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Rswlpdo ghwhuuhqfh zlwk ohjdo ghihqfh

h{shqglwxuh�

Kxjk Judyhooh| Qxqr Jdurxsd}

Iheuxdu| 5333

Devwudfw

Ohjdo ghihqfh h{shqglwxuh e| wkrvh dffxvhg ri d fulph uhgxfhv wkhlu
suredelolw| ri sxqlvkphqw +zkhwkhu lqqrfhqw dqg jxlow|,1 Zh vkrz
wkdw wkhuh frxog eh pruh ru ohvv fulph lq d v|vwhp zklfk shuplwv vxfk
h{shqglwxuh1 Ehfdxvh dffxvhg pd| fkrrvh d ohyho ri ghihqfh h{shq0
glwxuh zklfk edqnuxswv wkhp li irxqg jxlow|/ ghwhuuhqfh fdq ghfuhdvh
zkhq wkh �qh lv lqfuhdvhg1 Wkh xquhjxodwhg h{shqglwxuh ri lqqrfhqw
dqg jxlow| ghihqgdqwv lv lqh!flhqw1 Zh vkrz wkdw wkh rswlpdo �qh
zloo qhyhu edqnuxsw wkh glvkrqhvw dffxvhg exw wkdw wkh krqhvw dffxvhg
fdq eh edqnuxsw ru ohiw zlwk srvlwlyh zhdowk li frqylfwhg1 Zh h{dp0
lqh srolflhv wr uhjxodwh ghihqfh h{shqglwxuh lqfoxglqj d wd{ �qdqfhg
sxeolf ghihqghu v|vwhp/ d wd{ rq ohjdo ghihqfh dqg frpshqvdwlrq iru
dftxlwwhg dffxvhg1

MHO qrv= N75/ O84
Nh|zrugv= Ohjdo ghihqfh/ ghwhuuhqfh/ ohjdo dlg1

�Zh duh judwhixo iru khosixo frpphqwv wr Plwfk Srolqvn|/ Mhqqlihu Uhlqjdqxp/ Ul0

fdug Wruuhv/ dqg wr sduwlflsdqwv lq wkh 47wk Dqqxdo phhwlqj ri wkh Hxurshdq Odz dqg

Hfrqrplfv Dvvrfldwlrq/ Edufhorqd/ Vhswhpehu 4<<:1
|Fhqwuh iru Khdowk Hfrqrplfv/ Xqlyhuvlw| ri \run/ Khvolqjwrq/ \run \R4 8GG/ hpdlo=
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4 Lqwurgxfwlrq

Lq wklv sdshu zh frqvlghu d mxvwlfh v|vwhp zklfk pdnhv erwk w|sh L huuruv
+vrphwlphv frqylfwlqj wkh lqqrfhqw, dqg w|sh LL huuruv +vrphwlphv dftxlwwlqj
wkh jxlow|, dqg lq zklfk ohjdo ghihqfh h{shqglwxuh rq ehkdoi ri wkh dffxvhg
fdq uhgxfh wkhlu suredelolw| ri frqylfwlrq1 Vxfk h{shqglwxuh kdv d sulydwh
ydoxh exw lwv vrfldo ydoxh lv ohvv fohdu1 Zh dgguhvv wzr vhwv ri lvvxhv1 Iluvw/ duh
ghflvlrqv e| wkrvh dffxvhg ri fulphv derxw wkhlu h{shqglwxuh rq ohjdo ghihqfh
vrfldoo| rswlpdo/ dqg/ li qrw/ zkdw duh wkh lpsolfdwlrqv iru sxeolf srolf| lq
whupv ri wkh uhjxodwlrq ri ghihqfh h{shqglwxuh ru lwv surylvlrq e| wkh vwdwhB
Vhfrqg/ zkdw duh wkh lpsolfdwlrqv ri ohjdo ghihqfh h{shqglwxuh iru rswlpdo
ghwhuuhqfh srolf|B

Zlwk wkh vwdqgdug h!flhqf| rulhqwdwhg zhoiduh ixqfwlrq/ lq zklfk doo lq0
glylgxdov/ lqfoxglqj wkrvh zkr fkrrvh wr eh glvkrqhvw frxqw htxdoo| +Ehfnhu/
4<9;> Srolqvn| dqg Vkdyhoo/ 4<:<,/ wkh vrfldoo| uhohydqw dvshfwv ri ohjdo gh0
ihqfh duh lwv h�hfw rq ghwhuuhqfh dqg lwv frvw1

Vlqfh ghihqfh h{shqglwxuhv uhgxfh wkh suredelolw| ri sxqlvkphqw ri glv0
krqhvw lqglylgxdov/ wkh| uhgxfh wkh h{shfwhg vdqfwlrq rq glvkrqhvw lqglylgx0
dov dqg wkxv uhgxfh ghwhuuhqfh1 Krzhyhu/ zkhq wkhuh duh w|sh L huuruv/ krqhvw
lqglylgxdov idfh wkh ulvn ri zurqjixo duuhvw dqg frqylfwlrq14 Ghihqfh h{shqgl0
wxuh e| wkhp lqfuhdvhv wkh uhzdugv iru krqhvw|1 Zkdw pdwwhuv iru ghwhuuhqfh
duh wkh h�hfwv ri ghihqfh h{shqglwxuh rq wkh gl�huhqfh ehwzhhq wkh h{shfwhg
xwlolw| ri krqhvw dqg glvkrqhvw lqglylgxdov1 Zh vkrz wkdw shuplwwlqj ghihqfh
h{shqglwxuhv pd| lqfuhdvh ghwhuuhqfh dv frpsduhg zlwk d v|vwhp lq zklfk
qr vxfk h{shqglwxuh lv shuplwwhg1

Zh dovr vkrz wkdw wkh ohyho ri ghihqfh h{shqglwxuh fkrvhq e| dffxvhgv
lv qrw vrfldoo| h!flhqw1 Wkh sulydwh ydoxh ri ohjdo ghihqfh h{shqglwxuh lv
wkh uhgxfwlrq lq wkh suredelolw| ri frqylfwlrq1 Erwk krqhvw dqg glvkrqhvw
lqglylgxdov fkrrvh wkhlu h{shqglwxuh/ zkhq dffxvhg/ wr pd{lplvh wkhlu h{0
shfwhg xwlolw|1 Wkh pdujlqdo h�hfw ri ghihqfh h{shqglwxuh rq wkh h{shfwhg
xwlolw| ri krqhvw dqg glvkrqhvw lqglylgxdov dw wkh sulydwho| rswlpdo ohyhov lv
}hur1 Frqvhtxhqwo| pdujlqdo fkdqjhv lq ghihqfh h{shqglwxuh dw wkh sulydwh
rswlpxp kdyh qr h�hfw rq ghwhuuhqfh ehfdxvh wkh| gr qrw fkdqjh wkh gli0
ihuhqfh ehwzhhq wkh h{shfwhg xwlolwlhv ri krqhvw dqg glvkrqhvw lqglylgxdov1
Exw ghihqfh h{shqglwxuhv gr kdyh d srvlwlyh pdujlqdo vrfldo frvw/ vr wkdw wkh
pdujlqdo sulydwh dqg vrfldo ydoxhv ri ghihqfh h{shqglwxuh duh gl�huhqw dqg
wkhuh lv vfrsh iru uhjxodwlrq wr lpsuryh rq wkh pdunhw htxloleulxp1

Wkh fdqrqlfdo uhvxow lq rswlpdo ghwhuuhqfh srolf| lv wkh Ehfnhu +4<9;,

4Wkurxjk rxw wkh sdshu zh xvh wkh whupv krqhvw dqg glvkrqhvw dv v|qrq|pv iru lqqrfhqw

dqg jxlow| uhvshfwlyho|1
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ghprqvwudwlrq wkdw/ vlqfh �qhv kdyh d srvlwlyh ghwhuuhqw h�hfw exw d }hur
pdujlqdo vrfldo frvw/ wkh rswlpdo srolf| lv wr lqfuhdvh wkhp wr d ohyho zklfk
ohdyhv frqylfwhg dffxvhg zlwk }hur zhdowk1 Wkhuh duh ihz h{dpsohv ri ghwhu0
uhqfh uhjlphv zklfk xvh pd{lpdo �qhv dqg wkh Ehfnhu uhvxow kdv jhqhudwhg
d odujh olwhudwxuh zklfk vxjjhvw uhdvrqv zk| wkh rswlpdo �qh vkrxog qrw
edqnuxsw frqylfwhg dffxvhg +Jdurxsd/ 4<<:> Srolqvn| dqg Vkdyhoo/ 5333,1

Wkh h�hfwlyh �qh lv olplwhg e| wkh zhdowk/ qhw ri ghihqfh h{shqglwxuh/ ri
wkrvh frqylfwhg1 Zh vkrz/ wkdw li wkh qrplqdo �qh lv odujh hqrxjk/ dffxvhgv
zloo fkrrvh d kljk ohyho ri ghihqfh h{shqglwxuh zklfk edqnuxswv wkhp li wkh|
duh irxqg jxlow| exw ohdyhv wkhp zlwk srvlwlyh zhdowk li dftxlwwhg1 Zlwk d
orzhu qrplqdo �qh wkh| vshqg ohvv rq ghihqfh dqg duh qrw edqnuxsw hyhq li
frqylfwhg1 Wkhuh lv fulwlfdo ohyho ri wkh �qh vxfk wkdw wkh| duh lqgl�huhqw
ehwzhhq wkh kljk ohyho ri ghihqfh h{shqglwxuh zklfk edqnuxswv wkhp li irxqg
jxlow| dqg d orzhu ohyho zklfk grhv qrw1

Vxssrvh wkdw wkh fulwlfdo �qh lv vpdoohu iru wkh glvkrqhvw wkdq wkh krqhvw1
Wkhq lw fdq qhyhu eh h!flhqw wr vhw wkh �qh deryh wkh ohyho zklfk lv fulwlfdo
iru wkh glvkrqhvw1 Udlvlqj wkh �qh deryh wklv ohyho zrxog kdyh qr h�hfw rq
wkh glvkrqhvw/ vlqfh wkh| fdqqrw sd| lw lq ixoo1 Wkhlu ghihqfh h{shqglwxuh zloo
krzhyhu mxps xszdugv1 Wkh krqhvw gr sd| wkh �qh lq ixoo li frqylfwhg1 Wkh|
duh pdgh zruvh r� dqg wkhlu ghihqfh h{shqglwxuh lv lqfuhdvhg1 Khqfh wkh
lqfuhdvh lq wkh �qh deryh wkh fulwlfdo ohyho iru wkh glvkrqhvw vlpxowdqhrxvo|
uhgxfhv ghwhuuhqfh dqg lqfuhdvhv vrfldoo| frvwo| ghihqfh h{shqglwxuh1 Wkh
rswlpdo �qh fdqqrw h{fhhg wklv fulwlfdo ohyho dqg erwk glvkrqhvw dqg krqhvw
w|shv duh ohiw zlwk srvlwlyh zhdowk li frqylfwhg1 Qrwh wkdw lw lv wkh idfw wkdw
ghihqfh h{shqglwxuhv duh fkrvhq e| wkh dffxvhg zklfk gulyhv wkh frqfoxvlrq
wkdw wkh rswlpdo �qh ohdyh wkrvh frqylfwhg zlwk srvlwlyh zhdowk/ qrw wkh
suhvhqfh ri w|sh L huuruv1

Dowhuqdwlyho|/ li ohvv sodxvleo|/ vxssrvh wkh fulwlfdo �qh iru wkh krqhvw lv
vpdoohu wkdq iru wkh glvkrqhvw/ vr wkdw wkh| duh lqgxfhg wr fkrrvh edqnuxswf|
ehiruh wkh krqhvw1 Wkh �qh djdlq vkrxog qrw eh juhdwhu wkdq wkh fulwlfdo ohyho
zklfk lqgxfhv wkh glvkrqhvw wr fkrrvh edqnuxswf|1 Dw kljkhu ohyhov wkhuh lv
qr h�hfw rq ghwhuuhqfh ehfdxvh qhlwkhu w|sh ri lqglylgxdo sd|v wkh �qh lq ixoo
exw wkh h{shqglwxuh ri wkh glvkrqhvw mxpsv xszdug1 Khqfh wkh �qh vkrxog
qrw h{fhhg d ohyho zklfk ohdyhv wkh glvkrqhvw zlwk srvlwlyh zhdowk exw zklfk
lqgxfhv wkh krqhvw wr suhihu edqnuxswf| li frqylfwhg1 Zh vkrz wkdw li ghihqfh
h{shqglwxuhv duh vx!flhqwo| uhvsrqvlyh wr wkh �qh lw zloo eh rswlpdo wr vhw
wkh �qh ehorz wkh fulwlfdo ohyho iru wkh glvkrqhvw1 Wkxv hyhq lq wklv fdvh
zkhuh wkh krqhvw duh lqgxfhg wr fkrrvh edqnuxswf| ehiruh wkh glvkrqhvw/ wkh
rswlpdo ghwhuuhqfh srolf| fdq ohdyh erwk wkh krqhvw dqg wkh glvkrqhvw zlwk
srvlwlyh zhdowk li frqylfwhg1

Zh rxwolqh wkh prgho dqg frqvlghu wkh lpsolfdwlrqv ri ghihqfh h{shqglwxuh
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iru ghwhuuhqfh lq vhfwlrq 51 Lq vhfwlrq 6 zh frqvlghu wkh fkrlfh ri wkh �qh lq
wkh suhvhqfh ri w|sh L dqg w|sh LL huuru dqg ghihqfh h{shqglwxuh e| dffxvhg
lqglylgxdov dqg vkrz wkdw lw lv qhyhu rswlpdo wr kdyh �qh zklfk edqnuxswv
doo wkrvh frqylfwhg1 Zh dovr vkrz wkdw wkh pdunhw htxloleulxp ohyho ri ohjdo
ghihqfh h{shqglwxuh lv qrw rswlpdo1 Vhfwlrq 7 h{dplqhv srolflhv wr uhjxodwh
ohjdo ghihqfh= d xsshu olplw rq lqglylgxdov* ohjdo ghihqfh h{shqglwxuhv/ d
wd{ �qdqfhg sxeolf ghihqghu v|vwhp lq zklfk doo dffxvhg uhfhlyh wkh vdph
dprxqw ri ghihqfh/ d wd{ rq wkh sulydwho| fkrvhq ghihqfh h{shqglwxuhv/ dqg
frpshqvdwlrq iru dftxlwwhg lqglylgxdov1 Vhfwlrq 8 h{whqgv wkh dqdo|vlv e|
frqvlghuv d zhoiduh ixqfwlrq zklfk uh hfwv gluhfw frqfhuq derxw w|sh L dqg
LL huuruv1 Vhfwlrq 9 frqfoxghv1

Lq wkh uhpdlqghu ri wklv lqwurgxfwlrq zh uhodwh rxu dqdo|vlv wr wkh suhylrxv
olwhudwxuh1 W|sh L dqg LL huuruv duh frqvlghuhg e| Hkuolfk +4<;5, dqg Plfhol
+4<<4, zkr vkrz wkdw vxfk huuruv fdq ohdg wr d ohvv wkdq pd{lpdo vdqfwlrq li
wkhuh lv gluhfw vrfldo frqfhuq zlwk wkh zurqjixo sxqlvkphqw ri wkh krqhvw dqg
wkh plvwdnhq dftxlwwdo ri wkh glvkrqhvw1 Lq Sqj +4<;9, lqglylgxdov fdq ghflgh
wr wdnh sduw lq dq dfwlylw| zklfkpd| surgxfh pruh vrfldo ehqh�w wkdq kdup li
wkh| h{huflvh vx!flhqw fduh1 Ehfdxvh wkrvh zkr gr qrw h{huflvh vx!flhqw fduh
pd| hvfdsh sxqlvkphqw/ wkh �qh vkrxog h{fhhg wkh kdup fdxvhg wr hqvxuh
wkdw h{shfwhg sxqlvkphqw htxdov wkh kdup1 Vxfk d �qh uhgxfhv sduwlflsdwlrq
lq wkh dfwlylw| ehorz lwv h!flhqw ohyho ehfdxvh vrph ri wkrvh zkr gr wdnh
vx!flhqw fduh duh zurqjo| sxqlvkhg1 Wkxv wkhuh vkrxog dovr eh d vxevlg| iru
sduwlflsdwlrq lq wkh dfwlylw|1 Lq qrqh ri wkhvh sdshuv duh lqglylgxdov deoh wr
uhgxfh wkhlu suredelolw| ri sxqlvkphqw e| ohjdo ghihqfh h{shqglwxuh1

Wkh uhodwlrqvkls ehwzhhq sxqlvkphqw dqg ohjdo ghihqfh lv frqvlghuhg lq
Orww +4<;:, zkhuh lw lv dvvxphg wkhuh duh rqo| w|sh LL huuruv/ wkdw sxqlvk0
phqw lv �{hg dqg wkdw srwhqwldo fulplqdov kdyh gl�huhqw rssruwxqlw| frvwv ri
lpsulvrqphqw1 Orww +4<;:, dujxhv wkdw li sxqlvkphqw grhv qrw ydu| e| rssru0
wxqlw| frvw/ wkrvh zlwk kljk rssruwxqlw| frvwv zloo eh ryhughwhuuhg1 Doorzlqj
lqglylgxdov wr fkrrvh wkhlu ghihqfh h{shqglwxuh ohdgv wr wkrvh zlwk juhdwhu
rssruwxqlw| frvwv vshqglqj pruh rq ghihqfh dqg kdylqj orzhu suredelolw| ri
sxqlvkphqw/ wkxv uhgxflqj wkh h{whqw ri ryhughwhuuhqfh1

Ndsorz dqg Vkdyhoo +4<<3, vkrz wkdw ohjdo dgylfh wr wkrvh frqwhpsodw0
lqj srwhqwldoo| kdupixo dfwv pd| hlwkhu udlvh ru orzhu zhoiduh/ wkrxjk wkh|
gr qrw frqvlghu wkh frvwv ri surylglqj wkh dgylfh1 Lq Pdoln +4<<3, wkhuh
duh rqo| w|sh LL huuruv dqg lqglylgxdov zkr ghflgh wr frpplw d fulph fdq
hqjdjh lq d frvwo| �dyrlgdqfh� dfwlylw| zklfk uhgxfhv wkhlu suredelolw| ri
sxqlvkphqw1 Frqvhtxhqwo| lw lv dujxhg wkdw wkh �qh pd| eh ohvv wkdq wkh
zhdowk ri wkh dffxvhg ehfdxvh lwv ehqh�fldo ghwhuuhqw h�hfw lv sduwldoo| r�vhw
e| lwv lqgxfhphqw ri frvwo| dyrlgdqfh dfwlylw|1 Dq| srolf| zklfk uhgxfhg
dyrlgdqfh dfwlylw| zrxog wkhuhiruh eh vrfldoo| ehqh�fldo1 Rxu prgho doorzv
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iru w|sh L huuruv dqg wkxv dyrlgdqfh dfwlylw| +ohjdo ghihqfh h{shqglwxuh, e|
krqhvw lqglylgxdov1 Lq wkhvh flufxpvwdqfhv wkh lvvxh ri zkhwkhu dyrlgdqfh
dfwlylwlhv zklfk udlvh wkh h{shfwhg xwlolwlhv ri erwk krqhvw dqg glvkrqhvw lq0
glylgxdov duh vrfldoo| ehqh�fldo lv qrq wulyldo1 Ixuwkhu/ e| fruuhfwo| vshfli|lqj
wkh edqnuxswf| frqvwudlqw rq srolf|/ zh vkrz wkdw wkh rswlpdo �qh dozd|v

ohdyhv wkh frqylfwhg glvkrqhvw lqglylgxdov zlwk srvlwlyh zhdowk1

5 Wkh prgho

Wkh edvlf prgho lv vwdqgdug +Srolqvn| dqg Vkdyhoo/ 4<:<> 5333,1 Doo lqglylg0
xdov duh ulvn qhxwudo dqg hqgrzhg zlwk dq lqfrph ri +15 Hdfk frqvlghuv wkh
srvvlelolw| ri frpplwwlqj d kdupixo dfw zlwk d ehqh�w ri K dqg d vrfldo frvw
ri �1 Lqglylgxdov duh lghqwlfdo h{fhsw iru wkhlu ehqh�w K 5 dfc4�zklfk kdv d
glvwulexwlrq ixqfwlrq C EK� ryhu lqglylgxdov1 Ehfdxvh � : f lv �qlwh dqg �{hg/
vrph fulphv kdyh d srvlwlyh qhw vrfldo ehqh�w1 Wklv lv qrw hvvhqwldo/ wkrxjk
lw lv ri lqwhuhvw wr vkrz wkdw dq rswlpdo ghwhuuhqfh srolf| zloo lq jhqhudo qrw
vhhn wr ghwhu doo fulphv zlwk d qhjdwlyh qhw vrfldo ydoxh1 Rqh h{dpsoh pljkw
eh �upv zklfk fdq fkrrvh wr delgh e| srooxwlrq frqwuro vwdqgdugv ru ylrodwh
wkhp dqg ulvn d �qh1 Wkh vrfldo kdup iurp dgglwlrqdo srooxwlrq pd| h{fhhg
ru eh ohvv wkdq wkh frvwv lqfxuuhg e| wkh �up lq uhgxflqj lwv hplvvlrqv1

514 Fkrlfh ri ghihqfh h{shqglwxuh e| dffxvhg

Hyhu| lqglylgxdo/ zkhwkhu krqhvw ru glvkrqhvw/ kdv d suredelolw| ri ehlqj
duuhvwhg dqg wulhg iru wkh r�hqfh1 Wkh duuhvw suredelolw| ri wkh glvkrqhvw ^�
h{fhhgv wkdw ri wkh krqhvw ^f=

� : ^� : ^f : f +D4,

Wkh suredelolw| ri frqylfwlrq R� iru dq dffxvhg lqglylgxdo ri w|sh � lv d
ghfuhdvlqj frqyh{ ixqfwlrq R�ES�� ri ohjdo ghihqfh frvwv S�= R�

�
	 fc R��

�
: f

dqg vdwlv�hv R�Ef� 	 �c R�E4� : f1 Wkhuh duh erwk w|sh L huuruv/ vlqfh wkh
krqhvw kdyh d srvlwlyh suredelolw| ri frqylfwlrq= ^fRfE4� : f/ dqg w|sh LL
huuruv/ vlqfh wkh glvkrqhvw kdyh d srvlwlyh suredelolw| ri hvfdslqj sxqlvkphqw=
^�d�� R�Ef�o : f1

Wkh qrplqdo �qh iru wkh r�hqfh lv s 1 Li wkh �qh lv ohvv wkdq + � Sf lw lv
sdlg lq ixoo e| d zurqjixoo| frqylfwhg krqhvw lqglylgxdo/ zkr lv ohiw zlwk + �

5Wkh dvvxpswlrq wkdw lqglylgxdov kdyh wkh vdph lqfrph dqg wkdw doo frxqw htxdoo| lq
rxu zhoiduh ixqfwlrq phdqv wkdw zh duh qrw frqfhuqhg zlwk glvwulexwlrqdo lvvxhv/ vxfk wkh
rswlpdo phdqv ri surylglqj vxevlglhv iru ohjdo ghihqfh h{shqglwxuh wr wkh srru +Gqhv dqg
Ulfnpdq/ 4<<;,1
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� vrfldo kdup iurp d fulph

K sulydwh ehqh�w iurp d fulph

CEK� glvwulexwlrq ixqfwlrq ri ehqh�wv iurp fulph

+ hqgrzhg lqfrph

^f suredelolw| wkdw krqhvw lqglylgxdo lv fkdujhg

^� suredelolw| wkdw glvkrqhvw lqglylgxdo lv fkdujhg

RfESf� suredelolw| ri frqylfwlrq ri krqhvw dffxvhg

R�ES�� suredelolw| ri frqylfwlrq ri glvkrqhvw dffxvhg

S� ohjdo ghihqfh h{shqglwxuh ri w|sh � ' fc � dffxvhg

s �qh

8� �qh zklfk mxvw lqgxfhv w|sh � dffxvhg wr fkrrvh S�
zklfk edqnuxswv klp li frqylfwhg

6 srolflqj frvwv

| wd{ udwh rq ghihqfh h{shqglwxuh

w frpshqvdwlrq iru dftxlwwhg dffxvhg

&f vrfldo frvw shu frqylfwhg krqhvw shuvrq

&� vrfldo frvw shu dftxlwwhg glvkrqhvw shuvrq

b vrfldo ydoxh ri uhod{lqj edqnuxswf| frqvwudlqw rq h�hfwlyh �qh

A oxps vxp wd{

Wdeoh 4= Qrwdwlrq

Sf �s 1 Li wkh �qh h{fhhgv + � Sf kh lv ohiw zlwk qrwklqj1 Wkh krqhvw dffxvhg

fkrrvhv Sf wr pd{lplvh

�fESf� ' d�� RfESf�oE+ � Sf� n RfESf�4@ i+ � Sf � sc fj

Wkh glvkrqhvw dffxvhg*v sureohp lv yhu| vlplodu1 Zh dvvxph wkdw wkh

ehqh�w K iurp wkh fulph lv qrw uhfryhudeoh e| d �qh16 Li wkh qrplqdo �qh lv

ohvv wkdq E+ �S�� lw lv sdlg lq ixoo dqg wkh frqylfwhg glvkrqhvw lqglylgxdo lv

ohiw zlwk + n K� S� �s 1 Li wkh �qh h{fhhgv + � S� kh lv ohiw zlwk K1 Wkh

glvkrqhvw dffxvhg zloo fkrrvh S� wr pd{lplvh

��ES�� n K ' d� � R�ES��oE+ � S�� n R�ES��4@ i+ � S� � sc fjn K

' d� � R�ES��oE+ n K� S�� n R�ES��4@ i+ n K� S� � sc Kj

Zh dvvxph wkdw R�

�
Ef� : �4 vr wkdw wkhuh lv d vpdoo hqrxjk �qh sJ

�
vxfk

wkdw wkh dffxvhg rqo| fkrrvhv wr vshqg rq ghihqfh li s : sJ

�
1 Wkhuh duh wzr

6Wkh r�hqfh pd| |lhogv sxuho| qrq0prqhwdu| ehqh�wv1 Dowhuqdwlyh lw pd| |lhog prqh0
wdu| ehqh�wv zklfk kdyh ehhq vshqw ru glvwulexwhg wr vkduhkroghuv e| wkh wlph wkh dffxvhg
lv frqylfwhg1 D vlplodu dvvxpswlrq lv pdgh lq Pdoln +4<<3, dqg Srolqvn| dqg Vkdyhoo
+5333,1

8



srvvleoh vroxwlrqv zlwk srvlwlyh ghihqfh h{shqglwxuh= SW
�
dqg SWW

�
/ � ' fc �1

Wkh �uvw krogv zkhq wkh dffxvhg fkrrvhv d ohyho ri h{shqglwxuh zklfk ohdyhv
srvlwlyh zhdowk li frqylfwhg=

S�Es � ' SW
�
Es� ' @h}4@ i+ � S� � R�s�j

Wkh vhfrqg krogv zkhq wkh �qh lv vr odujh wkdw wkh lqglylgxdo fkrrvhv d ohyho
ri h{shqglwxuh zklfk ohdgv wr edqnuxswf| li frqylfwhg=

S�Es� ' SWW
�
' @h} 4@ iE+ � S��E�� R��j

Wkh wzr vroxwlrqv duh fkdudfwhulvhg e|

�dR�

�
ESW

�
�s n �o ' f +4,

�R�

�
ESWW

�
�d+ � SWW

�
o� d� � R�ES

WW

�
�o ' f +5,

dqg duh vkrzq lq Iljxuh 41
Zkhq wkh lqglylgxdo lv edqnuxswhg li frqylfwhg erwk wkh h{shfwhgpdujlqdo

frvw dqg wkh h{shfwhg pdujlqdo jdlq iurp ghihqfh h{shqglwxuh duh uhgxfhg1
Dv zh vkrz lq wkh dsshqgl{/ wkh iruphu h�hfw rxwzhljkv wkh odwwhu/ vr wkdw h{0
shqglwxuh zkhq wkh lqglylgxdo fkrrvhv wr eh edqnuxsw li frqylfwhg lv juhdwhu
wkdq li kh grhv qrw= SWW

�
: SW

�
1

Iru orz hqrxjk �qhv wkh dffxvhg fkrrvhv d ohyho ri ghihqfh h{shqglwxuh
SW
�
zklfk ohdyhv srvlwlyh lqfrph hyhq li frqylfwhg1 Klv pd{lpl}hg h{shfwhg

xwlolw| frqglwlrqdo rq ehlqj dffxvhg lv wkhq �?
�
Es� ' +�SW

�
Es��R�ESW� Es��s dqg

lv ghfuhdvlqj zlwk wkh �qh1 Iru d odujh hqrxjk �qh wkh dffxvhg zloo suhihu wr
fkrrvh d ohyho ri ghihqfh h{shqglwxuh SWW

�
zklfk edqnuxswv klp li frqylfwhg1

Klv pd{lpl}hg h{shfwhg xwlolw| lq wklv fdvh lv �K
�
' d��R�ES

WW

�
�oE+�SWW

�
� zklfk

grhv qrw ydu| zlwk wkh �qh1 Dv zh vkrz lq wkh dsshqgl{/ wkhuh lv d ohyho
ri wkh �qh 8� dw zklfk wkh dffxvhg lv lqgl�huhqw ehwzhhq SW

�
E8�� dqg SWW

�
1 Wr

dyrlg qhhgohvv frpsolfdwlrqv zh dvvxph wkdw lqgl�huhqw lqglylgxdov fkrrvh
SW
�
E8��1 Ghihqfh h{shqglwxuh lv dw �uvw lqfuhdvlqj lq s / mxpsv xszdugv dw 8�/

dqg lv frqvwdqw wkhuhdiwhu1 H{shfwhg xwlolw| lv frqwlqxrxv lq wkh �qh/ wkrxjk
ghihqfh h{shqglwxuh lv qrw1

Dowkrxjk wkh dffxvhg lv lqgl�huhqw ehwzhhq SW
�
E8 � dqg SWW

�
zkhq s ' 8�

dqg kh zrxog eh edqnuxsw li frqylfwhg li kh fkrvh SWW
�
/ wkh dffxvhg lv qrw

edqnuxsw li kh fkrrvhv SW
�
E8 �1 Ohw 	S� eh wkh ghihqfh h{shqglwxuh zklfk mxvw

edqnuxswv klp= 	S� ' + � 8�1 Vxevwlwxwlqj 8� ' R�E	S��8� nd� � R�E	S��o8� dqg
uhduudqjlqj/ zh vhh wkdw li kh fkrvh wklv ohyho ri h{shqglwxuh kh zrxog kdyh
+ �	S� �R�E	S��8� ' d� � R�E	S��oE+ � 	S��1 Dv lqvshfwlrq ri Iljxuh 4 vkrzv wklv
pxvw rffxu zkhuh 	S� : SW

�
E8��1 Khqfh kh pxvw kdyh vwulfwo| srvlwlyh zhdowk

dw SW
�
E8��= + � SW

�
E8��� 8� : f1
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Iljxuh 4= H�hfw rq ohjdo ghihqfh h{shqglwxuh ri dq lqfuhdvh lq wkh �qh1

Vxppdulvlqj zh kdyh7

Sursrvlwlrq 4 Wkhuh lv d ohyho ri wkh �qh 8� iru hdfk w|sh ri lqglylgxdo vxfk

wkdw li s � 8� wkh dffxvhg fkrrvhv d ohyho ri ghihqfh h{shqglwxuh SW
�
Es � zklfk

grhv qrw ohdg wr edqnuxswf| li frqylfwhg dqg li s : 8� wkh dffxvhg fkrrvhv

d ohyho ri ghihqfh h{shqglwxuh SWW
�

zklfk grhv ohdg wr edqnuxswf| li frqylfwhg1

Sulydwho| rswlpdo ghihqfh h{shqglwxuh S�Es� lv lqfuhdvlqj lq wkh �qh lq wkh

qrq0edqnuxswf| fdvh/ glvfrqwlqxrxv xszdugv lq wkh �qh dw 8�/ dqg xqd�hfwhg

e| wkh �qh lq wkh edqnuxswf| fdvh=

S�Es� ' fc s 5 dfc s J
� oc

' SW� Es �c s 5 Es J
� c 8�o

' SWW� : SW� E8��c s 5 E8�c4��

S�s ' SW�sEs � : fc s 5 EsJ
� c 8��

' fc s 5 E8�c4�

Zh dvvxph wkdw wkh ohjdo v|vwhp lv qrw shuyhuvh lq wkh vhqvh wkdw wkh

krqhvw duh pruh olnho| wr eh frqylfwhg wkdq wkh glvkrqhvw zkhq wkh| vshqg

7Surriv ri sursrvlwlrqv qrw jlyhq lq wkh wh{w duh lq wkh dsshqgl{1

:



wkh vdph dprxqw rq ghihqfh1 Wkh qrq0shuyhuvlw| dvvxpswlrq lv

R�ES� : RfES� +D5,

Lw lv ohvv reylrxv zkhwkhu ghihqfh h{shqglwxuh kdv d odujhu ru vpdoohu pdujlqdo
h�hfw iru wkh krqhvw ru wkh glvkrqhvw1 Zh frxog dujxh wkdw d jrrg txdolw|
+kljk frvw, odz|hu zloo pdnh pruh gl�huhqfh zkhq wkh hylghqfh djdlqvw wkh
dffxvhg lv vwurqjhu +ehfdxvh kh lv jxlow|, vr wkdw

R�

�
ES� 	 R�

f
ES� 	 f +D6,

Krzhyhu/ ghihqfh h{shqglwxuh frxog kdyh d juhdwhu pdujlqdo h�hfw iru wkh
lqqrfhqw=

R�

f
ES� 	 R�

�
ES� 	 f�

Iru h{dpsoh/ vhdufklqj iru zlwqhvvhv zkr zloo whvwli| wkdw wkh dffxvhg zdv
hovhzkhuh zkhq wkh fulph zdv frpplwwhg pd| eh ohvv frvwo| li kh lv lqqrfhqw
wkdq li kh lv jxlow|1

Xvlqj wkh �uvw rughu frqglwlrqv lw lv vwudljkwiruzdug wr hvwdeolvk

Sursrvlwlrq 5 Iru s : sJ

�
glvkrqhvw dffxvhgv vshqg pruh rq ohjdo ghihqfh

wkdq krqhvw dffxvhg li wkhlu ghihqfh h{shqglwxuh kdv d juhdwhu pdujlqdo h�hfw
+D6 krogv,1 Iru s 5 EsJ

f
c 8�� dqg iru s � 8f glvkrqhvw dffxvhgv vshqg ohvv rq

ohjdo ghihqfh wkdq krqhvw dffxvhg li wkhlu ghihqfh h{shqglwxuh kdv d vpdoohu
pdujlqdo h�hfw

Sduw +d, ri Iljxuh 5 looxvwudwhv iru wkh fdvh lq zklfk ghihqfh h{shqglwxuh
lv pruh surgxfwlyh iru wkh glvkrqhvw wkdq wkh krqhvw1 Lq sduw +e, ghihqfh
h{shqglwxuh lv pruh surgxfwlyh iru wkh krqhvw1

Li wkh pdujlqdo h�hfw ri ghihqfh h{shqglwxuh lv odujhu iru krqhvw dffxvhg/
Sursrvlwlrq 5 dqg wkh qrq0shuyhuvlw| dvvxpswlrq D5 lpso| wkdw wkh| kdyh d
vpdoohu suredelolw| ri frqylfwlrq wkdq wkh glvkrqhvw1 Krzhyhu/ li wkh pdujlqdo
h�hfw ri ghihqfh h{shqglwxuh lv juhdwhu iru wkh glvkrqhvw/ wkh| frxog vshqg
vx!flhqwo| pruh rq ghihqfh wr r�vhw wkhlu glvdgydqwdjh lq kdylqj d kljkhu
frqylfwlrq suredelolw| dw jlyhq ohyhov ri ghihqfh h{shqglwxuh1 Khqfh wkhuh
frxog eh d R suredelolw| uhyhuvdo = R�ES�Es�� 	 RfESfEs ��1

Li wkh glvkrqhvw dffxvhg kdyh d vpdoohu frqylfwlrq suredelolw| wkdq wkh
krqhvw lw lv dovr srvvleoh wkdw wkh| kdyh d vpdoohu xqfrqglwlrqdo suredelolw|
ri ehlqj frqylfwhg= ^�R�ES�Es �� 	 ^fRfESfEs��1 Dv zh zloo vhh vkruwo|/ vxfk d
^R suredelolw| uhyhuvdo lpsolhv wkdw/ zkhq erwk krqhvw dqg glvkrqhvw suhihu d
ohyho ri ghihqfh h{shqglwxuh zklfk hqdeohv wkhp wr sd| wkh �qh li frqylfwhg/

;
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Iljxuh 5= Ohjdo ghihqfh h{shqglwxuh zkhq h{shqglwxuh lv pruh surgxfwlyh
iru +d, wkh glvkrqhvw dqg +e, wkh krqhvw

lqfuhdvhv lq wkh �qh zloo lqfuhdvh wkh dprxqw ri fulph1 Zh zloo uhvwulfw dw0
whqwlrq wr wkh pruh sodxvleoh fdvh lq zklfk wkhuh lv qr ^R suredelolw| uhyhuvdo
dqg wkh glvkrqhvw kdyh d juhdwhu xqfrqglwlrqdo frqylfwlrq suredelolw| wkdq
wkh krqhvw=

� : ^�R�ES�Es�� : ^fRfESfEs �� : f +D7,

Ghwhuuhqfh srolf| lv frqvlghudeo| d�hfwhg e| zkhwkhu wkh krqhvw ru wkh
glvkrqhvw duh wkh �uvw wr fkrrvh edqnuxswf| dv wkh �qh lqfuhdvhv1 Dffxvhgv
suhihu wkh rswlpdo qrq0edqnuxswlqj h{shqglwxuh dv orqj dv �?

�
Es� h{fhhgv �K

�
1

Lqfuhdvhv lq wkh �qh uhgxfh �?
�
dw wkh udwh R� ES

W

�
Es �� dqg kdyh qr h�hfw rq �K

�
1

Krqhvw dqg glvkrqhvw kdyh wkh vdph h{shfwhg xwlolw| iurp qrq0edqnuxswf|
zlwk d }hur �qh1 Zlwk qr suredelolw| uhyhuvdo �?

�
zloo idoo idvwhu wkdq �?

f
dv s

lqfuhdvhv1 Krzhyhu/ wklv grhv qrw lpso| wkdw wkh glvkrqhvw zloo eh wkh �uvw
wr fkrrvh edqnuxswf| dv s lqfuhdvhv= wkhlu h{shfwhg xwlolw| iurp edqnuxswf|
lv vpdoohu wkdq wkdw ri krqhvw dffxvhgv1 Dowkrxjk �?

�
idoov idvwhu wkdq �?

f
lw

pxvw idoo ixuwkhu ehiruh wkh glvkrqhvw suhihu edqnuxswf|1
Li wkhuh lv suredelolw| uhyhuvdo/ vr wkdw �?

�
idoov pruh vorzo| wkdq �?

f
dv s

lqfuhdvhv/ wkh krqhvw zloo fkrrvh edqnuxswf| ehiruh wkh glvkrqhvw= 8f 	 8�1
Wkh frqyhuvh grhv qrw krog/ vr wkdw li wkhuh lv qr suredelolw| uhyhuvdo zh
fdqqrw frqfoxgh wkdw wkh glvkrqhvw zloo fkrrvh edqnuxswf| ehiruh wkh krqhvw1

Wkh fdvh lq zklfk wkh glvkrqhvw fkrrvh edqnuxswf| ehiruh wkh krqhvw
vhhpv pruh sodxvleoh dqg zh zloo riwhq pdnh wklv dvvxpswlrq=

8� 	 8f +D8,

<



515 Krqhvw| yhuvxv glvkrqhvw|

Li krqhvw/ dq lqglylgxdo kdv h{shfwhg xwlolw|=

TfESf� ' E� � ^f�+ n ^f�fESf�

zkhuhdv d glvkrqhvw lqglylgxdo kdv h{shfwhg xwlolw|

T�ES�� ' E� � ^��+ n ^���ES�� n K

Wkh lqglylgxdo frpplwv d fulph li dqg rqo| li T� : Tf ru htxlydohqwo|

K : 5ESfc S�c sc +� ' E�� ^f�+ n ^f�fESf�� E� � ^��+ � ^���ES�� +6,

Vlqfh wkh sursruwlrq ri lqglylgxdov fkrrvlqj krqhvw| lv CE5� zh fdq gh�qh 5
dv wkh dprxqw ri ghwhuuhqfh surgxfhg e| wkh fulplqdo mxvwlfh v|vwhp1

Zkhq wkh glvkrqhvw fkrrvh edqnuxswf| li frqylfwhg dw d orzhu �qh wkdq
wkh krqhvw E8� 	 8f�/ zh kdyh

5 ' ^�dR�s n SW
�
o� ^fdRfs n SW

f
oc s � 8� +7,

' ^�dR�+ n E�� R��S
WW

�
o� ^fdRfs n SW

f
oc 8� 	 s � 8f +8,

' ^�dR�+ n E�� R��S
WW

�
o� ^fdRf+ n E�� R��S

WW

f
oc 8f 	 s +9,

Zkhq 8f 	 8� wkh ghwhuuhqfh ixqfwlrq kdv wkh vdph irup dv +7, iru s 5 Efc 8fo
dqg dv +9, iru s 5 E8�c4�/ exw

5 ' ^�dR�s n SW
�
o� ^fdRf+ n E� � Rf�S

WW

f
oc 8f 	 s � 8� +:,

H{dplqdwlrq ri wkh ghwhuuhqfh ixqfwlrq hvwdeolvkhv

Sursrvlwlrq 6 Ghwhuuhqfh lv d frqwlqxrxv ixqfwlrq ri wkh �qh1 Li D7 krogv/
wkhq +d, li 8� 	 8f/ ghwhuuhqfh lv lqfuhdvlqj lq wkh �qh xs wr 8�= _5*_s '
^�R� � ^fRf : f/ ghfuhdvlqj ryhu wkh udqjh E8�c 8f�= _5*_s ' �^fRf 	 f/ dqg
frqvwdqw wkhuhdiwhu> +e, li 8f 	8�/ ghwhuuhqfh lv lqfuhdvlqj lq wkh �qh xs wr
8� dqg frqvwdqw wkhuhdiwhu1

Iljxuh 6 looxvwudwhv1 Lq sduw +d,/ zkhuh 8� 	 8f/ lqfuhdvhv lq wkh �qh wr
8� pdnh furrnv dqg krqhvw lqglylgxdov zruvh r�/ hyhq wkrxjk wkh| uhvsrqg
e| lqfuhdvlqj wkhlu ghihqfh h{shqglwxuh1 Wkh furrnv vx�hu d odujhu idoo lq
h{shfwhg xwlolw| dqg vr pruh lqglylgxdov fkrrvh wr eh krqhvw1 Ryhu wkh
udqjh d8�/8fo/ furrnv duh xqd�hfwhg e| lqfuhdvhv lq wkh �qh vlqfh wkh| duh
edqnuxswhg li irxqg jxlow|/ zkhuhdv krqhvw lqglylgxdov duh pdgh zruvh r�1
Khqfh wkh jdlq iurp fulph frpsduhg wr krqhvw| lqfuhdvhv1 Zlwk d �qh odujh
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(a) (b)

Iljxuh 6= H�hfw ri �qh rq ghwhuuhqfh 5Es� zkhq +d, wkh glvkrqhvw fkrrvh
edqnuxswf| ehiruh wkh krqhvw dqg +e, wkh krqhvw fkrrvh edqnuxswf| ehiruh
wkh glvkrqhvw1

hqrxjk wr pdnh doo w|shv ri frqylfwhg dffxvhg suhihu edqnuxswf| li frqylfwhg/
ixuwkhu lqfuhdvhv lq wkh �qh kdyh qr h�hfw rq wkh h{shfwhg xwlolw| ri hlwkhu
furrnv ru krqhvw lqglylgxdov1

Iljxuh 6+e, vkrzv wkh fdvh zkhuh 8f 	 8�1 Wkh h{shfwhg xwlolw| ri wkh
glvkrqhvw idoov idvwhu wkdq wkdw ri wkh krqhvw xs wr 8f/ vr ghwhuuhqfh lqfuhdvhv1
Rqfh wkh krqhvw kdyh fkrvhq wr eh edqnuxsw li frqylfwhg/ lqfuhdvhv lq wkh �qh
rqo| d�hfw wkh glvkrqhvw/ vr wkdw wkh �qh kdv d juhdwhu pdujlqdo ghwhuuhqfh
h�hfw dqg wkh ghwhuuhqfh ixqfwlrq lv nlqnhg xszdugv dw 8f1 Rqfh erwk jurxsv
suhihu edqnuxswf| zkhq frqylfwhg/ ixuwkhu lqfuhdvhv lq �qh kdyh qr dgglwlrqdo
ghwhuuhqw h�hfw1

516 W|sh 4 dqg LL huuruv dqg ghwhuuhqfh

Lw lv zhoo nqrzq +Plfhol/ 4<<3, wkdw wkh h{lvwhqfh ri w|sh L dqg w|sh LL oh0
jdo huuruv zhdnhqv ghwhuuhqfh ehfdxvh wkh srvvlelolw| ri zurqjixo duuhvw dqg
frqylfwlrq uhgxfhv wkh h{shfwhg xwlolw| iurp ehlqj krqhvw dqg wkh srvvlelolw|
ri hvfdslqj sxqlvkphqw lqfuhdvhv wkh h{shfwhg xwlolw| iurp glvkrqhvw|1 Wkh
lpsolfdwlrqv ri w|sh L dqg w|sh LL huuruv duh ohvv vwudljkwiruzdug rqfh ohjdo
ghihqfh h{shqglwxuh lv doorzhg iru1

Wkh dffxvhgv* delolw| wr vshqg prqh| wr uhgxfh wkhlu frqylfwlrq sured0
elolw| zkhq duuhvwhg lqfuhdvhv wkhlu h{shfwhg xwlolw| frpsduhg zlwk qr h{0
shqglwxuh= T�ES�Es�� : T�Ef�1 Zkdw pdwwhuv iru ghwhuuhqfh lv wkh gl�huhqfh
ehwzhhq wkh h{shfwhg xwlolwlhv ri krqhvw dqg glvkrqhvw lqglylgxdov1 Wkh idfw

44



wkdw T�ES�Es�� : T�Ef� lpsolhv qrwklqj derxw zkhwkhu TfESfEs�� �T�ES�Es �� lv
juhdwhu ru ohvv wkdq TfEf� �T�Ef�1 Krzhyhu li wkhuh duh qr w|sh L huuruv/ vr
wkdw rqo| wkh glvkrqhvw hqjdjh lq ghihqfh h{shqglwxuh zklfk lqfuhdvhv wkhlu
h{shfwhg xwlolw|/ ghihqfh h{shqglwxuh pxvw uhgxfh ghwhuuhqfh1 Zh kdyh

Sursrvlwlrq 7 Lq wkh suhvhqfh ri w|sh L dqg w|sh LL huuruv/ shuplwwlqj gh0

ihqfh h{shqglwxuh e| dffxvhg lqglylgxdov pd| lqfuhdvh ru uhgxfh wkh dprxqw

ri fulph= 5ESfEs�c S�Es�c s� pd| eh ohvv wkdq ru juhdwhu wkdq 5Efc fc s�1 Li

wkhuh duh qr w|sh L huuruv E^fRf ' f� shuplwwlqj ohjdo ghihqfh h{shqglwxuh

uhgxfhv ghwhuuhqfh1

6 Zhoiduh pd{lplvlqj ghwhuuhqfh

614 Rswlpdo �qh srolf|

Ghwhuuhqfh dfwlylwlhv jhqhudwh dq lqfuhdvh lq sxeolf vhfwru h{shqglwxuh/ htxdo
wr wkh frvw ri srolflqj ohvv wkh h{shfwhg uhfhlswv iurp �qhv/ zklfk lv fryhuhg
e| oxps vxp wd{hv A lpsrvhg hovhzkhuh lq wkh hfrqrp|1 Zh dvvxph lq
h�hfw wkdw zh duh frqfhuqhg zlwk ghwhuuhqfh lq d vpdoo duhd ru vhfwru zkrvh
srwhqwldoo| glvkrqhvw srsxodwlrq lv vpdoo lq uhodwlrq wr wkh wrwdo srsxodwlrq
ri wkh hfrqrp|1 Khqfh fkdqjhv lq A uhvxowlqj iurp fkdqjhv lq wklv vhfwru
kdyh d qhjoljleoh h�hfw rq wkh wd{ eloov ri wkh srsxodwlrq lq wkh vhfwru1 Wkh
dvvxpswlrq hqdeohv xv wr ljqruh wkh srwhqwldo frpsolfdwlrqv zklfk zrxog
uhvxow iurp fkdqjhv A ohdglqj wr fkdqjhv lq wkh fulwlfdo ohyhov 8� dw zklfk
dffxvhg zrxog suhihu edqnuxswf| li frqylfwhg1

Zhoiduh lv wkh xqzhljkwhg vxp ri wkh h{shfwhg xwlolwlhv ri krqhvw dqg
glvkrqhvw lqglylgxdov dqg wkh wd{sd|huv dqg fdq eh zulwwhq dv

` ' ` ESfEs �c S�Es �c 5ESfEs�c S�Es�c s�c s � '

]
5

f

Tf_Cn

]
"

5

dT� � �o_C� A

' + n

]
"

5

EK� ��_C�6�CE5�^fSf � d� �CE5�o ^�S� +;,

zkhuh 5E�� lv gh�qhg e| +6, dqg 6 lv wkh �{hg ohyho ri srolflqj h{shqglwxuhv1
Qrwlfh wkdw wkh vrfldo frqvhtxhqfhv ri ohjdo ghihqfh/ dv rssrvhg wr lwv sulydwh
frqvhtxhqfhv/ duh vroho| ghwhuplqhg e| lwv lpsdfw rq ghwhuuhqfh dqg e| lwv
frvw1

Zh dvvxph wkdw wkh sodqqhu fdqqrw revhuyh zkhwkhu dq lqglylgxdo lv
krqhvw ru qrw/ qru fdq vkh revhuyh wkh ohyho ri dq| lqglylgxdo*v ghihqfh h{0
shqglwxuh1 Zh vxssrvh lqlwldoo| wkdw khu rqo| srolf| lqvwuxphqw lv wkh �qh18

8Lqfuhdvlqj srolflqj h{shqglwxuhv p zloo lqfuhdvh wkh duuhvw udwhv tl1 Vlqfh w|sh L
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Zh qrwhg deryh wkdw ghwhuuhqfh lv d nlqnhg ixqfwlrq ri wkh �qh dw 8� dqg
8f dqg wkdw ghihqfh h{shqglwxuh mxpsv dw wkhvh srlqwv1 D pruh oderulrxv
dssurdfk wkdq wkh fdofxoxv lv uhtxluhg wr ghulyh

Sursrvlwlrq 8 Dvvxph wkdw D7 krogv1 Wkh rswlpdo �qh dozd|v ohdyhv glv0

krqhvw lqglylgxdov zlwk srvlwlyh zhdowk li frqylfwhg= s W � 8�1 Li 8�	 8f erwk

krqhvw lqglylgxdov dqg glvkrqhvw lqglylgxdov kdyh srvlwlyh zhdowk li frqylfwhg1

Wkh ghulydwlyh ri zhoiduh zlwk uhvshfw wr wkh �qh h{lvwv dqg lv frqwlqxrxv
h{fhsw dw 8f dqg 8� dqg zh fdq rewdlq vrph lqwxlwlrq derxw wkh uhvxow e|
h{dplqlqj

_`

_s
' `55s n

[
`S�S�s

' dE�� 5� n E^�S� � ^fSf�o }E5�5s � ^fCSfs � ^�E� �C�S�s +<,

Vxssrvh wkdw wkh glvkrqhvw fkrrvh edqnuxswf| ehiruh wkh krqhvw E8f :

8��1 Lqfuhdvhv lq wkh �qh kdyh qr h�hfw rq ghihqfh h{shqglwxuhv iru dq
lqglylgxdo ri w|sh � li wkh �qh h{fhhgv 8� +vhh Sursrvlwlrq 4,1 Khqfh iru
s : 8f : 8� wkh odvw wzr whupv lq +< , duh }hur dqg vr lv wkh �uvw whup/
vlqfh ghwhuuhqfh lv qrw d�hfwhg1 Frqvhtxhqwo|/ wkh pdujlqdo ydoxh ri wkh �qh
lv }hur iru s : 8f : 8�1

Iru 8f : s : 8� wkh �uvw whup lq +<, lv qhjdwlyh ehfdxvh ghwhuuhqfh lv
uhgxfhg lq wklv udqjh +Sursrvlwlrq 6,1 Vlqfh Sfs lv srvlwlyh dqg S�s lv }hur/
wkh pdujlqdo ydoxh ri wkh �qh lv qhjdwlyh iru wklv udqjh1

Iru 8f : 8� : s lqfuhdvhv lq wkh �qh gr lqfuhdvh ghwhuuhqfh vr wkdw wkh
�uvw whup lq +<, lv srvlwlyh1 Wkh vhfrqg dqg wklug whupv duh qhjdwlyh vr wkdw
dq lqwhulru rswlpdo �qh lv srvvleoh lq wklv udqjh1

dqg LL huuruv dqg ghihqfh h{shqglwxuhv kdyh qr qhz lpsolfdwlrqv iru rswlpdo srolflqj

h{shqglwxuh/ zh vlpsoli| e| dvvxplqj wkdw p lv �{hg1 Wkh vwdqgdug pd{lpdo �qh uhvxow

lv gulyhq e| wkh idfw wkdw wkh �qh lv d frvwohvv lqvwuxphqw zklfk fdq eh vxevwlwxwhg iru

frvwo| srolflqj h{shqglwxuh1 Krzhyhu/ rxu ghprqvwudwlrq wkdw wkh rswlpdo �qh grhv qrw

edqnuxsw glvkrqhvw dffxvhg grhv qrw ghshqg rq wkh �{lw| ri p1 Lip zdv d srolf| yduldeoh

lw zrxog eh rswlpdoo| fkrvhq zkhq

^+k� }, . +t4f4 � t3f3,` j+},}p � 4 @ 3

lpso|lqj

gZ

gi
@ �

gp

gi

�
�
�
�
}

� t3Jf3i � t4+4�J,f4i

vr wkdw gZ@gi qhhg qrw eh srvlwlyh hyhq wkrxjk lqfuhdvhv lq wkh �qh shuplw uhgxfwlrqv lq

frvwo| srolflqj1
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Lq wkh shukdsv ohvv sodxvleoh fdvh lq zklfk wkh krqhvw duh edqnuxsw ehiruh
wkh glvkrqhvw E8f 	 8�� ghwhuuhqfh lv lqfuhdvlqj zlwk wkh �qh xs wr s ' 8�

dqg frqvwdqw wkhuhdiwhu1 Vlqfh ghihqfh frvwv lqfuhdvh zlwk s lw lv djdlq srvvl0
eoh wkdw wkh rswlpdo �qh grhv qrw pd{lplvh ghwhuuhqfh dqg ohdyhv hlwkhu wkh
glvkrqhvw/ ru erwk wkh krqhvw dqg glvkrqhvw zlwk srvlwlyh zhdowk li frqylfwhg1

Wkhvh dujxphqwv vxjjhvw wkdw wkh zhoiduh pd{lplvlqj �qh fdqqrw h{fhhg
8� dqg wkdw wkhuh duh wzr w|shv ri rswlpdo �qh ghshqglqj rq wkh uhodwlyh
pdujlqdo lpsruwdqfh ri wkh �qh*v lpsdfw rq ghwhuuhqfh dqg lq uhgxflqj gh0
ihqfh h{shqglwxuh=9

fulwlfdo �qh= sW ' 8�1 Li ghwhuuhqfh kdv d kljk pdujlqdo ydoxh uhodwlyh
wr wkh pdujlqdo frvw ri ghihqfh h{shqglwxuh/ wkhq rxu dvvxpswlrq wkdw doo
glvkrqhvw lqglylgxdov fkrrvh SW

�
E8�� dw 8� phdqv ghwhuuhqfh fdq eh lqfuhdvhg

wr lwv pd{lpdo h{whqw zlwkrxw wuljjhulqj d mxps lq ghihqfh h{shqglwxuh1
Glvkrqhvw dffxvhg duh qrw edqnuxswhg li qrw frqylfwhg1 Krqhvw lqglylgxdov
duh dovr ohiw zlwk srvlwlyh zhdowk ru edqnuxsw li frqylfwhg ghshqglqj rq
zkhwkhu 8� 	 8f ru 8� : 8f1

lqwhulru �qh= sW 	 8�1 Li lqfuhdvhv lq wkh �qh ohdg wr dq lqfuhdvh lq
ghihqfh h{shqglwxuh zklfk lv odujh uhodwlyh wr wkh fkdqjh lq ghwhuuhqfh wkhuh
zloo eh d lqwhulru vroxwlrq lq zklfk wkh rswlpdo �qh lv ohvv wkdq wkh fulwlfdo
8� dqg wkh glvkrqhvw duh qrw edqnuxswhg e| wkh �qh1 Li 8� 	 8f wkh krqhvw
zloo kdyh srvlwlyh zhdowk li frqylfwhg exw pd| eh edqnuxsw li 8� : 8f1

Lq prghov zlwk w|sh L dqg LL huuruv exw qr ghihqfh h{shqglwxuhv wkh
edqnuxswf| frqvwudlqw lv mxvw + � s iru erwk krqhvw dqg glvkrqhvw dffxvhg1
Vlqfh wkhuh lv qr ^R suredelolw| uhyhuvdo lq vxfk prghov/ lqfuhdvhv lq wkh
�qh dozd|v lqfuhdvh ghwhuuhqfh dqg gr qrw lqfuhdvh vrfldoo| frvwo| ghihqfh
h{shqglwxuhv1 Khqfh wkh rswlpdo �qh lv dv odujh dv srvvleoh= sW ' +1 Wkxv
lw lv ghihqfh frvwv/ udwkhu wkdq wkh suhvhqfh ri w|sh L dqg w|sh LL zklfk
srwhqwldoo| ryhuwxuq wkh Ehfnhu +4<9;, pd{lpdo �qh uhvxow zkhq lqglylgxdov
duh ulvn qhxwudo1 Dowkrxjk wkh �qh lv d ghwhuuhqw lw lv dovr d vwlpxoxv wr
vrfldoo| zdvwhixo h{shqglwxuh e| wkh dffxvhg1

Grhv �sxqlvkphqw �w wkh fulph� lq wkh vhqvh wkdw wkh glvkrqhvw idfh dq
h{shfwhg shqdow| htxdo wr wkh gluhfw vrfldo kdup wkh| lpsrvh= 5 ' �B Lq wkh
vwdqgdug Ehfnhu +4<9;, prgho wkh sxqlvkphqw lv ohvv wkdq wkh kdup ehfdxvh
srolflqj kdv d srvlwlyh pdujlqdo frvw1 Wkh pdujlqdo ydoxh ri ghwhuuhqfh lv
srvlwlyh dw wkh rswlpxp ehfdxvh ghwhuuhqfh kdv d srvlwlyh pdujlqdo frvw1
Lq rxu prgho zkhuh wkhuh duh ghihqfh frvwv dqg ohjdo huuru wkh pdujlqdo

9Li dq| ri wkh glvkrqhvw dffxvhg fkrrvh f��
4

udwkhu wkdq f�
4
+I4, zkhq i @ I4 wkh zhoiduh

sureohp pd| kdyh qr vroxwlrq1 Zhoiduh zrxog eh dozd|v eh juhdwhu dw vrph �qh voljkwo|

ohvv wkdq I4 wkdq dw I4 ehfdxvh ri wkh xszdug mxps lq ghihqfh h{shqglwxuh e| dffxvhgv

zkr fkrrvh f��
4

dw I41
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vrfldo ehqh�w iurp ghwhuulqj dq dgglwlrqdo fulplqdo zloo dovr eh srvlwlyh dw
wkh rswlpxp1 Wkh pdujlqdo vrfldo ehqh�w iurp ghwhuuhqfh lv wkh qhw vrfldo
frvw ri wkh pdujlqdo fulph E� � K� ' E� � 5� soxv wkh h{shfwhg lqfuhdvh lq
h{shqglwxuh ri fulplqdov frpsduhg wr krqhvw lqglylgxdov E^�S�� ^fSf�1 Zkhq
D6 krogv/ vr wkdw fulplqdov vshqg pruh rq ghihqfh wkdq krqhvw dffxvhg/ wkh
odwwhu whup lv srvlwlyh1 Khqfh d srvlwlyh pdujlqdo vrfldo ydoxh ri ghwhuuhqfh
grhv qrw qhfhvvdulo| lpso| wkdw wkh ehqh�w wr wkh pdujlqdo fulplqdo E5� lv ohvv
wkdq wkh vrfldo kdup iurp klv fulph1 Fulplqdov pd| idfh h{shfwhg shqdowlhv
zklfk h{fhhg wkh gluhfw kdup wkh| lq lfw1

615 Vrfldo ydoxh ri ohjdo ghihqfh h{shqglwxuh

Zh qrz whpsrudulo| dvvxph wkdw lw lv srvvleoh wr lghqwli| furrnv dqg krqhvw
lqglylgxdov dqg wr frqwuro wkhlu ghihqfh h{shqglwxuh1 Wkh dlp ri wkh dvvxps0
wlrq lv wr ixuwkhu lqyhvwljdwh wkh zhoiduh lpsolfdwlrqv ri ghihqfh h{shqglwxuh/
udwkhu wkdq wr vxjjhvw uhdolvwlf srolf| suhvfulswlrqv1

Zkhq ghihqfh h{shqglwxuh lv gluhfwo| frqwuroohg lw fdq eh xvhg wr dowhu
ghwhuuhqfh dqg wkh zhoiduh ixqfwlrq lv zulwwhq dv` ESfc S�c 5ESfcS�c s �c s �1 Wkh
h�hfw rq zhoiduh ri d pdujlqdo lqfuhdvhv lq ghihqfh h{shqglwxuh e| wkh w|sh
� dffxvhg lv

`55S� n`S� +43,

Dw wkh sulydwho| fkrvhq ghihqfh h{shqglwxuhv S�Es � wkh �uvw whup lv }hur vlqfh
5 lv wkh gl�huhqfh ehwzhhq h{shfwhg xwlolwlhv zklfk duh pd{lplvhg e| sulydwh
fkrlfh ri ghihqfh h{shqglwxuhv1 Wkh vhfrqg whup lv dozd|v qhjdwlyh1

Sursrvlwlrq 9 Wkh fkrlfhv ri ghihqfh h{shqglwxuh e| krqhvw dqg glvkrqhvw

dffxvhg duh qrw �uvw ehvw vrfldoo| rswlpdo1 Wkh �uvw ehvw h{shqglwxuh e| krqhvw

dffxvhgv lv ohvv wkdq wkh sulydwho| rswlpdo ohyho dqg pd| eh }hur1 Wkh �uvw ehvw

h{shqglwxuh e| glvkrqhvw dffxvhgv lv hlwkhu }hur ru juhdwhu wkdq wkh sulydwho|

rswlpdo ohyho1

Dw S� ' f ghihqfh h{shqglwxuh lqfuhdvhv wkh h{shfwhg xwlolw| ri erwk w|shv
ri lqglylgxdo dqg vr 5Sf : f dqg 5S� 	 f1 Khqfh wkh �uvw whup lq +43, lv
srvlwlyh iru krqhvw lqglylgxdov dqg wkh pdujlqdo vrfldo ydoxh ri Sf fdq eh
srvlwlyh1

Wkh pdujlqdo vrfldo ydoxh ri S� dw S� ' f lv qhjdwlyh1 Wklv grhv qrw/
krzhyhu/ phdq wkdw wkh �uvw ehvw vrfldoo| rswlpdo ydoxh ri S� lv }hur1 Lw pd|
eh srvvleoh wr vhw lw dw vxfk d kljk ohyho/ zklfk pxvw h{fhhg SW

�
Es�/ wkdw wkh

glvkrqhvw lqglylgxdo kdv d orzhu h{shfwhg xwlolw| wkdq li S� zdv }hur1 Iru
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h{dpsoh/ vhwwlqj S� ' + ohdyhv wkh glvkrqhvw lqglylgxdo zlwk }hur zhdowk
zkhwkhu frqylfwhg ru dftxlwwhg dqg d orzhu h{shfwhg xwlolw| wkdq li S� ' f1
Wkh uhvxowlqj lqfuhdvh lq ghwhuuhqfh pd| eh zruwk wkh dgglwlrqdo ghihqfh
frvwv1

7 Uhjxodwlqj ghihqfh frvwv

Zh qrz frqvlghu ydulrxv srolflhv zklfk fdq eh dgrswhg wr d�hfw wkh ghihqfh
h{shqglwxuh ri dffxvhg1 Wkh uhjxodwru*v lqirupdwlrq lv olplwhg= vkh revhuyhv
wkh uhvxowv ri wkh wuldo/ exw vkh grhv qrw revhuyh K/ qru lqglylgxdo ghihqfh
h{shqglwxuhv/ qru zkhwkhu dq lqglylgxdo frpplwwhg d fulph1 Wkh uhjxodwru*v
ihdvleoh srolflhv/ lq dgglwlrq wr wkh �qh/ lqfoxgh d olplw rq sulydwh ghihqfh
h{shqglwxuh e| dffxvhg/ d edq rq sulydwh ghihqfh h{shqglwxuhv dqg surylvlrq
ri wkh vdph ohyho ri ghihqfh h{shqglwxuh wr doo dffxvhg +d sxeolf ghihqghu
v|vwhp,/ d wd{ ru vxevlg| rq ghihqfh h{shqglwxuh/ dqg frpshqvdwlrq iru
dffxvhgv zkr duh dftxlwwhg1

714 Olplw rq sulydwh ohjdo ghihqfh h{shqglwxuh

Vxssrvh wkdw D6 dqg D8 krog vr wkdw wkh krqhvw vshqg ohvv rq ghihqfh dqg
fkrrvh edqnuxswf| dw d kljkhu �qh wkdq wkh glvkrqhvw1 Zkhq wkh uhjxodwru
fdq �{ wkh pd{lpxp dprxqw 7S zklfk dffxvhgv fdq vshqg rq wkhlu ghihqfh
lw fdqqrw eh rswlpdo wr vhw 7S : SW

f
Es �1 Vhwwlqj 7S � SWW

�
grhv qrw frqvwudlq

wkh fkrlfhv ri hlwkhu w|sh ri dffxvhg1 Li 7S 5 ESW
�
Es �c SWW

�
� uhgxflqj 7S wr SW

f
Es �

uhgxfhv wkh ghihqfh h{shqglwxuh ri wkh glvkrqhvw dqg pdnhv wkhp zruvh r�1
Wkh uhgxfwlrq lq 7S lq wklv udqjh grhv qrw d�hfw wkh h{shfwhg xwlolw| ri wkh
krqhvw ru wkhlu ghihqfh h{shqglwxuh1 Khqfh ghwhuuhqfh lqfuhdvhv dqg ghihqfh
h{shqglwxuh idoov/ vr wkdw zhoiduh pxvw lqfuhdvh1 Wkh uhjxodwru fdq wkhuhiruh
uhvwulfw dwwhqwlrq wr 7S � SW

f
Es � dqg krqhvw dqg glvkrqhvw dffxvhg zloo fkrrvh

Sf ' S� ' 7S1
Wkh uhjxodwru*v sureohp lv wr fkrvh s dqg 7S wr pd{lpl}h zhoiduh +;, dqg/

vlqfh �qhv zklfk edqnuxsw wkh dffxvhg kdyh qr pdujlqdo zhoiduh lpsdfw/ zh
frqvwudlq srolf| e| + � S� s � f1 Ghwhuuhqfh lv

5 ' ^�dR�E7S�s n 7So� ^fdRfE7S�s n 7So +44,

zklfk lv lqfuhdvlqj lq s = 5s ' ^�R�E7S�� ^fRfE7S� : f e| D4 dqg D51 Zh kdyh
dvvxphg +D6, wkdw wkh ghihqfh h{shqglwxuh ri wkh glvkrqhvw kdv d juhdwhu
pdujlqdo surgxfw/ vr ghwhuuhqfh lv ghfuhdvlqj lq 7S=

57S ' ^�dR
�

�
E7S�s n �o� ^fdR

�

f
E7S�s n �o 	 f +45,
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e| D4 dqg wkh idfw wkdw 7S � SW
f
Es � 	 SW

�
Es�1

Wkh srolf| Odjudqjhdq lv u ' ` n bE+ � 7S � s� dqg wkh rswlpdo srolf|
vdwlv�hv

us ' `55s � b ' f +46,

u7S ' `557S n
[

`S� � b � fc 7S � fc u7S7S ' f +47,

Vlqfh juhdwhu ghwhuuhqfh lv zhoiduh lqfuhdvlqj/ dqg ghwhuuhqfh lv ghfuhdvlqj lq
7S dqg lqfuhdvlqj lq wkh �qh/ dqg zhoiduh lv ghfuhdvlqj lq ghihqfh h{shqglwxuh/
zh kdyh

Sursrvlwlrq : Li D6 dqg D8 krog/ wkh rswlpdo olplw rq ghihqfh h{shqglwxuh

lv }hur= 7SW ' f dqg wkh rswlpdo �qh lv pd{lpdo= s W ' +1

Zh vdz lq vhfwlrq 6 wkdw wkh sulydwho| rswlpdo ghihqfh h{shqglwxuh zdv
qrw �uvw ehvw rswlpdo1 Zh kdyh qrz hvwdeolvkhg wkdw wkh sulydwh/ xquhjxodwhg
htxloleulxp h{shqglwxuh lv dovr qrw vhfrqg ehvw rswlpdo= d frpsohwh edq rq
sulydwh ghihqfh h{shqglwxuh |lhogv d kljkhu zhoiduh wkdq wkh xquhjxodwhg
pdunhw htxloleulxp1 Lqghhg dq| elqglqj uhvwulfwlrq rq sulydwh ohjdo ghihqfh
h{shqglwxuh lqfuhdvhv zhoiduh frpsduhg zlwk wkh pdunhw htxloleulxp1

715 Sxeolf ghihqghu v|vwhp

Xqghu d sxeolf ghihqghu v|vwhp doo dffxvhg duh surylghg zlwk wkh vdph
dprxqw ri ohjdo ghihqfh Sf ' S� ' S zklfk lv sdlg iru e| wd{dwlrq udwkhu
wkdq e| wkh dffxvhg1 Dffruglqjo| zh qrz frqvwudlq srolf| e| + � s � f1
Ghwhuuhqfh lv

5 ' d^�R�ES�� ^fRfES�os +48,

dqg lqfuhdvhv lq S uhgxfh ghwhuuhqfh= 5S 	 f1 Wkh srolf| Odjudqjhdq lv yhu|
vlplodu wr fdvh zkhuh wkh uhjxodwru olplwv sulydwh ghihqfh h{shqglwxuh dqg
wkh �uvw rughu frqglwlrqv rq s dqg S duh lghqwlfdo wr wkrvh rq s dqg 7S 1 Wkh
vroxwlrq lv lghqwlfdo=

Sursrvlwlrq ; Wkh rswlpdo dprxqw ri sxeolfo| ixqghg ohjdo ghihqfh h{shq0

glwxuh lv }hur1 Wkh rswlpdo �qh lv pd{lpdo= s W ' +1
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716 Wd{hv rq ghihqfh frvwv

Li wkh uhjxodwru fdq lpsrvh d sursruwlrqdo wd{ | rq ghihqfh frvwv sdlg e|
hdfk ghihqgdqw wr wkhlu odz|huv/: wkh sulydwho| rswlpdo ghflvlrqv rq ghihqfh
h{shqglwxuh duh S�Esc |� dqg duh gh�qhg lq wkh lqwhulru vroxwlrq fdvhv zkhuh
s : sJ

� � |*R�

�Ef� e|

�dR�

�ES
W

� �s n � n |o ' f

�R�

�ES
WW

� �d+ � E� n |�SWW� o� d� � R�ES
WW

� �oE� n |� ' f

Srolf| lv qrz frpsolfdwhg e| wkh idfw wkdw wkh fulwlfdo �qhv 8� duh qrz
ixqfwlrqv ri wkh wd{ udwh1 Wkh ghwhuuhqfh ixqfwlrq lv lghqwlfdo wr +7, wr +:,/
h{fhsw wkdw wkh S� whupv duh uhsodfhg e| E� n |�S�1 Ghwhuuhqfh lv lqfuhdvlqj
lq wkh wd{ udwh iru s 	 4�?i8�c 8fj=

5| ' ^�S
W

�
� ^fS

W

f
: fc s 	 8�

exw dpeljxrxvo| vljqhg rwkhuzlvh1 Wkh dujxphqw xvhg iru Sursrvlwlrq 8
hqvxuhv wkdw/ iru jlyhq | wkh rswlpdo �qh grhv qrw h{fhhg 8�1 Zh fdq wkhuhiruh
prgho wkh uhjxodwruv* sureohp dv pd{lplvlqj zhoiduh vxemhfw wr frqvwudlqw
wkdw wkh glvkrqhvw fkrrvh qrw wr eh edqnuxsw zkhq frqylfwhg=

+ � E� n |�SW
�
� R�ES

W

�
�s � d�� R�ES

WW

�
�od+ � E� n |�SWW

�
o

Wkh sduwldo ghulydwlyhv ri wkh srolf| Odjudqjhdq zlwk uhvshfw wr wkh �qh dqg
wkh wd{ duh

us '`55s n
[

`S�S�s � bR�ES
W

�
Es�� +49,

u| '`55| n
[

`S�S�| n b id�� R�ES
WW

�
�oSWW

�
� SW

�
Es�j +4:,

zlwk vxlwdeoh ohiw dqg uljkw ghulydwlyhv dw s ' 8f li 8f 	 8�

Vxssrvh wkh vroxwlrq kdv dq lqwhulru �qh s W 	 8� dqg b ' f/ vr wkdw +4:,
lv srvlwlyh dv orqj dv wkhuh lv srvlwlyh ghihqfh h{shqglwxuh1 Khqfh wkh wd{
vkrxog eh udlvhg xqwlo ghihqfh h{shqglwxuh lv }hur1 Exw wklv zloo uhgxfh +49,
wr `55s zklfk lv srvlwlyh1 Khqfh wkh rswlpdo �qh pxvw eh fulwlfdo dqg wkh
frqvwudlqw zloo elqg1 Li wkh frqvwudlqw elqgv wkhq lw lv srvvleoh wkdw wkhuh lv
d vroxwlrq lq zklfk wkh odvw whup lq +4:, lv qhjdwlyh dqg vr wkh wd{ lv qrw vhw
dw d ohyho zklfk gulyhv ghihqfh h{shqglwxuh wr }hur1

:Zh dvvxph wkdw wkh wd{ lv dfwxdoo| froohfwhg iurp odz|huv/ udwkhu wkdq lqglylgxdo

ghihqgdqwv/ rwkhuzlvh wkh uhjxodwru fdq lqihu wkh ghihqgdqw*v w|sh iurp klv h{shqglwxuh1
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Sursrvlwlrq < Li D6 dqg D8 krog dqg lw lv srvvleoh wr wd{ ghihqfh h{shq0

glwxuh/ wkh rswlpdo �qh lv fulwlfdo= sW ' 8�E|W�1 Wkh rswlpdo wd{ |W pd|

eh vhw vr kljk wkdw ghihqfh h{shqglwxuh lv }hur/ eh srvlwlyh exw ohdyh srvlwlyh

ghihqfh h{shqglwxuh ru eh qhjdwlyh lqfuhdvlqj ghihqfh h{shqglwxuh deryh wkh

xquhjxodwhg htxloleulxp ohyho1

D vroxwlrq zlwk srvlwlyh ghihqfh h{shqglwxuh zloo rffxu rqo| li lqfuhdvlqj
wkh wd{ wljkwhqv wkh frqvwudlqw rq wkh �qh e| uhgxflqj wkh h{shfwhg xwlolw|
ri wkh glvkrqhvw e| ohvv li wkh| fkrrvh SWW

�
wkdq li wkh| fkrrvh SW

�
E8��1 Lw lv

srvvleoh wkdw ghihqfh h{shqglwxuh vkrxog eh vxevlglvhg wr uhod{ wkh frqvwudlqw
rq wkh h�hfwlyh �qh1

Dowkrxjk gluhfw uhjxodwlrq ri ghihqfh frvwv dqg wkh wd{ duh erwk h�hfwlyh
srolflhv iru frqwuroolqj ghihqfh h{shqglwxuh/ wkh vroxwlrqv wkh| |lhog pd| qrw
eh wkh vdph= wkh rswlpdo wd{ rq ghihqfh h{shqglwxuh qhhg qrw gulyh lw wr
}hur/ zkhuhdv wkh rswlpdo uhjxodwhg ohyho lv }hur1 Wkh gl�huhqfh ehwzhhq wkh
wzr vroxwlrqv dulvhv ehfdxvh ri wkh gl�huhqw lpsolfdwlrqv ri edqnuxswf| lq wkh
wzr srolf| uhjlphv1 Zkhq ghihqfh h{shqglwxuh lv frqvwudlqhg wkh edqnuxswf|
frqvwudlqw rq wkh �qh dulvhv vroho| ehfdxvh wkh �qh kdv qr pdujlqdo ghwhu0
uhqfh ydoxh zkhq lw edqnuxswv wkh dffxvhg1 Zlwk lqglylgxdov kdylqj dq
xqfrqvwudlqhg fkrlfh ri ghihqfh h{shqglwxuh edqnuxswf| fdxvhv dq xszdug
mxps lq vrfldoo| frvwo| ghihqfh h{shqglwxuh1

717 Frpshqvdwlrq iru dftxlwwhg lqglylgxdov1

Dowkrxjk krqhvw dqg glvkrqhvw lqglylgxdov duh qrw glvwlqjxlvkdeoh e| wkh
uhjxodwru/ wkh rxwfrph ri wkh wuldo ri hdfk dffxvhg lv revhuyhg1 Lw lv srvvleoh
wr sd| d frpshqvdwlrq w wr dq lqglylgxdo zkr lv dftxlwwhg/ vr wkdw h{shfwhg
lqfrph frqglwlrqdo rq ehlqj wulhg lv +�R�snE��R��w�S� ru E+�S�nw�E��R��
ghshqglqj rq zkhwkhu lqglylgxdo fkrrvhv wr eh edqnuxsw li frqylfwhg1

Iru jlyhq w wkh rswlpdo �qh grhv qrw h{fhhg 8� iru wkh xvxdo uhdvrqv dqg
zh ghulyh wkh rswlpdo frpshqvdwlrq srolf| dv

Sursrvlwlrq 43 Li wkh rswlpdo �qh lv lqwhulru wkhq wkh rswlpdo frpshqvd0

wlrq lv }hur dqg li wkh rswlpdo frpshqvdwlrq lv srvlwlyh wkh rswlpdo �qh lv

fulwlfdo= s W ' 8�1

Wkh lqwxlwlrq lv vwudljkwiruzdug lq wkh fdvh lq zklfk wkh glvkrqhvw duh
edqnuxsw ehiruh wkh krqhvw E8� 	 8f� vr wkdw wkh sulydwho| rswlpdo ghihqfh
h{shqglwxuhv vdwlvi|

�dR�

�
ESW

�
�Es n w� n �o ' f +4;,
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Ghwhuuhqfh lv

5 ' ^�dR�s n SW
�
� E�� R��wo� ^fdRfs n SW

f
� E�� Rf�wo +4<,

dqg

5w ' ^fE� � Rf�� ^�E�� R�� ' ^f � ^� n 5s 	 5s +53,

vr wkdw ghwhuuhqfh pd| lqfuhdvh ru idoo zkhq frpshqvdwlrq lv sdlg wr dftxlw0
whg dffxvhg1 D '4 lqfuhdvh lq s dqg lq frpshqvdwlrq kdyh lghqwlfdo h�hfwv rq
ghihqfh h{shqglwxuhv1 Krzhyhu/ wkh �qh kdv d pruh srzhuixo h�hfw rq ghwhu0
uhqfh1 Vxssrvh wkdw s 	 8� dqg wkdw w : f1 Wkhq dq lqfuhdvh lq wkh �qh dqg
dq htxdo uhgxfwlrq lq frpshqvdwlrq ohdyh ghihqfh h{shqglwxuh xqfkdqjhg exw
lqfuhdvhv ghwhuuhqfh1 Khqfh lw fdqqrw eh rswlpdo wr kdyh dq lqwhulru �qh dqg
srvlwlyh frpshqvdwlrq1 Zkhq wkh �qh lv fulwlfdo lw pd| eh zruwkzkloh wr lq0
wurgxfh frpshqvdwlrq iru dftxlwwhg dffxvhgv li wkh udwh dw zklfk ghwhuuhqfh
lv uhgxfhg lv vpdoo uhodwlyh wr wkh udwh dw zklfk wkh frqvwudlqw rq wkh �qh lv
uhod{hg1

Zh frqvwudlqhg wkh frpshqvdwlrq sdlg wr dftxlwwhg lqglylgxdov wr eh qrq0
qhjdwlyh1 Lw frxog eh zhoiduh lqfuhdvlqj wr shuplw qhjdwlyh frpshqvdwlrq
l1h1 wr shqdolvh wkh dftxlwwhg dv zhoo dv wkh frqylfwhg1 Li wkh vrfldo ydoxh
ri ghwhuuhqfh lv juhdw hqrxjk/ lqfuhdvlqj ghwhuuhqfh e| sxqlvklqj doo wkrvh
duuhvwhg frxog udlvh zhoiduh1 Vxfk d frqfoxvlrq vhhpv uhsxjqdqw/ vxjjhvwlqj
wkdw wkh zhoiduh fulwhuld dgrswhg vr idu lq wkh dqdo|vlv pd| eh  dzhg lq wkdw
lw qhjohfwv zkdw pdq| shrsoh zrxog frqvlghu wr eh lpsruwdqw dvshfwv ri d
mxvwlfh v|vwhp1

8 Mxvwlfh rulhqwdwhg zhoiduh ixqfwlrq

Wkh xqzhljkwhg xwlolwduldq zhoiduh ixqfwlrq +;, lv vwdqgdug exw grhv qrw uh0
 hfw wkh frpprq ylhz wkdw wkhuh duh dgglwlrqdo vrfldo frvwv iurp d mxvwlfh
v|vwhp zklfk idlov wr frqylfw vrph glvkrqhvw dffxvhg dqg frqylfwv vrph krq0
hvw lqglylgxdov1 Rq rffdvlrq wkh zhoiduh ixqfwlrq |lhogv vrphzkdw glvwdvwhixo
srolf| frqfoxvlrqv dqg lw surylghv qr vxssruw iru wkh iuhtxhqwo| revhuyhg sro0
lf| ri surylglqj wd{ �qdqfhg ohjdo ghihqfh h{shqglwxuh wr wkrvh dffxvhg ri d
fulph1

Vxssrvh wkdw hdfk fdvh ri zurqjixo frqylfwlrq kdv d vrfldo frvw ri &fEs�/
zkhuh &�

f
Es� : f uh hfwv wkh mxgjhphqw wkdw wkh vrfldo kdup iurp zurqjixo

frqylfwlrq lv juhdwhu wkh juhdwhu wkh sxqlvkphqw lpsrvhg +Hkuolfk/ 4<;5>
Plfhol/ 4<<4,1 Hdfk glvkrqhvw shuvrq zkr lv qrw sxqlvkhg/ hlwkhu ehfdxvh
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qrw wulhg ru ehfdxvh zurqjixo dftxlwwhg/ kdv d vrfldo frvw ri &�1
; Wkh mxvwlfh

rulhqwdwhg vrfldo zhoiduh ixqfwlrq lv=

	̀ ' ` �C^fRf&f � E� �C� dE�� ^�� n ^�E�� R��o &� +54,

dqg wkh h�hfw ri d pdujlqdo lqfuhdvh lq ghwhuuhqfh rq zhoiduh lv

	̀
5 ' `5 � iRf^f&f � dE� � ^�� n ^�E� � R��o &�j }E5� ' `5 �g}E5�

Wkh whup g lv wkh pdujlqdo lqmxvwlfh frvw ri lqfuhdvlqj ghwhuuhqfh dqg frxog
eh srvlwlyh ru qhjdwlyh1 Zlwk lqfuhdvhg ghihuhqfh pruh lqglylgxdov fkrrvh wr
eh krqhvw/ vr wkdw wkh qxpehu ri plvwdnhq frqylfwlrqv ri wkh krqhvw lqfuhdvhv/
wkhuhe| lqfuhdvlqj wkh frvw ri lqmxvwlfh1 Krzhyhu/ wkh qxpehu ri glvkrqhvw
lqglylgxdov ghfuhdvhv/ vr wkdw wkhuh duh ihzhu zkr hvfdsh sxqlvkphqw/ wkhuhe|
uhgxflqj lqmxvwlfh frvwv1

Wkh pdujlqdo vrfldo h�hfw ri dq lqfuhdvh lq wkh �qh lv

_ 	̀

_s
'
_`

_s
�g}5s �C^fRf&

�

f
�C^fR

�

f
Sfs&f n E��C�^�R

�

�
S�s&� +55,

D frqfhuq iru lqmxvwlfh pd| whqg wr lqfuhdvh ru ghfuhdvh wkh rswlpdo �qh1 Wkh
vhfrqg whup lq +55, lv qhjdwlyh li wkh pdujlqdo lqmxvwlfh frvw ri ghwhuuhqfh g
lv srvlwlyh1 Wkh wklug h�hfw whqgv wr uhgxfh wkh rswlpdo �qh +Hkuolfk/ 4<;5>
Plfhol/ 4<<4,/ vlqfh lqfuhdvhv lq wkh �qh udlvh wkh vrfldo frvw ri w|sh L huuruv1
Wkh odvw wzr whupv uh hfw wkh lpsdfw ri wkh �qh lq lqfuhdvlqj dffxvhgv* gh0
ihqfh h{shqglwxuhv dqg khqfh uhgxflqj wkhlu suredelolw| ri frqylfwlrq1 Wkh
irxuwk whup lv wkh vrfldo ehqh�w iurp uhgxfwlrq lq wkh suredelolw| ri frqylf0
wlrq ri wkh krqhvw lv d vrfldo ehqh�w dqg zrunv wr lqfuhdvh wkh rswlpdo �qh1
Wkh odvw whup lv wkh vrfldo frvw iurp lqfuhdvlqj wkh suredelolw| ri dftxlwwdo
ri wkh glvkrqhvw dqg zrunv wr uhgxfh wkh rswlpdo �qh1

D frqfhuq iru lqmxvwlfh kdv dq dpeljxrxv h�hfw rq wkh rswlpdo �qh lq
jhqhudo1 Lw lv hyhq srvvleoh wkdw lw pd| ohdg wr wkh �qh ehlqj vhw deryh wkh
fulwlfdo ohyho 8�1 Wkxv/ zkhq 8f : s : 8� wkh �uvw whup lq +55, lv qhjdwlyh/
vlqfh lqfuhdvhv lq wkh �qh uhgxfh ghwhuuhqfh/ dqg wkh odvw whup lv }hur +uhfdoo
wkh glvfxvvlrq lq vhfwlrq 614,1 Wkh pdujlqdo ydoxh ri wkh �qh fdq eh zulwwhq
dv

_ 	̀

_s
' dE� � 5� n E^�S� � ^fSf��go }5s �C^fRf&

�

f
�C^fER

�

f
Sfs&f n ��

+56,

;Wkh vrfldo kdup iurp idloxuh wr sxqlvk wkh glvkrqhvw frxog sodxvleo| ghshqg rq wkh
frvw ri wkhlu fulph/ dv lq Plfhol +4<<4, exw wklv lv qrw uhohydqw lq wkh fxuuhqw prgho zkhuh
zh dvvxph wkdw doo fulphv lpsrvh wkh vdph gluhfw vrfldo frvw k1
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Zlwk d vx!flhqwo| kljk frvw ri w|sh L huuruv wkh odvw whup lv srvlwlyh= wkh
jdlq iurp uhgxfhg suredelolw| ri frqylfwlrq ri krqhvw lqglylgxdov h{fhhgv wkh
vrfldo frvw ri wkh dgglwlrq ghihqfh h{shqglwxuh1 Ixuwkhu/ g zloo eh srvlwlyh
dqg wkh �uvw whup frxog eh dovr eh srvlwlyh1 Khqfh d frqfhuq iru wkh frvw ri
lqmxvwlfh fdq ohdg wr d �qh zklfk edqnuxswv wkh glvkrqhvw1

Wkh pdujlqdo vrfldo ydoxhv ri ghihqfh h{shqglwxuh duh

_ 	̀

_Sf
' `55Sf n`Sf

�g}5Sf �C^fR
�

f
&f +57,

_ 	̀

_S�
' `55S� n`S�

�g}5S� n E� �C�^�R
�

�
&� +58,

Dw wkh sulydwho| rswlpdo ghihqfh h{shqglwxuhv erwk +58, dqg +57, uhgxfh wr
wkhlu vhfrqg dqg irxuwk whupv zklfk duh qhjdwlyh lq wkh fdvh ri +58,1 Krzhyhu/
+57, frxog eh srvlwlyh vlqfh wkh odvw whup lv srvlwlyh1 Li s � 8f/ wkh �uvw rughu
frqglwlrq +4, rq SW

�
Es � lpsolhv wkdw +57, lv Es � &f�C^fR

�

f
1 Khqfh wkh sulydwh

fkrlfh ri ohjdo h{shqglwxuh zkhq lqqrfhqw zloo qrz eh wrr vpdoo iurp d vrfldo
srlqw ri ylhz li wkh pdujlqdo vrfldo frvw ri frqylfwlqj dq lqqrfhqw shuvrq lv
juhdwhu wkdq wkh pdujlqdo jdlq iurp wkh uhgxfwlrq lq wd{dwlrq lpsolhg e| wkh
lqfuhdvhg �qh uhyhqxh= &f : s 1

Sursrvlwlrq 44 Li s � 8f dqg wkhuh lv d vrfldo frvw ri plvwdnhq frqylfwlrqv

wkh krqhvw lqglylgxdo*v fkrlfh ri ohjdo ghihqfh h{shqglwxuh lv wrr vpdoo li dqg

rqo| li &f : s 1

Zkhq wkh zhoiduh ixqfwlrq uh hfwv mxvwlfh frqvlghudwlrqv wkh pdujlqdo
zhoiduh iurp sxeolf h{shqglwxuh rq ohjdo ghihqfh lv

_ 	̀

_S
'
_`

_S
� }g5S �C^fR

�

f
&f n E� �C�^�R

�

�
&� +59,

Ehfdxvh dq lqfuhdvh lq ghihqfh frvw uhgxfhv wkh qxpehu ri dffxvhgv zkr
duh frqylfwhg/ wkh wklug whup lv srvlwlyh +ihzhu lqqrfhqwv frqylfwhg,/ exw
wkh irxuwk lv qhjdwlyh +pruh jxlow| duh dftxlwwhg,1 Wkh vhfrqg whup uh hfwv
wkh fkdqjh lq wkh uhodwlyh qxpehuv ri krqhvw dqg glvkrqhvw lqglylgxdov dqg
frxog eh qhjdwlyh ru srvlwlyh1 Wkxv zkhq zh duh gluhfwo| frqfhuqhg derxw
plvwdnhv pdgh e| wkh mxvwlfh v|vwhp wkh lpsolfdwlrqv iru wkh ohyho ri sxeolf
ghihqfh h{shqglwxuh duh dpeljxrxv1 Dowkrxjk lqfuhdvlqj ghihqfh h{shqglwxuh
uhgxfhv wkh qxpehu ri frqylfwhg lqqrfhqwv/ lw lv qrw qhfhvvdulo| wkh fdvh wkdw
dwwdfklqj d kljkhu frvw wr zurqjixo frqylfwlrqv wkdq wr zurqjixo dftxlwwdov
ohdgv wr pruh sxeolf ghihqfh1
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9 Frqfoxvlrqv

Zkhq ohjdo ghihqfh h{shqglwxuh uhgxfhv wkh suredelolw| ri frqylfwlrq dqg
wkhuh lv qr gluhfw frqfhuq zlwk wkh frvw ri ohjdo huuruv/ srolflhv duh lq xhqfhg
e| wkhlu lpsolfdwlrqv iru ghwhuuhqfh dqg wkh ohyho ri ghihqfh frvwv1 Li wkh
rqo| srolf| yduldeoh lv wkh �qh/ lwv lpsdfw rq ghihqfh h{shqglwxuh phdqv wkdw
lw lv qhyhu rswlpdo wr vhw lw kljk hqrxjk wkdw frqylfwhg glvkrqhvw dffxvhg
duh edqnuxsw1 Li ghihqfh h{shqglwxuhv fdq eh gluhfwo| uhjxodwhg wkh rswl0
pdo uhjlph kdv qr ghihqfh h{shqglwxuh dqg d �qh zklfk lv pd{lpdo/ mxvw
edqnuxswlqj doo dffxvhg/ erwk wkh krqhvw dqg wkh glvkrqhvw1

Rxu dqdo|vlv ri srolf| lqwhuyhqwlrqv kdv ehhq frqfhuqhg zlwk olplwlqj
ghihqfh h{shqglwxuh +hlwkhu wkurxjk d fds/ dq rxwuljkw edq ru d wd{,1 Vrph
ri wkhvh srolflhv zrxog olnho| eh fkdoohqjhg dv xqfrqvwlwxwlrqdo ru jurvvo|
xqidlu wr wkh dffxvhg1 Rqh zdv| ri uh hfwlqj vxfk frqfhuqv lv wr vxssrvh
wkdw wkhuh lv d gluhfw vrfldo frvw ri ohjdo huuruv1 Ehfdxvh ghihqfh h{shqglwxuh
e| wkh krqhvw uhgxfhv wkh suredelolw| wkdw wkh lqqrfhqw duh zurqjo| frqylfwhg
dqg sxqlvkhg/ zh vkrz wkdw lw fdq eh rswlpdo wr shuplw vxfk h{shqglwxuh1
Gluhfw huuru frvwv fdq dovr mxvwli| wkh surylvlrq ri ghihqfh iurp sxeolf ixqgv1

Uhihuhqfhv

41 Ehfnhu/ J1/ 4<9;/ Fulph dqg sxqlvkphqw= dq hfrqrplf dssurdfk/ Mrxu0
qdo ri Srolwlfdo Hfrqrp|/ :9/ 49<054:1

51 Gqhv/ D1 dqg Q1 Ulfnpdq/ 4<<;/ Frqwudfwv iru ohjdo dlg= dq hfrqrplf
dqdo|vlv ri wkh XN jryhuqphqw*v sursrvdov/ Hxurshdq Mrxuqdo ri Odz

dqg Hfrqrplfv/ 9/ 57:05991

61 Hkuolfk/ L1/ 4<;5/ Wkh rswlpxp hqirufhphqw ri odzv dqg frqfhsw ri mxv0
wlfh= d srvlwlyh dqdo|vlv/ Lqwhuqdwlrqdo Uhylhz ri Odz dqg Hfrqrplfv/
5/ 605:1

71 Jdurxsd/ Q1/ 4<<:1 Wkh wkhru| ri wkh rswlpdo hqirufhphqw ri odz/
Mrxuqdo ri Hfrqrplf Vxuyh|v/ 44/ 59:05<81

81 Ndsorz/ O1 dqg V1 Vkdyhoo/ 4<<3/ Ohjdo dgylfh derxw dfwv douhdg| frp0
plwwhg/ Lqwhuqdwlrqdo Uhylhz ri Odz dqg Hfrqrplfv/ 43/ 47<048<1

91 Orww/ M1 U1/ 4<;:/ Vkrxog wkh zhdowk| eh deoh wr ex| mxvwlfhB/ Mrxuqdo
ri Srolwlfdo Hfrqrp|/ <8/ 463:046491

:1 Pdoln/ D1 V1/ 4<<3/ Dyrlgdqfh/ vfuhhqlqj dqg rswlpxp hqirufhphqw/
Udqg Mrxuqdo ri Hfrqrplfv/ 54/ 67406961
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;1 Plfhol/ W1 M1/ 4<<4/ Rswlpdo fulplqdo surfhgxuh= idluqhvv dqg ghwhu0
uhqfh/ Lqwhuqdwlrqdo Uhylhz ri Odz dqg Hfrqrplfv/ 44/ 60431

<1 Sqj/ L1 S1 O1/ 4<;9/ Rswlpdo vxevlglhv dqg gdpdjhv lq wkh suhvhqfh ri
mxglfldo huuru/ Lqwhuqdwlrqdo Uhylhz ri Odz dqg Hfrqrplfv/ 9/ 43404381

431 Srolqvn|/ D1 P1 dqg V1 Vkdyhoo/ 4<:</ Wkh rswlpdo wudgh0r� ehwzhhq
wkh suredelolw| dqg pdjqlwxgh ri �qhv/ Dphulfdq Hfrqrplf Uhylhz/
9</ ;;30;<41

441 Srolqvn|/ D1 P1 dqg V1 Vkdyhoo/ 4<<4/ D qrwh rq rswlpdo �qhv zkhq
zhdowk ydulhv dprqj lqglylgxdov/ Dphulfdq Hfrqrplf Uhylhz/ ;4/ 94;0
9541

451 Srolqvn|/ D1 P1 dqg V1 Vkdyhoo/ 53331 Wkh hfrqrplf wkhru| ri sxeolf
hqirufhphqw ri odz/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 6;/ iruwkfrplqj1

Dsshqgl{

Surri ri Sursrvlwlrq 4

Zh dvvxph wkdw wkh surgxfwlylw| ri ghihqfh h{shqglwxuh hqvxuhv wkdw
wkhuh lv dq sJ

�
vxfk wkdw zkhq s : s J

�
/ wkh rswlpdo ohyho ri ghihqfh h{shqgl0

wxuh lv srvlwlyh dqg fkdudfwhulvhg e| wkh �uvw rughu frqglwlrqv +4, dqg +5,/
ghshqglqj rq zkhwkhu wkh dffxvhg lv edqnuxswhg e| klv rswlpdo ghihqfh h{0
shqglwxuh ru qrw1

+d, Ghqrwh wkh pd{lplvhg ydoxh ri + � S� � R�ES��s e| �?
�
Es� dqg ri d� �

R�ES��oE+ � S��e| �K
�
1 �?

�
Es� lv prqrwrqlfdoo| ghfuhdvlqj lq s dqg vdwlv�hv

�?
�
Ef� : �K

�
: �?

�
E4�1 Khqfh wkhuh h{lvwv d xqltxh 8� vdwlvi|lqj=

�?
�
E8�� ' + � SW

�
E8��� R�ES

W

�
E8���8� ' E� � RESWW

�
��E+ � SWW

�
� ' �K

�

+e, Vlqfh +4, fkdudfwhulvhv wkh fkrlfh ri ghihqfh h{shqglwxuh li dqg rqo|
li wkh lqglylgxdo lv qrw edqnuxsw dw SW

�
zh kdyh

�� n R�ES
WW

�
�� R�

�
ESWW

�
�d+ � SWW

�
o ' f ' �� � R�

�
ESW

�
�s

� �� � R�

�
ESW

�
�d+ � SW

�
o

zklfk lpsolhv

f 	 �R�

�
ESWW

�
�d+ � SWW

�
o 	 �R�

�
ESW

�
�d+ � SW

�
o

Vxssrvh wkdw SWW
�
� SW

�
1 Wkhq �R�

�
ESWW

�
� � �R�

�
ESW� iurp wkh frqyh{lw| ri R�ES�

dqg + � SWW
�
� + � SW

�
1 Vlqfh + � SWW

�
� f zh kdyh d frqwudglfwlrq dqg kdyh

hvwdeolvkhg wkdw SW
�
Es� 	 SWW

�
iru doo s 5 Efc 8�o1
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+f, Iurp wkh lpsolflw ixqfwlrq wkhruhp/ zh nqrz wkdw wkh vljq ri SW
�sEs �

dqg SWW�s Es � duh jlyhq e| Y2��*YS�Ys 1 Wkh frpsdudwlyh vwdwlf uhvxowv duh lp0
phgldwh iurp +4, dqg +5,1

+g, Iurp wkh gh�qlwlrq ri 8� dqg wkh idfw wkdw d� � R�ES��oE+ � S�� lv
pd{lplvhg dw SWW�

+ � SW� � R�ES
W

� �8� ' d� � R�ES
WW

� �oE+ � SWW� � : d� � R�ES
W

� �oE+ � SW� �

dqg vxewudfwlqj wkh uljkw kdqg h{suhvvlrq iurp wkh ohiw kdqg h{suhvvlrq zh
jhw R�ES

W

� E8���d+� SW� E8���8�o : f dqg vr +� SW� E8�� : 8�1 Wkh dffxvhg lv qrw
edqnuxsw li frqylfwhg zkhq kh fkrrvhv SW� E8��1

+h, Vlploduo|/

d�� R�ES
WW

� �oE+ � SWW� � ' + � SW� � R�ES
W

� �8� : + � R�ES
WW

� �8� � SWW� �

lpsolhv R�ESW� �8� : R�ESWW� �8� : R�ESW� �E+ � SWW� � dqg vr 8� : + � SWW� 1 Wkh
glvkrqhvw dffxvhg lv edqnuxsw zkhq frqylfwhg dw s � 8� zkhq kh fkrrvhv
SWW� 1
Surri ri Sursrvlwlrq 6

Ghwhuuhqfh lv frqwlqxrxv vlqfh/ xs wr d srvlwlyh frqvwdqw/ lw lv htxdo wr
wkh gl�huhqfh ehwzhhq wkh ydoxh ri wzr pd{lpl}hg ixqfwlrqv TfESf�/ T�ES��
hdfk ri zklfk duh frqwlqxrxv lq wkh �qh1 Xvlqj wkh hqyhorsh wkhruhp/ wkh
h{suhvvlrq 5s lv lpphgldwh1
Surri ri Sursrvlwlrq 81 Wkh zhoiduh ixqfwlrq` Es� ' ` ESfEs�c S�Es �c ~Es�� '
` ESfEs �c S�Es�c 5ESfEs�c S�Es�c s� kdv d frqwlqxrxv wrwdo ghulydwlyh zlwk uh0
vshfw wr s hyhu|zkhuh h{fhsw dw 8� dqg 8f1 Wkh vljq ri _`*_s lv glvfxvvhg
lq wkh wh{w1

+d, Frqvlghu wkh fdvh lq zklfk 8� 	 8f1 Wkhq iru 0 : f

` E8f��` E8f n 0� ' d��CE~E8f��odS
WW

f
� SW

f
E8f�o : f

vlqfh ~E8f n 0� ' ~E8f�/ S�E8f n 0� ' S�E8f�/ dqg SfE8f n 0� ' SWW
f

:
SfE8f� ' SW

f
E8f�1 Iru s 5 E8�c 8f�/ ` Es� lv ghfuhdvlqj lq s vlqfh ghwhuuhqfh

lv ghfuhdvlqj/ krqhvw lqglylgxdov* ghihqfh frvwv duh lqfuhdvlqj/ dqg glvkrqhvw
lqglylgxdov* ghihqfh frvwv duh frqvwdqw1 Vlqfh

` E8��� *�4
0<f

` E8� n 0� ' CE~E8���dS
WW

�
� SW

�
E8��o : f

wkh rswlpdo �qh fdqqrw h{fhhg 8�1
+e, Zkhq 8� : 8f dqg 0 : f

` E8���` E8� n 0� ' CE~E8���dS
WW

�
� SW

�
E8��o : f
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vlqfh ~E8� n 0� ' ~E8��/ S�E8� n 0� ' SWW
�
: S�E8�� ' SW

�
E8��/ dqg SfE8f n 0�

' SWW
f
1 Djdlq wkh rswlpdo �qh fdqqrw h{fhhg 8�1

Surri ri Sursrvlwlrq 43 Iru jlyhq w/ Sursrvlwlrq 8 lpsolhv wkdw wkh rswlpdo
�qh fdqqrw h{fhhg 8�1 Wkh uhjxodwru*v sureohp fdq eh prghoohg dv fkrrvlqj
s dqg w wr pd{lplvh zhoiduh vxemhfw wr

+ � SW
�
� R�ES

W

�
�s n d�� R�ES

W

�
�ow � d� � R�ES

WW

�
�od+ � SWW

�
n wo

Wkh �uvw rughu frqglwlrq lqfoxgh

us ' `55s n
[

`S�S�s � bR�ES
W

�
� ' f

uw ' `55w n
[

`S�S�w n b dR�ES
WW

�
�� R�ES

W

�
�o � fc w �c uww ' f

Lq wkh fdvh zkhuh 8� 	 8f zh fdq xvh +53, dqg wkh idfw wkdw SW�s ' SW�w wr jhw

uw ' `5E^f � ^�� n bR�ES
WW

�
�

Vlqfh wkh �uvw whup lv qhjdwlyh/ wkh rswlpdo frpshqvdwlrq lv srvlwlyh rqo| li
b : f1

Zkhq 8� : 8f wkh ghwhuuhqfh ixqfwlrq gl�huv iurp +4<, iru s 5 E8fc 8��
dqg lv

5 ' ^�dR�s n S� � E�� R��wo� ^fdRf+ n E� � Rf�w � SE�� Rf�o +5:,

zklfk lv ghfuhdvlqj lq w dqg lqfuhdvlqj lq s 1 Khqfh lq wklv fdvh wkh �uvw dqg
vhfrqg whupv lq uw duh qhjdwlyh dqg vr wkh rswlpdo frpshqvdwlrq lv srvlwlyh
rqo| li b : f1
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