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VRPH H[DFW IRUPXODH IRU WKH

FRQVWDQW FRUUHODWLRQ DQG GLDJRQDO

P0JDUFK PRGHOV

P NDUDQDVRV

Xqlyhuvlw| ri \run/ Khvolqjwrq/ \run/ \R43 8GG/ XN

Devwudfw

Wkh sxusrvh ri wklv sdshu lv wr h{dplqh wkh fryduldqfh vwuxfwxuh ri pxowlyduldwh JDUFK +P0
JDUFK, prghov wkdw kdyh ehhq lqwurgxfhg lq wkh olwhudwxuh wkh odvw �iwhhq |hduv/ dqg kdyh ehhq
juhdwo| idyrxuhg e| wlph vhulhv dqdo|vwv dqg hfrqrphwulfldqv1 Lq sduwlfxodu/ zh dqdo|}h wkh vhfrqg
prphqwv ri wkh frqvwdqw frqglwlrqdo fruuhodwlrq P0JDUFK prgho lqwurgxfhg e| Eroohuvohy +4<<3,
dqg wkh gldjrqdo P0JDUFK prgho lqwurgxfhg e| Eroohuvohy/ Hqjoh dqg Zrrogulgjh +4<;;,1

Nh| Zrugv= Dxwrfryduldqfh Jhqhudwlqj Ixqfwlrq/ DUPD uhsuhvhqwdwlrqv/ Gldjrqdo Pxowlyduldwh
JDUFK1

Iru fruuhvsrghqfh= Hpdlo= pn49C|run1df1xn/ Who= 34<370766:<</ Id{= 34<370766:8<1
L zrxog olnh wr wkdqn P Vrod/ ] Svdudgdnlv/ P Ndudqdvvrx dqg J Fulvwrgrxodnlv iru khosixo

frpphqwv dqg vxjjhvwlrqv1
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4 LQWURGXFWLRQ

Rqh ri wkh prvw srsxodu fodvv ri qrq0olqhdu surfhvvhv duh wkh jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo
khwhurvfhgdvwlflw| +JDUFK, prghov4 1 Wkh h{lvwhqfh ri wkh kxjh olwhudwxuh zklfk xvhv wkhvh surfhvvhv
lq prghoolqj frqglwlrqdo yrodwlolw| lq kljk iuhtxhqf| �qdqfldo dvvhwv ghprqvwudwhv wkh srsxodulw| ri wkh
ydulrxv JDUFK prghov +vhh/ iru h{dpsoh/ wkh vxuyh|v e| Eroohuvohy/ Fkrx dqg Nurqhu/ 4<<5/ Ehud dqg
Kljjlqv/ 4<<6/ Eroohuvohy/ Hqjoh dqg Qhovrq/ 4<<7/ Glherog dqg Orsh}/ 4<<8/ Sdop/ 4<<9/ Vkhskdug/
4<<9 dqg Sdjdq/ 4<<9> vhh dovr wkh errn e| Hqjoh/ 4<<8/ dqg wkh errn e| Jrxulhurx{/ 4<<: iru d ghwdlo
glvfxvvlrq ri wkh JDUFK prghov dqg �qdqfldo dssolfdwlrqv,1

Dv hfrqrplf yduldeohv duh lqwhu0uhodwhg/ jhqhudolvdwlrq ri xqlyduldwh prghov wr wkh pxowlyduldwh vhw0xs
lv txlwh qdwxudo0wklv lv pruh vr iru wkh JDUFK prghov5 1 Iurp wkh pdq| gl�huhqw pxowlyduldwh ixqfwlrqdo
irupv wkh gldjrqdo Pxowlyduldwh JDUFK +P0JDUFK, prgho ruljlqdoo| vxjjhvwhg e| Eroohuvohy/ Hqjoh
dqg Zrrogulgjh +4<;;,/ khuhdiwhu EHZ/ dqg wkh frqvwdqw frqglwlrqdo fruuhodwlrq +fff, P0JDUFK prgho
sxw iruzdug lq E +4<<3,/ kdyh ehfrph shukdsv wkh prvw frpprq1

Lq sduwlfxodu/ ydulrxv fdvhv ri wkh gldjrqdo uhsuhvhqwdwlrq ri wkh P0JDUFK prgho +zlwk ydulrxv phdq
vshfl�fdwlrqv, kdyh ehhq dssolhg e| pdq| uhvhdufkhuv1 Iru h{dpsoh/ lw kdv ehhq xvhg e| EHZ+4<;;, iru
wkhlu dqdo|vlv ri uhwxuqv rq eloov/ erqgv dqg vwrfnv/ e| Hqjho dqg Urguljxhv +4<;<, wr whvw wkh lqwhuqdwlrqdo
FDSP/ e| Ndplqvn| dqg Shuxjd +4<<3, wr h{dplqh wkh ulvn suhplxp lq wkh iruzdug pdunhw iru iruhljq
h{fkdqjh/ e| PfFxue| dqg Prujdq +4<<4, wr whvw wkh xqfryhuhg lqwhuhvw udwh sdulw|/ dqg e| Edloolh dqg
P|huv +4<<4, wr hvwlpdwh rswlpdo khgjh udwlrv lq frpprglw| pdunhwv1

E +4<<3, looxvwudwhg wkh ydolglw| ri wkh fff P0JDUFK prgho iru d vhw ri �yh qrplqdo Hxurshdq X1V1
groodu h{fkdqjh udwhv iroorzlqj wkh lqfhswlrq ri wkh Hxurshdq Prqhwdu| V|vwhp1 Wkh fff P0JDUFK
prgho kdv dovr ehhq xvhg e| Fhffkhwwl/ Fxpe| dqg Iljohzvnl +4<;;, wr hvwlpdwh wkh rswlpdo ixwxuh khgjh/
PfFxue| dqg Prujdq +4<;<, wr h{dplqh ulvn suhpld lq iruhljq fxuuhqf| ixwxuhv pdunhw/ Vfkzhuw dqg
Vhjxlq +4<<3, dqg Nduro|l +4<<8, wr dqdo|}h vwrfn uhwxuqv/ Edloolh dqg Eroohuvohy +4<<3, wr prgho ulvn
suhpld lq iruzdug iruhljq h{fkdqjh udwh pdunhwv/ Nurqhu dqg Fodhvvhqv +4<<4, wr dqdo|}h wkh rswlpdo
fxuuhqf| frpsrvlwlrq ri h{whuqdo ghew/ Qj +4<<4, wr whvw wkh FDSP/ dqg Nurqhu dqg Vxowdq +4<<6, wr
hvwlpdwh ixwxuhv khgjh udwlrv1

Dowkrxjk wkh P0JDUFK prghov zhuh lqwurgxfhg doprvw �iwhhq |hduv djr dqg kdyh ehhq zlgho| xvhg
lq hpslulfdo dssolfdwlrqv/ wkhlu vwdwlvwlfdo surshuwlhv kdyh rqo| uhfhqwo| ehhq h{dplqhg e| uhvhdufkhuv6 1
Krzhyhu/ wkh dqdo|vlv ri wkh fryduldqfh vwuxfwxuh ri wkh ydulrxv P0JDUFK prghov kdv qrw ehhq frq0
vlghuhg |hw1 Wklv duwlfoh dwwhpswv wr �oo lq wklv jds lq wkh JDUFK olwhudwxuh1 Wkh irfxv zloo eh rq
wkh irxuwk prphqw ri wkh huuruv dqg rq wkh wkhruhwlfdo dxwr2furvv fryduldqfh ixqfwlrqv ri wkh frqglwlrqdo
yduldqfhv2fryduldqfhv1 Lq wklv frqwh{w/ wkh sdshu jhqhudol}hv wkh uhvxowv iru wkh xqlyduldwh JDUFK prgho
jlyhq lq Ndudqdvrv7 +5333d,/ khuhdiwhu N/ wr P0JDUFK prghov1

Lq Vhfwlrq 5 zh frqwulexwh wr wkh wkhruhwlfdo ghyhorsphqwv lq wkh P0JDUFK olwhudwxuh e| suhvhqwlqj
wkh fryduldqfh vwuxfwxuh ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv iru wkh fff P0JDUFK prgho1 Lq Vhf0
wlrq 6 zh suhvhqw wkh wkhruhwlfdo dxwr2furvv fryduldqfh ixqfwlrqv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv
iru wkh gldjrqdo P0JDUFK prgho8 1 Wkh jrdo ri wklv duwlfoh lv wr surylgh d frpsuhkhqvlyh phwkrgro0
rj| iru wkh dqdo|vlv ri wkh fryduldqfh vwuxfwxuh lq P0JDUFK prghov1 Iluvw/ lw surylghv wkh xqlyduldwh

4Wkh DUFK prgho zdv ruljlqdoo| sursrvhg e| Hqjoh +4<;5,/ zkhuhdv Wd|oru +4<;9, dqg Eroohuvohy +4<;9,/ khuhdiwhu E/
lqghshqghqwo| ri hdfk rwkhu/ suhvhqwhg wkh jhqhudolvhg DUFK prgho1

5Wkh �uvw sdshu rq P0 JDUFK prghov zdv zulwwhq e| Hqjoh/ Judqjhu dqg Nudiw +4<;7,1 Wkh| xvhg d elyduldwh DUFK+4,
surfhvv wr frpelqh iruhfdvwv lq wzr prghov ri XV lq dwlrq1

6Hqjoh dqg Nurqhu +4<<8, h{dplqhg wkh lghqwl�fdwlrq dqg pd{lpxp olnholkrrg hvwlpdwlrq ri wkh yhfk/ gldjrqdo dqg
EHNN uhsuhvhqwdwlrqv ri wkh P0JDUFK prgho1 Olq +4<<:,/ khuhdiwhu O/ surylghg d frpsuhkhqvlyh dqdo|wlfdo wrro iru
wkh lpsxovh uhvsrqvh dqdo|vlv iru doo wkh diruhphqwlrqhg uhsuhvhqwdwlrqv ri wkh P0JDUFK prgho1 Wvh +4<<;, ghyhorshg
wkh Odjudqjh pxowlsolhu whvw iru wkh k|srwkhvlv ri frqvwdqw fruuhodwlrq lq Eroohuvohy*v uhsuhvhqwdwlrq/ zkhuhdv Mhdqwkhdx
+4<<;, dqg Olqj dqg PfDohhu +4<<<, lqyhvwljdwhg wkh dv|pswrwlf wkhru| ri wkh txdvl pd{lpxp olnholkrrg hvwlpdwru iru dq
h{whqvlrq ri wkh fff P0JDUFK prgho1

7Ndudqdvrv+5333d, rewdlqhg wkh dxwrfryduldqfhv ri wkh frqglwlrqdo yduldqfh iru wkh JDUFK0 lq0phdq prgho1 Irxqwdv/
Ndudqdvrv dqg Ndudqdvvrx +5333, glg wkdw iru wkh JDUFK0lq0phdq0ohyho prgho1 Ndudqdvrv+4<<<, ghulyhg wkh dxwrfrydul0
dqfhv ri wkh vtxduhg huuruv iru wkh vlpsoh JDUFK dqg wkh Q Frpsrqhqw JDUFK+4/4, prgho +iru wkh vlpsoh JDUFK
prgho/ vhh dovr Kh dqg Whudvyluwd/ 4<<<,1 Ilqdoo|/ Ndudqdvrv+5333e, rewdlqhg wkh dxwr2furvv fryduldqfhv ri wkh frqglwlrqdo
yduldqfhv dqg wkh vtxduhg huuruv iru wkh Q Frpsrqhqw JDUFK+q/q, prgho1

8Ndudqdvrv/ Svdudgdnlv dqg Vrod +4<<<,/ khuhdiwhu NSV/ h{dplqhg d vxp ri JDUFK surfhvvhv zklfk iroorz d gldjrqdo
P0JDUFK +V0JDUFK, prgho dqg dssolhg lw wr rswlrq sulflqj +vhh dovr ]d�durql/ 4<<<,1
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DUPD uhsuhvhqwdwlrqv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv dqg lw jlyhv jhqhudo frqglwlrqv iru vwd0
wlrqdulw|/ dqg luuhgxflelolw| ri wkhvh uhsuhvhqwdwlrqv1 Vhfrqg/ lw xvhv wkh fdqrqlfdo idfwrul}dwlrq +fi, ri
wkh dxwr2furvv fryduldqfh jhqhudwlqj ixqfwlrqv +dji2fji, ri wkhvh DUPD uhsuhvhqwdwlrqv wr rewdlq wkh
dxwr2furvv fryduldqfhv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv1 Ilqdoo|/ lw jlyhv wkh frqglwlrqv iru wkh
h{lvwhqfh ri wkh vhfrqg prphqwv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv1 Lw vkrxog eh qrwhg wkdw zh
rqo| h{dplqh wkh fdvh ri glvwlqfw urrwv lq wkh DU sro|qrpldov ri wkh DUPD uhsuhvhqwdwlrqv dqg zh
h{suhvv wkh dxwr2furvv fryduldqfhv lq whupv ri wkh urrwv ri wkh DU sro|qrpldov dqg wkh sdudphwhuv ri
wkh PD sro|qrpldov ri wkh DUPD uhsuhvhqwdwlrqv1

5 Frqvwdqw Fruuhodwlrq P0JDUFK Prgho

Lq zkdw iroorzv zh zloo h{dplqh wkh s0wk rughu fff P0JDUFK+u�l > vl, ^PfJDUFK+u
�
l >vl/s,` prgho +l @

4> = = = > s,=
Zh kdyh s huuru whupv dqg hdfk ri wkhvh whupv iroorzv d JDUFK+u�l /vl, surfhvv

%lw @ k
4
5

lwhlw> %w @

597 %4w
111
%sw

6:8 > Kw @

57 k4>w � � � k4s>w
� � � � � � � � �
k4s>w � � � ks>w

68 +514,

eEl+O,klw @ $l .Dl+O,%
5
lw>

eEl+O, @ 4�

u�l[
o@4

e�loOo> Dl+O, @

vl[
o@4

dloO
o +515,

zkhuh Kw ghqrwhv wkh frqglwlrqdo yduldqfh0fryduldqfh pdwul{ ri wkh huuruv +�5%mxw�4 @ Kw, dqg klm>w
ghqrwhv wkh frqglwlrqdo fryduldqfh ehwzhhq wkh %lw dqg wkh %mw huuru whupv ^klm>w @ fryw�4+%lw> %mw,`1

Lq dgglwlrq/ wkh hlw +l @ 4> = = = > s, whupv iroorz wkh pxowlyduldwh qrupdo glvwulexwlrq

hw @

597 h4w
111
hsw

6:8 > hw � LLQ+3> �5h,> �5h @

57 �4>h � � � �4s>h
� � � � � � � � �
�s4>h � � � �s>h

68 > �lm>h @ fry+hlw> hmw, @ slm +516,

Ilqdoo|/ wkh frqglwlrqdo fruuhodwlrq ehwzhhq wkh huuruv lv frqvwdqw

fryw�4+%lw> %mw,s
yduw�4+%lw,+%mw,

@
klm>ws
klwkmw

@ slm +517,

Qrwh wkdw wkh frqglwlrqdo yduldqfh0fryduldqfh pdwul{ +Kw, lv srvlwlyh vhplgh�qlwh zkhq

$l> dln> e�lo � 3 iru l @ 4> = = = > s/ n @ 4> = = = vl/ o @ 4> = = = u�l =
Fruroodu| 514 Wkh DUPD uhsuhvhqwdwlrqv ri wkh frqglwlrqdo yduldqfhv +k lw, duh

El+O,klw @ $l .Dl+O,ylw> ylw @ %5lw � klw> l @ 4> = = = > s +518d,

El+O, @ eEl+O,�Dl+O, @ 4�

ul[
o@4

�loO
o @

ul\
o@4

+4� �lO,> +518e,

ul @ pd{+u�l > vl,> �lo @

;?=
e�lo . dlo li u�l > vl A oe�lo li u�l > o A vl
dlo li vl> o A u�l

+518f,

Lq dgglwlrq/ wkh fryduldqfhv ehwzhhq wkh y lw dqg wkh ymw whupv duh

H+ylw, @ 3> fry+ylw> ym>w�n, @ 3> �lm>y @ fry+ylw> ymw, @ 5s5lmH+klwkmw,> l> m @ 4> = = = > s +519,

zkhuh wkh vhfrqg prphqwv ri wkh frqglwlrqdo yduldqfhv ^H+klwkmw,` duh jlyhq lq Sursrvlwlrq 5141
Vlqfh wkh y lw whupv duh xqfruuhodwhg/ htxdwlrq +518d, jlyhv wkh DUPD+u l> vl, uhsuhvhqwdwlrqv ri wkh

frqglwlrqdo yduldqfhv +klw,1
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Surri1 Lq wkh uljkw kdqg vlgh ri +515, zh dgg dqg vxewudfw Dl+O,kw dqg zh jhw +518d,1 Wkh surri ri
+519, lv jlyhq lq wkh Dsshqgl{1

Dvvxpswlrq 41 Wkh urrwv ri wkh dxwruhjuhvvlyh sro|qrpldovEl+O, olh rxwvlgh wkh xqlw flufoh +Fryduldqfh0
Vwdwlrqdu| frqglwlrqv,1

Dvvxpswlrq 51 Wkh sro|qrpldov El+O, dqg Dl+O, duh ohiw frsulph1 Lq rwkhu zrugv wkh uhsuhvhqwdwlrq
Dl+O,
El+O,

lv luuhgxfleoh1

Lq zkdw iroorzv zh rqo| h{dplqh wkh fdvh zkhuh wkh urrwv ri wkh dxwruhjuhvvlyh sro|qrpldov El+O, duh
glvwlqfw +�lo 9@ �ln> iru o 9@ n,1

Wkhruhp 514 Xqghu dvvxpswlrqv 4 dqg 5 wkh dxwr2furvv fryduldqfh jhqhudwlqj ixqfwlrqv ri wkh
frqglwlrqdo yduldqfhv duh

jlm>} @
Dl+},Dm+}

�4,�lm>y
El+},Em+}�4,

@
4[

p@�4

fry+klw> km>w�p,}
p> fry+klw> km>w�p, @

�
�plm�lm>y p � 3
�pml�lm>y p � 3

>

+51:d,

�plm @

ul[
o@4

)plo>m�
lm
o>p .

um[
n@4

)pmn>l�
np
lm > )plo @

�ul�4.p
lo

ulT
i@4

i 9@o

+�lo � �li ,
> )plo>m @

)plo
umT
i@4

+4� �lo�mi ,

> +51:e,

�lm
o>p @

vm[
f@3

v3l[
g@4

dlgdm>g.f�
f
lo .

p�[
f@4

v3m[
g@4

dmgdl>g.f�
�f
lo > �np

lm @

vl[
f@p�.4

v3m[
g@4

dmgdl>g.f�
f�5p
mn > p � 3>

+51:f,

v3l @ plq+vl> vm � f,> v3m @ plq+vm > vl � f,> p� @ plq+p/vl,> +51:g,

Wkh surri ri Wkhruhp 514 lv jlyhq lq wkh Dsshqgl{1
Sursrvlwlrq 514 Wkh �uvw dqg vhfrqg prphqwv ri wkh frqglwlrqdo yduldqfhv duh jlyhq e|

H+klw, @
$l

El+4,
> l @ 4> = = = > s> +51;d,

H+klwkmw, @
H+klw,H+kmw,

4� 5s5lm�
3
lm

> l> m @ 4> = = = > s +51;e,

zkhuh �3lm lv gh�qhg e| +51:e,1 Qrwh wkdw +51;e,/ zkhq l@m/ jlyhv wkh vhfrqg prphqw ri wkh l0wk

frqglwlrqdo yduldqfh1 Wkh frqglwlrq iru wkh h{lvwhqfh ri wkh vhfrqg prphqwv ^H+klwkmw,` lv 5s
5
lm�

3
lm ? 41

Wkh surri ri Sursrvlwlrq 514 lv jlyhq lq wkh Dsshqgl{1
H{dpsoh 41 Frqvlghu wkh s0wk rughu fff P0JDUFK prgho zkhuh wkh l0wk +4 � l � s, frqglwlrqdo

yduldqfh +klw, iroorzv d JDUFK+5/5, surfhvv dqg wkh m0wk +4 � m � s> m 9@ l, frqglwlrqdo yduldqfh +kmw,
iroorzv d JDUFK+5/4, surfhvv1 Ohw wkh DUPD uhsuhvhqwdwlrqv ri wkh wzr JDUFK surfhvvhv eh

+4� �l4O,+4� �l5O,klw @ $l . dl4yl>w�4 . dl5yl>w�5> �l4> �l5 ? 4> �l4 9@ �l5>

+4� �m4O,+4� �m5O,kmw @ $m . dm4ym>w�4> �m4> �m5 ? 4> �m4 9@ �m5

Wkh furvv fryduldqfhv ehwzhhq klw dqg kmw duh

fry+klw> km>w�p, @

;?= ^
�
p.4
l4 ^dl4dm4.dm4dl5�

�4
l4 `

+�l4��l5,+4��l4�m4,+4��l4�m5,
.

�
p.4
l4 ^dl4dm4.dm4dl5�

�4
l5 `

+�l5��l4,+4��l5�m4,+4��l5�m5,
`5s5lmH+klwkmw,> p A 3

^
�
mpm.4
m4

^dl4dm4.dm4dl5�
4
m4`

+�m4��m5,+4��l4�m4,+4��m4�l5,
.

�
mpm.4
m5

^dl4dm4.dm4dl5�
4
m5`

+�m5��m4,+4��l4�m5,+4��m5�l5,
`5s5lmH+klwkmw,> p � 3

>

H+klwkmw, @
H+klw,H+kmw,

4� 5s5lm�
3
lm

> H+klw, @
$l

+4� �l4,+4� �l5,
> H+kmw, @

$l

+4� �m4,+4� �m5,
>

�3lm @
4 . +�m4 . �m5, . �m4�m5+�l4 . �l5 � �l4�l5,

+4� �m4�l4,+4� �m4�l5,+4� �m5�l4,+4� �m5�l5,

7



6 Gldjrqdo P0JDUFK Prgho

Lq zkdw iroorzv zh zloo h{dplqh wkh s0wk rughu gldjrqdo P0JDUFK+u�lm > vlm, ^PJDUFK+u�lm > vlm > s,` prgho
+l/m@ 4> = = = > s,1

Zh kdyh s huuru whupv

%lw @ k
4
5

lwhlw> %w @

597 %4w
111
%sw

6:8 > Kw @

57 k44>w � � � k4s>w
� � � � � � � � �
k4s>w � � � kss>w

68 > +614,

zkhuh Kw ghqrwhv wkh frqglwlrqdo yduldqfh0fryduldqfh pdwul{ ri wkh huuruv +�5%mxw�4 @ Kw, dqg klm>w
ghqrwhv wkh frqglwlrqdo fryduldqfh ehwzhhq wkh %lw dqg wkh %mw huuru whupv ^klm>w @ fryw�4+%lw> %mw,`1 Hdfk
frqglwlrqdo yduldqfh2fryduldqfh iroorzv d JDUFK+u�lm > vlm,/ surfhvv +l> m @ 4> = = = > s,

eElm+O,klm>w @ $lm .Dlm+O,%lw%mw> eElm+O, @ 4�

u�lm[
o@4

e�olmOo> Dlm+O, @

vlm[
o@4

dolmO
o +615,

Lq dgglwlrq/ wkh hlw +l @ 4> = = = > s, whupv iroorz wkh pxowlyduldwh qrupdo glvwulexwlrq

hw @

597 h4w
111
hsw

6:8 > hw � LLQ+3> �5h,> �5h @

57 �44>h � � � �4s>h
� � � � � � � � �
�s4>h � � � �ss>h

68 > �lm>h @ fry+hlw> hmw, @ slm +616,

Wkh frqglwlrqv rq wkh sdudphwhuv wr hqvxuh wkdw wkh yduldqfh0fryduldqfh pdwul{ +Kw, lv srvlwlyh
vhplgh�qlwh duh jlyhq lq Dwwdqdvlr +4<<4,1

Fruroodu| 614 Wkh DUPD uhsuhvhqwdwlrqv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv +k lm>w, duh

Elm+O,klm>w @ $lm .Dlm+O,ylm>w> ylm>w @ %lw%mw � klm>w> l> m @ 4> = = = > s +617d,

Elm+O, @ eElm+O,�Dlm+O, @ 4�

ulm[
o@4

�olmO
o @

ulm\
o@4

+4� �olmO, +617e,

ulm @ pd{+u�lm > vlm,> �olm @

;A?A=
e�olm . dolm li u�lm > vlm A oe�olm li u�lm > o A vlm
dolm li vlm > o A u�lm

+617f,

Lq dgglwlrq/ wkh fryduldqfhv ehwzhhq wkh y lm>w dqg wkh yqn>w whupv duh

H+ylm>w, @ 3> fry+ylm>w> yqn>w�p, @ 3> l> m> q> n @ 4> = = = > s +618d,

�ylm>qn @ fry+ylm>w> yqn>w, @ H+kln>wkmq>w, .H+klq>wkmn>w,> +618e,

zkhuh wkh vhfrqg prphqwv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv ^H+kln>wkmq>w,` duh jlyhq lq Sursr0
vlwlrq 6141 Vlqfh wkh y lm>w whupv duh xqfruuhodwhg/ htxdwlrq +617d, jlyhv wkh DUPD+u lm > vlm, uhsuhvhqwdwlrqv
ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv1

Surri1 Wkh surri ri Fruroodu| 614 lv vlplodu wr wkdw ri Fruroodu| 5141
Dvvxpswlrq 41 Wkh urrwv ri wkh dxwruhjuhvvlyh sro|qrpldovElm+O, olh rxwvlgh wkh xqlw flufoh +Fryduldqfh0

Vwdwlrqdu| frqglwlrqv,1
Dvvxpswlrq 51 Wkh sro|qrpldov Elm+O, dqg Dlm+O, duh ohiw frsulph1 Lq rwkhu zrugv wkh uhsuhvhqwdwlrq

Dlm+O,
Elm+O,

lv luuhgxfleoh1

Lq zkdw iroorzv zh rqo| h{dplqh wkh fdvh zkhuh wkh urrwv ri wkh dxwruhjuhvvlyh sro|qrpldov Elm+O,
duh glvwlqfw +�lm>o 9@ �lm>n> iru o 9@ n,1

8



Wkhruhp 614 Xqghu dvvxpswlrqv 4 dqg 5 wkh dxwr2furvv fryduldqfh jhqhudwlqj ixqfwlrqv ri wkh
frqglwlrqdo yduldqfhv2fryduldqfhv duh

j}lm>qn @
Dlm+},Dqn+}

�4,�ylm>qn
Elm+},Eqn+}�4,

@
4[

p@�4

fry+klm>w> kqn>w�p,}
p> +619d,

fry+klm>w> kqn>w�p, @

�
�lm>qnp �ylm>qn p � 3

�qn>lmp �ylm>qn p � 3
> +619e,

�lm>qnp @

ulm[
o@4

) oplm>qn�
lm>qn
o>p .

uqn[
i@4

)
ip
qn>lm�

i>p
lm>qn> ) oplm>qn @

)plm>o
uqnT
i@4

+4� �olm�
i
qn,

> )plm>o @
+�olm,

ulm�4.p

ulmT
i@4

i 9@o

+�olm � �
i
lm,

>

�lm>qn
o>p @

vqn[
f@3

v3lm[
g@4

dglmd
g.f
qn +�olm,

f .
p�[
f@4

v3qn[
g@4

dgqnd
g.f
lm +�olm,

�f> p � 3>

�i>p
lm>qn @

vlm[
f@p�.4

v3qn[
g@4

dgqnd
g.f
lm +�iqn,

f�5p> p � 3>

v3lm @ plq+vlm > vqn � f,> v3qn @ plq+vqn> vlm � f,> p� @ plq+p/vlm,> l> m> q> n @ 4> = = = > s

Surri1 Wkh surri ri Wkhruhp 614 lv vlplodu wr wkdw ri Wkhruhp 5141
Sursrvlwlrq 6141 Wkh �uvw dqg vhfrqg prphqwv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv duh

H+klm>w, @
$lm

Elm+4,
> l> m> q> n @ 4> = = = > s> +61:d,

H+klm>wkqn>w, @
�lm>qnH+klm>w,H+kqn>w, . �lq>mnH+klq>w,H+kmn>w, . �ln>mqH+kln>w,H+kmq>w,

4� �lm�qn
> +61:e,

�lm�qn @ �
lm>qn
3 �

lq>mn
3 . �

lm>qn
3 �

ln>mq
3 . �

lq>mn
3 �

ln>mq
3 � 5�lm>qn3 �

lq>mn
3 �

ln>mq
3 > +61:f,

�lm>qn @ 4� �
lq>mn
3 �

ln>mq
3 > �lq>mn @ �

lm>qn
3 +4 . �

lq>mn
3 ,> �ln>mq @ �

lm>qn
3 +4 . �

ln>mq
3 , +61:g,

Qrwh wkdw/ zkhq n @ q @ m @ l> htxdwlrqv +61:e,0+61:g, jlyh

H+k5ll>w, @
^H+kll>w,

5`

4� 5�ll>ll3

dqg/ zkhq q @ l> n @ m> htxdwlrqv +61:e,0+61:g jlyh

H+k5lm>w, @
+4 . �

lm>lm
3 ,i^H+klm>w,`

5 .H+klw,H+kmw,�
lm>lm
3 j

4� �
lm>lm
3 ^5�ll>mm3 . �

lm>lm
3 . 5�lm>lm3 �

ll>mm
3 `

Wkh surri ri Sursrvlwlrq 614 lv jlyhq lq wkh Dsshqgl{1
H{dpsoh 51 Frqvlghu wkh s0wk rughu gldjrqdo P0JDUFK+4/4, prgho zkhuh wkh lm0wk +l/m@4/= = = > s,

frqglwlrqdo yduldqfhv2fryduldqfhv iroorz JDUFK+4/4, surfhvvhv1 Ohw wkh DUPD uhsuhvhqwdwlrqv ri wkhvh
JDUFK+4/4, surfhvvhv eh

+4� �lmO,klm>w @ $lm . dlmylm>w�4> �lm ? 4> l> m @ 4> = = = > s>

Wkh furvv fryduldqfhv ehwzhhq klm>w dqg kqn>w +l/m/q/n@4/= = = > s, duh

fry+klm>w> kqn>w�p, @

+ +�lm,
pdlmdqn

4��lm�qn
^H+kln>wkmq>w, .H+klq>wkmn>w,` p � 3

+�qn,
mpmdlmdqn

4��lm�qn
^H+kln>wkmq>w, .H+klq>wkmn>w,` p � 3

>
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zkhuh wkh vhfrqg prphqwv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv duh jlyhq e| +61:e, dqg wkh �uvw
prphqwv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv dqg wkh �3*v duh jlyhq e|

H+klm>w, @
$lm

4� �lm
> H+klq>w, @

$lq

4� �lq
> H+kln>w, @

$ln

4� �ln
>

H+kqn>w, @
$qn

4� �qn
> H+kmq>w, @

$mq

4� �mq
> H+kmn>w, @

$mn

4� �mn
>

�
lm>qn
3 @

dlmdqn

4� �lm�qn
> �

lq>mn
3 @

dlqdmn

4� �lq�mn
> �

ln>mq
3 @

dlndmq

4� �ln�mq

7 Frqfoxvlrqv

Wklv sdshu kdv frqwulexwhg wr wkh wkhruhwlfdo ghyhorsphqwv lq wkh pxowlyduldwh JDUFK olwhudwxuh1 Lq
Vhfwlrq 5 zh suhvhqwhg wkh dxwr2furvv fryduldqfhv ri wkh frqglwlrqdo yduldqfhv iru wkh frqvwdqw fruuhodwlrq
Pxowlyduldwh JDUFK prgho1 Lq Vhfwlrq 6 zh suhvhqwhg wkh dxwr2furvv fryduldqfh jhqhudwlqj ixqfwlrq
ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv iru wkh gldjrqdo Pxowlyduldwh JDUFK prgho1 Iru erwk wkhvh
Pxowlyduldwh JDUFK prghov zh dovr jdyh wkh frqglwlrqv iru wkh h{lvwhqfh ri wkh vhfrqg prphqwv ri wkh
frqglwlrqdo yduldqfhv2fryduldqfhv1 Wkh whfkqltxh xvhg lq wklv sdshu +l1h1 wkh dxwrfryduldqfh jhqhudwlqj
ixqfwlrq ri wkh DUPD uhsuhvhqwdwlrqv ri wkh frqglwlrqdo yduldqfhv2fryduldqfhv, fdq eh dssolhg wr rewdlq
wkh fryduldqfh vwuxfwxuh ri pruh frpsoh{ pxowlyduldwh JDUFK prghov olnh wkh EHNN rqh1

UHIHUHQFHV

Dwwdqdvlr/ R +4<<4, Ulvn/ wlph0ydu|lqj vhfrqg prphqwv dqg pdunhw h!flhqf|/ Uhylhz ri Hfrqrplf
Vwxglhv/ 8;/ 7:<07<71

Edloolh/ U1W1/ ) W1 Eroohuvohy +4<<3, D pxowlyduldwh jhqhudol}hg DUFK dssurdfk wr prgholqj ulvn
suhpld lq iruzdug iruhljq h{fkdqjh udwh pdunhwv/ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 49/ 43<0
4571

Edloolh/ U1W1/ ) U1M1 P|huv +4<<4, Elyduldwh JDUFK hvwlpdwlrq ri rswlpdo frpprglw| ixwxuhv khgjh/
Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 49/ 43<04571

Ehud/ D1N1/ ) P1O1 Kljjlqv +4<<6, DUFK prghov= surshuwlhv/ hvwlpdwlrq/ dqg whvwlqj/ Mrxuqdo ri
Hfrqrplf Vxuyh|v/ :/ 63806951

Eroohuvohy/ W1 +4<;9, Jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|/ Mrxuqdo ri Hfrqrphw0
ulfv/ 64/ 63:065:1

Eroohuvohy/ W1 +4<<3, Prghoolqj wkh frkhuhqfh lq vkruw0uxq qrplqdo h{fkdqjh udwhv= d pxowlyduldwh
jhqhudol}hg DUFK dssurdfk/ Uhylhz ri Hfrqrplf dqg Vwdwlvwlfv/ :5/ 7<;08381

Eroohuvohy/ W1/ U1\1 Fkrx ) N1I1 Nurqhu +4<<5, DUFK prgholqj lq �qdqfh= d uhylhz ri wkh wkhru|
dqg hpslulfdo hylghqfh/ Mrxuqdo ri Hfrqrphwulfv/ 85/ 808<1

Eroohuvohy/ W1/ U1I1 Hqjoh ) G1E1 Qhovrq +4<<7, DUFK prghov1 lq= U1I1 Hqjoh ) G1O1 PfIdgghq/
hgv1/ Kdqgerrn ri Hfrqrphwulfv/ Yroxph LY/ 5<80636;1

Eroohuvohy/ W1/ U1I1 Hqjoh ) M1P1 Zrrogulgjh +4<;;, D fdslwdo dvvhw sulflqj prgho zlwk wlph ydu|lqj
fryduldqfhv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <9/ 44904641

Fhffkhwwl/ V1J1/ U1H1 Fxpe| ) V1 Iljohzvnl +4<;;, Hvwlpdwlrq ri wkh rswlpdo ixwxuhv khgjh/ Uhylhz
ri Hfrqrplfv dqg Vwdwlvwlfv/ :3/ 95609631

Glherog/ I1[/ ) M1D1 Orsh} +4<<8, Prghoolqj yrodwlolw| g|qdplfv1 lq= N1G1 Krryhu/ hg/ Pdfurhfrqr0
phwulfv= ghyhorsphqwv/ whqvlrqv dqg survshfwv/ 75:07991 Ervwrq= Noxzhu1

Hqjho/ F1 ) D1 S1 Urguljhv +4<;<, Whvwv ri lqwhuqdwlrqdo FDSPzlwk wlph ydu|lqj fryduldqfhv/ Mrxuqdo
ri Dssolhg Hfrqrphwulfv/ 7/ 44<045;1

Hqjoh/ U1I1 +4<;5, Dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| zlwk hvwlpdwhv ri wkh yduldqfh ri XN
lq dwlrq/ Hfrqrphwulfd/ 83/ <;:0433;1

Hqjoh/ U1I1 +4<<8, DUFK Vhohfwhg Uhdglqjv1 Orqgrq= R{irug Xqlyhuvlw| Suhvv1
Hqjoh/ U I1 ) N1 I1 Nurqhu +4<<8, Pxowlyduldwh Vlpxowdqhrxv Jhqhudol}hg DUFK/ Hfrqrphwulf

Wkhru|/ 44/45504831
Hqjoh/ U1I1/ F1 Z1 M1 Judqjhu ) G1 Nudiw +4<;7, Frpelqlqj frpshwlqj iruhfdvwv ri lq dwlrq xvlqj d

elyduldwh DUFK prgho/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 9/ 48404981

:



Irxqwdv/ V/ P1 Ndudqdvrv/ ) P1 Ndudqdvvrx +5333, D JDUFK prgho ri lq dwlrq dqg lq dwlrq
xqfhuwdlqw| zlwk vlpxowdqhrxv ihhgedfn/ Xqsxeolvkhg Plphr/ Ghsw ri Hfrqrplfv/ Xqlyhuvlw| ri \run1

Mhdqwkhdx/ W1 +4<<;, Vwurqj frqvlvwhqf| ri hvwlpdwruv iru pxowlyduldwh DUFK prghov/ Hfrqrphwulf
Wkhru|/ 47/ :30;91

Jrxulhurx{/ F1 +4<<:, DUFK Prghov dqg Ilqdqfldo Dssolfdwlrqv/ Orqgrq= Vsulqjhu1
Kh/ F1 ) W1 Whudvyluwd +4<<<, Irxuwk prphqw vwuxfwxuh ri wkh JDUFK+s/t, surfhvv/ Hfrqrphwulf

Wkhru|/ 48+9,/;570;791
Ndplqvn|/ J1 O1 ) U1 Shuxjd +4<<3, Fdq d wlph0ydu|lqj ulvn suhplxp h{sodlq h{fhvv uhwxuqv lq wkh

iruzdug pdunhw iru iruhljq h{fkdqjhB/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 5;/ 7:0:31
Ndudqdvrv/ P1 +4<<<, Wkh 5qg prphqw dqg wkh dxwrfryduldqfh ixqfwlrq ri wkh vtxduhg huuruv ri wkh

JDUFK prgho/ Mrxuqdo ri Hfrqrphwulfv/ <3/ 960:91
Ndudqdvrv/ P1 +5333d, Suhglfwlrq lq DUPD prghov zlwk JDUFK lq phdq h�hfwv/ iruwkfrplqj lq

wkh Mrxuqdo ri Wlph Vhulhv Dqdo|vlv1
Ndudqdvrv/ P1 +5333e, Prgholqj Yrodwlolw| Shuvlvwhqfh= vrph qhz uhvxowv rq wkh Frpsrqhqw JDUFK

prgho/ Xqsxeolvkhg Plphr/ Ghsw ri Hfrqrplfv/ Xqlyhuvlw| ri \run1
Ndudqdvrv/ P1/ ]1 Svdudgdnlv ) P1 Vrod +4<<<, Furvv0vhfwlrqdo djjuhjdwlrq dqg shuvlvwhqfh lq frqgl0

wlrqdo yduldqfh/ Xqsxeolvkhg Plphr/ Ghsw ri Hfrqrplfv/ Elunehfn Froohjh1
Nduro|l/ D1 +4<<8, D pxowlyduldwh JDUFK prgho ri lqwhuqdwlrqdo wudqvplvvlrq ri vwrfn uhwxuqv dqg

yrodwlolw|= wkh fdvh ri Xqlwhg Vwdwhv dqg Fdqdgd/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 46/ 440581
Nurqhu/ N1I1/ ) V1 Fodhvvhqv +4<<4, Rswlpdo fxuuhqf| frpsrvlwlrq ri h{whuqdo ghew= dssolfdwlrqv wr

Lqgrqhvld dqg Wxunh|/ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 43/ 464047;1
Nurqhu/ N1 I1 ) M1 Vxowdq +4<<6, Wlph0ydu|lqj glvwulexwlrqv dqg g|qdplf khgjlqj zlwk iruhljq fxu0

uhqf| ixwxuhv/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 5;/ 86808841
Olq/ Z1 O1 +4<<:, Lpsxovh uhvsrqvh ixqfwlrq iru frqglwlrqdo yrodwlolw| lq JDUFK prghov/ Mrxuqdo ri

Exvlqhvv ) Hfrqrplf Vwdwlvwlfv/ 48/ 480581
Olqj/ V1 )P1 PfDohhu +4<<<, Dv|pswrwlf wkhru| iru d qhz yhfwru DUPD0JDUFKprgho1 Pdqxvfulsw/

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zhvwhuq Dxvwudold1
PfFxue|/ W1 K1 ) L1 J1 Prujdq +4<;<, Hylghqfh ri ulvn suhpld lq iruhljq fxuuhqf| ixwxuhv pdunhw1

Txhhq*v Xqlyhuvlw|/ Ghsduwphqw ri Hfrqrplfv/ Pdqxvfulsw1
PfFxue|/ W1 K1 ) L1 J1 Prujdq +4<<4, Whvwv iru v|vwhpdwlf ulvn frpsrqhqwv lq ghyldwlrqv iurp

xqfryhuhg lqwhuhvw udwh sdulw|/ Uhylhz ri Hfrqrplf Vwxglhv/ 8;/ 8;:09351
Qj/ O1 +4<<4, Whvwv ri wkh FDSP zlwk wlph ydu|lqj fryduldqfhv= d pxowlyduldwh JDUFK dssurdfk/

Mrxuqdo ri Ilqdqfh/ 79/ 483:048541
Sdjdq/ D1 +4<<9, Wkh Hfrqrphwulfv ri Ilqdqfldo Pdunhwv/ Mrxuqdo ri Hpslulfdo Ilqdqfh/ 6/ 4804351
Sdop/ I1F1 +4<<9, JDUFK prghov ri yrodwlolw|1 Lq= J1V1 Pdggdod ) F1U1 Udr/ hgv1 Kdqgerrn ri

Vwdwlvwlfv/ Yro 47/ 53<05731 Dpvwhugdp= Hovhylhu1
Vfkzhuw/ J1 Z1/ ) S1 M1 Vhjxlq +4<<3, Khwhurvnhgdvwlflw| lq vwrfn uhwxuqv/ Mrxuqdo ri Ilqdqfh/ 78/

445<044881
Vkhskdug/ Q1 +4<<9, Vwdwlvwlfdo dvshfwv ri DUFK dqg vwrfkdvwlf yrodwlolw|1 lq= Fr{/ G1 U1/ R1 H1

Eduqgru�0Qlhovhq ) G1 Y1 Klqnoh|/ hgv1/ Vwdwlvwlfdo Prghov lq Hfrqrphwulfv/ Ilqdqfh dqg rwkhu �hogv/
409:1

Wd|oru/ V1 +4<;9, Prgholqj Ilqdqfldo Wlph Vhulhv1 Orqgrq= Zloh|1
Wvh/ \1 N1 +4<<;, D whvw iru frqvwdqw fruuhodwlrqv lq d pxowlyduldwh JDUFK prgho1 Whfkqlfdo Uhsruw/

Ghsduwphqw ri Hfrqrplfv/ Qdwlrqdo Xqlyhuvlw| ri Vlqjdsruh1
]d�durql/ S1 +4<<<, Frqwhpsrudqhrxv Djjuhjdwlrq ri JDUFK surfhvvhv/ Xqsxeolvkhg Plphr/ Edqn

ri Lwdo|1

;
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Wkh fryduldqfhv ehwzhhq wkh ylw dqg wkh ymw whupv duh
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AIurp +51:d, zh jhw
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Xvlqj +519, wkh deryh htxdwlrq jlyhv

H+klwkmw,�H+klw,H+kmw, @ 5s5lm�
3
lmH+klwkmw,, H+klwkmw, @

H+klw,H+kmw,

4� 5s5lm�
3
lm

�
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AIurp +619e, zh jhw

fry+klm>wkqn>w, @ �
lm>qn
3 �ylm>qn

Xvlqj +618e, wkh deryh htxdwlrq jlyhv

H+klm>wkqn>w,�H+klm>w,H+kqn>w, @ �
lm>qn
3 ^H+kln>wkmq>w, .H+klq>wkmn>w,` +D17,

ru

H+kln>wkmq>w,�H+kln>w,H+kmq>w, @ �
ln>mq
3 ^H+klm>wknq>w, .H+klq>wkmn>w,`> +D18,

H+klq>wkmn>w,�H+klq>w,H+kmn>w, @ �
lq>mn
3 ^H+klm>wknq>w, .H+kln>wkmq>w,` +D19,

Uhzulwlqj htxdwlrqv +D17,0+D19, lq d pdwul{ irup zh kdyh57 4 ��lm>qn3 ��lm>qn3

��ln>mq3 4 ��ln>mq3

��lq>mn3 ��lq>mn3 4

6857 H+klm>wkqn>w,
H+kln>wkmq>w,
H+klq>wkmn>w,

68 @

57 H+klm>w,H+kqn>w,
H+kln>w,H+kmq>w,
H+klq>w,H+kmn>w,

68
Vroylqj wkh deryh v|vwhp ri htxdwlrqv zh jhw +61:e,1 �
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