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DOWHUQDWLYH JDUFK LQ PHDQ PRGHOV=

DQ DSSOLFDWLRQ WR WKH NRUHDQ VWRFN PDUNHW

P NDUDQDVRV DQG M NLP

Xqlyhuvlw| ri \run/ Khvolqjwrq/ \run/ \R43 8GG/ XN

Devwudfw

Wkh sxusrvh ri wklv sdshu lv wkh wkhruhwlfdo dqg hpslulfdo frpsdulvrq ri dowhuqdwlyh JDUFK0lq0phdq
prghov1 Zh h{dplqh wkuhh JDUFK vshfl�fdwlrqv= Eroohuvohy*v +4<;9, JDUFK prgho/ Wd|oru +4<;9, 0
Vfkzhuw*v +4<;<, JDUFK prgho/ dqg Qhovrq*v +4<<4, H{srqhqwldo JDUFK prgho1 Lq dgglwlrq/ zh hpsor|
irxu ri wkh prvw frpprq irupv lq zklfk wkh wlph0ydu|lqj yduldqfh hqwhuv wkh vshfl�fdwlrq ri wkh phdq wr
ghwhuplqh wkh ulvn suhplxp= wkh txdgudwlf/ wkh olqhdu/ wkh orjdulwkplf dqg wkh vtxduh urrw rqh1 Iru doo wkh
diruhphqwlrqhg prghov zh jlyh wkh dxwr2furvv fruuhodwlrqv ri wkh surfhvv dqg lwv frqglwlrqdo yduldqfh1 Wkh
sudfwlfdo lpsolfdwlrqv ri wkh uhvxowv duh looxvwudwhg hpslulfdoo| xvlqj gdlo| gdwd rq wkh Nruhdq Vwrfn Sulfh
Lqgh{ +NRVSL,1

Iru fruuhvsrqghqfh= Hpdlo= pn49C|run1df1xn/ Who= 34<370766:<</ Id{= 34<370766:8<1
Zh zrxog olnh wr wkdqn N Dedglu/ P Ndudqdvvrx dqg P Vrod iru khosixo frpphqwv dqg vxjjhvwlrqv1
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4 LQWURGXFWLRQ

Rqh ri wkh prvw frpprq phdq htxdwlrqv iru h{fhvv dvvhw uhwxuqv lv wkh JDUFK0lq0phdq +JDUFK0P, prgho
ri Hqjoh/ Ololhq dqg Urelqv +4<;:,1 Phdq htxdwlrqv ri wklv irup kdyh ehhq zlgho| xvhg lq hpslulfdo vwxglhv
ri wlph0ydu|lqj ulvn0suhpld/ lq wkh whup vwuxfwxuh +Hqjoh dqg Qj/ 4<<6/ Kxuq/ PfGrqdog dqg Prrg|/ 4<<8/
Euxqqhu dqg Vlprq/ 4<<9/ Ndyxvvdqrv dqg Dol}dghk/ 4<<<,/ lq iruzdug dqg ixwxuh sulfhv ri frpprglwlhv +Kdoo/
4<<4/ Prrvd dqg Orxjkdql/ 4<<7,/ lq lqgxvwuldo surgxfwlrq +Fdsrudoh dqg PfNlhupdq/ 4<<9, dqg hvshfldoo| lq
vwrfn uhwxuqv +Eodfn dqg Iudvhu 4<<8/ Iudvhu 4<<9/ Kdqvvrq dqg Krugdko/ 4<<:/ Ho|dvldql dqg Pdqvxu/ 4<<;/
Hooxo/ 4<<<,1

Lq sduwlfxodu/ wkh hpslulfdo olwhudwxuh kdv dwwhpswhg wr fkdudfwhul}h wkh lqwhuwhpsrudo uhodwlrq ehwzhhq
ulvn dqg uhwxuq rq wkh vwrfn pdunhw1 Krzhyhu/ wkh uhsruwhg �qglqjv duh frq lfwlqj1 Iru h{dpsoh/ Iuhqfk/
Vfkzhuw dqg Vwdpedxjk +4<;:, dqg Fdpsehoo dqg Khqwvfkho +4<<5, frqfoxgh wkdw wkh gdwd duh frqvlvwhqw zlwk
d srvlwlyh uhodwlrq ehwzhhq frqglwlrqdo h{shfwhg h{fhvv uhwxuq dqg frqglwlrqdo yduldqfh/ zkhuhdv Idpd dqg
Vfkzhuw +4<::,/ Fdpsehoo +4<;:,/ Euhhq/ Jorvwhq dqg Mdjdqqdwkdq +4<;<,/ Wxuqhu/ Vwdu} dqg Qhovrq +4<;<,/
Qhovrq +4<<4,/ Sdjdq dqg Krqj +4<<4, dqg Jorvwhq/ Mdjdqqdwkdq dqg Uxqfnoh +4<<6, �qg d qhjdwlyh uhodwlrq1
Dowkrxjk wkhuh lv d odujh erg| ri hpslulfdo uhvhdufk rq wkh wudgh r� ehwzhhq ulvn dqg uhwxuq wkhuh kdyh
ehhq uhodwlyho| ihzhu wkhruhwlfdo dgydqfhphqwv1 Wklv sdshu frqwulexwhv wr erwk wkh wkhruhwlfdo dqg hpslulfdo
ghyhorsphqwv lq wklv uhvhdufk duhd1

Lq rughu wr fduu| rxw rxu dqdo|vlv ri vwrfn uhwxuqv zh qhhg wr fkrrvh d irup iru wkh phdq dqg yduldqfh
htxdwlrqv1 Vfkrohv dqg Zlooldpv +4<::, vxjjhvwhg d PD+4, vshfl�fdwlrq iru wkh phdq/ Or dqg PfNlqod| +4<;;,
dqg Qhovrq +4<<4, xvhg dq DU+4, irup/ zkloh Khqwvfkho +4<<8, prghohg wkh lqgh{ uhwxuq dv d zklwh qrlvh surfhvv1
Khuh/ zh dgrsw wkh DUPD+4/4, irup zklfk lqfoxghv wkh zklwh qrlvh/ PD+4,/ dqg DU+4, vshfl�fdwlrqv dv vshfldo
fdvhv1 Iru wkh yduldqfh htxdwlrq zh h{dplqh wkuhh dowhuqdwlyh JDUFK surfhvvhv= +l, Eroohuvohy*v JDUFK+4/4,

prgho/ +ll, Wd|oru2Vfkzhuw*v prgho zkhuh wkh frqglwlrqdo vwdqgdug ghyldwlrq +k
4
5
w , iroorzv d JDUFK+4/4, surfhvv

dqg +lll, Qhovrq*v H{srqhqwldo JDUFK+4/4, ^HJDUFK+4/4,` prgho zkhuh wkh orjdulwkp ri wkh frqglwlrqdo
yduldqfh ^oq+kw,` iroorzv dq DUPD+4/4, surfhvv1

Ixuwkhupruh/ zh qhhg wr fkrrvh wkh irup lq zklfk wkh wlph ydu|lqj yduldqfh hqwhuv wkh vshfl�fdwlrq ri wkh
phdq wr ghwhuplqh wkh ulvn suhplxp1 Wklv lv d pdwwhu ri hpslulfdo hylghqfh1 Dowkrxjk d qxpehu ri dxwkruv
dvvxphg olqhdulw| ehwzhhq wkh frqglwlrqdo yduldqfh dqg phdq uhwxuq +vhh/ iru h{dpsoh/ Qhovrq/ 4<<4/ Jorvwhq/
Mdjdqqdwkdq dqg Uxqfnoh/ 4<<6/ dqg Khqwvfkho/ 4<<8, wkh wkhruhwlfdo mxvwl�fdwlrq iru wklv olqhdu uhodwlrqvkls
lv phdjuh/ vlqfh wkh uhtxluhg h{fhvv uhwxuq rq d sruwirolr lv olqhdu lq lwv frqglwlrqdo yduldqfh rqo| xqghu yhu|
vshfldo flufxpvwdqfhv1 Lq pdq| rwkhu dssolfdwlrqv wkh vtxduh urrw ri wkh frqglwlrqdo yduldqfh +

s
kw, kdv ehhq

xvhg +vhh iru h{dpsoh Grprzlw} dqg Kdnnlr/ 4<;8/ Eroohuvohy/ Hqjoh dqg Zrrogulgjh/ 4<;;/ Ndyxvvdqrv dqg
Dol}dghk/ 4<<< dqg Hooxo/ 4<<<,1 Krzhyhu/ Hqjoh/ Ololhq dqg Urelqv +4<;:, irxqg wkdw wkh orjdulwkp ri wkh
frqglwlrqdo yduldqfh ^oq+kw,` zrunhg ehwwhu lq wkhlu hvwlpdwlrq ri wkh wlph ydu|lqj ulvn suhpld lq wkh whup
vwuxfwxuh/ zkhuhdv Nurqhu dqg Odvwudshv +4<<6, xvhg wkh vtxduh ri wkh frqglwlrqdo yduldqfh +k5w , dv d uhjuhvvru
lq wkhlu suhihuuhg prgho1 Iroorzlqj wkh deryh glvfxvvlrq/ zh prgho wkh uhodwlrqvkls ehwzhhq wkh h{shfwhg uhwxuq

dqg wkh wlph ydu|lqj ulvn suhplxp e| dvvxplqj +l, olqhdulw|/ l1h1 zh xvh kw> k
4
5
w > dqg oq+kw, dv d uhjuhvvru lq

Eroohuvohy*v/ Wd|oru2Vfkzhuw*v dqg Qhovrq*v prghov/ uhvshfwlyho|/ dqg +ll, qrqolqhdulw|/ l1h1 zh xvh k5w > kw> dqg knw
lq Eroohuovhy*v/ Wd|oru2Vfkzhuw*v dqg Qhovrq*v4 prghov/ uhvshfwlyho|1

Wr rewdlq wkh wkhruhwlfdo uhvxowv dqg wr fduu| rxw wkh hvwlpdwlrq zh qhhg wr pdnh d glvwulexwlrqdo dvvxpswlrq
iru wkh huuru whup5 1 Lq wkh oljkw ri hpslulfdo hylghqfh ri idw0wdlo huuruv/ vhyhudo dxwkruv +Eroohuvohy/ 4<;:/ Qhovrq/
4<<4/ dqg Vhqwdqd/ 4<<8, kdyh fkrvhq glvwulexwlrqv vxfk dv wkh Vwxghqw0w glvwulexwlrq ru wkh Jhqhudol}hg Huuru
Glvwulexwlrq6 1 Zh vkrxog qrwh wkdw iru wkh JDUFK prghov rxu wkhruhwlfdo uhvxowv krog xqghu dq| glvwulexwlrqdo
dvvxpswlrq/ zkhuhdv iru wkh HJDUFK prgho zh dvvxph wkdw wkh huuru whup lv gudzq iurp hlwkhu wkh Qrupdo/
ru wkh Grxeoh H{srqhqwldo ru wkh Jhqhudol}hg Huuru Glvwulexwlrq1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh suhvhqw wkh wkhruhwlfdo uhvxowv iru wkh deryh
JDUFK0P prghov1 Iluvw/ iru wkh JDUFK vshfl�fdwlrqv zh jlyh wkhlu DUPD uhsuhvhqwdwlrqv/ wkhlu dxwrfru0
uhodwlrq ixqfwlrqv dqg wkh frqglwlrq iru wkh h{lvwhqfh ri wkhlu vhfrqg prphqwv7 1 Vhfrqg/ zh rewdlq wkh DUPD

4 Lq wkh fdvh ri wkh HJDUFK+4/4, prgho zlwk wkh n0wk srzhu ri wkh frqglwrqdo yduldqfh lq wkh phdq htxdwlrq zh rqo| h{dplqh
d PD+4, phdq vshfl�fdwlrq1

5 Lq dgglwlrq wr wkh srwhqwldo jdlqv lq h!flhqf|/ wkh h{dfw irup ri wkh huuru glvwulexwlrq dovr sod|v dq lpsruwdqw uroh lq vhyhudo
dssolfdwlrqv ri wkh JDUFK prgho vxfk dv rswlrq sulflqj dqg wkh frqvwuxfwlrq ri rswlpdo iruhfdvw huuru lqwhuydov> vhh Hqjoh dqg
Pxvwdid +4<<5, dqg Edloolh dqg Eroohuovhy +4<<5,1

6Rwkhu sdudphwulf ghqvlwlhv wkdw kdyh ehhq frqvlghuhg lq wkh hvwlpdwlrq ri JDUFK prghov lqfoxgh wkh qrupdo0Srlvrq pl{wxuh
glvwulexwlrq lq Mrulrq +4<;;,/ wkh srzhu h{srqhqwldo glvwlexwlrq lq Edloolh dqg Eroohuvohy +4<;<,/ wkh qrupdo 0orjqrupdo pl{wxuh
glvwulexwlrq lq Kvlhk +4<;<, +vhh dovr/ iru dq h{fhoohqw dqdo|vlv ri d ydulhw| ri qrq0qrupdo glvwulexwlrqv/ Sdrohood/ 4<<<,1

7Wkh prphqw vwuxfwxuh ri JDUFK prghov lv d wrslf wkdw kdv uhfhqwo| dwwudfwhg sohqw| ri dwwhqwlrq1 Ndudqdvrv +4<<<, h{dplqhg
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uhsuhvhqwdwlrqv dqg wkh dxwrfruuhodwlrq ixqfwlrqv ri wkh vwrfn uhwxuqv1 Ilqdoo|/ zh jlyh wkh furvv fruuhodwlrqv
ehwzhhq wkh vwrfn uhwxuq dqg wkh JDUFK vshfl�fdwlrqv8 1

Lq Vhfwlrq 6 zh surfhhg zlwk wkh hvwlpdwlrq ri prghov iurp wkh JDUFK0lq0phdq idplo| lq rughu wr wdnh
lqwr dffrxqw wkh vhuldo fruuhodwlrq/ wkh JDUFK h�hfwv dqg wkh wlph ydu|lqj ulvn suhplxp revhuyhg lq rxu wlph
vhulhv gdwd1 Rxu hpslulfdo dqdo|vlv lv edvhg rq gdlo| gdwd iru wkh sulfh ri wkh Nruhdq Vwrfn Lqgh{1 Iru wkh
hvwlpdwlrq ri wkh JDUFK+4/4, vshfl�fdwlrq dqg wkh lq0phdq h�hfw zh xvh wkuhh dowhuqdwlyh ixqfwlrqdo irupv=
wkh orjdulwkplf/ wkh olqhdu dqg wkh vtxduh urrw rqh9 1 Doo rxu hvwlpdwhg prghov vxjjhvw d srvlwlyh dqg vwdwlvwlfdoo|
vljql�fdqw uhodwlrq ehwzhhq ulvn dqg uhwxuq1

5 JDUFK0LQ0PHDQ PRGHOV

514 JDUFK0lq0phdq0prghov

JDUFK prghov kdyh ehhq dssolhg lq prgholqj wkh uhodwlrq ehwzhhq frqglwlrqdo yduldqfh dqg dvvhw ulvn suhpld1
Lq zkdw iroorzv/ zh h{dplqh dq DUPD+4/4, irup iru wkh phdq htxdwlrq zklfk lqfoxghv erwk wkh DU+4, dqg
PD+4, irupv dv vshfldo fdvhv1 Wkh DU+4, whup doorzv iru wkh dxwrfruuhodwlrq lqgxfhg e| glvfrqwlqxrxv wudglqj
lq wkh vwrfnv pdnlqj xs dq lqgh{ +Vfkrohv dqg Zlooldpv/ 4<::/ Or dqg Pfnlqod|/ 4<;;,1 Lq dgglwlrq/ iru wkh
yduldqfh htxdwlrq/ zh dvvxph wkdw hlwkhu wkh frqglwlrqdo yduldqfh lv d olqhdu ixqfwlrq ri wkh odjjhg vtxduhg
huuru dv lq Eroohuvohy*v JDUFK+4/4, prgho ru wkdw wkh frqglwlrqdo vwdqgdug ghyldwlrq lv d olqhdu ixqfwlrq ri
wkh odjjhg devroxwh huuru dv lq Wd|oru2Vfkzhuw*v JDUFK+4/4,: prgho1 Lq wkh odwwhu prgho zh dovr lqfoxgh dq
dv|pphwulf whup; 1 Ilqdoo|/ lq Eroohuvohy*v prgho zh lqfoxgh wkh yduldqfh lq wkh phdq htxdwlrq/ zkhuhdv lq
Wd|oru2Vfkzhuw*v prgho zh xvh wkh vwdqgdug ghyldwlrq dv d uhjuhvvru1

� Prgho 41 Frqvlghu wkh DUPD+4/4,0JDUFK+4/4,0lq0phdq prgho

+4� !O,uw @ e. +4� �O,%w . )k
�l
5
w > %w @ hwk

4
5
w > hwmw�4 � LLG+3> 4, +514,

k
�l
5
w @ $ . di+%w�4, . �k

�l
5
w�4> i+%w�4, @ ^m%w�4m. gl%w�4`�l @ k

�l
5
w�4^mhw�4m. glhw�4`�l >

+515d,

�l @

�
5 li l @ d

4 li l @ e
> gl @

�
3 li l @ d

g li l @ e
> $> d> � � 3> �4 ? g ? 4 +515e,

Qrwh wkdw zkhq l@d +�d @ 5> gd @ 3, zh kdyh Eroohuvohy*v JDUFK0lq0phdq prgho +Prgho 4d,/ dqg zkhq
l@e +�e @ 4> ge @ g, zh kdyh Wd|oru2Vfkzhuw*v dv|pphwulf JDUFK0lq0phdq prgho +Prgho 4e,1

Lq wkhvh prghov wkh �l
5 0wk srzhu ri wkh frqglwlrqdo yduldqfh iroorzv d JDUFK+4/4, surfhvv dqg lw dovr hqwhuv

wkh vshfl�fdwlrq iru wkh phdq1 Lq rwkhu zrugv/ lq wkhvh prghov ri yrodwlolw| ihhgedfn wkh orqj0krul}rq iruhfdvwv
duh olqhduo| uhodwhg wr vkruw0krul}rq iruhfdvwv ri vrph yrodwlolw| phdvxuh dqg wkh h{shfwhg vwrfn uhwxuq lv olqhdu
lq wklv vdph phdvxuh1

wkh prphqw vwuxfwxuh ri wkh vtxduhg huuruv iru wkh vwdqgdug JDUFK prgho +vhh dovr/ Kh dqg Whuçvyluwd/ 4<<<,1 Ndudqdvrv
+5333d, ghulyhg wkh dxwr2furvv fryduldqfh ixqfwlrqv ri wkh djjuhjdwh yduldqfh dqg wkh frpsrqhqw yduldqfhv iru wkh Q frpsrqhqw
JDUFK+q/q, prgho1 N +5333e, dqg Irxqwdv/ Ndudqdvrv dqg Ndudqdvvrx +5333, ghulyhg h{suhvvlrqv iru wkh dxwrfryduldqfhv ri wkh
frqglwlrqdo yduldqfh dqg rewdlqhg wkh furvv fryduldqfhv ehwzhhq wkh surfhvv dqg lwv frqglwlrqdo yduldqfh iru wkh DUPD0JDUFK0
lq0phdq dqg wkh DUPD0JDUFK0lq0phdq0ohyho prghov/ uhvshfwlyho|1

8Zkloh zh zhuh zulwlqj wklv sdshu/ wkh zrun e| Kh/ Whuçvyluwd dqg Pdopvwhq +4<<<,/ khuhdiwhu KWP/ fdph wr rxu dwwhqwlrq1
KWP h{dplqhg rqo| wkh frqglwlrqdo yduldqfh lq wkh frqwh{w ri wkh vlpsoh HJDUFK+4/4, prgho zkhuhdv zh ghulyh uhvxowv iru erwk
wkh frqglwlrqdo yduldqfh dqg phdq lq wkh frqwh{w ri dq HJDUFK+4/4,0lq0phdq prgho1 Zh vkrxog dovr qrwh wkdw rxu uhvhdufk kdv
ehhq frqwdfwhg lqghshqghqwo| ri KWP1

9 Wd|oru+4<;9, dqg Vfkzhuw+4<;<, �uvw vxjjhvwhg DUFK prghov iru wkh frqglwlrqdo vwdqgdug ghyldwlrq1 Qhovrq dqg Irvwhu
+4<<7, vkrz wkdw d JDUFK h{whqvlrq ri wkh Wd|oru2Vfkzhuw DUFK prgho lv d frqvlvwhqw hvwlpdwru ri wkh frqglwlrqdo yduldqfh ri
qhdu gl�xvlrq surfhvvhv1 Lq wkh frqwh{w ri d srzhu JDUFK prgho/ Glqj/ Judqjhu dqg Hqjoh +4<<6, xvlqj gdlo| gdwd rq wkh V)S
833 lqgh{ hvwlpdwh d srzhu ri 4176 zklfk zdv vljql�fdqwo| gl�huhqw iurp 4 ru 5> rq wkh rwkhu kdqg/ Khqwvfkho +4<<8, xvlqj X1V
vwrfn uhwxuq gdwd hvwlpdwh d srzhu ri 41464 dqg irxqg lw wr eh lqvljql�fdqwo| gl�huhqw iurp 41 Dowkrxjk lq rxu hpslulfdo dqdo|vlv
zh hvwlpdwh d srzhu JDUFK prgho lq rxu wkhruhwlfdo dqdo|vlv zh uhvwulfw rxu dwwhqwlrq wr hlwkhu Eroohuovhy*v ru Wd|oru2Vfkzhuw*v
prghov1

:Rxu fkrlfh ri wkh �uvw0rughu prgho lv prwlydwhg e| wkh idfw wkdw lv wkh prvw zlgho| dssolhg JDUFK prgho1
;Wkh dv|pphwulf uhvsrqvh ri yrodwlolw| wr srvlwlyh dqg qhjdwlyh vkrfnv lv zhoo nqrzq lq wkh �qdqfh olwhudwxuh dv wkh ohyhudjh

h�hfw ri wkh vwrfn pdunhw uhwxuqv +Eodfn/ 4<:9,1 Uhvhdufkhuv kdyh irxqg wkdw yrodwlolw| whqgv wr ulvh lq uhvsrqvh wr �edg qhzv�
+h{fhvv uhwxuqv orzhu wkdq h{shfwhg, dqg wr idoo lq uhvsrqvh wr �jrrg qhzv� +h{fhvv uhwxuqv kljkhu wkdq h{shfwhg,1
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Sursrvlwlrq 41 Wkh DUPD+4/4, uhsuhvhqwdwlrq ri wkh �l
5 0wk srzhu ri wkh frqglwlrqdo yduldqfh +k

�l
5
w , lv

+4� �4O,k
�l
5
w @ $ . dy4>w�4> �4 @ dn4 . �> y4>w�4 @ i+%w�4,� n4k

�l
5
w�4> +516d,

n4 @ H^i+hw�4,` @ H^mhw�4m. glhw�4`�l +516e,

Wkh vwdwlrqdulw| frqglwlrq iru k
�l
5
w lv �4 ? 41

Lq dgglwlrq/ wkh xqlyduldwh DUPD uhsuhvhqwdwlrq ri wkh vwrfn uhwxuq + uw, lv

+4� !O,+4� �4O,uw @ ^e+4� �4, . )$` . +4� �O,+4� �4O,%w . )dy4w�4 +517,

Wkh vwdwlrqdulw| frqglwlrq iru u w lv �4> m!m ? 4= Lq zkdw iroorzv zh h{dplqh rqo| wkh fdvh zkhuh ! 9@ �4=

Pruhryhu/ wkh dxwr2furvv fryduldqfhv2fruuhodwlrqv ri wkh vwrfn uhwxuq + uw, dqg wkh �l
5 0wk srzhu ri lwv frq0

glwlrqdo yduldqfh +k
�l
5
w , duh

�p+uw, @
�up
�u3

@
fry+uw> uw�p,

ydu+uw,
> +518d,

fry+uw> uw�p, @ �up @
!mpm

4� !5
^4 . �5 � �+!. !�4,`H+kw, .

4

+4� !�4,+!� �4,
^
!mpm.4

4� !5
� �

mpm.4
4

4� �54
`)5d5^n5 � n54`H+k�lw , .

^
!mpm^+4 . !5,+4 . �4�,� 5!+� . �4,`

+4� !5,+4� !�4,+!� �4,
.

.
�
mpm.4
4 +�� . ��44 ,

+�4 � !,+4� �4!,
`H+k

�l
5 . 4

5
w ,)d�l4> +518e,

n5 @ H^i+hw�4,5` @ H^mhw�4m. glhw�4`5�l > �lm @ H^i+hw,
mhw`> +518f,

ydu+uw, @
4

4� !5
^4 . �5 � 5�!`H+kw, .

+4 . !�4,)
5d5^n5 � n54`H+k�lw ,

+4� !�4,+4� !5,+4� �54,
.

.
5+!� �,)d�l4H+k

�l.
4
5

w ,

+4� !5,+4� !�4,
> +518g,

fry+k
�l
5
w > k

�l
5
w�p, @ �kp @

�
mpm
4

4� �54
d5^n5 � n54`H+k�lw ,> �p+k

�l
5
w , @ �

mpm
4 > +519,

�+uw> k
�l
5
w�p, @

;?
=

�.
uk>ps

�u3��k3 li p � 3
��
uk>ps

�u3��k3 li p ? 3
>

fry+uw> k
�l
5
w�p, @

;A?
A=

�.uk> p
+p�3,

@ ^ !4.p

+!��4,+4�!�4, .
�4.p4

+�4�!,^4��54` `)d
5^n5 � n54`H+k�lw , .

!p+!��,d�l4H+k
�l
5
.4
5

w ,
+4�!�4,

��uk>p @
�
mpm
4 )d5^n5�n54`

+4��4!,^4��54`H+k�lw , .
d�l4�

mpm
4 +��4

4 ��,
+4�!�4, H+k

�l
5 . 4

5
w ,> p ? 3

+51:,

Qrwh wkdw zkhq l@d/ �d4 @ 3 dqg wkxv wkh odvw whupv lq wkh uljkw kdqg vlgh ri htxdwlrqv +518e,/ +518g, dqg

+51:, duh 3> zkhq l@e/ H+k
�e
5 . 4

5
w , @ H+kw,1

Ixuwkhupruh/ wkh m0wk prphqw ri k
�l
5
w lv jlyhq e|

H+k
�l
5 m

w , @

m�4S
q@3

�
m
q

�
$m�qH+k

�l
5 q

w ,�q

4� �m
> +51;d,

�q @
q[
o@3

�
q

o

�
�q�odono> no @ H^i+hw,

o` +51;e,
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Khqfh/ wkh frqglwlrq iru wkh h{lvwhqfh ri wkh m0wk prphqw ri k
�l
5
w lv �4> = = = �m ? 41 Lq sduwlfxodu/ wkh �uvw dqg

vhfrqg prphqwv ri wkh k
�l
5
w duh

H+k
�l
5
w , @

$

4� �4
> H+k�lw , @

^H+k
�l
5
w ,`5

4� d5

4��54 ^n5 � n54`
+51<,

Wkh surri ri Sursrvlwlrq 4 lv jlyhq lq Dsshqgl{ D1
Wkh wkhruhwlfdo mxvwl�fdwlrq iru lqfoxglqj wkh )kw whup lq wkh phdq htxdwlrq ri Eroohuvohy*v JDUFK+4/4,

prgho lv phdjuh< / vlqfh wkh uhtxluhg h{fhvv uhwxuq rq d sruwirolr lv olqhdu lq lwv frqglwlrqdo yduldqfh rqo| xqghu
yhu| vshfldo flufxpvwdqfhv +Qhovrq/ 4<<4,43 1 Wkhuhiruh/ lq zkdw iroorzv zh lqfoxgh wkh )k5w dqg )kw whupv lq wkh
phdq htxdwlrq ri Eroohuvohy*v dqg Wd|oru2Vfkzhuw*v prghov/ uhvshfwlyho|1

� Prgho 5 Frqvlghu wkh DUPD+4/4,0JDUFK+4/4,0lq0phdq prgho

+4� !O,uw @ e. +4� �O,%w . )k�lw > %w @ hwk
4
5
w > hwmw�4 � LLG+3> 4,> +5143,

k
�l
5
w @ $ . di+%w�4, . �k

�l
5
w�4> i+%w�4, @ ^m%w�4m. gl%w�4`�l @ k

�l
5
w�4^mhw�4m. glhw�4`�l > +5144d,

�l @

�
5 li l @ d

4 li l @ e
> gl @

�
3 li l @ d

g li l @ e
> $> d> � � 3> �4 ? g ? 4 +5144e,

Dv lq prgho 4/ zkhq l@d +�l @ 5> gl @ 3,/ zh kdyh Eroohuvohy*v JDUFK0lq0phdq prgho +prgho 5d,/ dqg zkhq
l@e +�l @ 4> gl @ g, zh kdyh Wd|oru2Vfkzhuw*v dv|pphwulf JDUFK0lq0phdq prgho +prgho 5e,1

Lq wkhvh prghov wkh �l
5 0wk srzhu ri wkh frqglwlrqdo yduldqfh iroorzv d JDUFK+4/4, prgho zkhuhdv wkh �l0wk

srzhu ri wkh frqglwlrqdo yduldqfh hqwhuv wkh vshfl�fdwlrq iru wkh phdq1 Lq rwkhu zrugv/ lq wkhvh prghov ri
yrodwlolw| ihhgedfn wkh orqj0krul}rq iruhfdvwv duh olqhduo| uhodwhg wr vkruw0krul}rq iruhfdvwv ri vrph yrodwlolw|
phdvxuh dqg wkh h{shfwhg vwrfn uhwxuq lv txdgudwlf lq wklv phdvxuh1

Sursrvlwlrq 51 Wkh DUPD+5/5, uhsuhvhqwdwlrq ri k�lw lv

+4� �4O,+4� �5O,k
�l
w @ $5+4 . �4, . 5$dy4>w�4 . d+4� �4O,^dy5>w�4 . 5�y6>w�4`> +5145d,

y4>w�4 @ i+%w�4,� n4k
�l
5
w�4> y5>w�4 @ i+%w�4,5 � n5k

�l
w�4> +5145e,

y6>w�4 @ y4>w�4k
�l
5
w�4> nm @ H^i+hw�4,m `> +5145f,

�4 @ dn4 . �> �5 @ n5d
5 . �5 . 5n4d� +5145g,

Wkh vwdwlrqdulw| frqglwlrq iru k�lw lv �4> �5 ? 41
Lq dgglwlrq/ wkh DUPD+6/6, uhsuhvhqwdwlrq ri wkh vwrfn uhwxuq lv

+4� !O,+4� �4O,+4� �5O,uw @ e� . d)+4� �4O,^dy5>w�4 . 5�y6>w�4` . 5$d)y4>w�4 .
.+4� �O,+4� �4O,+4� �5O,%w> +5146,

e� @ e+4� �4,+4� �5, . )+4 . �4,$
5

Wkh vwdwlrqdulw| frqglwlrq iru u w lv �4> �5> m!m ? 41 Lq zkdw iroorzv zh h{dplqh rqo| wkh fdvh zkhuh ! 9@
�4 9@ �5=

<Udwkhu/ wkh mxvwl�fdwlrq iru lqfoxglqj ��| lv sudjpdwlf= d qxpehu ri uhvhdufkhuv xvlqj JDUFK prghov +h1j1/ Khqwvfkho/ 4<<8,
kdyh irxqg d vwdwlvwlfdo vljql�fdqw uhodwlrq ehwzhhq frqglwlrqdo yduldqfh dqg h{fhvv uhwxuqv rq vwrfn pdunhw lqglfhv1

43 Lq Phuwrqv*v +4<:6, lqwhuwhpsrudo FDSP prgho/ iru h{dpsoh/ wkh lqvwdqwdqhrxv h{shfwhg h{fhvv uhwxuq rq wkh pdunhw sruwirolr
lv olqhdu lq lwv frqglwlrqdo yduldqfh li wkhuh lv d uhsuhvhqwdwlyh djhqw zlwk orj xwlolw|1 Phuwrq*v frqglwlrqv +h1j1/ frqwlqlrxv wlph/
frqwlqxrxv wudglqj/ dqg d wuxh �pdunhw sruwirolr�, gr qrw dsso| lq rxu prghov1

8



Pruhryhu/ wkh dxwr fryduldqfhv2fruuhodwlrqv ri wkh vwrfn uhwxuq duh

fryp+uw, @ )5d5^d5y+y5>w, . 7�5y+y6>w, . 7d�fry+y5>w> y6>w,`
4

+4� !�5,+!� �5,
^
!mpm.4

4� !5
� �

mpm.4
5

4� �55
`

.+d),55$^dfry+y5>w> y4w, . 5�fry+y6w>y4w,`^
�
mpm.4
5 ^5�5 � �4+4 . �55,`

+4� �55,+4� !�5,+4� �5�4,+�5 � !,+�5 � �4,

!mpm.4^5!� �4+4 . !5,`

+4� !5,+4� !�5,+4� !�4,+!� �5,+!� �4,
.

�
mpm.5
4

+�4 � �5,+�4 � !,+4� �4!,+4� �4�5,
`

.
!mpm

4� !5
^4 . �5 � �+!. !�4,`y+%w, .

.7$+d),5y+y4w,^
!mpm.5

+4� !5,+4� !�5,+4� !�4,+!� �5,+!� �4,

.
�
mpm.5
4

+4� �54,+4� !�4,+4� �4�5,+�4 � �5,+�4 � !,

.
�
mpm.5
5

+4� �55,+4� !�5,+4� �4�5,+�5 � �4,+�5 � !,
` . i !mpm+!� �,

+4� !5,+4� !�4,+4� !�5,
.

.
!mpm.5+!�4 � �,

+4� !5,+!� �5,+!� �4,
.

�
mpm.5
5 +��45 � �,

+4� !�5,+�5 � �4,+�5 � !,

.
�
mpm.5
4 +��44 � �,

+4� !�4,+�4 � �5,+�4 � !,
j5$d)fry+y4w> %w, . i !mpm+!� �,

+4� !5,+4� !�5,
.

.
!mpm.4+!�4 � �,

+4� !5,+!� �5,
.

�
mpm.4
5 +��45 � �,

+4� !�5,+�5 � !,
jd) ^dfry+y5w> %w, . 5�fry+y6w> %w,`> p 9@ 3 +5147,

ydu+uw, @ )5d5^d5y+y5>w, . 7�5y+y6>w, . 7d�fry+y5>w> y6>w,`
+4 . !�5,

+4� !�5,+4� !5,+4� �55,
.

.+d),55$^dfry+y5>w> y4w, . 5�fry+y6w>y4w,`i �5^5�5 � �4+4 . �55,`

+4� �55,+4� !�5,+4� �5�4,+�5 � !,+�5 � �4,

.
!^5!� �4+4 . !5,`

+4� !5,+4� !�5,+4� !�4,+!� �5,+!� �4,
.

�54
+�4 � �5,+�4 � !,+4� �4!,+4� �4�5,

j

.
4

4� !5
^4 . �5 � 5�!`y+%w, . 7$+d),5y+y4w,^

!5

+4� !5,+4� !�5,+4� !�4,+!� �5,+!� �4,

.
�54

+4� �54,+4� !�4,+4� �4�5,+�4 � �5,+�4 � !,
.

.
�55

+4� �55,+4� !�5,+4� �4�5,+�5 � �4,+�5 � !,
`

.
7+!� �,$d)fry+y4w> %w,

+4� !5,+4� !�4,+4� !�5,
.

5+!� �,d) ^dfry+y5w> %w, . 5�fry+y6w> %w,`

+4� !5,+4� !�5,
> +5148d,

�p+uw, @
fryp+uw,

ydu+uw,
+5148e,
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Ixuwkhupruh/ wkh furvv fryduldqfhv2fruuhodwlrqv ehwzhhq wkh vwrfn uhwxuq dqg wkh �l
5 0wk srzhu ri lwv frqgl0

wlrqdo yduldqfh duh

�+uw> k
�l
5
w�p, @

fry+uw> k
�l
5
w�p,t

ydu+uw,ydu+k
�l
5
w ,

@

;?
=

�.
uk>ps

�u3��k3 li p � 3
��
uk>ps

�u3��k3 li p ? 3
>

�.uk>p @ 5$d5)y+y4w,^
�p.5
4

+�4 � !,+�4 � �5,+4� �54,
.

�p.5
5

+�5 � !,+�5 � �4,+4� �4�5,
.

!p.5

+!� �5,+!� �4,+4� !�4,
` . d5)^dfry+y5w> y4w, . 5�fry+y6w> y4w,`�

^
�p.4
5

+�5 � !,+4� �4�5,
.

!p.4

+!� �5,+4� !�4,
` .

d!p+!� �,fry+%w> y4w,

4� !�4
>p � 3> +5149d,

��uk>p @
5$d5)y+y4w,�

mpm
4

+4� �54,+4� �4!,+4� �4�5,
.

d5) ^dfry+y5w> y4w, . 5�fry+y6w> y4w,`�
mpm
4

+4� �4!,+4� �4�5,
.

.
d�

mpm
4 +��44 � �,fry+%w> y4w,

4� !�4
> p ? 3> +5149e,

zkhuh �u3 dqg �k3 duh jlyhq e| +5148d, dqg +519/ zkhq p@3,/ uhvshfwlyho|1
Ilqdoo|/ wkh dxwr fryduldqfhv2fruuhodwlrqv ri wkh �l0wk srzhu ri wkh frqglwlrqdo yduldqfh duh

�p+k�lw , @
fry+k�lw > k

�l
w�p,

ydu+k�lw ,
@

�k5>p

�k5>3
>

�k5>p @
7$d5y+y4w,

+4� �4�5,+�4 � �5,
^
�
mpm.4
4

+4� �54,
� �

mpm.4
5

+4� �55,
` .

.d5^d5y+y5w, . 7�5y+y5w, . 7d�fry+y4w> y5w,`
�
mpm
5

+4� �55,
.

.7$d5^dfry+y4w> y5w, . 5�fry+y4w> y5w,`�

�i �
mpm.4
4

+�4 � �5,+4� �4�5,
.

�
mpm
5 ^5�5 � �4+4 . �55,`

+4� �4�5,+�5 � �4,+4� �55,
j +514:,

Wkh surri ri Sursrvlwlrq 5 lv jlyhq lq Dsshqgl{ D1
Qrwh wkdw doo wkh irupxodh lq Sursrvlwlrqv 4 dqg 5 krog iru wkh jhqhudo Dv|pphwulf Srzhu JDUFK440lq0

phdq prgho zkhuh 3? �l dqg 04?gl ? 41 Iru wklv prgho wkh H+k
�l
5 . 4

5
w , dqg H+kw, duh iudfwlrqdo prphqwv dqg

wkhlu fdofxodwlrq lv eh|rqg wkh vfrsh ri wklv sdshu1

515 HJDUFK0lq0Phdq0Prghov

Rqh olplwdwlrq ri wkh JDUFK prghov 4 dqg 5 uhvxowv iurp wkh qrqqhjdwlylw| frqvwudlqwv rq $ � dqg � lq +515d,

dqg +5144d, zklfk duh lpsrvhg wr hqvxuh wkdw k
�l
5
w uhpdlqv qrqqhjdwlyh iru doo w1 Wkhvh frqvwudlqwv lpso| wkdw

lqfuhdvlqj i+hw, lq dq| shulrg lqfuhdvhv k
�l
5
w.p iru doo p� 4 / uxolqj rxw rvfloodwru| ehkdylru lq wkh k

�l
5
w surfhvv

+Qhovrq/ 4<<4,1 Dowhuqdwlyho|/ rqh fdq xvh d prgho lq zklfk wkh orjdulwkp ri wkh frqglwlrqdo yduldqfh ri uhwxuqv
iroorzv d JDUFK0olnh surfhvv1 Wklv fdq eh frpelqhg zlwk wkh dvvxpswlrq wkdw wkh h{shfwhg uhwxuq lv olqhdu
lq wkh orjdulwkp ri wkh frqglwlrqdo yduldqfh/ dv vxjjhvwhg e| Hqjoh hw do +4<;:,45 1

� Prgho 61 Frqvlghu wkh DUPD+4/4,0HJDUFK+4/4,0lq0phdq prgho

+4� !O,uw @ e. +4� �O,%w . ) oq+kw,> %w @ hwk
4
5
w > hwmw�4 � LLG+3> 4,> +514;,

44Wkh vwdwlvwlfdo surshuwlhv ri wkh vlpsoh Dv|pphwulf Srzhu JDUFK+4/4, prgho kdyh ehhq h{dplqhg lq Kh dqg Whudvyluwd
+5333,1

45Hqjoh/ hw do +4<;:, frpsxwhg d vhulhv ri OP whvwv iru rplwwhg yduldeohv ^��w / �
4
5
|
/ dqg *L}E�|�` wr whvw wkh dvvxphg olqhdulw|

ehwzhhq wkh frqglwlrqdo yduldqfh dqg phdq uhwxuqv1 Hfrqrplf wkhru| kdv olwwoh wr vd| rq wkh qdwxuh ri wklv wudgh0r� dv lw suhvxpdeo|
ghshqgv rq wkh ulvn suhihuhqfhv ri wkh wudghuv1 Hqjoh hw do +4<;:, irxqg wkdw rqo| wkh orj yduldqfh zdv vljql�fdqw dqg wkh| frqfoxghg
wkdw wkh �qdo suh�huhg prgho zdv wkh rqh zlwk wkh orj yduldqfh lq wkh phdq1

:



+4� �O, oq+kw, @ $ . f}w�4> }w�4 @ g
%w�4s
kw�4

. �^m %w�4s
kw�4

m �Hm %w�4s
kw�4

m`> +514<,

Lq wklv prgho wkh orjdulwkp ri wkh frqglwlrqdo yduldqfh iroorzv dq DUPD+4/4, surfhvv dqg lw dovr hqwhuv lq
wkh vshfl�fdwlrq ri wkh phdq1 Wkh vwdwlrqdulw| frqglwlrq iru wkh oq+kw, lv m�m ? 4= Qrwh wkdw lq +514<, wkhuh
duh qr lqhtxdolw| frqvwudlqwv zkdwhyhu/ dqg wkdw f|folqj lv shuplwwhg/ vlqfh wkh � whup fdq eh qhjdwlyh ru
srvlwlyh1

Sursrvlwlrq 61 Wkh xqlyduldwh DUPD+5/5, uhsuhvhqwdwlrq ri wkh vwrfn uhwxuq lv

+4� !O,+4� �O,uw @ ^e+4� �, . �$` . +4� �O,+4� �O,%w . )f}w�4 +5153,

Wkh vwdwlrqdulw| frqglwlrq iru wkh vwrfn uhwxuq lv m�m> m!m ? 4= Lq zkdw iroorzv zh h{dplqh rqo| wkh fdvh zkhuh
� 9@ !=

Lq dgglwlrq/ wkh dxwr fryduldqfhv2fruuhodwlrqv ri wkh vwrfn uhwxuq duh

�p+uw, @
fry+uw> uw�p,

ydu+uw,
> +5154d,

fry+uw> uw�p, @ �up @
!mpm

4� !5
^4 . �5 � �+!. !�4,`H+kw, .

4

+4� !�,+!� �,
^
!mpm.4

4� !5
� �mpm.4

4� �5
`)5f5ydu +}w, .

i !mpm

+4� !�,+4� !5,
^�� . !` .

!mpm.4

+!� �,+4� !5,
^�� . !�4` .

�mpm.4

+� � !,+4� �!,
+�� . ��4,j)fgH+k

4
5
w ,> +5154e,

ydu+uw, @
+4 . �5 � 5�!,H+kw,

4� !5
.

+4 . !�,)5f5ydu+}w,

+4� !�,+4� !5,+4� �5,
.

+!� �,g5)fH+k
4
5
w ,

+4� �!,+4� !5,
+5154f,

zkhuh wkh �uvw dqg vhfrqg prphqwv ri kw duh jlyhq ehorz dqg wkh yduldqfh ri }w lv jlyhq e|

ydu+}w, @

;A?
A=

g5 . �5+4� 5
�
, hw � Q

g5 . �5i4� ^�+ 5
y
,`5

�+ 4
y
,�+ 6

y
,
j hw � JH

g5 . �5

5 hw � GH

+5155,

zkhuh Q/ JH dqg GH ghqrwh wkh Qrupdo/ wkh Jhqhudol}hg Huuru dqg wkh Grxeoh H{srqhqwldo glvwulexwlrqv/
uhvshfwlyho|> y duh wkh ghjuhhv ri iuhhgrp ri wkh jhqhudol}hg huuru glvwulexwlrq1

Pruhryhu/ wkh +n4.n5,0wk prphqw ri wkh frqglwlrqdo yduldqfh/ dqg wkh dxwr fryduldqfhv2fruuhodwlrqv ehwzhhq
wkh n40wk dqg n50wk srzhuv ri wkh frqglwlrqdo yduldqfh +n4> n5 A 3,/ duh jlyhq e|

fry+kn4w > kn5w�p, @ (
+n4.n5,^$�f�iG`

4�� ^�G
p>n4

�G
p>n4>n5

��G
3>n4>3�

G
3>3>n5 `> +5156d,

H+kn4.n5w , @ (
+n4.n5,^$�f�iG`

4�� �G
3>n4>n5 > �+kn4w > kn5w�p, @

^�G
p>n4

�G
p>n4>n5

��G
3>n4>3

�G
3>3>n5

`t
^�G

3>n4>n4
� +�G

3>n4>3
,5`^�G

3>n5>n5
� +�G

3>n5>3
,5`

+5156e,

;



Zkhq wkh frqglwlrqdo glvwulexwlrq lv wkh qrupdo wkh i G>
TG

p>n4
dqg

TG
p>n4>n5

whupv duh jlyhq e|

�Q
p>n4

@

mpm�4\
l@3

(
+�.g,5+fn4,

5�5l

5 i^ 4
5
.

fn4+� . g,�ls
5�

I4+
4

5
>
6

5
>
�+� . g,5+fn4,

5�5l

5
,` .

.(�5�g+fn4,
5�5l ^

4

5
.

fn4+� � g,�ls
5�

I4+
4

5
>
6

5
>
�+� � g,5+fn4,

5�5l

5
,`j> p 9@ 3 +5157d,

�Q
p>n4>n5

@
4\
l@3

(
+�.g,5f5�5l+n5.n4�

mpm,5

5 i^ 4
5
.

f+� . g,�l+n5 . n4�
mpm,s

5�
�

�I4+4
5
>
6

5
>
�+� . g,5f5�5l+n5 . n4�

mpm,5

5
,` . (� 5�gf5�5l+n5 . n4�

mpm,5 �

�^
4

5
.

f+� � g,�l+n5 . n4�
mpm,s

5�
I4+

4

5
>
6

5
>
�+� � g,5f5�5l+n5 . n4�

mpm,5

5
,`j> +5157e,

iQ @

u
5

�
+5157f,
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Xvh ri wkh orjdulwkp ri wkh frqglwlrqdo yduldqfh dv d uhjuhvvru lq wkh phdq htxdwlrq lqgxfhv d qhjdwlyh vljq
wr wkh ulvn suhplxp zkhqhyhu kw lv ohvv wkdq rqh/ dqg dv kw $ 3 wkh h�hfw rq uw zrxog eh lq�qlwh +Sdjdq dqg
Krqj/ 4<<4,1 Wkhuhiruh/ lq zkdw iroorzv/ zh xvh wkh n0wk srzhu ri wkh frqglwlrqdo yduldqfh dv d uhjuhvvru lq wkh
phdq htxdwlrq dqg zh h{dplqh rqo| d PD+4, phdq vshfl�fdwlrq1 Dv d sudfwlfdo pdwwhu wkhuh lv olwwoh gl�huhqfh
ehwzhhq dq DU+4, dqg d PD+4, prgho zkhq wkh DU dqg PD frh!flhqwv duh vpdoo dqg wkh dxwrfruuhodwlrqv dw
odj rqh duh htxdo/ vlqfh wkh kljkhu rughu dxwrfruuhodwlrqv glh rxw yhu| txlfno| lq wkh DU prgho +Qhovrq/ 4<<4,1
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Qrwh wkdw lq wklv prgho wkh orjdulwkp ri wkh frqglwlrqdo yduldqfh iroorzv dq DUPD+4/4, surfhvv zkhuhdv
wkh n0wk srzhu ri wkh frqglwlrqdo yduldqfh hqwhuv wkh vshfl�fdwlrq lq wkh phdq1 Dowkrxjk iru wklv prgho
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frqglwlrq iru erwk surfhvvhv lv m�m ? 4=

Sursrvlwlrq 71 Wkh dxwrfruuhodwlrqv ri wkh vwrfn uhwxuq duh

�p+uw, @
�up
�u3

> �up @ i)5^
\G

p>n

\G

p>n>n
�
\G

3>n>3

\G

3>3>n
` . )(

+=8�n,+$�f�iG,
4�� ^

\G

mpm�4>n
GG
mpm�4>n

\G

p>n> 45

�

��
\G

p>n
GG

pn

\G

mpm.4>n> 45
`� ��p(

+4�5n,+$�f�iG,
4��

\G

3> 45 >
4
5

jh 5n+$�f�iG,
4�� > +515<d,

�u3 @ i)5^
\G

3n

\G

3>n>n
�
\G

3>n>3

\G

3>3>n
`�

�5)�( +=8�n,+$�f�iG,
4�� GG

3>n

\G

4>n> 45
.+4 . �5,(

+4�5n,+$�f�iG,
4�� \G

3> 45 >
4
5

jh 5n+$�f�iG,
4�� > +515<e,

�p @

�
4 li p @ 4
3 li rwkhuzlvh

>
\G

3>n
@ 4

zkhuh wkh �G
p>n dqg

TG
p>n>n duh gh�qhg e| +5157d,0+5159e,> zkhq wkh frqglwlrqdo glvwulexwlrq lv wkh qrupdo/

wkh grxeoh h{srqhqwldo dqg wkh jhqhudol}hg huuru rqh wkhq wkh GG
pn whup lv jlyhq e|

GQ
pn @

u
4

5�
(
+fn,5�5mpm+�.g,5

7 �

iG�5^�fn�mpm+� . g,`� (�+fn,
5�5mpm�gG�5^�fn�mpm+� � g,`j> +5163d,

G�5^t` @ (
�4
7 t5

4]
3

(�tv�
4
5v

5

vgv> G�5^3` @ 4> +5163e,

G
j
pn @

4[
�@3

+5
4
y fn�mpm�,� ^+� . g,� � +� � g,� `

�+5.�
y

,

5�+4
y
,�+4 . �,

> +5163f,

Gg
pn @

gfn�mpm^
s
5� fn�mpm�`s

5^4 . +fn�mpm,5+�5�g5,
5 �s5fn�mpm�`5

> fn�mpm� . mfn�mpmgm ?
s
5 +5163g,

zkhuh Gt^�` ghqrwhv wkh sduderolf f|olqghu ixqfwlrq> zkhq y A 4 wkh vxppdwlrq lq +5163f, lv �qlwh zkhuhdv

zkhq y ? 4 wkh vxppdwlrq lv �qlwh li dqg rqo| li fn�mpm�.mfn�mpmgm � 31
Ilqdoo|/ wkh furvv fruuhodwlrqv ehwzhhq wkh vwrfn uhwxuq dqg wkh n40wk srzhu ri lwv frqglwlrqdo yduldqfh duh

�p>n4>uk
@

fry+uw> k
n4
w�p,s

�u3 � �k3>n4
@ +5164d,

@

;AAAAAAA?
AAAAAAA=

)^
TG

p>n

TG
p>n>n4

�
TG

3>n>3

TG
3>3>n4

`h
+n.n4,+$�f�iG,

4��s
�u3��k3>n4

> p � 4

h
+n.n4,+$�f�iG,

4�� i )^
TG

p>n4

TG
p>n4>n

�
TG

3>n4>3

TG
3>3>n`s

�u3��k3>n4
.

(
+=8�n,+$�f�iG,

4�� ^
TG
mpm�4>n4 G

G
mpm�4>n4

TG

p>n4>
4
5
��
TG

p>n4
GG
p>n4

TG

mpm.4>n4> 45
`s

�u3��k3>n4
j> p � �4

>+5164e,

�k3>n4 @ (
5n4^$�f�iG`

4�� ^�G
3>n4�

G
3>n4>n4 ��G

3>n4>3�
G
3>3>n4 ` +5164f,

zkhuh �u3 lv jlyhq e| +515<e,1
Wkh surri ri Sursrvlwlrq 7 lv jlyhq lq Dsshqgl{ F1

43



6 HPSLULFDO DSSOLFDWLRQ

Hvwlpdwlrq dqg Lqihuhqfh

Iru rxu hpslulfdo dqdo|vlv/ zh xvh wkh gdlo| uhwxuqv iru wkh Nruhdq vwrfn sulfh lqgh{ +NRVSL, iru Mxo| 4<;9
wr Ghfhpehu 4<<41 Wkh uhdvrq wkdw zh fkrrvh wklv sduwlfxodu shulrg lv wr dyrlg wkh vwuxfwxudo fkdqjhv wkdw
kdyh fkdudfwhul}hg wkh Nruhdq vwrfn pdunhw gxulqj lwv hyroxwlrq vlqfh 4<;3 + �jxuh 4 sorw wkh vhulhv iru 4<;30
suhvhqw,1 Lq sduwlfxodu sulru wr 4<;:/ wkh dxwkrulwlhv kdg lpsrvhg vwulfw uhjxodwlrqv rq wkh sulflqj ri vwrfnv
lq wkh lvvxlqj pdunhw1 Wkh vxevhtxhqw ghuhjxodwlrq ri wkh Nruhdq vwrfn pdunhw wrjhwkhu zlwk wkh odwh ;3*v
hfrqrplf errp lqfuhdvhg wkh wrwdo ydoxh ri wkh pdunhw iurp 9/933 eloolrqv dw wkh hqg ri 4<;8 wr :6/333 eloolrqv
lq 4<<41 Pruhryhu/ xqwlo wkh hqg ri 4<<4 rqo| grphvwlf lqyhvwruv zhuh doorzhg wr sduwlflsdwh lq wkh Nruhdq
vwrfn h{fkdqjh> lq Mdqxdu| 4<<5 lw rshqhg wr iruhljq lqyhvwruv dv zhoo1 Ilqdoo|/ wkh fxuuhqf| fulvlv ri 4<<: zklfk
d�hfwhg doo Dvldq hfrqrplhv fuhdwhg d wxuprlo lq wkh Nruhdq �qdqfldo pdunhw dv zhoo1

Dq lpphgldwh sureohp lq xvlqj wklv gdwd lv wkdw zh zlvk wr prgho wkh h{fhvv uhwxuqv exw gr qrw kdyh dffhvv
wr dq| dghtxdwh gdlo| ulvnohvv uhwxuq vhulhv1 Krzhyhu/ Qhovrq +4<<4, �wwhg erwk prghov xvlqj h{fhvv uhwxuqv dqg
fdslwdo jdlqv +ljqrulqj erwk glylghqgv dqg wkh ulvnohvv udwh ri uhwxuq, dqg irxqg dfwxdoo| qr gl�huhqfh lq hlwkhu
wkh hvwlpdwhg sdudphwhuv ru wkh �wwhg yduldqfhv46 1 Wkhuhiruh/ zh �w wkh prghov xvlqj wkh fdslwdo jdlq vhulhv1

Zh hvwlpdwh rxu prghov xvlqj qxphulfdo pd{lpxp olnholkrrg1 Wklv surfhgxuh lv vxemhfw wr wkh vdph fdyhdw
wkdw dssolhv wr doo hpslulfdo zrun zlwk JDUFK0lq0phdq prghov/ qdpho| wkdw vx!flhqw uhjxodulw| frqglwlrqv
iru frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wkh pd{lpxp olnholkrrg hvwlpdwru duh qrw |hw dydlodeoh1 Ehorz zh
wuhdw rxu hvwlpdwhv dv li wkh| duh lqghhg dv|pswrwlfdoo| qrupdo1

Qh{w/ zh h{dplqh wkh hpslulfdo lvvxhv udlvhg hduolhu rq lq wkh sdshu1 Wdeoh 4 suhvhqwv ydulrxv hvwlpdwlrqv ri
rxu prghov1 Zh kdyh hvwlpdwhg erwk Eroohuvohy dqg Wd|oru2Vfkzhuw JDUFK+4/4, prgho xvlqj dq DU+4, phdq
vshfl�fdwlrq/ wzr dowhuqdwlyh frqglwlrqdo glvwulexwlrqv +wkh jdxvvldq dqg wkh vwxghqw*v w,/ dqg hlwkhu wkh kw ru

k
4
5
w ru oq+kw, wr fdswxuh wkh lq0phdq h�hfw1 Vlploduo|/ zh kdyh hvwlpdwhg Qhovrq*v HJDUFK+4/4, prgho xvlqj
dq DU+4, ru d PD+4, phdq vshfl�fdwlrq/ wzr dowhuqdwlyh frqglwlrqdo glvwulexwlrqv +wkh qrupdo dqg wkh grxeoh

h{srqhqwldo,/ dqg hlwkhu wkh kw ru k
4
5
w ru oq+kw, wr fdswxuh wkh lq0phdq h�hfw1

Iru doo wkh dxwruhjuhvvlyh prghov wkh DU frh!flhqw lv vwdwlvwlfdoo| vljql�fdqw dqg yhu| vpdoo47 1 Lq doo wkh
prylqj dyhudjh HJDUFK prghov wkh PD sdudphwhu lv vwdwlvwlfdoo| vljql�fdqw dqg lwv ydoxh lv yhu| forvh wr
wkh DU sdudphwhu ri wkh DU0HJDUFK prghov1 Lq dgglwlrq/ wkh hvwlpdwhg ulvn suhplxp/ dv uhsuhvhqwhg e| )>

lv srvlwlyh dqg vwdwlvwlfdoo| vljql�fdqw48 1 Wklv djuhhv zlwk wkh vljql�fdqw srvlwlyh uhodwlrq ehwzhhq uhwxuqv dqg
frqglwlrqdo yduldqfh irxqg e| uhvhdufkhuv xvlqj JDUFK0P prghov +h1j1/ Fkrx/ 4<;:/ dqg Iuhqfk/ Vfkzhuw dqg
Vwdperxjk/ 4<;:/ exw frqwudvw zlwk wkh �qglqjv ri rwkhu uhvhdufkhuv qrw xvlqj JDUFK prghov +h1j1/ Sdjdq
dqg Krqj/ 4<<4,1 Qrwh wkdw lq Eroohuvohy*v prgho d, zkhq zh lqfoxgh wkh ohyhudjh whup wkh lq0phdq frh!flhqw
ghfuhdvhv dqg ehfrphv ohvv vljql�fdqw +iru h{dpsoh/ zkhq wkh yduldqfh lv xvhg dv d uhjuhvvru dqg wkh frqglwlrqdo
glvwulexwlrq lv qrupdo wkh lq0phdq frh!flhqw gursv iurp :18; wr 915: dqg lwv s ydoxh lqfuhdvhv iurp 1369 wr
1394,/ dqg e, zkhq zh xvh wkh w glvwulexwlrq wkh lq0phdq frh!flhqw lqfuhdvhv dqg uhpdlqv kljko| vljql�fdqw +iru
h{dpsoh zkhq wkh yduldqfh lv xvhg dv d uhjuhvvru wkh lq0phdq frh!flhqw lqfuhdvhv iurp :18; wr 441:< dqg lwv s
ydoxh gursv iurp 1369 wr 135;,1

Ixuwkhupruh/ iru doo prghov wkh dv|pphwulf uhodwlrq ehwzhhq uhwxuqv dqg fkdqjhv lq yrodwlolw|/ dv uhsuhvhqwhg
e| g/ lv qhjdwlyh dqg kljko| vljql�fdqw1 Uhfdoo wkdw d qhjdwlyh ydoxh ri g lqglfdwhv wkdw yrodwlolw| whqgv wr ulvh+idoo,
zkhq uhwxuqv vxusulvhv duh qhjdwlyh+srvlwlyh,1 Qrwh wkdw lq Eroohuvohy*v prgho zkhq zh xvh wkh w glvwulexwlrq
wkh ohyhudjh frh!flhqw ghfuhdvhv +lq devroxwh ydoxh, iurp 14;: wr 149< dqg uhpdlqv kljko| vljql�fdqw1 Pruhryhu/
iru wkh dv|pphwulf srzhu JDUFK prgho/ wkh hvwlpdwhg srzhu/ dv uhsuhvhqwhg e| � lv lqvljql�fdqwo| gl�huhqw
iurp wzr +iru erwk wkh qrupdo dqg wkh w0glvwulexwlrqv,1 Wkhuhiruh/ lw lv ri qr vxusulvh wkdw wkh frh!flhqwv ri wklv
prgho duh yhu| vlplodu wr wkrvh ri Eroohuvohy*v prgho1 Wklv frqwudvwv zlwk wkh �qglqjv ri Glqj hw do +4<<6, dqg
Khqwvfkho +4<<8,1 Ilqdoo|/ revhuyh wkdw lq doo fdvhv zkhuh wkh w glvwulexwlrq lv dvvxphg wkh hvwlpdwhg ghjuhhv
ri iuhhgrp duh juhdwhu wkdq �yh zklfk lpsolhv wkdw wkh �uvw wzr frqglwlrqdo prphqwv h{lvw1

Gldjqrvwlf Whvwlqj

Qh{w zh xvh d ydulhw| ri gldjqrvwlf whvwv wr ghwhuplqh zkhwkhu ydulrxv dvshfwv ri rxu gl�huhqw prghov
duh fruuhfwo| vshfl�hg1 Wkh gldjqrvwlfv ri wkh vwdqgdugl}hg uhvlgxdov iurp wkh hvwlpdwhg prghov duh jlyhq lq

46Wkh wzr vhulhv kdg d vdpsoh fruuhodwlrq ri 1<<<91 Lq rwkhu zrugv/ wkh vhulhv zhuh sudfwlfdoo| lghqwlfdo/ vr ljqrulqj glylghqgv
dqg lqwhuhvw sd|phqwv dsshduv olnho| wr lqwurgxfh qr lpsruwdqw huuruv lq iruhfdvwlqj yrodwlolw| ri eurdg pdunhw lqglfhv1

47Wkh dxwruhjuhvvlyh frh!flhqw wdnhv ydoxhv iurp 136: wr 13:<> lwv s ydoxh udqjhv ehwzhhq 14 dqg 13361
48Zkhq zh lqfoxgh wkh yduldqfh/ wkh vwdqgdug ghyldwlrq dqg wkh orjdulwkp ri wkh yduldqfh dv d uhjuhvvru lq wkh phdq htxdwlrq �

wdnhv ydoxhv iurp 915: / 157 dqg 1334 wr 441:</ 165 dqg 1334/ uhvshfwlyho|> wkh s ydoxhv udqjh iurp 139/ 13</ dqg 144: wr 133;/ 133;/
dqg 134/ uhvshfwlyho|1
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Wdeoh 51 Lq doo fdvhv wkh vwdqgdugl}hg uhvlgxdov dqg vtxduhg vwdqgdugl}hg uhvlgxdov duh xqfruuhodwhg1 Qrwh wkdw/
dowkrxjk wkh Vkdslur0Zlon whvw vkrzv qr qrupdolw| lw lv yhu| vhqvlwlyh wr rxwolhuv1 Zkhq zh dgg wzr gxpplhv
iru wkh 592392;9 dqg 5:2372<3 gdwd srlqwv zh rewdlq d s ydoxh iru wkh whvw zklfk lv deryh 138 iru prvw ri
wkh prghov1 Wdeoh 5 dovr jlyhv d phdvxuh iru wkh shuvlvwhqfh ri wkh frqglwlrqdo yduldqfh1 Iru Qhovrq*v prgho
yrodwlolw| shuvlvwhqfh lv dssur{lpdwho| 1;5 dqg iru Eroohuvohy*v prgho lw udqjhv iurp 1;5 wr 1;;1 Qrwh wkdw lq wkh
odwwhu prgho shuvlvwhqfh ghfuhdvhv wr 1:5 zkhq wkh w glvwulexwlrq lv xvhg1

Lq dgglwlrq iru doo wkh hvwlpdwhg JDUFK0lq0phdq prghov Wdeoh 6 uhsruwv wkrvh wkdw duh suhihuuhg wr wkh rqhv
zlwkrxw lq0phdq h�hfw dffruglqj wr wkh Dndlnh lqirupdwlrq prgho vhohfwlrq fulwhulrq +DLF, dqg wkh olnholkrrg
udwlr whvw1 Dffruglqj wr wkhvh wzr vlpsolvwlf vhohfwlrq fulwhuld Eroohuvohy*v dv|pphwulf JDUFK+4/4, prgho zlwk
wkh yduldqfh dv d uhjuhvvru lq wkh phdq dsshduv wr eh vxshulru49 1 Wkhvh whvwv ohdyh pdq| srwhqwldo vrxufhv
ri plvvshfl�fdwlrq xqfkhfnhg1 Lw wkhuhiruh vhhpv ghvludeoh wr fkhfn wkh iruhfdvwlqj shuirupdqfh ri wkh prgho1
Wdeoh 7 suhvhqwv irxu dowhuqdwlyh phdvxuhv ri iruhfdvwlqj dffxudf|> Prghov 4d zkhq wkh frqglwlrqdo glvwulexwlrq
lv wkh qrupdo dqg 4d zkhq wkh frqglwlrqdo glvwulexwlrq lv wkh w kdyh wkh plqlpxp phdq vtxduh huuru +PVH,
dqg phdq devroxwh huuru +PDH,/ uhvshfwlyho|/ zkhuhdv prghov 5e dqg 4e kdyh wkh plqlpxp orjdulwkplf huuru
+OH, dqg orjdulwkplf devroxwh huuru +ODH,/ uhvshfwlyho|1

Pruhryhu/ zh xvh wkuhh gldjqrvwlf whvwv iru yrodwlolw| prghov vxjjhvwhg e| Hqjoh dqg Qj +4<<6,= wkh Vljq
Eldv Whvw/ wkh Qhjdwlyh Vl}h Eldv Whvw/ dqg wkh Srvlwlyh vl}h Eldv Whvw1 Wkhvh whvwv h{dplqh zkhwkhu zh fdq
suhglfw wkh vtxduhg qrupdol}hg uhvlgxdo e| vrph yduldeohv revhuyhg lq wkh sdvw zklfk duh qrw lqfoxghg lq wkh
yrodwlolw| prgho ehlqj xvhg1 Li wkhvh yduldeohv fdq suhglfw wkh vtxduhg qrupdol}hg uhvlgxdo/ wkhq wkh yduldqfh
prgho lv plvvshfl�hg1 Wkh vljq dqg vl}h eldv whvwv gr qrw lqglfdwh dq| dv|pphwulf yduldqfh h�hfwv lq wkh
hvwlpdwhg prghov4: 1

Dv zh kdyh douhdg| h{sodlqhg zh kdyh fkrvhq wkh 4<;904<<4 hvwlpdwlrq shulrg ehfdxvh ri lwv krprjhqhlw|
lq hfrqrplf frqglwlrqv1 Krzhyhu/ rxu uhvxowv dsshdu wr eh txlwh urexvw wr wkh vdpsoh vl}h1 Wdeoh 8d suhvhqwv
vrph ri rxu prghov zklfk kdyh ehhq hvwlpdwhg iru wkh 4<;304<<: dqg 4<<504<<: shulrgv1 Qrwh wkh vlplodulw| ri
wkh hvwlpdwhg sdudphwhuv wr wkrvh jlyhq lq Wdeoh 41 Dovr qrwh wkdw zkhq zh lqfoxgh gxpp| yduldeohv lq rxu
prghov wkh hvwlpdwhg sdudphwhuv uhpdlq yluwxdoo| xqfkdqjhg +vhh Wdeoh 8e,1

Hvwlpdwhg Wkhruhwlfdo Dxwrfruuhodwlrqv

Wkh pdlq remhfwlyh ri wklv vwxg| zdv qrw rqo| wr lqyhvwljdwh zklfk ri wkh ydulrxv JDUFK0lq0phdq vshfl0
�fdwlrqv prgho wkh frqglwlrqdo yduldqfh �ehvw� exw dovr wr surylgh dqdo|wlf h{suhvvlrqv iru h{lvwlqj prphqwv
ri wkh ydulrxv JDUFK0lq0phdq surfhvvhv1 Iljxuh 5 sorwv wkh hvwlpdwhg wkhruhwlfdo dxwrfruuhodwlrqv +hwd, iru
prghov 4 wr 71 Qrwh wkdw wkh hwd ri wkh vwrfn uhwxuq duh srvlwlyh iru wkh DU prghov dqg qhjdwlyh iru wkh PD
rqhv +h{fhsw iru wkh �uvw odj, +vhh �jxuh 5d,1 Lq dgglwlrq/ iru doo prghov wkh hwd ehwzhhq wkh vwrfn uhwxuq dqg
odjjhg ydoxhv ri wkh frqglwlrqdo yduldqfh2vwdqgdug ghyldwlrq duh srvlwlyh +vhh �jxuh 5e dqg 5g, zkhuhdv wkh hwd
ehwzhhq wkh frqglwlrqdo vwdqgdug ghyldwlrq dqg odjjhg ydoxhv ri wkh vwrfn uhwxuq duh qhjdwlyh +vhh �jxuh 5h,1
Ilqdoo|/ wkh hwd ri wkh frqglwlrqdo yduldqfh iru prghov 5d dqg 6 duh srvlwlyh +vhh �jxuh 5i,1

7 FRQFOXVLRQV

Wklv sdshu ghulyhg dqdo|wlfdo h{suhvvlrqv iru h{lvwlqj prphqwv ri ydulrxv JDUFK0lq0phdq prghov1 Lq sduwlfxodu
zh ghulyhg wkh dxwrfruuhodwlrq ixqfwlrq ri wkh vwrfn uhwxuq dqg lwv frqglwlrqdo yduldqfh/ dqg wkh furvv fruuhod0
wlrqv ehwzhhq wkh vwrfn uhwxuq dqg lwv frqglwlrqdo yduldqfh1 Zh xvhg dq DUPD+4/4, irup iru wkh phdq htxdwlrq
dqg zh h{dplqhg wkuhh dowhuqdwlyh dv|pphwulf JDUFK vshfl�fdwlrqv= Eroohuvohy*v JDUFK+4/4, prgho/ Wd|0
oru2Vfkzhuw*v JDUFK+4/4, prgho dqg Qhovrq*v HJDUFK+4/4, prgho1 Iru wkh odwhu zh dvvxphg wkdw wkh huuru
whup lv gudzq iurp hlwkhu wkh Qrupdo ru wkh Grxeoh H{srqhqwldo ru wkh Jhqhudol}hg Huuru Glvwulexwlrq1 Zh
fkrvhq wkh irup lq zklfk wkh wlph ydu|lqj yduldqfh hqwhuv wkh vshfl�fdwlrq ri wkh phdq wr ghwhuplqh wkh ulvn suh0

plxp e| dvvxplqj +l, olqhdulw|/ l1h1 zh xvhg kw/ k
4
5
w > dqg oq+kw, dv d uhjuhvvru lq Eroohuvohy*v/ Wd|oru2Vfkzhuw*v dqg

Qhovrq*v prghov/ uhvshfwlyho|/ dqg +ll, qrqolqhdulw|/ l1h1 zh xvhg k5w / kw> dqg knw lq Eroohuvohy*v/ Wd|oru2Vfkzhuw*v
dqg Qhovrq*v prghov/ uhvshfwlyho|1 Doo rxu hvwlpdwhg prghov vxjjhvwhg d srvlwlyh dqg vwdwlvwlfdoo| vljql�fdqw uh0
odwlrq ehwzhhq ulvn dqg uhwxuq1 Dffruglqj wr wkh vhohfwlrq fulwhuld Eroohuvohy*v dv|pphwulf JDUFK+4/4, prgho
zlwk wkh yduldqfh dv d uhjuhvvru lq wkh phdq dsshduhg wr eh vxshulru1 Zh ohiw wkh frqvlghudwlrq ri kljkhu rughu
DUPD0JDUFK prghov iru ixwxuh uhvhdufk1

49Khqwfkho +4<<8, ghyhorshg d idplo| ri dv|pphwulf JDUFK prghov wkdw qhvwv erwk wkh D0SJDUFK prgho dqg wkh HJDUFK
prgho1

4:Kdjhuxg +4<<:d/ e, sursrvhg wzr qhz whvwv iru dv|pphwulf h�hfwv/ edvhg rq d sdlu ri OP vwdwlvwlfv/ dqg kh vkrzhg wkdw wkhvh
wzr whvwv kdyh vxshulru srzhu surshuwlhv/ frpsduhg wr wkh vwdqgdug dv|pphwulf JDUFK whvwv ghyhorshg e| Hqjoh dqg Qj +4<<6,1
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+4� �4O,k
�l
5
w @ $ . dy4>w�4 +E16,

zh jhw +5145d,1
Pruhryhu/ wkh yduldqfhv2fryduldqfhv ri wkh y4w> y5w dqg y6w duh

y+y4w, @ +n5 � n54,H+k�lw ,> y+y5w, @ +n7 � n55,H+k5�lw ,> +E17d,

y+y6w, @ +n5 � n54,H+k5�lw ,> fry+y5w> y6w, @ +n6 � n4n5,H+k5�lw ,> +E17e,

fry+y4w> y5w, @ +n6 � n4n5,H+k
6�l
5

w ,> fry+y4w> y6w, @ n4+n5 � 4,H+k
6�l
5

w , +E17f,

Iru h{dpsoh/ wkh fryduldqfh ehwzhhq y5w dqg y6w fdq eh ghulyhg e|

fry+y5w> y6w, @ Hi^i+%w,5 � n5k
�l
w `^i+%w,k

�l
5
w � n4k

�l
w `j @

@ Hik5�lw ^i+hw,
6 � n4i+hw,

5 � n5i+hw, . n4n5`j @ H+k5�lw ,^n6 � n4n5` +E18,

Ixuwkhupruh/ wkh fryduldqfhv ehwzhhq wkh %w whup dqg wkh y4w/ y5w dqg y6w whupv duh

fry+%w> y4w, @ H+k
�l
5 . 4

5
w ,�l4> fry+%w> y5w, @ H+k

�l.
4
5

w ,�l5> fry+%w> y6w, @ H+k
�l.

4
5

w ,�l4> �lm @ H^i+hw,
mhw`

Qh{w/ xvlqj htxdwlrq +51;d, zh jhw wkh wklug dqg irxuwk prphqw ri k
�l
5
w

H+k
6�l
5

w , @
$6 � 6$5H+k

�l
5
w , . 6$H+k�lw ,

4� �6
> +E19,

H+k5�lw , @
9$7 . 7$6H+k

�l
5
w ,� 9$5H+k�lw , . 7$H+k

6�l
5

w ,

4� �7
>

�6 @ n6d
6 . 6n5d

5
5� . 6n4d�

5 . �6>

�7 @ n7d
7 . 7n6d

6� . 9n5d
5�5 . 7n4d�

6 . �7

Wkh frqglwlrq iru wkh h{lvwhqfh ri H+k
6�l
5

w ,/ lv �4> �5> �6 ? 4 dqg iru wkh h{lvwhqfh ri H+k5�lw , lv �4> �5> �6> �7 ?
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Pruhryhu/ wr rewdlq wkh DUPD+6/6, uhsuhvhqwdwlrq ri wkh vwrfn uhwxuq zh pxowlso| +5143, e|+4� �4O,+4�
�5O, dqg zh xvh +5144d,1

Ixuwkhupruh/ wkh dxwr0fryduldqfhv2fruuhodwlrqv ri wkh vwrfn uhwxuq fdq eh ghulyhg xvlqj wkh fdqrqlfdo idf0
wrul}dwlrq ri wkh dxwrfryduldqfh jhqhudwlqj ixqfwlrq=

jup +}, @
+4� �},+4� �}�4,

+4� !},+4� !}�4,
y+%w, .

d5)5^d5y+y5w, . 7�5y+y6w, . 7d�fry+y5w> y6w,`

+4� !},+4� �5},+4� !}�4,+4� �5}
�4,

.

.
7$5+d),5y+y4w,

+4� !},+4� !}�4,+4� �4},+4� �4}
�4,+4� �5},+4� �5}

�4,
.

.
+d),55$^dfry+y5w> y4w, . 5�fry+y6w> y4w,`

+4� �4},+4� �4}
�4,

^
4

+4� !},+4� �5},
.

4

+4� !}�4,+4� �5}
�4,

`

.
d) ^dfry+y5w> %w, . 5�fry+y6w> %w,`

+4� !},+4� !}�4,
^
+4� �},}�4

+4� �5}
�4,

.
+4� �}�4,}

+4� �5},
` .

5$d)fry+y4w> %w,

+4� !},+4� !}�4,
^

+4� �},}�4

+4� �4}
�4,+4� �5}

�4,
.

+4� �}�4,}

+4� �4},+4� �5},
`

@
4[

p@�4

�up}
p +E1:,

4;



Lq dgglwlrq wkh furvv0fryduldqfhv2fruuhodwlrqv, ehwzhhq wkh vwrfn uhwxuq dqg wkh �l
5 0srzhu ri lwv frqglwlrqdo

yduldqfh fdq eh ghulyhg xvlqj wkh fdqrqlfdo idfwrul}dwlrq ri wkh furvv0fryduldqfh jhqhudwlqj ixqfwlrq=

j.uk>p+}, @
5$)d5y+y4w,

+4� !},+4� �4},+4� �5},+4� �4}
�4,

.
d5) ^dfry+y5w> y4w, . 5�fry+y6w> y4w,`

+4� !},+4� �5},+4� �4}
�4,

.

.
+4� �},}�4dfry+yw> %w,

+4� !},+4� �4}
�4,

@
4[

p@3

�.uk>p}
p .

�4[
p@�4

��uk>p}
p +E1;,

Ilqdoo|/ wkh dxwr0fryduldqfhv2fruuhodwlrqv ri wkh �l0wk srzhu ri wkh frqglwlrqdo yduldqfh fdq eh ghulyhg xvlqj
wkh fdqrqlfdo idfwrul}dwlrq ri wkh dxwrfryduldqfh jhqhudwlqj ixqfwlrq=

jk5>p+}, @
7$5d5y+y4w,

+4� �4},+4� �5},+4� �4}
�4,+4� �5}

�4,
.

d5^d5y+y5w, . 7�5y+y6w, . 7d�fry+y5w> y6w,`

+4� �5},+4� �5}
�4,

.

.
5$d5^dfry+y4w> y5w, . 5�fry+y4w> y6w,`

+4� �5},+4� �4}
�4,

^
4

+4� �4},
.

4

+4� �5}
�4,

`

@
4[

p@�4

�k5>p}
p +E1<,

�

F Surri ri Sursrvlwlrq 6

Zh pxowlso| +514;, e| +4 � �O, dqg zh xvh +514<, wr jhw wkh +5153,1Wkh dxwr fryduldqfhv2fruuhodwlrqv ri wkh
vwrfn uhwxuq fdq eh rewdlqhg iurp wkh fi ri wkh dji ri wkh vwrfn uhwxuq

jup+}, @
+4� �},+4� �}�4,

+4� !},+4� !}�4,
y+%w, .

+)f,5ydu+}w,

+4� !},+4� !}�4,+4� �},+4� �}�4,
.

i +4� �},)f}�4

+4� !},+4� !}�4,+4� �}�4,
.

+4� �}�4,)f}

+4� !},+4� !}�4,+4� �},
jfry+}w> %w,

@
4[

p@�4

�up}
p> fry+}w> %w, @ gH+k

4
5
w ,> y+%w, @ H+kw, +F14,

Lq dgglwlrq/ wkh Zrog uhsuhvhqwdwlrq ri wkh frqglwlrqdo yduldqfh +ht1 514<, lv

oq+kw, @
$

4� �
. f

4[
l@4

�l�4}w�l ,

;A?
A= kn4w @ (

$n4
4��.fn4

4S

l@4
�l�4}w�l

kn5w�p @ (

$n5
4��.fn5

4S

l@4
�l�4}w�l�p

+F15,

AIurp wkh deryh htxdwlrq wdnlqj h{shfwdwlrqv zh jhw

H+kn4w kn5w�p, @ (
$+n4.n5,

4�� �H+(
fn4

mpmS

l@4
�l�4}w�l

,�H+(
f+n5.n4�

mpm,
4S

l@4
�l�4}w�l�mpm

, +F16d,

H+kn4w , @ (
$n4
4��H+(

fn4
4S

l@4
�l�4}w�l

, +F16e,

Qh{w frqvlghu wkh h{suhvvlrq D416 jlyhq lq Wkhruhp D414 lq Qhovrq +4<<4,

H^h}we` @ h�e�
s

5
� ^�^+� . g,e`(

e5+�.g,5

5 .�^+� � g,e`(
e5+��g,5

5 ` +F17,

zkhuh � ghqrwhv wkh fxpxodwlyh qrupdo glvwulexwlrq1 Wkh fxpxodwlyh qrupdo glvwulexwlrq fdq eh h{suhvvhg
lq whupv ri d k|shujhrphwulf ixqfwlrq dv +vhh Dedglu/ 4<<<,

�+e, @
4

5
.

es
5�

I +
4

5
>
6

5
>�e5

5
, +F18,

4<



Xvlqj htxdwlrqv +F16d,0+F18, diwhu vrph dojheud zh jhw htxdwlrqv +5156d,0+5157e,1
Qh{w/ frqvlghu wkh h{suhvvlrq D418 jlyhq lq Wkhruhp D415 lq Qhovrq +4<<4,

H^(}we` @ (
�e�

�+ 5
y
,�5

4
y

�+ 4
y
,

4[
�@3

+�5
4
y e,� ^+� . g,� . +� � g,� `

�+ �.4
y

,

5�+4
y
,�+4 . �,

+F19,

zkhq y A 4 wkh deryh vxppdwlrq lv �qlwh zkhuhdv zkhq y ? 4 wkh vxppdwlrq lv �qlwh li dqg rqo| li
e� . megm � 31

Xvlqj htxdwlrqv +F16d,/ +F16e, dqg +F19, diwhu vrph dojheud zh jhw +5156d,/ +5156e,/
+5158d, dqg +5158e,1
Ilqdoo|/ zkhq y @ 4/ wkh deryh htxdwlrq jlyhv +li dqg rqo| li e� . megm ? s

5,

H^(}we` @
4

5
(
�e� 4s

5
5�s5e�

4�s5e� . e5+�5�g5,
5

+F1:,

Xvlqj htxdwlrqv +F16d,/ +F16e, dqg +F1:, diwhu vrph dojheud zh jhw +5156d,/ +5156e,/
+5159d, dqg +5159e,1 �

G Surri ri Sursrvlwlrq 7

Iurp htxdwlrq +515:, zh jhw

fryp+uw, @ )5fryp+knw , . )H+knw k
4
5
w�phw�p,� )�H+knw k

4
5
w�p�4hw�p�4,� ��pH+kw�4,> +G14,

ydu+uw, @ )5ydu+knw , . +4 . �5,H+kw,� 5)�H+knw k
=8
w�4hw�4, +G15,

Xvlqj wkh Zrog uhsuhvhqwdwlrq ri wkh frqglwlrqdo yduldqfh +F15, wkh deryh htxdwlrq jlyhv

fryp+uw, @ )5fryp+knw , . ) � (
$n=8
4�� iH+(

fn
mpm�4S

l@4
�l�4}w�l

,�

H+hw�p(
fn�mpm�4}w�p,�H+(

f+ 45.n�mpm,
4S

l@4
�l�4}w�mpm�l

,

��H+(
fn
mpmS

l@4
�l�4}w�l

,�H+hw�p�4(
fn�mpm}w�p�4,�H+(

f+ 45.n�mpm.4,
4S

l@4
�l�4}w�mpm�l

,j �

���p(
$

4��H+(
f
4S

l@4
�l�4}w�l

,> p 9@ 3 +G16,

ydu+uw, @ )5ydu+knw , . +4 . �5,(
$

4�� �H+(
fn

4S
l@4

�l�4}w�l
,�

�5)�($n=8
4�� �H+hw�4(

fn}w�4,�H+(
f+ 45.n�,

4S

l@4
�l�4}w�l�4

, +G17,

Qh{w frqvlghu h{suhvvlrq D417 jlyhq lq Wkhruhp D414 lq Qhovrq +4<<4,

H+hw(
}we, @ (�e�

s
5
�

4s
5�
i( e5+�.g,5

7 G�5^�e+� . g,`� (
e5+��g,5

7 G�5^�e+� � g,`j +G18,

zkhuh Gt^�` ghqrwhv wkh sduderolf f|olqghu ixqfwlrq1
Xvlqj htxdwlrqv +5156d,/ +5156e,/ +F17,/ +F18,/ +G16,/ +G17, dqg +G18, diwhu vrph dojheud zh jhw +515<e, dqg

+5163d,1
Qh{w frqvlghu h{suhvvlrq D418 jlyhq lq Wkhruhp D415 lq Qhovrq +4<<4,

H^hw(
}we` @ (

�e�
�+ 5

y
,�5

4
y

�+ 4
y
, � 5

4
y �

4[
�@3

+�5
4
y e,� ^+� . g,� � +� � g,� `
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y

,

5�+4
y
,�+4 . �,

+G19,

zkhq y A 4 wkh deryh vxppdwlrq lv �qlwh zkhuhdv zkhq y ? 4 wkh vxppdwlrq lv �qlwh li dqg rqo| li
e� . megm � 31
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Xvlqj htxdwlrqv +5156d,/ +5156e,/ +F19,/ +G16,/ +G17, dqg +G19, diwhu vrph dojheud zh jhw +515<e, dqg +5163f,1
Ilqdoo|/ zkhq y @ 4> wkh deryh htxdwlrq jlyhv +li dqg rqo| li e� . megm ? s

5,

H^hw(
}we` @ (

�e� 4s
5

eg+
s
5� e�,s

5^4�s5e� . e5+�5�g5,
5 `5

+G1:,

Xvlqj htxdwlrqv +5156d,/ +5156e,/ +F1:,/ +G16,/ +G17, dqg +G1:, diwhu vrph dojheud zh jhw +515<e, dqg +5163g,1
AIurp htxdwlrq +515:, zh jhw

fry+uw> k
n4
w�p, @

;?
=

)fry+knw > k
n4
w�p, li p � 4

)fry+knw > k
n4
w ,� �H+kn4w k=8w�4hw�4, li p @ 3

)fry+kn4w > knw�p, .H+kn4w k=8w�phw�p,� �H+kn4w k=8w�p�4hw�p�4, li p � �4
+G1;,

Xvlqj d vlplodu phwkrgrorj| wr wkh rqh deryh/ lw fdq eh vhhq wkdw htxdwlrq +G1;, jlyhv +5164d,1 �
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