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Abstract. This paper is about how the constraints imposed by natural resource scarcity affects
economic growth and its sustainability. We extend the creative destruction model of Aghion and
Howitt(1998, ch.5) to study its transitional dynamics. This extension allows us to describe the
dynamics of the economy on the stable saddle path and its rate of convergence toward the steady state.
Moreover we show situation in which even in the presence of sustainability condition, suggested by
Aghion and Howitt, it is optimal for consumption to display negative growth rate on the transition
path for a finite period. Theonditions for uniqueness of the steady state are also defined. Under
plausible assumptions the closed forms of the fundamentals of the model in the steady state is
determined. We study the stability of the model around the steady state and analyse the nonlinear
system of differential equations, describing the dynamics of the economy, by numerical methods.
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1 Introduction

Oil shock of 1973/74 had intellectual effects on the research activities as well as its economic effects
on the industrial economfest called economists’ attention to the question of whether it is possible

to deal with the finite stock of exhaustible resources as a binding constraint on the worldwide economic
growth®. Available technology at that time was suggesting fossil energy as an essential input of

! PhD student, Department of Economics, University of York. Email: fn101@york.ac.uk

2 See for example Nordhaus(1980), Liewelwyn(1983), Marion and Svensson(1984), Sachs(1981) and Foreman-
Peck(1995, pp:335-38) for the effects of oil shocks on the world economy.

3 Apart from initiation ofgrowth constrainecs a new branch of growth theory, oil shocks raised other new issues
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aggregate production. OPEC agreement about a significant reduction in the oil production and its effect
on the economic performance of industrial economies encouraged economists to thirgkadtbut
constrained by natural resource@s a way to analyse the effect of natural resource scarcity on the
economic growth.

The other stimulus for study of the problem was the studies have been carried out, in a multi-
disciplinary approach, by Forrester and the Club of Rome. Their pessimistic approach was indicating
that worldwide economic growth is constrained by natural resource scarcity. The majority of economists
however despite the above mentioned Malthusian view found that technical progress, capital
substitution and increasing returns to scale are three ways to compensate the declining trend of rate of
utilization of an essential and nonrenewable resource in the aggregate production function.

The purpose of this paper is to study the transitional dynamics of the creative destructién model
of Aghion and Howitt in the presence of exhaustible resource introduced in chapter 5 of their book,
Endogenous Growth Theofhey touch environmental issues and nonrenewable resources to address
the advantage of the Shumpeterian approach to AK model to analyse the main questions related to
sustainability. They focus on the steady state and show that a permanent process of innovation ensures
that an economy overcomes natural resource scarcity and provides a permanent level of positive
consumption. In Aghion-Howitt model the level of initial physical capital has been considered as a
choice variable implying that economy can jump to the steady state instantaneously. In this paper
instead the physical capital is taken given at the time of planning and so having the transitional
dynamics is unavoidable. We thus extend Aghion-Howitt model to study its transitional dynamics.
Moreover we derive the conditions for the uniqueness of the steady state and for its feasibility and
compute the rate of convergence of the economy toward it. A closed form for the fundamental variables
of the economy in the long run is derived too. In the case of nonuniqueness of the steady state, the
characteristics of multiple equilibria is also found. We furthermore provide the stability analysis of the
steady state and consider the effect of return to scale on the economy as a whole and in particular
balanced rate of growth and rate of resource depletion.

After considering the link of the paper to the existing literature in next section, we explain the
micro foundations of the model in section 3. In section 4 and 5 the optimal growth and steady state are
studied respectively. We analyse the dynamics of the model including the stability analysis and the
study of transitional dynamics in section 6. We conclude then in section 7.

2 Literature review

The problem of the effect of natural resource scarcity ( in particular nonrenewable one) on the economic
growth has been explored during 1970's by Stiglitz(1974a,b), Solow(1974a), Dasgupta(1974), and
Dasgupta and Heal(1974, 1979). They consider in a neo-classical growth framework the rate of
utilization of natural resources as a factor of production. The results was optimistic and dramatically

in macroeconomics, see e.g. Sachs(1983) and Tornell and Lane(1998).

*For comparison of the two main approachestibgenous growth theory, namelypanding product varieignd
quality ladder(or creative destruction) and some of shortcomings of the former respect to the latter see Helpman(1992).
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in contrast with the Malthusian view presented by Forrester(1971) and the Club of Roeyefound

that the world economy can overcome the finite supply of exhaustible resources which are essential for
production if there is a continuous flow of technical progress or if the share of physical capital in
aggregate production function is larger than the share of natural resources. So the world in their view
would survive and technical progress or capital substitution can compensate the natural resource
scarcity.

Although during 1980s many research carried out on the macroeconomic effects of natural
resource scarcity (see for example Chichilnisky 1985; Chichilinsky and Heal 1983; Marion and
Svensson 1984 ; Hellinell et al. 1982 ; Sachs 1981,1983 ; Krugman 1983 and Buiter ant88jyis
but by 1990s the Stiglitz’ findings was still the state of the art in the area of growth constrained by
natural resource. In his model the main source for overcoming the natural resource scarcity was the
exogenous - and hence unexplained- technical progress factor.

One of the first attempts to endogens technical progress in a growth model in the presence of
exhaustible resource is Suzuki(1976) and Kamien and Schwartz(1978). In the former technical progress
is the result of R&D activities that absorbs part of output. Chiarella(1980) extends Suzuki's analysis
by endogenizing the aggregate saving rate. However these studies investigate only efficient solutions,
namely in the case of market economy neither exti@gsanor nonopolistic competition. They
demonstrate that growing per capita consumption is possible in a world which exhaustible resources
are essential for production.

The wave of endogenous growth theory arose by Romer(1986, 1990), Lucas(1988), Aghion and
Howitt(1992) and Helpman and Grossman(1991) affected thiéBtigodel too, though until recently
the endogenous growth literature has not been concerned about the contribution of natural resources.

Recently Barbier(1999) has reconciled the Stiglitz’ model of constrained growth and Romer’s
model of endogenous growth to study the role of innovation in overcoming natural resource scarcity.
He also considers the possibility that in low income, natural resources abundant economies the supply
of innovation may be adversely affected by the rate of resource utilization. Scholz and Ziemes(1999)
demonstrate that in the decentralized version of the expanding varieties growth model, indeterminacy
of equilibrium trajectories arises when the Romer’'s model is extended to incorporate exhaustible
resources. In their paper, two types of inefficiencies are responsible for this result: inefficiencies owing
to monopolistic competition and information spillover. Schou, as reported by Scholz and Ziemes(1999)
shows that compared to the social optimum, in the decentralized version of the model the resource
extraction rate could be too low or too high.

Farzin(1999) in aAK-type model claims that growth models that incorporate the flow of

®> Meadows et. al. (1972,1974) based on the World Dynamics’ model of Forrester investigate five major trends of
global concern at 1970s: industrialization, population growth, food-consumption, nonrenewable resources depletion, and
pollution; their interconnection, and their implications on growth and the quality of life.

® The contribution of neoclassical growth constrained by exhaustible resource has been summarized by Solow
(1999) and in more detail by Toman et. al. (19880 Krautkraemer(1998)
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nonrenewable resources as an essential input of production are not the suitable framework for the
exhaustible resource-exporting developing economies (EREs), where among all of their features
production linkages between the resource sector and the rest of the economy are weak and the gross
national income is generated primarily from liquidation and the direct export of the exhaustible asset.
He produces bang-bangharacteristic for the optimal extraction policy which is totally different from

the policies that have been derived so far. Characterization of optimal saving policy for ERE’s is the
main contribution of Farzin(1999) who shows that, both in magnitude and time profile, the optimal
saving policy for an ERE sharply differs from that of a non extractive economy and that derived from
the conventional models of growth with exhaustible resources. For a wide range of plausible parameter
values, he also shows that a set of selected EREs have been substantially under saving.

There is similarities between incorporating exhaustible resources and the environmental
considerations(e.g. the accumulation of pollution) in the growth models. From methodological point
of view, growth models dealing with pollution usually consider environmental quality as a renewable
resource and enter it as an argument in the utility function. Growth models constrained by exhaustible
resources instead consider rate of natural resource use as a factor of production. Aghion and
Howitt(1998, ch.5) for example consider environmental quality as a renewable resource and regard to
environmental considerations and exhaustible resource scarcity as two different aspects of
sustainability They show that sustainability in the latter version can be attained with weaker
assumptions. They also show that AK model, due to lack of distinguishing between physical and
intellectual capital, can not deal with the sustainability issue well .They propos8tibherpeterian
approach of creative destructioto endogenous growth as an appropriate way to analyse both
environmental considerations and natural resource scarcity.

Grimaud(1998) illustrates how the topal growth paths in Aghion-Howitt model can be
implemented in a decentralized economy. He also studies the suboptimality of the market equilibrium
respect to central planner’s version of the model and moreover analyses the effects of government
intervention on the characteristics of the economy, in particular the rate of growth and the rate of
resource use in the long run.

3 The model

Consider an economy populated by a fixed continuous mass of households, each endowed with one unit
of skilled labour and supplies it inelastically. The population size is normalized to unity and so, one
is also equal to the aggregate flow of labour supply. This means that we abstract from the size effect
and variables in the model are in per capita terms .

There are two type of activities for labour force: working in the final product market or doing
research. We denote the number of people producing final product and doing reseakcanaith
respectively and hence in each period we will have

" This section is heavily relied on the model of Aghion and Howitt (1998)dn the presence of exhaustible
resource.
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Following Aghion-Howitt we extend the conventional growth model of creative destruction to
incorporate use of natural resources by incluénthe rate of extraction of an exhaustible resource,
S, as an additional input in the production of final good. According to the theory of exhaustible
resource( See Dasgupta and Heal 1979, ch.6) the relation bé&wedSis described as

§-%- [ 'Rdc (2)

where§ ( for t-0) is the stock of resource at t. We assume§hat  is given and its amount is known
with certainty. Moreover for convenience we assume that there is one pool of resource and we do not
consider the problem concerning common utilization of the resource and its externality effect.

The economy produces one (numeraire) final product, denoted bBpd a continuum of
intermediate (capital) goods indexed on the unitinterval [0,1] and denoted by  whiexé OEach
intermediate good is produced from physical capital and each can be used to produce the final good
independently of other intermediate goods, with no complementaries between them.

More specifically, the flow of final good that can be produced using intermediate good i depends
only on the flowk, of intermediate good i according to the production function

Y, =Bx“LPRY O<i<1

whereL and R as introduced before are the total amount of labour working in final-product section
and rate of extraction of the natural resource respecti#ly;  is the highest level of technology in
section i, which represents the productivity of the latest generation of intermediate good i. Aggregate
output of the final good is therefore the sum

Y=LPRY folsi x¢di 3)

wherea, B, v € (0,1) are technology parameters which represent the importance of intermediate good
(or physical capital as will be described later), labour and natural resource in the aggregate product
respectively.

The engine of growth in the model is technical progress through innovation in the intermediate
sector. Since the variety of intermediate goods is assumed to be constant, innovation leads to
improvement in the quality of the existing goods which has been interpretedtiaal innovation
Research activities are sector specific and lead to innovation in a stochastic fashion. More research
effort in a sector more likely is the innovation and improvement in the quality of the product of that
sector along the quality ladder. Furthermore innovation hssllver effect through knowledge
accumulation in the whole economy. Innovation in each sector has a positive externality on the other
sectors by increasing the level of public knowledge accessible for all researchers.

Beside this positive externality, quality improvement of the intermediate goods makes the old
products less attractive. In the extreme case where we suppose perfect substitution among the products

5



of each sector, new products make the last prochlztslete This negative externality of new
innovations on the incumbent producers will be explained in the following in terms of monopolistic
competition among researchers.

Each intermediate sector is monopolized by the holder of a patent to the last generation of that
good. The local monopolist sells its output to the competitive final-good sector in which its marginal
product, and thus its price measured in final good, is given by

P -oLPRYBXx** (4)
which gives the demand for i-th intermediate as
x = (aLPRYB/P)Y® (4)

Suppose now that there is a stock of physical calit@imbodied in durable machines and
belongs to the households. Capital is produced, along with consumption@oacisording to the
production function (3), where the factors of production are employed in two activities of producing
consumption goods and physical capital

Y=C+K ()

where there is no depreciation.

The only input into the production of intermediate goods is capital. The monopolist in sector i to
producex, required, x. units of capital and the i-th intermediate is produced according to the (linear)
constant returns production function= K. / B, fori@1, whereK. is the amount of capital used
to produce good i. Thus more advanced technologies (I8ger ) are more capital intensive.

Assume that each monopolist rents its capital from households in an imperfectly competitive
market, where the rental rate at each datert is . Then its average cost ®jlt,be . Thus the
monopolist’s profit will be

m = (P,-rB;)x

The first order condition of the profit-maximization problem yields the monopolist’s output in section
I as

X =X:= (a®?LPRY/r)Y0® forall i€ [0,1] (6)

which is constant across sectors. Thus the optimal supply of intermediate goods is proportional to
supply of labour in product market and the ratetiization of resource and is inversely related to the
rental rate of capital.

Replacing the optimal (symmetric) supply of intermediate good in the inverse demand function
(4) leads the (markup) monopoly pricingRs=B,r/a which is not constant neither over time, nor



across sectors. The monopoly’s flow of profit will be then

m = [(1-0)/a]rB,x, (7)
= (1-a)P,x (7

which the latter shows that the revenue from each innovation is distributed in the fractior.of ( 1-
and a to the profit and cost of renting capital which are received by innovators and households

respectively.
Now let
1 .
B= fo B, di (8)
denote the average productivity parameter across all sectors. Since each sectByx, uses units of

capital and there is a total capital stockotapital market equilibrium requires
K= ['Bxdi 9
J;'Bx ©

According to (6), all sectors produce the same amount of intermediate goods at any gfvdrntsme
with two above equations imply that

X =x=k:=K/B for all & [0,1] (20)

That is, the equilibrium flow of intermediate output from each sector at date t must be equal to the
capitalintensityk .
Substitutingx, from (10) into (3) yields the familiar Cobb-Douglas aggregate production function

Y =Bx*LPRY (11)
=Bl oKL PRY (119

This functional form is consistent with the theory of exhaustible resources where it is quite natural to
consider the flow of utilization of the resource as a factor of production in the aggregate production
function. Moreover in a CES world where the elasticities of substitution between natural resource and
the aggregate capital is constant, only the Cobb-Douglas form exhibits realistic characteristics which
are consistent with the feasibility conditions implied by the scarcity of resources. [See Dasgupta and
Heal(1974) for more details.]

What we have just described in (11") is a three sectors growth model where the level of output is
determined by three stocks: the stock of capital K, the level of knowledge which is proportional to B

® Maximizing Y subject to (9) yields the optifit condition X, =X = L (y/ )Y@V wherey=r/a is the lagrange
multiplier of the constraint expressed in (9). This is another way to find that the supply of intermediate goods is symmetric
across sectors.



and the rate of utilization of resources R, which depends on S. We refer through this paper to these three
types of capitals as physical ( or tangible), intellectual and natural capital.

The above functional form indicates that for a given state of knowledgp,+ v is a measure
of returns to scale. In spite of studies that carried out so far and are reviewed in the previous section we
do not impose the constant returns to scale(CRTS) on the production function because in this case one
can not distinguish the effect of changex@ndv.

Combining (6) and (10) gives us rental rate of capital as a function of capital intensity

r=a’k*1LPRY (12)

According to (12), an increase in the historically predetermined capital intensity will reduce the
equilibrium rental rate that a monopolist must pay for capital. This can be interpreted as a consequence
of decreasing returns at the accumulation of capital intensity. Comparing (12) and (11") we find that
the rental rate of capital is( < 1) times of its marginal product, i.e

r=adY/oK (12)
= 0?Y/K (12"

which means higher the degree of monopoly in the intermediate section, less households will receive
from lending capital. This is another expression for what we found in (7') that capital expenditure is
distributed between monopolists and households according to parameter

Research in intermediate section is sector specific and the probability of success of research in
each sector proportionately depends on the research effort in that sector which we measure it with the
amount of researchers in the sector. Following Aghion- Howitt we assume that the probability of
innovation per researcher is constant over time and across sectors. Thus if we denote by , the researct
employment in sector i then the arrival rate of innovation in sector i would. be  wheris a
parameter indicating the productivity of the research activities. Although the arrival rates in different
sectors are independent of each other, the innovations themselves all contribute to raise the level of
public knowledge. The state of this knowledge is representeddadag-edge technologywhose
amount at date t is denoted with

B/ =max{B,: 0gi<]

This parameter grows gradually at a rate proportional to the aggregate flow of innovations

l '
N :_L“itd'

with a factor of proportionality equal ¢3>0. Thus in the economy as a whole theitebhg a continuous
flow of #ninnovation per unit of time. This implies
B™= onnB™ (13)

Equation (13) is the law of motion governing the evolution of public knowledge. At any point in time



there will be a distribution of productivity parametBrs  across the sectors with values ranging from
0to B,". Over time the distribution will be displaced upward as innovating sectors movB,U to

and rightward as technological progress ras&s itself. Fortunately, the shape of the distribution does
not change, even if the order of the sectors occupying the different places in the distribution are
continually changing. More specifically, in the long run the cross-sectoral distribution of the relative
productivity parameterb, =B, /B>  will be given by the distribution function

H()=b,  0<b<1l

According to the definition of relative productivity parameieequation (8) gives an expression for
its average which is equal #(b) =B/B™* .On the other hand by definition we have

E(b) - [ 'b,n(b) db 1—10 for all ie (0,1)

whereh(b) =b®9'°/s is the probability density function of relative productivity. Equating these two
expressions obtained for E(b) gives

B, = B™/(1+o)

From the above equation and considering (13), we obtain

B' B max

B g =onn (14)

which shows that research effarthas a positive growth effect on the accumulation of knowledge and
hence on the economy as a whole. The overall structure of the model is now complete and depicted in
figure 1.

Figure 1, in here

4 Optimal growth
Now suppose that households have identical lifetime utility function as

W= f “e P'Y(C)dt (15)
0
whereU is the instant utility of consumpti, andp >0 is the rate time preference. The problem of

optimal growth is that oftiosing the rates of consumptiGnresearch employmentand extraction
of resourceR, at each date so as to maximi§subject to

% See section 3.1.2 of Aghion-Howitt for details.
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S:—R (2)
K=B"K1-n)fR-C (5

B = onnB (14)

whereB,,K, and, are given. The coefficientsp andv are all in [0,1) and. + B +v is the measure
of returns to scale which otherwise stated we do not impose any constraint on it.
The Hamiltonian of the optimization problem is

H = U(C) +A[B1*K*(1-n)PR'-C] +HonnB-ER

There are three state variabl&s B and S), three costate variabled, @ add ), and three control
variables C, n andR). Assuming an interior solution, the first order (static efficiency) conditions are

Ho=0 = U/(C) =) (16)
H, =0 = ABY/(1-n)=puncB (17)
Hy=0 = AvY/R=€ (18)

The Euler equations (dynamic efficiency conditions) are

H =-A+ph =g =p-aY/K (19)

Hg=-ft+pH =g, =p-(A/K)(1-0)(Y/B) -non (20)

He=-E+p&=0.=p (21)
where for each variable like z, we denote its exponential rate of growthgévi:thc@ . The

transversality conditions are

lim,_e™®AK=lim  _e™*uB=lim  e™"ES=0
(22)

Before returning to the algebra, we follow Barbier(1999) to build intuition about these conditions.
Equation (16) describes the optimality rule for consumption. It indicates that, along the optimal path,
the marginal utility of consumption must equal the shadow price of accumulated capital. Condition (17)
determines the optimal amount of research effort. It shows that the marginal productivity of labour force
in final product relative to marginal contribution of research in innovation, must equal the relative price
of intellectual capital to tangible one. Condition (18) indicates that the marginal productivity of resource
inputs must equal the relative price of the resource stock to capital. Condition (19) shows that the
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percentage change in shadow price of physical capital must equal the discount factor less the marginal
productivity of capital. Similarly, condition (20) shows that the percentage rate of change in shadow
value of intellectual capital should equal the discount factor less the rate of growth of social knowledge
and the relative price of physical capital to intellectual one times the marginal productivity of social
knowledge. Finally, condition (21) indicates that the capital gains of holding on the resource stock on
the optimal path must equal to its opportunity costs.

We assume households have isoelastic preferences which tdangl5) is of the form
U(C) = (C1®)/(1-¢) ande = -U"(C)C/U’(C) , the inverse of elasticity of substitution, is a positive
constant parameter. Considering this functional form for the preferences, from (16) and (19) we obtain
the familiarRamsey equation for consumptibn

aY/K-p

Oc = e (23)

Taking into account (11'), Eq. (23) gives the optimal rate of growth of the consumption as

gc(t) = [a(B/K) LR -pl/e (23)

which means thah the absence of population growth, an economy with exhaustible resources is
sustainable if increases in the ratio of intellectual capital to the tangible capital can compensate the
finiteness of the essential resources

Plugging (17) into (20) yields

(1-a)(I-non

g,=p-onn- (24)
B
Log-differentiating from (11"),(17) and (18) respectively yields
9y = (1-0)gs +agy, ~-BY,+vOs (25)
gk+gY+gn:gu+gB (26)
9,79y 0r="P (27)
where we used (1) and (21) in (25) and (27) respectively. Replacing (19) in (27) gives
gg =0y-aY/K (28)

19 UnderCRRA for Win (15) to be well-defined and considering (23) we should have

aY/K(1l-g)<p
which is trivial fore >1.
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Following Barbier(1999) we call this condition, thasic Hotelling rule for resource flowshich
indicates growth in resource use is determined by the growth rate of output less the marginal
productivity of capital.
We can rewrite (5) as
Y-C

Ok = a (5)

substitution ofg, and; from (5') and (28) in (25) gives

1 C Y
gyzl—iv[(l*a)cnnfﬁgn*aR]+aE (29)
where we have rewritten (14) as
gg=omnn (14)

Now consider (26). On the LHS we can substigute gand  from (19) and (29) respectively and
on the RHS we can substituga apd from (24) and (14'). Assunlingv =1  and after
manipulation we obtain

(1-a)on v-1 a C
= n+ + — 30
O B ( 1—B—v) 1-p-v K (30)
Substituting from (30) into (29) gives the optimal rate of growth of final product as
l-a Y
=(—— — 40— 29'
9= () (o B_) < (29)
which after plugging in (28), leads the optimal rate of decline of resource use as
— 28I
1 B— 1-B v) K (28)
This considering (2') foR/S ,the rate of utilization of the resouttgives
s = (- )on - (o) o o (31)
1-B-v v K S
Furthermore by definition we have
gs=-R/S (32)

1 Similarly S/Rindicates the life time of the resource.
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Equations (19),(21),(23-24),(5"),(14",(28",(29"),(30),(31) and (32) define the law of motion of the
economy on the optimal growth path. As we consider the optimal growth path of the all variables are
linear combinations of/K, C/K, n andR/Swhich will be calledthe fundamentals of the model.

5 Steady state analysis
Definition of the steady state requires tBatK andY grow at a constant common rate denoted by

0-=0y=0c=9« (33)

This implies that capital productivity remains constant at the steady state which from (12") results
g, =0 where = o?Y/K is the rental rate of physical capital. Moreover research effort and portion of
labour force working in product market remains constant which requires

g,=9, =0 (34)

Furthermore following Barbier(1999), in a growth model constrained by a natural resource and
to investigate whether natural resource scarcity operates as a binding constraint on the economic
growth, it is worth exploring the condition under which the long run equilibrium is characterised by the
rate of resource utilizatidR/S converging to a steady state valRé§*. Thus an additional steady state
condition imposed on the optimal path of the economy is

Ors=0 (35)

Beside transversality conditions defined by (22), equations (33-35) define constraints determining
the balanced growth path in the steady state. In the following subsections, firstly we impose the steady
state conditions on the optimal growth equations to derive the balanced optimal growth path. We derive
then the conditions determining unigqueness of the steady state and then solve equations governing the
balanced optimal growth path to derive the long run values of the fundamenatls.

5.1 Balanced optimal growth

In this subsection we impose the constraints determine the steady state, i.e conditions (33-37) on the
equations define optimal growth path derived in section 4. Imposing (35) on (31) gives the steady state
rate of utilization of the resource as

R a C 0l-a O
gzl—ﬁ—vgig_ —ﬁ—va-n (36)

Now using (35) in (31)and considering (32) gives

01-a O a [C
gR—gs—Hl_B_VHrfn-l_ﬁ_V%<0 (37)
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which means thah the steady state, the stock of resources and its ratdip@tion both decline with
a common rate which is inversely related to the consumption-capital hataexdition the trans-
versality condition corresponding to S, using (21) gives

. t
|Imm°f0 Rdt=§
Due to finiteness of S and non negativity of R, this implies
lim, R =0 (38)

If we impose now (33) and (34) on (25) and substgyte  from (37) we obtain

g =g —ﬁ%@ (39)

This, considering (R/S)0, means thah the presence of exhaustible resource the balanced rate
of growth is lower than rate of knowledge accumulation. Higher the rate of utilization of the resource
or higher the resource contribution in the final product, lower is the balanced rate of gibushis
a justification of the argument thadtural resource intensity is harmful for groithUsing a Cobb-
Douglas production function with a declining flow of natural resource as an essential factor of
production, makes the growth slower respect to no-resource case, ie wlbein the latter case the
balanced rate of growth is equal to the rate of knowledge accumulation.

From (16), folCRRAcase we havie = C *  which considering (33) giges -¢g . This, so long
as g > 0, indicates thalong the balanced growth path, the shadow value of physical capital is
declining.

Imposing (33) and (34) on (25) givgs = (1-a) (3-onn)/v . Substituting these two expressions
for g, andy, into (27) gives the optimal balanced rate of growth of the economy as an increasing
function of research effort

_(I-a)ann, - pv
9= ey v (e -

(40)

We have assumed -a)/v = 1-¢  for derivation of (40) which in the cases of constant or decreasing
returns to scale (ie wheh-a-v > >0>-¢ ) or whenl is obviously valid.

What we have found in (40) is that research effort has a positive growth effect on the steady state
rate of growth which is consistent with conventional creative destruction model. But in that model, the
balanced growth rate is equal to the growth rate of intellectual capital which according to (14") is equal
to o 1 n*,where n* is the steady state amount of research employment. In the conventional model of
creative destruction, in the steady state output, consumption, physical and intellectual capital grow with
the same constant rate g\ n* ( see section 3.2.2 of Aghion and Howitt 1998). What we found here

12 This argument is entirely different from the approach undertaken by Sachs and Warner(1995) and related studies
about the effect of natural resource abundance on economic growth.
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Is that incorporating natural resource into the model not only causes the share of natural resource,
comes into account but also in this case the degree of risk aversion of consumers does matter. The
relation between balanced growth rafend the level of research effantis depicted in figure 2. As
we consider in the presence of exhaustible resource a minimum level of research effort, namely
___pv
nmin - (1_ G)O'r]

Is required to compensate the declining trend of resource use and provide a positive rate of growth.
Figure 2, in here
Imposing (33) on (23),(5) and (29') gives two independent linear equations involving Y/K and

C/K. Using algebra we derive the steady state level of output-capital ratio and consumption-capital ratio
from these equations respectively as

YO e@-a)on-pd
@?@ T al(e(B+v) - 3] @
(a-8)p+(a-eon
%Q a[E(B+V) J] “2)

whered =1 -a. - B - v is the degree of increasing return to scale, and we have assur@h(-5) = 0
for derivation of these expressions. In CRTS these expressions reduce to

@%@:aa—” (41)
cg _on on-p .
QEQ T a ¢ (42)

Now we impose (34) on (30). This ,after substitution from (42), gives the steady state level of
research effort as
. 1-v B o — €
n = H 2 H
a—5 e(B+v) -0 o — > on

@

which in CRTS reduces to

LV B [on-p |
" _1—a+(1—a)an@ £ Q 43)

By substituting the steady state level of consumption-capital ratio from (42) in (36) and agstimind
we derive the rate of utilization of the resource at the steady state as

a-o)lon(e-d +p
%Q E(B+V) - )
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which in CRTS reduces to

S = on- 2R %

Eq. (37) indicates that the negative of these expressions gives the rate of decline of resource stock and
resource use at the steady state. In particular, according to (37), in CRTS we have

1-¢ 0

gS:gR:( c c

and thus the optimal rate of depletion of resource will be
an-p
Re=Rexp{l(—,—) ~on }

In the simplest case whete=1, rate of decline of resource use is equal to the discounprate,
This means that our model , like those of Barbier(1999), can produce the Hotelling’s rule as a special
case. Moreover in the absence of R&D (i.e. winem = 0) we will havey, = -p/e which is the same
as findings of the neoclassical models (see e.g Dasgupta and Heal 1974).

For deriving the balanced rate of growth, we can substi@t{ from (46) into (27), or {/K)*
and C/K)* from (45) and (46) respectively into (5), or n* from (47) into (44). After manipulation and
rearrangement we obtain

_(1-a)on-p(B+v)

49
which in CRTS becomes
O‘ —
g= =P (49)

£

The effect of change in the parameters of the model on the long run growth of the economy is described
in the following statement, which is the result of simple manipulations on equation (49):

Proposition 1 The balanced rate of growth is an increasing function of the productivity of research
activities,o andy ; the degree of return to scal&and a decreasing function of the willingness to
consumey ande. It also decreases when the contribution of each of the factors of production increases
if and only if the long run rate of growth does not exceed the incremental value of public knowledge
per researcher, ie

—<0 iff g <on where O=a [,

which is always true in case of CRTS.

By comparison of (47") and (49') one finds the following relationship between research effort in
the steady state and balanced rate of growth
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0="5a-a)n -]

which results
g=g9(a,Bv.onn)

The rate of knowledge accumulation at the steady staide obtained by substituting n* from
(47) into (14') as

_ . _ _ B Bp
9y =onn =on(f-0+ev) - Ts (50)
which in case of CRTS reduces to
_ __ Pp .
9o = ON(B+&v) =~ g (50)

5.2 The existence and uniqueness
As we considered on the balanced growth gatk andY grow with the same rata,does not change
andR andS decline with the same rate too.Thus the dynamical analysis can be done on the four
variablesY/K, C/K n andR/Swhose rates of growth on the steady state must be zero.

According to optimal growth equations, from (29') and (5') we have

1

Oy - 1_3_V[(l—a)cm(l—a—s—v)%]+(a—1)% (47)

Moreover from (23) and (5') we obtain

- T, =P (48)
€

Now (47), (48), (30) and (31) define the growth rates of fundamental variables of the model in
a system of equations, which due to Cobb-Douglas functional form of production function is linear
respect to those variables itself:

a
Ea—l -5 O og
Oy, 0 B ' /KO g D,/D, O
R S L o0&, 00 L, O
kO € oo P'é [ (49)
Og, 02 a =0 O 0 Qv-1)D,/pD,0
0 0 U D B 0 O 0
MrsO O L RI'Sgp g D,/D, [
0 g -a 0o 1
s D, -
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where
D,=1-B-v and D,=(a-1)on

We call the RHS of the above systém- b, whereA is the 4x4 matrix of coefficients,

Ryr (54)

X:(X’E’n1
K K S

Is the vector of fundamental variables dnd the constant vector of parameters.

The nonzero entry in the last rowAfndicates thathe rate of decline of resource utilization is
affected by the consumption-capital ratichile the zero entries of the last columrAdhdicate that
the dynamics of the core of the economy is not affected by the rate of resource utilization.

According to the previous section, the steady state will be defined as

SS={xOR," Ax= D

So the existence and uniqueness of the steady state can be analysed by characterization of matrix of
coefficientA for which we have

a(l-a)on a-€g(B+v)

detA = Be 1-B-v

_1]

Range of possible values of the parameters of the model indicates that A is nonsingular @éjlet A
if and only if the following assumption holds

Assumption 1 ze-1

B+v

Thus we conclude the following statement

Proposition 2 The necessary and sufficient condition for uniqueness of the steady state in the model
is assumption 1. In this case the steady state is completely described by the parameters of the model

by
x* = A™b (55)

The existence of steady state requires that the RHS vector in (53), b can be generated by the columns
of matrix of coefficient, A.

Obviously in the case @RTS A is lower triangular and we have
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(1—a)?on
Je)
Moreover ife > 1, theRHSof assumption 1 becomes nonnegative whilé Hi@remains negative. Thus

we conclude

detA = — <0

Corollary 1 The steady state is unique if the aggregate production function exhibits constant returns
to scale or if the degree of risk aversion of consumers is higher than or equal to one.

The linear form of growth equation (49) helps us to characterise the steady state in case of
nonuniqueness as follows

Corollary 2 There is a possibility for indeterminacy in the model by which we mean multiple
equilibria. This possibility depends on the parameters of the model and occurs when assumption 1
violates. If A is singular, multiple equilibria are not isolated and there is armaunth of steady states.

This happens because

2,27€SS=0z+(1-0)z2 eSS for 0<6<1

The linear dimension of the steady state is equal to the dimension of the kernel of A which defined as
kerA={xOR" Ax=0}

In addition SS and kerA are parallel. In other words
zeSS=2+72'¢SS for all z’ € kerA

SS is different from ker A so long as b.

We limit our attention in what follows to CRTS, gois triangular and we can solve (49)
analytically to obtain

Qg _on

wH " g (52a)

CH L e 0

jK ] - E[p+(£ G) a] (52b)
n=1- P T2y 520)

1-a' € 0n
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Had = Slo+(e-om 20

which are the same as what we derived before in equations (41),(42"),(43") and (44").

Now itis the time to ask how central planner sets the control variables at initial position. The best
set of control variables for him is the values that eqyate xvith  where the elements of  have been
described by the RHS of equations 52(a-d). Thus giyeB, , Sand andthe parameters of the model,
to avoid the social cost of being out of steady state, social planner should solve the Eqg. (52a) at time
of planning so as

{2 %ﬁ@ﬁm on - pEf;%m ”;"@Vs#%

or simply

-a

S,” = cste

@

i
20
i

[
~

0

One degree of freedom is required to equate the LHS of the above equation with the RHS which is
given by parameters of the model. Aghion and Howitt(1998, pp164), by teking  as a funB&jon of
and §, , avoid the analysis of transitional dynamics in their model and conclude that the optimal
balanced growth path can be reached instantaneously from the chosen initial position. We consider
instead the initial value of physical capital, as well as intellectual and natural capital, as given to the
central planner. According to this argumengeneral being on the steady state is unlikely and the
economy described by this model is almost always on the transitional path toward the steady state.

According to (11") and (52a) now we can derive the ratio of intellectual to tangible capital in the
steady state as

1
(5) =[-(1-n) R "]
B an

Equation (52a) shows that the marginal productivity of physical capital at the steady state is equal

to the percentage rate of increase of knowledge per researcher:

dYg-a
§§K - o

Furthermore (52a) implies

r* -azgig =0
= K = [7

By plugging the steady state research effort n* from (52c) into (40) one can derive a closed form
for the balanced rate of growth as follows
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(53)

which is the same as (45'). For g to be positive it is necessary tqha\@) . In addition for g to be
less than r* we should hafeon — p < onae . We combine these inequalities by assuming

Assumption 2 0<on-p<onag

We show in the following that assumption 2 is the exact condition required for the steady state
to be feasible.

Proposition 3 Assumption 2 is the necessary and sufficient condition for sustainability of the economy
(ie for g>0)in the presence of an exhaustible resource which is essential for produatidralso

for g to be less than r*. Moreover beside output-capital ratio which based on the range of the
parameters of the model is positive, assumption 2 is the necessary and sufficient condition for research
effort to be at the steady state in its acceptable range( ie 0 < n* < 1). In addition the second part of that
assumption (ie# - p < o5 a ¢) is sufficient for both the consumption-capital ratio and the rate of
utilization of the resource to be positive.

Eq. (52a) and (52b) imply an expression for consumption-output ratio and savirg=#tey
,whose characteristics are described below:

Corollary 3 In the steady state, consumption-output ratio is constant and we will have
£ -5
Y on £

This, considering (53), implie@k = (1-ag / (m)Yk where g is the balanced rate of growth of the economy.

The portion of output which is consumed in the steady state is a function of the parameter of the model
as follows:

Sh=saspan

Moreover assuming assumption 2, we will obthino? as a lower bound for consumption-output ratio.
In addition, saving has a positive growth effectgas (on/ a)s . Thus higher the productivity of

13 Whene < 1, this is also the sufficient condition for W in (15) to be bounded (see footnote 10).

14 Obviously the condition for sustained growth would be stronger in the presence of population growth or capital
depreciation. See Helpman(1992) for details.
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R&D, or lower the physical capital share in aggregate output, higher is the growth effect of saving in
the model.

By comparison of g in (53) aigd  in (14') we find that g is lessghan  if we have
nx>f= L S0Py

But from (52c¢)

which implies

1-nx _ B
1-A 1l-a
Sincev > 0, the RHS is less than one. This implig* which results
aonv an —
g <onn =21, B pon p@
l1-a 1-a &

We conclude then

Corollary 4 In the presence of exhaustible resource (ie wher0 ), and assuming assumption 2,
rate of balanced growth is less than rate of knowlestgrimulation. This implies that in the steady
state the supply of intermediate goods are declining without bound.

From the Cobb-Douglas form of the aggregate production function in (11) we know that both
intermediate goods and rate of extraction of the resourBeare essential for production. In (38) we
conclude that in the steady st&es declining without bound. In the above we found the same result
for x. Furthermore according to (10),(31),(33),(35) and (39) rate of decline of both variables are
proportional in the steady state:

_ v
g, = m Or
This indicates thaintegrating exhaustible resource into the aggregate production is harmful for
sustainability of the growth directly through its declining rate of extraction and also indirectly via the
supply of intermediate goods

In next section we investigate the dynamical properties of the model around the steady state and

its transitional path toward it.

6 Dynamical analysis
The purpose of this section is to study the dynamical properties of the model. We investigate firstly the
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stability of the model by linearization of the dynamical system describing the optimal growth paths
around the steady state. We will study then the transitional path of the economy toward the steady state.

6.1 Stability
In this section we suppose either assumption 1 or its stronger version by assuming ERII $lence

we assume that ,described in (51), is unique. In this case the local dynamical properties of the model
aroundx* will be the same as the following system of linear differential equation

d . . \
a(x—x):A(x—x) (54)

whereA* is the Jacobian matrix of the dynamical system described in (49) evaluatedaimple
manipulation shows that

detA” = Qig @SQ n @EQ detA
- Ok 00Ok S
By assuming assumption 2 we conclude that botAtand detA are of the same sign. But only based
on the assumption 1 we cannot determine the sign éfaed so to take the argument one step further

in the remainder we assume CRTS. In this &skike A is lower triangular and we can explicitly
determine its eigenvalues as follows

MAwq(mw@%ggﬁg,gﬁgﬂw,n

or after substitution from (52a-d)

\ a-1)o o on - van on-
MA)={( )n’ n_@n pg’ n,91=P |,
a a £ J¢; €
based on assumption 2, A* has one negative eigenvglaga-1)on/a and three positive

eigenvalues:),,A,,A, . The eigenvalues are real but the positive eigenvalues are not necessarily
distinct. So there is a possibility for overshooting (see Hirsch and Smale 1974, ch.6 for details), but as
will be described in the follows, we can set the initial conditions in such a way that the dynamics of
the system becomes more tractable.

The solution of the linearized system (54) can be written in the general form as
4

¥ = g At

X, = X ;qut e (55)
where I'; is the eigenvector corresponds to eigenvalu® , is a nonnegative integer less than
multiplicity of &, andc, is the constant of integration. Considering initial conditions, alth&gk,
andg, are given we can freely determifig, n, Rpd  andffhus . Hence we canxghoose  in such
a way thatx, -x+ has no component in the sabsmenerated by, (i =2,3,4) . This implies=0
fori=2, 3, 4. By replacing these constraints in (55), the stable solution can be characterised as

(a-1)on

* —t

X; =X :(XO_X*)e a
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Thus the rate of convergence of the economy toward the steady state is determined eodeyndy

n. As we considered, iR*  the only subspace generatéd by is stable, so we have a one-dimensional
stable saddle path converging to the steady state

6.2 Transitional dynamics

To analyse the transitional dynamics of the model in the phase space, one should derivexhe®ocus

of the components of the vectarAssumingCRTS from (49) the dynamical system describing the
behaviour ok is as follows

iraeall '”%@E%; C;_UE (562)
%é%éz %E%.%E %é* %ﬁ% ?E (56b)
oo m, g
%%QZE%'%'WE (56d)

As we see the dynamics of/K) and C/K) can be described respectively in one and two
dimensions, but the dynamics mfand R/ cannot be analytically described in phase plane. The
transitional dynamics of output-capital ratio is depicted in figure 3. As we see beside the origin which
Is a trivial steady stat€Y/K)" =on/a is the stable equilibrium of the differential equation described
in (56a). We see from (12") and (23) thata®Y/K ghd(aY/K-p)/e are linear transformations
of (Y/K). So the transitional dynamics of ragd  are the samé/Epéxcept that they converge to
oon
and pn - p) / € respectively.

Figure 3, in here

By assuming < on in assumption 2, we ensure that in the long run output, consumption and
physical capital will grow with a positive (and constant) rate. Sustainability, interpreted as non-negative
rate of growth of per capita consumption, requires that’K >p. Now if (Y/K),<p/a, then for a
finite time (0O< t<T), g. would be negative (see figure 3) and intergenerational equity a la
Solow(1974b) violates, where

T =min{t(Y/ K), = p/ a}
Note that to be on the stable saddle path, for every given valje of , there is ajnique . Although
Is decreasing for 0<4T, but (C/K) is increasing toward its long rum target (C/K)*.
The transitional dynamics of(K), based on the equation (56a-b) is depicted in figure 4. As we
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see (Y/K)*,(C/K)*) is saddle stable. Beside this steady state, and the origin which is the trivial

equilibrium, there are two attractors in the phase diag(amta, O) (@ndblo, +) . The former is

intertemporally inefficient and the latter is not feasible. The slope of the saddle path is positive
(negative) if ¢ is greater (less) than

Figure 4, in here

6.3 Numerical illustration

To illustrate the working of the model, a handy example is given in this section. We should emphasis
however that it is not a calibration exercise but to show how model works. For this reason we select a
set of plausible values for technology parameters0.5,8 = 0.25,v = 0.25 ; preference parameters:

e = 2,p = 0.005; and R&D parameters:= 0.1 , = 1. So we have assum&RTSto ensure the
uniqueness of the steady state. Moreover we have set the degree of risk aversion higher than one. We

call the above set of valubsasic setting

variables Basic Settind BS buta =.6, | BS buta =.65, BS but | (2) but
(BS) B=v=.2 (2) |B=.2,v=15 | p=.075| p=.075

(YIK)* 0.20 0.167 0.154 0.20 0.167

(C/IK)* 0.175 0.142 0.129 0.1875 0.154

(CIY)* 0.875 0.85 0.8375 0.9375 0.925

n* 0.625 0.625 0.571 0.5625 0.5625

(RIS)* (%) 7.5 7.5 8.75 8.75 8.75

r* (%) 5 6 4.2 5 6

a (Y/K)* 0.10 0.10 0.10 0.10 0.10

g (%) 2.5 2.5 2.5 1.25 1.25

9 (%) 6.25 6.25 5.7 5.625 5.625

(1-a)on/a (%) | 10 6.67 5.38 10 6.67

Or =95 (%) -75 75 -8.75 -8.75 -8.75

The Table shows the size of the variables of the model in the basic setting and some of the other
settings which are described there. We have also drawn the dynamics of the fundamental variables
around their steady state values and based on the basic setting in figure (5-8). These figures represen
the numerical solutions of the differential equations described in equations 56(a-d). The phase diagram
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of the output-capital ratio, and those of the output-capital and consumption-capital ratios are depicted
in figures 5 and 6 respectively. Indeed, figures 5 and 6 are the numerical versions of figures 3 and 4
respectively. The dynamics of output-capital and consumption-capital ratios and research effort is
depicted in figure 7. In addition the dynamics of output-capital and consumption-capital ratios and rate
of utilization of the resource is depicted in figure 8. Figures 7 and 8 are three dimensional phase
diagrams.

Figures 5-8 , in here

7 Conclusion and possible extensions
We conclude our findings as follows:

* Innovation is always profitable and the profit is distributed to innovators and households who
lend capital for producing intermediate goods. The parameter that measures the contribution of capital
in the aggregate production functienindicates the share of researchers and households in the profit.
Highera, higher is the competition in the product market and higher households will benefit from
lending capital.

» The share of natural resource in the production function has a positive and demanding effect on
the steady state amount of research effort. Moreover in the presence of natural resource a minimum
level of research effort is required to overcome the declining trend of the exhaustible resource use.

* In the absence of population growth, an economy with exhaustible resources is sustainable if
increases in the ratio of intellectual capital to the tangible capital can compensate the finiteness of the
essential resources.

* The necessary and sufficient condition for uniqueness of the nontrivial steady state in the model
Is derived. As a result the steady state is unique if the aggregate production function exhibits constant
returns to scale or if the degree of risk aversion of consumers is higher than or equal to one. In either
cases the steady state is completely described by the parameters of the model.

* There is a possibility for indeterminacy in the model by which we mean multiple equilibria. This
possibility depends on the parameters of the model. Multiple equilibria are not however isolated and
there is a continuum of steady states in case of nonuniqueness.

» Concerning Aghion and Howitt(1998, ppl164)’'s argument, we show that given the level of
physical capital, public knowledge and natural asset at the initial stage of planning, jumping
instantaneously to the steady state is unlikely and the economy described by this model is almost always
on its transitional path toward the steady state.

* The steady state is one dimensional saddle stable. The number of given and free variables in the
model ensures that by correct selection of initial values for rate of consumption , research effort and
rate of extraction of the resource, localization of the economy on the stable saddle path is always
possible. Rate of convergence of the economy on the stable saddle path is also determined by
parameters of the model.

* Under plausible assumptions the steady state is feasible. The condition is also valid for
sustainability and for balanced rate of growth to be less than rental rate of capital.
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* In the presence of exhaustible resource, the balanced rate of growth is lower than rate of
knowledge accumulation. This implies that in the steady state the supply of intermedidseig)
declining without bound. Higher the rate of utilization of the resource or higher the resource
contribution in the final product, lower is the balanced rate of growth. This may provide a justification
for the argument that natural resource intensity is harmful for growth. Thus integrating exhaustible
resource into the aggregate production adversely affects sustainability of the growth directly through
its declining rate of extraction and indirectly via its effect on the supply of intermediate goods.

* In the steady state, the stock of natural resources and its rate of utilization both decline with a
common rate which is inversely related with the consumption-capital ratio.

» The optimal rate of depletion of resource is derived which incorporates the Hotelling's rule as
a special case.

* Although the dynamics of the rate of utilization of the resource is affected by the fundamentals
of the model, it does not by itself affect the rest of the economy.

» The balanced rate of growth is an increasing function of the productivity of research activities,
the degree of return to scale, and a decreasing function of the willingness to consume. It also decreases
when the contribution of each of the factors of production increases if and only if the long run rate of
growth does not exceed the incremental value of public knowledge per researcher which is true in case
of constant returns to scale.

* Investment in physical capital has a positive growth effect. Higher the productivity of R&D, or
lower the physical capital share in aggregate output, higher is the growth effect of saving in the model.

* Although by imposing sustainability condition , introduced by Aghion anditiipgrowth on
the steady state is sustained ,but we provide conditions upon which it is optimal for consumption per
capita to display negative growth rate on the transition for a finite period.

We now address some debates concerning the model described here. They can probably lead to
some possibilities for its extensions.

1) In the exogenous growth framework, Hartwick(1977) establishes that investing the extracted
resources in the form of building new physical capital, provides a sustainable growth path for an
economy which constrained by finite essential resource. Is there a counterpart for this policy in the
Shumpeterian framework? What is the Hartwick’s rule of knowledge accumulation to compensate
finiteness of the resources and to provide the sustainability of the economy?

2) A comprehensive measure of capital (including physical, intellectual, and natural) can be
introduced and the time pattern of shareath type of capital in the comprehensive measure (in
particular transformation of natural capital to physical and intellectual one) can be monitored through
time. What is the optimum combination of three kinds of capital in the portfolio of social planner? And
how the composition of national wealth, i.e B + K + S, evolves through time?

3) What is the result if we compare the findings of this model with those of the neo-classical and
AK endogenous growth models in the presence of exhaustible resources? In particular, how we can
address intergenerational justice, a la Rawls, in this context?

4) Another possible extension is to consider the step size between innovations as an endogenous
variable, by allocating a portion of the extracted resource to education and by assuming that is a
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positive function of the level of education and historically determined state of man power. This is
slightly similar to one of the extension of the basic Shumpeterian model which takes the productivity
of research activityy as positive functionrof

5) Considering the possibility of population growth in the model, allow us to examine the effect
of the size of the economy on the results, and analyse sustainability in per capita terms.

6) Does K and B are complementary or substitutable? What is the answer of the similar question
about S, Kand B? See Krautkraemer(1998) for a discussion about whether S and K are complementary
or substitutable. Chichilnisky and Heal(1983) also investigate the effect of energy price on the
substitutability of K and S.

7) One should also extend the model to a small open economy where r is constant and rate of
return on accumulated capital does not tend to zero.
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Figure 2. The optimal long run growth rate (g) as a function of research effort (n).
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Figure 5. The dynamics of output-capital ratio, under basic

setting.
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Figure 7. The dynamics of output-capital ratio(x1),
consumption-capital ratio(x2), and research effort(x3), under
basic setting.
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Figure 8. The dynamics of output-capital ratio(x1),
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resource(x4), under basic setting.

32



