<93 56915:3

;3 4:1:

NS ;31658 163: 1933 9;197< 5541533

K ;61<;3 1:53 :415;< 579175<

5;



Rxu vhfrqg vfhqdulr kdv wkh vdph sdudphwhu ydoxhv h{fhsw wkdw s ulvhv wr 3=:1 Lq wklv fdvh wkh

�uvw ehvw ohyho ri lqyhvwphqw lv E4 @ 49<=33 dqg wkh �uvw ehvw xwlolw| ohyho lv HX+E4, @ 4;8=<3/

zklovw wkh rswlpdo lqyhvwphqw lq wkh VU frqwudfw lv vwloo 6=638 exw wkh fruuhvsrqglqj h{shfwhg

xwlolw| lv HX+EVU, @ 7;=69= Iru ydu|lqj ! zh jhw=

! E o p HX UK ENS EK5 EK4

433 471466 551658 45;1<7

NS 489 1447 17<; 49919: 59417<;

K 4931;87 194: 49:1595 5;71:8:

;3 <1378 441743 49316<<

NS 48:1<4; 13;9 17;9 4:4199< 58:174<

K 49419:9 18<3 4:41994 5::1783

93 813< 817; 4;:1:

NS 49316<8 1394 17:; 4:81<86 588155;

K 4951;57 1893 4:81:8: 5:31976

73 51594 51487 5451769

NS 4961498 136;8 17:5 4:<19;5 5871589

K 497169; 185< 4:<184; 5971779

483 641:<< 0 0

NS 48:14;3 14<: 1885 47<1743

K 48<1;7< 19;4 4881446 6371973

Rxu wklug vfhqdulr kdv s @ 3=8> u @ 3=4> dO @ 4> dK @ 8 zlwk d �uvw ehvw lqyhvwphqw ohyho ri

E4 @ :=76; dqg HX+E4, @ ;=4;5> EVU @ 6=639> HX+EVU, @ :=5:6 dqg jlyhv wkh uhvxowv lq wkh

wdeoh ehorz=
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! E o p HX UK ENS EK5 EK4

9158 51774 41965 ;1:<3

NS 61638 1:86 14<5 :15:3 61969

K 91:9 195: 91536 481<56

:13 61395 51938 91<3;

NS 61639 1<5; 3 :15:6 61969

K 91:;8 3 1998 81;6; 491:4;

S �L?U*�t�L?t

Ehfdxvh ri wkh odfn ri ghylfhv wr hqvxuh wkdw frqwudfwhg dxglwlqj zloo dfwxdoo| eh fduulhg rxw

lq d wzr sduw|/ rqh vkrw ordq frqwudfw vfhqdulr +Kduw/ 4<<8,/ wkhuh lv uhfrjqlwlrq wkdw dqdo|vlqj

frqwudfwv zlwkrxw frpplwphqw lv d ydoxdeoh frqwulexwlrq1 Wkh h{lvwlqj zlvgrp lq wklv duhd lv wkdw

vxfk frqwudfwv zklfk �{ ordq vl}h dqg wkh vwdwh ghshqghqw sdwwhuq ri uhsd|phqwv pxvw uhfrjqlvh

wkdw/ dw wkh uhsd|phqw vwdjh/ wkhuh zloo eh d qrqfrrshudwlyh jdph wr ghwhuplqh wkh dxglwlqj

dqg fkhdwlqj vwudwhjlhv1 Wkh olwhudwxuh dovr jhqhudoo| fodlpv wkdw wkh rxwfrph ri wklv jdph lv dq

lqwhulru pl{hg vwudwhj| +Nkdolo dqg Sduljl/ 4<<;> Fkrh/ 4<<;,> wkh h�hfw ri wklv lv wkdw xqghu ulvn

qhxwudolw|/ wkh rswlpdo frqwudfw lqyroyhv uhsd|phqwv iroorzlqj d orz uhsruw ri wkh vwdwh wkdw duh

lqghshqghqw ri wkh dfw ri dxglwlqj + lh UO @ UOO,1 Wkdw lv/ wkhuh lv qr uhzdug2sxqlvkphqw rq

wkh ghewru iru wuxwkixoo| ghfodulqj d orz vwdwh1 Lq wklv sdshu zh vkrz wkdw wkh rswlpdo frqwudfw

pd| qrw lqgxfh dq lqwhulru pl{hg vwudwhj| ri wkh uhsruwlqj2dxglwlqj jdph exw wkdw iru sduwlfxodu

surshuwlhv ri wkh uhyhqxh ixqfwlrqv/ wkh ehvw frqwudfw pd| hlwkhu ohdg wr fhuwdlq fkhdwlqj dqg }hur

dxglwlqj +d vlqjoh uhsd|phqw2srrolqj frqwudfw,> ru wr }hur fkhdwlqj exw srvlwlyh dxglwlqj> ru wr

wkh lqwhulru pl{hg vwudwhj|1 Zh dovr gholqhdwh wkh uhjlrqv zlwklq zklfk hdfk ri wkhvh frqwudfw

irupv lv wkh rswlpxp1 Zkhq wkh qr frpplwwphqw frqwudfw lqyroyhv wuxwkwhoolqj/ lw dovr lqyroyhv

d kljkhu lqyhvwphqw ohyho dqg d kljkhu suredelolw| ri prqlwrulqj wkdq wkh pl{hg vwudwhj| vroxwlrq
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wkdw doorzv iru vrph udqgrplvhg fkhdwlqj1 Lq wkh k|eulg wuxwkwhoolqj exw udqgrp prqlwrulqj

vfhqdulr wkhuh lv d %sxqlvkphqw% rq wkh ghewru iru wuxwkixoo| uhsruwlqj d orz vwdwh lq wkh vhqvh

wkdw UOO A UO> dq dowhuqdwlyh zd| ri lqwhusuhwlqj wklv lv wkdw lw lv rswlpdo wr uhtxluh wkh eruurzhu

wr wdnh rq vrph vkduh ri wkh prqlwrulqj frvwv wr hqfrxudjh vx�flhqw prqlwrulqj wr nhhs wkh ghewru

wuxwkixo lq klv uhsruwv1 \hw dqrwkhu zd| ri orrnlqj dw wkh srvvlelolw| ri kdylqj wuxwkwhoolqj lq wkh

Qdvk htxloleulxp lv wr uhjdug lw dv d fdvh lq zklfk wkh vhfrqg ehvw vhtxhqwldoo| udwlrqdo frqwudfw

ri Mrvw +4<<9, hphujhv dv d qrq0frrshudwlyh rxwfrph1

Doo ri wklv qr frpplwwphqw dqdo|vlv lv suhglfdwhg rq wkh dvvxpswlrq wkdw wkh hqgrjhqrxv

suredelolwlhv ri fkhdwlqj dqg prqlwrulqj duh ghwhuplqhg lq d qrqfrrshudwlyh Qdvk htxloleulxp1

Prvw ri wkh uhqhjrwldwlrq olwhudwxuh lqvwhdg vhhv wkh uhqhjrwldwlrq vwdjh dv ehlqj lq wkh irup ri

d ohdghuvkls jdph= rqh sduw| vxjjhvwv d uhqhjrwldwlrq wr wkh rwkhu wkdw erwk fdq dffhsw1 Li wkh

ghewru dfwxdoo| zulwhv wkh ruljlqdo frqwudfw +zklfk kdv vrph h�flhqf| ihdwxuhv wr uhfrpphqg lw/

Fkrh,/ wkhq/ dv dq dowhuqdwlyh dw wkh uhsd|phqw vwdjh/ zh frxog kdyh d Vwdfnohehuj vhwxs zlwk

hlwkhu wkh ohqghu ru wkh ghewru dv wkh ohdghu1 Vxssrvh wkh ohqghu lv wkh ohdghu> wkh| fdq fkrrvh dq|

srlqw rq wkh ghewruv uhdfwlrq fxuyh dqg suhvxpdeo| zloo zdqw wr hqvxuh orz prqlwrulqj +wr dyrlg

prqlwrulqj frvwv, dqg orz lqflghqfh ri fkhdwlqj +wr h{wudfw uhqw iurp wkh ghewru,1 Lw lv wkhq txlwh

sodxvleoh wkdw zkdw zh kdyh fdoohg wkh k|eulg htxloleulxp 0 zklfk hphujhv dv d qrqfrrshudwlyh

Qdvk htxloleulxp lq rxu vhwwlqj 0 lv dfwxdoo| dovr wkh Vwdfnohehuj htxloleulxp ri wkh jdph zkhq wkh

ohqghu lv wkh ohdghu1 Ru li wkh prqlwrulqj frvwv duh yhu| kljk wkhq wkh ohqghu dv ohdghu pd| dfwxdoo|

suhihu wkh vlqjoh uhsd|phqw vfhqdulr zkhuh o @ 4>p @ 3= Wkxv hlwkhu wkh vlqjoh uhsd|phqw frqwudfw

lqyhvwphqw dqg uhsd|phqw ohyhov pd| hphujh iurp d frqwudfw lq zklfk wkh vhfrqg uhqhjrwldwlrq

vwdjh kdv wkh ohqghu dv Vwdfnohehuj ohdghu1 Li lqvwhdg dw wkh uhqhjrwldwlrq vwdjh wkh ghewru lv

wkh ohdghu wkhq wkh| fdq fkrrvh dq| srlqw rq wkh ohqghuv uhdfwlrq fxuyh dqg suhvxpdeo| suhihu

rxwfrphv zlwk d orz suredelolw| ri prqlwrulqj dqg d kljk suredelolw| ri fkhdwlqj1 Wklv lv olnho| wr

ohdg wr wkh rxwfrph lq zklfk p @ 3>3 ? o ? 4= Lq wkh qrqfrrshudwlyh Qdvk vfhqdulr zh uxoh wklv

rxw ehfdxvh lw uhtxluhv UK @ UO wr jlyh ghewru lqgl�huhqfh ehwzhhq wuxwkwhoolqj dqg fkhdwlqj>
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exw lq d Vwdfnohehuj vfhqdulr lw lv txlwh srvvleoh vlqfh lw jlyhv wkh kljkhvw ohyho ri fkhdwlqj wkdw lv

frqvlvwhqw zlwk qr prqlwrulqj1
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D1414 o @ 3>p @ 4

Wklv uhtxluhv CH�@Cpmo @ so+UKO � UO � !, � +4 � s,+! . UO � UOO, ? 3 dqg CHX@Comp @

+UK �UO,�p+UKO�UO, @ +UK �UO, @ 3 dw p @ 3= Wdnhq wrjhwkhu wkhvh |lhog UK @ UO dqg

+vr orqj dv UKO�UO�! A 3, dq| qrqqhjdwlyh ydoxh ri o ? +4�s,+!.UO�UOO,@s+UKO�UO�!,=

Dowhuqdwlyho| li UKO �UO�! ? 3 dq| ydoxh ri o A +4� s,+!.UO �UOO,@s+UKO�UO�!, exw

ohvv wkdq xqlw| zloo vx�fh1

D1415 p @ 4> 3 ? o ? 4

Wklv uhtxluhv CH�@Cpmo @ so+UKO�UO�!,�+4�s,+!.UO�UOO, A 3 dqg CHX@Comp @ +UK�

UO,� +UKO�UO, @ 3= Wdnhq wrjhwkhu wkhvh |lhog UKO @ UK dqg +vr orqj dv UKO�UO�! A 3,

dq| ydoxh ri o A +4�s,+!.UO�UOO,@s+UKO�UO�!, zklfk grhv qrw h{fhhg xqlw|1 Dowhuqdwlyho|

li UKO �UO � ! ? 3 dq| qrqqhjdwlyh ydoxh ri o ? +4� s,+!.UO �UOO,@s+UKO �UO � !, exw

ohvv wkdq xqlw| zloo vx�fh +qrwh wklv wkhq uhtxluhv !.UO �UOO ? 3,1

D1416 o @ 3>3 ?p ? 4

Wklv uhtxluhv CHX@Comp @ +UK �UO, �p+UKO �UO, ? 3 dqg CH�@Cpmo @ +4 � s,+!.UO �

UOO, @ 3 zkhq o @ 3= Wdnhq wrjhwkhu wkhvh |lhog +!.UO�UOO, @ 3 dqg +vr orqj dv UKO= A UO

zklfk lv dq lqqrfxrxv dvvxpswlrq, dq| ydoxh ri p A +UK � UO,@+UKO � UO, zklfk grhv qrw

h{fhhg xqlw|1

D1417 o @ 4>3 ?p ? 4

Wklv uhtxluhv CHX@Comp @ +UK � UO, �p+UKO � UO, A 3 dqg CH�@Cpmo @ s+UKO � UO �

!, � +4 � s,+! . UO � UOO, @ 3 zkhq o @ 4= Wklv uhtxluhv dq| qrqqhjdwlyh ydoxh ri p ?

+UK �UO,@+UKO �UO, zklfk grhv qrw h{fhhg xqlw|1
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Wkh }hur sur�w frqvwudlqw pxvw elqg> rwkhuzlvh udlvlqj E zloo udlvh H| zlwkrxw d�hfwlqj ihdvlelolw|

zklfk wkhq udlvhv eruurzhu h{shfwhg uhwxuqv1 Exw vlqfh lw elqgv zh fdq iroorz NS dqg vroyh rxw

UK =

UK @
+4 . u,E+UKO �UO � !,�UO+UKO �UOO,+4� s,

sUKO . +4� s,UOO � !�UO
+D18:,

dqg uhsodflqj wklv lq wkh eruurzhuv h{shfwhg uhwxuq jlyhv=

HX @ H| +D18;,

�

^+4 . u,E+UKO �UO � !,�UO+UKO �UOO,+4� s,`^sUKO . +4� s,UOO �UO`

+sUKO . +4� s,UOO � !�UO,+UKO �UO,

�+4� s,UO
+UKO �UOO,

+UKO �UO,

Wkhq h{dfwo| dv lq NS=

CHX

CUOO
@

+4� s,!+UKO �UO � !,++4 . u,E �UO,

+sUKO . +4� s,UOO � !�UO,5+UKO �UO,
A 3

+D18<,

vr wkdw UOO @ |O= Xvlqj wklv=

CHX

CUKO
@

!+4� s,++4 . u,E �UO,^s+UKO � |O,5 � +|O �UO,5 . +|O �UO,!`

+sUKO . +4� s,|O � !�UO,5+UKO �UO,5
+D193,

@
!+4� s,++4 . u,E �UO,^s+UKO � |O,5 � +|O �UO,i|O �UO � !j`

+sUKO . +4� s,|O � !�UO,5+UKO �UO,5

A 3

vr UKO @ |K = Qrwlfh wkdw wkh frqvwudlqwv !.UO�UOO � 3> sUKO.+4�s,UOO�UO�! � 3

gr qrw d�hfw wklv vroxwlrq1

Sxwwlqj UOO @ |O dqg UKO @ |K lq +8;, |lhogv=

HX @ H| �
+H| �UO,+|k �UO � !,+4 . u,E � !UO+4� s,+|K � |O,

+s|K . +4� s,|O � !�UO,+|K �UO,
+D194,
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Wkh remhfwlyh ixqfwlrq +57, lv frqfdyh lq UO

CHX

CUO
@

!+4� s,+|K � |O,^+H| � !,+|K � +4 . u,E, � +4 . u,E|K . 5UO+4 . u,E �U5

O
`

+s|K . +4� s,|O � !�UO,5+|K �UO,5

+D195,

Iurp wklv lw iroorzv wkdw HX lv frqyh{ lq UO= vlqfh +4 . u,E A UO wkh qxphudwru ri +95, lv

lqfuhdvlqj lq UO> rq wkh rwkhu kdqg hdfk whup lq wkh ghqrplqdwru lv ghfuhdvlqj lq UO vlqfh

s|K .+4�s,|O�!�UO A 3 dqg |K �UO A 3= Khqfh C5HX@CU5

O
A 3= Exw +57, kdv d ghulydwlyh

ri �CHX

CUO
=

��� �L?U@��|) Lu , TiU|i_ N|�*�|�it �? �

Vhfrqg ghulydwlyhv ri h{shfwhg xwlolwlhv duh jlyhq e|=

HX
33

K
@ s|

33

K
. +4� s,|

33

O
.

|
33

O
+4� s,!

s+|K � |O . !,
. 5

+4� s,!

s

+4 . u � |
3

O
,+|

3

K
� |

3

O
,

+|K � |O . !,5
+D196,

�5
+4� s,!

s

^+4 . u,E � |O . !`+|
3

K
� |

3

O
,5

+|K � |O . !,6
.

+4� s,!

s

^+4 . u,E � |O . !`+|
33

K
� |

33

O
,

+|K � |O . !,5

HX
33

NS
@ s|

33

K
. +4� s,|

33

O
.

|
33

O
+4� s,!

s+|K � |O, � !
. 5+4� s,s

+4 . u � |
3

O
,+|

3

K
� |

3

O
,

^s+|K � |O, � !`5
+D197,

�5+4� s,s
^+4 . u,E � |O`+|

3

K
� |

3

O
,5

^s+|K � |O,� !`6
. +4� s,

^+4 . u,E � |O`s+|
33

K
� |

33

O
,

+s+|K � |O, � !,5

Vlqfh |
33

v
? 3> |

33

K
�|

33

O
? 3 dqg +4.u,E A |O vlqfh zh duh deryh EVU> wkh rqo| whupv ri dpeljxrxv

vljq lq HX
33

v
duh=

+4 . u � |
3

O
,+|

3

K
� |

3

O
,

+|K � |O . !,5
�

^+4 . u,E � |O . !`+|
3

K
� |

3

O
,5

+|K � |O . !,6
+D198,

dqg=

+4 . u � |
3

O
,+|

3

K
� |

3

O
,

^s+|K � |O,� !`5
�

^+4 . u,E � |O`+|
3

K
� |

3

O
,5

^s+|K � |O, � !`6
+D199,

68



Vr li +4. u� |
3

O
,+|K � |O.!, ? ^+4. u,E�|O.!`+|

3

K
�|

3

O
, dqg +4. u�|

3

O
,^s+|K � |O,�!` ?

^+4 . u,E � |O`+|
3

K
� |

3

O
, wkhq zh zrxog nqrz h{shfwhg xwlolwlhv duh joredoo| frqfdyh1 Krzhyhu

wkhvh frqglwlrqv fdqqrw krog joredoo|= frqvlghu iru h{dpsoh HX
33

K
dw E�

K
= Dw HX

3

K
@ 3 zh kdyh=

+4� s,!^+4 . u,E � |O . !`^|
3

K
� |

3

O
`

s^|K � |O . !`5
@ �H|3 . +4 . u, .

+4� s,!^+4 . u, � |
3

O
`

s+|K � |O . !,

+D19:,

+4 . u � |
3

O
, �

^+4 . u,E � |O . !`+|
3

K
� |

3

O
,

+|K � |O . !,
@

+4 . u � |
3

O
, .

�
s

+4� s,!
^|K � |O . !`^H|3

� +4 . u,`� ^+4 . u,� |
3

O
`

�

@

�
s

+4� s,!
^|K � |O . !`^H|3

� +4 . u,`

�
A 3

li E�

K
? E4 vr wkdw rswlpdo K lqyhvwphqw lv ehorz wkh �uvw ehvw ohyho1

��e A�i �T|�4@* O @?_ k� W?�it|4i?| �t Mi*L� |�i 6�ht| �it|G�W

M
c �W

g�
	

��

Iru wkh K frqwudfw vlqfh HXK +E, lv frqfdyh/ wklv lv wuxh li HX
3

K
+E4, ? 3= Krzhyhu=

HX
3

K
+E4, @

+4� s,!+4 . u � |
3

O
`

s5+|K � |O . !,5
^+4 . u,E � s|K � +4� s,|O . !+4� s,` +D19;,

zklfk xqghu wkh ihdvlelolw| frqglwlrq lv qhjdwlyh1

Vlploduo| iru wkh NS frqwudfw=

HX
3

NS
+E4, @

�^+4 . u,� |
3

O
`^s+|K � |O,� !` . s+|

3

K
� |

3

O
,^+4 . u,E4 � |O`

^s+|K � |O, � !`5
+D19<,

@
�^+4 . u,� |

3

O
`iH| � !`� +4 . u,E4j

^s+|K � |O,� !`5
? 3

ehfdxvh ri wkh �uvw ehvw frqglwlrq wkdw s+|
3

K
� |

3

O
, @ +4 . u, � |

3

O
dqg wkh ihdvlelolw| frqglwlrq

zklfk jlyhv wkh vljq1

��D �T|�4@**) �W

g�
	 �

W

M

Iluvw vxssrvh wkdw wkh rswlpdo lqyhvwphqw lq NS rffxuv zkhq I
3+=, ? 3 =
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+l, I 3+E�

NS
, ? 3 Zh fdq uhzulwh wkh ghulydwlyhv ri h{shfwhg xwlolw| zlwk uhvshfw wr E dv=

HX
3

NS
+E, @ H|3 � +4 . u,�SN+4� s,! +D1:3,

HX
3

K
+E, @ H|3

� +4 . u,� SK +4� s,! +D1:4,

zkhuh=

SNS @
+4 . u,� |

3

O

s+|K � |O,� !
�

s+|
3

K
� |

3

O
,^+4 . u,E � |O`

^s+|K � |O,� !`5
+D1:5,

SK @
+4 . u, � |

3

O

s+|K � |O . !,
�

s+|
3

K
� |

3

O
,^+4 . u,E � |O . !`

^s+|K � |O . !,`5
+D1:6,

Vr iru dq| E =

HX
3

K
�HX

3

NS
@ +4� s,!+SNS � SK, +D1:7,

@
+4� s,!

^s+|K � |O,� !`5^s+|K � |O . !,`5
�

i^+4 . u,� |
3

O
`^s+|k � |O,� !`^s+|K � |O . !`5

�s+|
3

K
� |

3

O
,^+4 . u,E � |O` � ^s+|K � |O . !,`5 �

^^+4 . u,� |
3

O
`^s+|K � |O,� !`5^s+|K � |O . !,``

.s+|
3

K
� |

3

O
,^+4 . u,E � |O`^s+|K � |O,� !`5

.s+|
3

K
� |

3

O
,!^s+|K � |O,� !`5j

6:



Gh�qh T @ i=j> wkhq xvlqj s+|K � |O . !, @ ^s+|K � |O,� !` . +4 . s,! =

T @ i^+4 . u, � |
3

O
`^s+|K � |O,� !`� s+|

3

K � |
3

O
,^+4 . u,E � |O`j � +D1:8,

i+4 . s,5!5 . 5+s+|K � |O, � !,+4 . s,!j �

^s+|K � |O,� !`5!^+4 . s,^+4 . u, � |
3

O
`� s+|

3

K
� |

3

O
,`

@ SNS ^s+|K � |O,� !`5^+4 . s,5!5 . 5+s+|K � |O, � !,+4 . s,!`�

s+|
3

K
� |

3

O
,!^s+|K � |O, � !`5I 3

Khqfh=

HX
3

K �
HX

3

NS
@

+4� s,!

^s+|K � |O,� !`5^s+|K � |O . !,`5
� +D1:9,

iSNS ^s+|K � |O,� !`5^+4 . s,5!5 .5+s+|K � |O,� !,+4 . s,!`

�s+|
3

K � |
3

O
,!^s+|K � |O,� !`5I 3j

dqg=

HX
3

K �
HX

3

N
A 3 li I 3 ? 3 dqg SNS A 3 +D1::,

Qrz zkhq HX
3

NS
@ 3 SNS A 3 vlqfh wkhq SNS lv htxdo wr wkh qhw ehqh�w H|3

� +4.u, A 3> lw

iroorzv wkdw dw E vxfk wkdw HX
3

N
@ 3 +l1h1 dw E�

NS
, li I 3 ? 3 wkhq HX

3

K
A 3= Iurp wklv zh nqrz

wkdw zkhqhyhu E�

NS
? EK5 wkhq H �X

3

K
+E�

NS
, A 3=

Li wkh rswlpdo lqyhvwphqw lq NS rffxuv deryh wkh xsshu urrw ri I +=,> wkhq=

6;



+ll, I 3+E�

NS
, A 3 dqg I +E�

NS
, A 3 Lq wklv fdvh zh fdq ghulyh dq dowhuqdwlyh h{suhvvlrq iru

T =

T @ ^+4 . u,� |
3

O
`^s+|K � |O,� !`^+4 . s,5!5 . +s+|K � |O,� !,+4 . s,!`� +D1:;,

s+|
3

K �
|

3

O
,^+4 . u,E � |O`^+4 . s,5!5 . 5+s+|K � |O,� !,+4 . s,!` .

s+|
3

K
� |

3

O
,!^s+|K � |O,� !`5

@ i^+4 . u,� |
3

O
`^s+|K � |O,� !`� s+|

3

K � |
3

O
,^+4 . u,E � |O`j �

^+4 . s,5!5 . +s+|K � |O,� !,+4 . s,!` .

s+|
3

K � |
3

O
,!^s+|K � |O,� !`5 �

�s+|
3

K � |
3

O
,^+4 . u,E � |O`+s+|K � |O, � !,+4 . s,!

@ SNS ^s+|K � |O, � !`5^+4 . s,5!5 . +s+|K � |O,� !,+4 . s,!` .

s+|
3

K
� |

3

O
,!^s+|K � |O,� !`is+|K � |O,� !� +4 . s,^+4 . u,E � |O`j

@ SNS ^s+|K � |O, � !`5^+4 . s,5!5 . +s+|K � |O,� !,+4 . s,!` .

s+|
3

K � |
3

O
,!^s+|K � |O,� !`I

Wkhq vlqfh HX
3

K
� HX

3

NS
@ +4�s,!

^s+|K�|O,�!`5^s+|K�|O.!,`5
T> zkhq HX

3

NS
@ 3 zh nqrz wkdw

SNS A 3> khqfh li I +E�

NS
, A 3 wkhq HX

3

K
+E�

NS
,�HX

3

N
+E�

NS
, A 3=

Ilqdoo| li wkh rswlpdo lqyhvwphqw lq NS lv ehwzhhq wkhvh ohyhov wkhq=

6<



+lll, I +E�

NS
, ? 3 dqg I 3+E�

NS
, A 3

HX
3

K �
HX

3

NS
@ +4� s,!i^4 . u � |

3

O
`

!+4 . s,

s+|K � |O . !,^s+|K � |O, � !
� +D1:<,

^+4 . u,E � |O`+|
3

K
� |

3

O
,!+4 . s,^5s+|K � |O,� +4� s,!`

s+|K � |O . !,5+s+|K � |O, � !,5

.
!+|

3

K
� |

3

O
,

s+|K � |O . !,5
j

@ +4� s,!5+4 . s,i
4 . u � |

3

O

s+|K � |O . !,^s+|K � |O, � !
�

^+4 . u,E � |O`+|
3

K
� |

3

O
,^5s+|K � |O,� +4� s,!`

s+|K � |O . !,5+s+|K � |O,� !,5

.
+|

3

K
� |

3

O
,

+4 . s,s+|K � |O . !,5
j

@
+4� s,!5

s+|K � |O . !,5+s+|K � |O, � !,5+4 . s,
i

^4 . u � |
3

O
`+4 . s,+|K � |O . !,+s+|K � |O,� !,

�+4 . s,^+4 . u,E � |O`+|
3

K
� |

3

O
,^5s+|K � |O,� +4� s,!`

.+|
3

K
� |

3

O
,s+|K � |O, � !,5j

Exw=

I @ +4 . s,+4 . u,E � s|K � |O . !

Vr=

I 3 @ +4 . s,+4 . u,� s|
3

K �
|

3

O

^+4 . u,� |
3

O
`+4 . s, @ I

3

. s+|
3

K �
|

3

O
, +D1;3,
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HX
3

K
�HX

3

NS
@

+4� s,!5

s+|K � |O . !,5+s+|K � |O, � !,5+4 . s,
i +D1;4,

+|K � |O . !,+s+|K � |O,� !,+I
3

. s+|
3

K
� |

3

O
,,

�+4 . s,^+4 . u,E � |O`+|
3

K � |
3

O
,^5s+|K � |O,� +4� s,!`

.+|
3

K � |
3

O
,+s+|K � |O,� !,5j

@
+4� s,!5+|

3

K
� |

3

O
,

s+|K � |O . !,5+s+|K � |O, � !,5+4 . s,
i

s+|K � |O . !,+s+|K � |O,� !, . +s+|K � |O, � !,5

�+4 . s,^+4 . u,E � |O`^5s+|K � |O,� +4� s,!`j

.
+4� s,!5I

3

s+|K � |O . !,+s+|K � |O,� !,+4 . s,

@
+4� s,!5+|

3

K
� |

3

O
,

s+|K � |O . !,5+s+|K � |O, � !,5+4 . s,
i

+s+|K � |O, � !,^5s+|K � |O, � +4� s,!`�

�+4 . s,^+4 . u,E � |O`^5s+|K � |O,� +4� s,!`j

.
+4� s,!5I

3

s+|K � |O . !,+s+|K � |O,� !,+4 . s,

@
+4� s,!5+|

3

K
� |

3

O
,^5s+|K � |O,� +4� s,!`

s+|K � |O . !,5+s+|K � |O, � !,5+4 . s,
i�Ij

.
+4� s,!5I

3

s+|K � |O . !,+s+|K � |O,� !,+4 . s,

@
+4� s,!5

s+|K � |O . !,+s+|K � |O,� !,+4 . s,

�iI
3

�
+|

3

K
� |

3

O
,^5s+|K � |O,� +4� s,!`

+|K � |O . !,+s+|K � |O, � !,
Ij

Lq wklv fdvh I ? 3 dqg I 3
A 3> khqfh HX

3

K
�HX

3

N
A 3=

��S A�ihi �t *itt 4L?�|Lh�?} �? k� |�@? �? O

Qrz p
3

NS
A 3 iru E A E�

NS
=
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Zh kdyh=

p
3

NS
@

+4 . u � |
3

O
,+|K � |O � !,

+s+|K � |O,� !,+|K � |O,
.

++4 . u,E � |O,+|
3

K
� |

3

O
,

+s+|K � |O, � !,+|K � |O,
+D1;5,

�

++4 . u,E � |O,+|K � |O � !,s+|
3

K
� |

3

O
,

+s+|K � |O,� !,5+|K � |O,

�

++4 . u,E � |O,+|K � |O � !,+|
3

K
� |

3

O
,

+s+|K � |O, � !,+|K � |O,5

p
3

NS
@

+4 . u � |
3

O
,+|K � |O � !,

+s+|K � |O,� !,+|K � |O,
+D1;6,

�

++4 . u,E � |O,+|
3

K
� |

3

O
,^s+|K � |O,5 � !i5s+|K � |O,� !j`

^s+|K � |O,� !`5^|k � |O`5

Rq wkh rwkhu kdqg xvlqj H|3 @ s+|
3

k
� |

3

O
, . |

3

O
=

HX
3

NS
@

s+|
3

K
� |

3

O
,

^s+|K � |O, � !`5
^s+|K � |O,

5
� !i5s+|K � |O,� !j +D1;7,

.+4� s,!i+4 . u,E � |Oj`

�
^+4 . u, � |

3

O
`

s+|K � |O,� !
s^|K � |O � !`

Vxevwlwxwlqj wkh vhfrqg lqwr wkh �uvw=

p
3

NS
@ �

HX
3

N

s+|K � |O,
. +D1;8,

+|
3

K
� |

3

O
,^s+|K � |O,5 � !i5s+|K � |O, � !j`^|K � +4 . u,E`

^s+|K � |O,� !`5^|K � |O`5

.
+|

3

K
� |

3

O
,+4� s,!++4 . u,E � |O,

^s+|K � |O,� !`5^|K � |O`

Qrz vlqfh HX
3

NS
+E�

N
, @ 3 dqg E�

NS
lv d pd{lpxp wkhq iru E A E�

NS
> HX

3

N
+E, ? 3= Wkh rwkhu

wzr whupv lqp3

NS
duh srvlwlyh vr orqj dv s+|K�|O,

5
�!i5s+|K�|O,�!j A 3= Exw wklv h{suhvvlrq

lv=

^s+|K � |O, � !`5 . s+4� s,+|K � |O,
5 A 3 +D1;9,

Vlqfh E�

NS
? E�

K
zh kdyh pNS +E�

NS
, ? pNS +E�

K
, ? pK+E�

K
, dv pNS ? pK lq wkh �{hg E

fdvh +vhh vhfwlrq 516,1
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��. �hLLu Lu �hLTLt�|�L? e

+l, I 3+EVU> !
�, ? 3

Khuh zh nqrz wkdw EK5+!
�, @ EVU @ ENS +!

�, ? EK4+!
�, dqg wkdw EVU ? E4= Li ! ? !

� wkhq

EK5+!, ? EK5+!
�, dqgENS +!, ? ENS +!

�,1 Exw I +ENS +!,> !, @ +4.s,++4.u,ENS +!,�|O, ? 3

vlqfh ENS +!, ? EVU= Dv I 3+EVU> !, ? 3 dqg I +=, lv frqyh{ lq E lw iroorzv wkdw EK5+!, ?

ENS +!,= Vr iru ! ? !
� zh kdyh EK5+!, ? ENS +!, ? EVU ? E4=

Li ! A !
� wkhq e| dq dqdorjrxv dujxphqw zh kdyh EK4+!, A EK5+!, A ENS +!, A EVU dqg

djdlq E4 A EK5+!,=

Dv ! frqwlqxhv wr lqfuhdvh deryh !� wkh wzr urrwv ri I +=, frqyhujh dw !i 1 Dw d vxlwdeo| kljk

!i / EK4+!i , @ EK5+!i , dqg iru ! A !i wkhuh duh qr urrwv wr I +E>!, @ 3=

+ll, I 3+Ev> !
�, A 3

Li ! ? !
� wkhq EN+!, ? EK5 ? EVU ? EK4+!,> wkh �uvw ri wkhvh iroorzv vlqfh I +EK5> !, @

3 zklovw vlqfh ENS ? EVU zh nqrz wkdw I +ENS > !, @ +4 . s,++4 . u,ENS � |O, A 3 exw

ehfdxvh I +=, lv olqhdu lq !> I 3+ENS > !, A 3= Wkh vhfrqg iroorzv vlqfh ENS ? EK5 lpsolhv wkdw

s+|K+EK5, � |O+EK5,, A ! zklfk lpsolhv +vlqfh I +EK5> !, @ 3,> +4 . u,EK5 � |O A 3 phdqlqj

wkdw EK5 ? EVU=

Li ! A !
� wkhq EK5+!, A EK4+!, ? EVU ? ENS +!, ? E4 Dw d vxlwdeo| kljk !i / EK4+!i , @

EK5+!i , dqg iru ! A !i wkhuh duh djdlq qr urrwv wr I +E>!, @ 3=

Zh fdq sxw wrjhwkhu wkh deryh nqrzohgjh ri wkh uhjlrqv lq zklfk hdfk frqwudfw irup lv ihdvleoh

zlwk wkh orfdwlrq ri E�

K dqg E�

NS wr ghulyh=

��H �hLLu Lu �hLTLt�|�L? D

Uhfdoo wkh h{suhvvlrqv iru wkh h{shfwhg pdujlqdo xwlolw|=

HX
3

V
@ H|3

� +4 . u, +;:,
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HX
3

NS
@ H|3

� +4 . u,�
+4� s,!^+4 . u,� |

3

O
`

s+|K � |O,� !
.

+4� s,!^+4 . u,E � |O`s^|
3

K
� |

3

O
`

^s+|K � |O, � !`5

@ H|3
� +4 . u,�

+4� s,!^+4 . u,� |
3

O
`

s+|K � |O,� !
+D1;;,

HX
3

K
@ H|3

� +4 . u, �
+4� s,!^+4 . u,� |

3

O
`

s+|K � |O . !,
.

+4� s,!^+4 . u,E � |O . !`^|
3

K
� |

3

O
`

s^|K � |O . !`5
+;<,

Fdvh +d,= I
3

+EVU> !
�, ? 3 dqg !i A ! A !

�

Li EK4 A E4 wkhq HX
3

K +EK4, ? 3 dqg HX
3

NS +EK4, ? 3> dqg zh dovr nqrz wkdw HX
3

K +EK5, A

3= Khqfh wkh rswlpdo frqwudfw fdqqrw eh K1 Vlqfh ENS A EVU> wkh joredoo| rswlpdo frqwudfw

lqyroyhv d frpsdulvrq ehwzhhq Vu frqwudfw dqg NS1

LiEK4 ? E4 wkh rxwfrph ghshqgv rq wkh vljqv riHX
3

K
+EK4, dqgHX

3

NS
+EK4,= LiHX

3

K
+EK4, ?

3 wkh joredo rswlpxp fdqqrw eh K dqg vr zloo eh wkh uhvxow ri d joredo frpsdulvrq ri NS dqg

VU1 Li HX
3

NS
+EK4, A 3 wkh joredo rswlpxp fdqqrw eh NS dqg vr zloo eh wkh uhvxow ri d joredo

frpsdulvrq ri K dqg VU1 Ilqdoo| li HX
3

K
+EK4, A 3 dqg HX

3

NS
+EK4, ? 3 wkh joredo rswlpxp lv

wkh uhvxow ri d frpsdulvrq ri doo wkuhh frqwudfwv VU/ K/ NS1 Wklv fryhuv fdvh +d,1

Fdvh +e,= I
3

+EVU> !
�, A 3 dqg !i A ! A !

�

Khuh EK4 ? ENS ? E4 dqg vr E�

NS A EK4 vr wkh joredoo| rswlpdo frqwudfw fdqqrw eh NS1

Wkhq li HX
3

K+EVU, ? 3 wkh joredo rswlpxp lv wkh VU frqwudfw> zklovw li HX
3

K +EVU, A 3> wkh

joredoo| rswlpdo irup ghshqgv rq d frpsdulvrq ri K dqg VU1

Fdvh +f,= !� A ! A !
��

Iru ! A !
�� zh nqrz HX

3

NS +EVU, ? 3 dqg vr HX
3

NS +ENS , ? 3= zklfk lpsolhv wkdw wkh

vroxwlrq fdqqrw eh NS1 Rq wkh rwkhu kdqg HXVU+EVU, A HXK +EVU, vr wkdw li HX
3

K
+EVU, ? 3

wkh vroxwlrq fdqqrw eh k|eulg hlwkhu dqg vr pxvw eh VU1 Lqvwhdg li HX
3

K
+EVU, A 3 d joredo

frpsdulvrq ri wkh k|eulg dqg VU frqwudfw duh qhfhvvdu|1

Fdvhv +g,0+j,= ! ? !
��

Li ! ? !
�� wkhq wkh rxwfrph ghshqgv rq zkhwkhu E4 ?A EK4= Li E4 ? EK4 zh nqrz wkdw

HX
3

NS
+EK4, ? 3 dqg HX

3

K
+EK4, ? 3 vlqfh wkhuh lv xqghulqyhvwphqw uhodwlyh wr wkh �uvw ehvw1
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Iurp HX
3

K
+EK4, ? 3 lw iroorzv wkdw NS grplqdwhv K1 Exw vlqfh ! ? !�� HX

3

NS +EVU, A 3 dqg vr

NS grplqdwhv wkh VU frqwudfw1 Li lqvwhdg E4 A EK4 lw lv pruh frpsoh{1 Li HX
3

NS +EK4, A 3 wkhq

E�

NS A EK4 dqg vr K grplqdwhv NS1 Rq wkh rwkhu kdqg li HX
3

K+EK4, ? 3 wkhq E�

K ? EK4zklfk

lpsolhv wkdw NS grplqdwhv K1 Ilqdoo| li HX
3

NS +EK4, ? 3 exw HX
3

K +EK4, A 3 wkhq E�

NS ? EK4

exw E�

K A EK4 vr wkdw d joredo frpsdulvrq ri xwlolwlhv lv qhfhvvdu|1

Iru ! A !i wkh rswlpxp djdlq lqyroyhv d frpsdulvrq ehwzhhq wkh VU frqwudfw dw EVU dqg

wkh pd{lpxp ydoxh ri wkh K frqwudfw1
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! @ 9=58

+iuihi?Uit

F1 Fkrh/ %Frqwudfw Ghvljq dqg Frvwo| Yhul�fdwlrq Jdphv%/ Mrxuqdo ri Hfrqrplf Ehkdylrxu
dqg Rujdqlvdwlrq/ 67/ 4<<;/ 65:06731

G Ixghqehuj dqg M Wluroh/ Prudo Kd}dug dqg Uhqhjrwldwlrq lq Djhqf| Frqwudfwv/ Hfrqr0
phwulfd/ 4<<3/ 8;/ 45:<04653

I1 Nkdolo/ %Dxglwlqj zlwkrxw Frpplwphqw%/ Udqg Mrxuqdo ri Hfrqrplfv/ 5;/ 4<<:/ 95<09731

I1 Nkdolo dqg E1 Sduljl/ %Ordq Vl}h dv d Frpplwphqw Ghylfh%/ Lqwhuqdwlrqdo Hfrqrplf
Uhylhz/ 6</ 4<<;/ 46804831

G1 Jdoh dqg P1 Khoozlj/ %Lqfhqwlyh Frpsdwleoh Ghew Frqwudfwv= Wkh Rqh Shulrg Sureohp%/
Uhylhz ri Hfrqrplf Vwxglhv/ 4<;8/ 85/ ss1 97:096

G1 Jdoh dqg P1 Khoozlj/ %Uhsxwdwlrq dqg Uhqhjrwldwlrq= Wkh Fdvh ri Vryhuhljq Ghew%/
Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 4<;</ 63/ ss1 6064

S Mrvw/ Rq wkh Uroh ri Frpplwphqw lq d Sulqflsdo0Djhqw Uhodwlrqvkls zlwk dq Lqiruphg
Sulqflsdo%/ Mrxuqdo ri Hfrqrplf Wkhru|/ 4<<9/ 8430863

G1 Prrnkhumhh dqg L1 Sqj/ %Dxglwlqj/ Lqvxudqfh dqg Uhglvwulexwlrq%/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ 4<;</ ss1 6<:0748

M1 Prruh/ %Lpsohphqwdwlrq/ Frqwudfwv/ dqg Uhqhjrwldwlrq lq Hqylurqphqwv zlwk Frpsohwh
Lqirupdwlrq%/ lq= M1M1Od�rqw +hg,/ Dgydqfhv lq Hfrqrplf Wkhru|/ Yro1 4/ 4<<5/ F1X1S1

U1P1 Wrzqvhqg/ %Rswlpdo Frqwudfwv dqg Frpshwlwlyh Pdunhwv zlwk Frvwo| Vwdwh Yhul�fd0
wlrq%/ Mrxuqdo ri Hfrqrplf Wkhru|/ 4<:</ 59805<61

U1 P1 Wrzqvhqg/ %Lqirupdwlrq Frqvwudlqhg Lqvxudqfh=wkh Uhyhodwlrq Sulqflsoh H{whqghg%/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 4<;;/ 54/ ss1 7440783
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