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Abstract

The purpose of this paper is to examine the covariance structure of multivariate GARCH (M-
GARCH) models that have been introduced in the literature the last fifteen years, and have been
greatly favoured by time series analysts and econometricians. In particular, we analyze the second
moments of the constant conditional correlation M-GARCH model introduced by Bollerslev (1990)
and the diagonal M-GARCH model introduced by Bollerslev, Engle and Wooldridge (1988).
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1 INTRODUCTION

One of the most popular class of non-linear processes are the generalized autoregressive conditional
heteroscedasticity (GARCH) models'. The existence of the huge literature which uses these processes
in modelling conditional volatility in high frequency financial assets demonstrates the popularity of the
various GARCH models (see, for example, the surveys by Bollerslev, Chou and Kroner, 1992, Bera and
Higgins, 1993, Bollerslev, Engle and Nelson, 1994, Diebold and Lopez, 1995, Palm, 1996, Shephard,
1996 and Pagan, 1996; see also the book by Engle, 1995, and the book by Gourieroux, 1997 for a detail
discussion of the GARCH models and financial applications).

As economic variables are inter-related, generalisation of univariate models to the multivariate set-up
is quite natural-this is more so for the GARCH models?. From the many different multivariate functional
forms the diagonal Multivariate GARCH (M-GARCH) model originally suggested by Bollerslev, Engle
and Wooldridge (1988), hereafter BEW, and the constant conditional correlation (ccc) M-GARCH model
put forward in B (1990), have become perhaps the most common.

In particular, various cases of the diagonal representation of the M-GARCH model (with various mean
specifications) have been applied by many researchers. For example, it has been used by BEW(1988) for
their analysis of returns on bills, bonds and stocks, by Engel and Rodrigues (1989) to test the international
CAPM, by Kaminsky and Peruga (1990) to examine the risk premium in the forward market for foreign
exchange, by McCurby and Morgan (1991) to test the uncovered interest rate parity, and by Baillie and
Myers (1991) to estimate optimal hedge ratios in commodity markets.

B (1990) illustrated the validity of the ccc M-GARCH model for a set of five nominal European U.S.
dollar exchange rates following the inception of the European Monetary System. The ccc M-GARCH
model has also been used by Cecchetti, Cumby and Figlewski (1988) to estimate the optimal future hedge,
McCurby and Morgan (1989) to examine risk premia in foreign currency futures market, Schwert and
Seguin (1990) and Karolyi (1995) to analyze stock returns, Baillie and Bollerslev (1990) to model risk
premia in forward foreign exchange rate markets, Kroner and Claessens (1991) to analyze the optimal
currency composition of external debt, Ng (1991) to test the CAPM, and Kroner and Sultan (1993) to
estimate futures hedge ratios.

Although the M-GARCH models were introduced almost fifteen years ago and have been widely used
in empirical applications, their statistical properties have only recently been examined by researchers®.
However, the analysis of the covariance structure of the various M-GARCH models has not been con-
sidered yet. This article attempts to fill in this gap in the GARCH literature. The focus will be on
the fourth moment of the errors and on the theoretical auto/cross covariance functions of the conditional
variances/covariances. In this context, the paper generalizes the results for the univariate GARCH model
given in Karanasos® (2000a), hereafter K, to M-GARCH models.

In Section 2 we contribute to the theoretical developments in the M-GARCH literature by presenting
the covariance structure of the conditional variances/covariances for the ccc M-GARCH model. In Sec-
tion 3 we present the theoretical auto/cross covariance functions of the conditional variances/covariances
for the diagonal M-GARCH model®. The goal of this article is to provide a comprehensive methodol-
ogy for the analysis of the covariance structure in M-GARCH models. First, it provides the univariate

'The ARCH model was originally proposed by Engle (1982), whereas Taylor (1986) and Bollerslev (1986), hereafter B,
independently of each other, presented the generalised ARCH model.

2The first paper on M- GARCH models was written by Engle, Granger and Kraft (1984). They used a bivariate ARCH(1)
process to combine forecasts in two models of US inflation.

3Engle and Kroner (1995) examined the identification and maximum likelihood estimation of the vech, diagonal and
BEKK representations of the M-GARCH model. Lin (1997), hereafter L, provided a comprehensive analytical tool for
the impulse response analysis for all the aforementioned representations of the M-GARCH model. Tse (1998) developed
the Lagrange multiplier test for the hypothesis of constant correlation in Bollerslev’s representation, whereas Jeantheau
(1998) and Ling and McAleer (1999) investigated the asymptotic theory of the quasi maximum likelihood estimator for an
extension of the ccc M-GARCH model.

1 Karanasos(2000a) obtained the autocovariances of the conditional variance for the GARCH- in-mean model. Fountas,
Karanasos and Karanassou (2000) did that for the GARCH-in-mean-level model. Karanasos(1999) derived the autocovari-
ances of the squared errors for the simple GARCH and the N Component GARCH(1,1) model (for the simple GARCH
model, see also He and Terasvirta, 1999). Finally, Karanasos(2000b) obtained the auto/cross covariances of the conditional
variances and the squared errors for the N Component GARCH (n,n) model.

9Karanasos, Psaradakis and Sola (1999), hereafter KPS, examined a sum of GARCH processes which follow a diagonal
M-GARCH (S-GARCH) model and applied it to option pricing (see also Zaffaroni, 1999).



ARMA representations of the conditional variances/covariances and it gives general conditions for sta-
tionarity, and irreducibility of these representations. Second, it uses the canonical factorization (cf) of
the auto/cross covariance generating functions (agf/cgf) of these ARMA representations to obtain the
auto/cross covariances of the conditional variances/covariances. Finally, it gives the conditions for the
existence of the second moments of the conditional variances/covariances. It should be noted that we
only examine the case of distinct roots in the AR polynomials of the ARMA representations and we
express the auto/cross covariances in terms of the roots of the AR polynomials and the parameters of
the MA polynomials of the ARMA representations.

2 Constant Correlation M-GARCH Model

In what follows we will examine the p-th order ccc M-GARCH(:}, s;) [M.GARCH(r},s;,p)] model (i =

1,...,p).
We have p error terms and each of these terms follows a GARCH(r7,s;) process

. €1t hit -+ hipt
e = hjey, eo=|: , Hy = (2.1)
Ept hipt - hpt
Bi(L)hy = wi+A(L)ed, BiL)=1-> ByL', A(L)=)_ ayL (2.2)
=1 =1

where H; denotes the conditional variance-covariance matrix of the errors (02|F—1 = Hy) and hj,
denotes the conditional covariance between the ¢;; and the ej; error terms [hi; ¢ = cove—1(est, €51)].

In addition, the e;; (¢ = 1,...,p) terms follow the multivariate normal distribution
€1¢ Ole ' Olpe

ep= | : , e NIIN(O,O’E), (72 = .- , Oije = CoV(€st, €5¢) = Dij (2.3)
Ept Ople " Ope

Finally, the conditional correlation between the errors is constant

covy_1(€4t,€5¢) hije

Vvarei(eq)(eje)  Jhahje 7
Note that the conditional variance-covariance matrix (Hy) is positive semidefinite when
Wi, Qik, By >0fori=1,...,p,k=1,...8,l=1,...7".
Corollary 2.1 The ARMA representations of the conditional variances (hy) are
Bi(L)hit = w;+ Ai(L)vie, v =% —hy, i=1,....,p (2.5a)
Bi(L) = Bi(L)-A(L)=1-) gL' =] - L), (2.5b)
=1 =1
Bil +ay if rfs;>1
ri = max(r],s;), By=1 By if rrl>s; (2.5¢)

a;l if Si,l > ’I";;~<
In addition, the covariances between the v;; and the vj; terms are
E(vit) =0, cov(vig,vje—1) =0, 0iju = cov(vie,vje) = 205 E(hishye), i,5=1,...,p (2.6)

where the second moments of the conditional variances [E(h;:h;:)] are given in Proposition 2.1.
Since the vy terms are uncorrelated, equation (2.5a) gives the ARMA (r;, s;) representations of the
conditional variances (h;).



Proof. In the right hand side of (2.2) we add and subtract A;(L)h; and we get (2.5a). The proof of
(2.6) is given in the Appendix. m

Assumption 1. The roots of the autoregressive polynomials B;(L) lie outside the unit circle (Covariance-
Stationary conditions).

Assumption 2. The polynomials B;(L) and A;(L) are left coprime. In other words the representation
e

In what follows we only examine the case where the roots of the autoregressive polynomials B;(L) are
distinct (Ay; # Aig, for [ # k).

Theorem 2.1 Under assumptions 1 and 2 the auto/cross covariance generating functions of the
conditional variances are

is irreducible.

Ai(2)A; (2o - Yo m >0
ij,x . D = hiah' —m 7n7 hiah' —-m) = KA — )
Gij,z Bi(2)B,(= 1) m;w cov(hig, hjy—pm)2 cov(hig, hji—pm,) VG, m <0
(2.7a)
’ T ’ B Tj N ’ )\Tl,i—l—i-m §7-?
’Y;? = Zggnl,j(:[)l,jm + Z%‘%,i‘hﬁa Cz,'}ll = * ) C;?,j = rj+a (27b)
=1 k=1 [T (Xt = Aig) [T (1= Xaj)
J=1 f=1
=2
B sj s m* S ER 55
o7, = Z Zaidaj,dJrc)\fl + Zzajdai,d-i-c)\i_lcy ‘I)fjm = Z Zajdai,d-&-c)\;k_?m; m 2> 0,
c=0d=1 c=1d=1 c=m*+1d=1
(2.7¢)
s; = min(s;, s; — ¢), s; = min(s;,s; —¢), m* = min(m,s;), (2.7d)
The proof of Theorem 2.1 is given in the Appendix.
Proposition 2.1 The first and second moments of the conditional variances are given by
E(hsy) Yi=1 (2.8a)
’) —_— =1,...,D, .5a
t B,(1) p
E(hit)E(hyt) . .
E(hyhy) = ———2=—2=ij=1,..., 2.8b
(hithje) 1 72p12j7?j %0 p ( )

where ’y?j is defined by (2.7b). Note that (2.8b), when i=j, gives the second moment of the i-th
conditional variance. The condition for the existence of the second moments [E(hyhje)] is 2pZ79; < 1.

The proof of Proposition 2.1 is given in the Appendix.

Example 1. Consider the p-th order ccc M-GARCH model where the i-th (1 <4 < p) conditional
variance (h;) follows a GARCH(2,2) process and the j-th (1 < j <p, j # i) conditional variance (h;;)
follows a GARCH(2,1) process. Let the ARMA representations of the two GARCH processes be

(I =X L)(1 = XigL)hiy = wi+ainvig—1 + a2, Ait, A2 <1, X1 # Az,
(]. — )\JlL)(]. — )\ng)hjt = Wj + A51V5,t—1, )\jly )\jg < 1, )\jl 7é )\jg
The cross covariances between h;; and hj; are
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3 Diagonal M-GARCH Model

In what follows we will examine the p-th order diagonal M-GARCH(r};, si;) [MGARCH(r};, 545, p)| model

(iij: 17 R 7p)'
We have p error terms

., 1t hitg -+ hipy
€ = hjesw, 0= | - y Hy=| - ) (3.1)
h .- h
Ept 1pt Ppst
where H; denotes the conditional variance-covariance matrix of the errors (02|F ;-1 = Hy) and hj,
denotes the conditional covariance between the ¢;; and the €;; error terms [h;;; = covs_1(ei, €5¢)]. Each

conditional variance/covariance follows a GARCH(r};, s;5), process (i,j =1,... ,p)
R R T N Sij
Bij(L)hijy = wij + Asj(L)euej, Bi(L)=1-Y_ B;L!, Ay(L)=> al;L! (3.2)
=1 =1
In addition, the e; (¢ =1,...,p) terms follow the multivariate normal distribution
€1¢ 011,6 e Ulp,e
ep= | : , ey~ IIN(0,0’E), ag = - , Oije = cov(€st, €jt) = Dij (3.3)
et Oplie "°* Oppe

The conditions on the parameters to ensure that the variance-covariance matrix (H;) is positive
semidefinite are given in Attanasio (1991).
Corollary 3.1 The ARMA representations of the conditional variances/covariances (h;;,;) are

Bij (L)hijﬂg = wij + Aij(L)vij,t, vij,t = 5it5jt — hij,t: i,j = ]., Ry % (343.)
7’,1]' ’I’,‘,j
5 I I
By(L) = Bi(L)—Ay(L)=1-Y gL' =TJ(1 - ;L) (3.4b)
=1 =1
~1
l ﬁ%j +ab; i ry,si >
rij = max(ry,si;), By = Bij if 3,0 > s (3.4¢)
aéj if sl >
In addition, the covariances between the v;;; and the vy, terms are
E(Uij,t) = 0, cov(vij,ty 'Unk,t—m) =0, 4,j,nk=1,...,p (353')
U;}j,nk = CO’U(Uij,t, ’Unk,t) = E(hik,thjn,t) + E(hm’thjkﬂg), (35b)

where the second moments of the conditional variances/covariances [E(hi thjn )] are given in Propo-
sition 3.1. Since the v;;, terms are uncorrelated, equation (3.4a) gives the ARMA (r,;, s,;;) representations
of the conditional variances/covariances.

Proof. The proof of Corollary 3.1 is similar to that of Corollary 2.1. m

Assumption 1. The roots of the autoregressive polynomials B;; (L) lie outside the unit circle (Covariance-
Stationary conditions).

Assumption 2. The polynomials B;;(L) and A;;(L) are left coprime. In other words the representation

gbj EB is irreducible.

In what follows we only examine the case where the roots of the autoregressive polynomials B;;(L)
are distinct (A;j; # Aij, for [ # k).



Theorem 3.1 Under assumptions 1 and 2 the auto/cross covariance generating functions of the
conditional variances/covariances are

—1
. Aij(2)Ank(z7 )00k m
Gijonk = B.-(2)B 1 = E CO’U(hij,t,hnkytfn’L)Z ’ (363.)
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= = H (1 - )‘zj)‘nk) H ()\U - )\ZJ)
f=1 =1
F#
Snk lJ nl\
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Sij Sk
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7 . 7 . . .
sy = mln(sij,snk —¢), Spp =min(spk, Sij —c¢), m* =min(m,s;;), ¢,4,nk=1,...,p

Proof. The proof of Theorem 3.1 is similar to that of Theorem 2.1. =
Proposition 3.1. The first and second moments of the conditional variances/covariances are

Wi
E(hii)) = —4_ G ink=1,...,p, 3.7
( j,t) Bm(l) L, n p ( a)
kB ) E(huiod) + Yim 16 B (Rin ) E(hie.t) + Vi im B hitst) E (B
E(hijihngy) = YigimkE (hijt) E(hnnyt) + ,jkl( D) E(Rne) + Vi jn B (hin ) E(hy ,t), (3.7b)
— Yij—nk
if,nk _in,jk ij,nk tk,jn in,jk _ik,jn ij,nk _in,gk _ik,jn
R A S A T e TR T T M T T (3.7¢)
zn, ik tk,gn z j,nk ,Jk o z ,nk ik,jn
Yijnk = 11— Yo ", Yin,jk = ] (1+’Yo ! ), Yik,in — J (1+ ’ ) (3.7d)

Note that, when k =n = j = i, equations (3.7b)-(3.7d) give

E(hiiy)?
B(2,,) = Bl
1—2vy

and, when n = i, k = j, equations (3.7b)-(3.7d give

By — QDB )+ B By )n ™)
i5,t 1 7767&7[27 4,37 _;'_,YU:U_;'_Q,YUJJ “:.7]]

The proof of Proposition 3.1 is given in the Appendix.

Example 2. Consider the p-th order diagonal M-GARCH(1,1) model where the ij-th (i,j=1,...,p)
conditional variances/covariances follow GARCH(1,1) processes. Let the ARMA representations of these
GARCH(1,1) processes be

(1 — )\ijL)hij,t = Wij + 45051, )\ij <1, 72,7=1,...,p,
The cross covariances between h;;, and h,;, (i,jn,k=1,...,p) are

Qup)aigans 1pep b ) 4 B(hy, ok >0
cov(hij,tahnk,t—m)_{ 1=2ij Ank (B (R thjn,z) (hin,thijk, )] >

Imlg. q . )
Qo) a9k (B gy hj i) + E(hin thirg)] m <0

1—XijAnk



where the second moments of the conditional variances/covariances are given by (3.7b) and the first
moments of the conditional variances/covariances and the v,’s are given by

Wi Win Wik
E(hije) = ﬁ, E(hin,t) = 1— N E(hik,) = 1— i
g n w
Wrk Win Wik
E(h, = s E(hjng) = y E(hjre) = )
( k,t) 1— Ank ( J 7t) 1— )\jn ( J’”’t) 1-— )\]k
ok ik gk _ GinGik g _ Gk
Yo 1-— /\ij)\nk7 o 1—- )\in/\jk, 7o 1- )‘lk/\ﬂl

4 Conclusions

This paper has contributed to the theoretical developments in the multivariate GARCH literature. In
Section 2 we presented the auto/cross covariances of the conditional variances for the constant correlation
Multivariate GARCH model. In Section 3 we presented the auto/cross covariance generating function
of the conditional variances/covariances for the diagonal Multivariate GARCH model. For both these
Multivariate GARCH models we also gave the conditions for the existence of the second moments of the
conditional variances/covariances. The technique used in this paper (i.e. the autocovariance generating
function of the ARMA representations of the conditional variances/covariances) can be applied to obtain
the covariance structure of more complex multivariate GARCH models like the BEKK one.
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A APPENDIX

PROOF OF COROLLARY 2.1

The covariances between the v;; and the v;; terms are

cov(vst, vjt) = E(vivjt) = E(e} — hit)(eft —hjt), 4,7 =1,...,p
In the above equation using
€2 = hZew, E(ched) =1+, E()=E(e) =1
we get
Tijw = cov(Vig, vjt) = E(hithjt)E[e?teit —e? — e?t +1] = E(hithjt)Qp?j.
When i=j the above equation gives var(vi;) = 2E(h%). R
PROOF OF THEOREM 2.1

>From (2.5b) we get

1 1 zlgjk
. . -1 = T rj Z o ] 1 (A.].)
BEBED 0 - ae) a—apet) iy @ )= 2)

=1 =1

>From (2.2) we get

S Sj S s;‘ sj 5
A4, = Qa2 O a2 ) =0 apmaiknZ + 0> awajenzl, (A2)
F=1 =1

1=0 k=1 =1 k=1

s;- = min(s;,s; — 1), s, =min(s;,s; — 1)
where ¢, is defined by (2.7b). From the preceding equations we have

Ai(Z)Aj(Zil) 'ngjln
(1 — )\ilz)(l — /\ij_l) 1 - d)\gk

me (B N + PEAT) 2™ + (Bhn AT+ LA 27

where @ and P} are given by (2.7¢). Next, using

1
21 =%

e T (1 - Audie)
k=1

L,m>

and (A.1)-(A.2) we obtain

; 1 - Tl zlggk km ji o\m Imym\ _—m
Bi(2)B;(z 1) ZZZ 1- (@7, N+ @ETAR) 2™ + (Bh Nk + RPN )2 =

k=11=1 m= o (1= Aikjr)
Tj
k l —
= me Z(I)lmgzl] Z(I)m;iz " (Z‘Diz7n§%1+z(bm§m] m =
m=0 k=1
= Z fmlViy2™ + 4527
m=0



PROOF OF PROPOSITION 2.1
>From (2.7a) we get
cov(hit, hjt) = E(hithji) — E(hi) E(hje) = 730650

Using (2.6) the above equation gives

i/t it jt) — pij’Yij it It wltyt) — ] 2 2 0
DizVij

PROOF OF PROPOSITION 3.1
>From (3.6b) we get
cov (i ihnine) = 16" 0% i
Using (3.5b) the above equation gives
E(hijahnie) — Elhije) E(huie) = 76" [E(hirehin,e) + E(hin,ihjn)]

or

E(higihjng) — E(hiet) E(hjng) = YT E(hijihint) + E(hinthir.s)],

)

E(hinthjng) — E(hint) E(hjre) = 76 "[E(hijihin,e) + ERig,ihjn)]

Rewriting equations (A.4)-(A.6) in a matrix form we have

if,nk ij,nk
e (M 1y E(hijihng,) E(hij) E(hnk,)
—'y(z)k’J‘n I _,%)lwn E(hikihjne) | = | E(hie)E(hjng)
f’yén’]k —’yé"’gk 1 E(hin,thjk,t) E(hin,t)E(hjk,t)

Solving the above system of equations we get (3.7b). W
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E(hit) E(hjt)



