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1 Introduction

One of the most popular class of non-linear processes are the generalized autoregressive
conditional heteroscedasticity models’ (GARCH). The existence of the huge literature
which uses these processes in modelling conditional volatility in high frequency financial
assets demonstrates the popularity of the various GARCH models (see, for example, the
recent surveys by Bollerslev, Chou and Kroner (1992), Bera and Higgins (1993), Bollerslev,
Engle and Nelson (1994), Diebold and Lopez (1995), Engle (1995), Palm (1996), Shephard
(1996) and Pagan (1996); see also the book by Gourieroux (1997) for a detail discussion
of the GARCH models and financial applications). Parallel to the success of the standard
linear ARMA-type of time series models arising from the use of the conditional versus
the unconditional mean, the key insight offered by the GARCH model and its various
extensions, lies in the distinction between the conditional and the unconditional second
order moments.

Since leptokurtic distributions of asset returns and slowly decaying autocovariances
of squared returns are among the stylized facts of financial high-frequency time-series,
theoretical expressions for the unconditional second moments of GARCH models are of
both statistical interest and of practical significance. Specifically, given the expressions
for the second moments of the squared errors, practitioners can compare the estimates of
the kurtosis of the errors and the autocovariances of the squared errors obtained directly
from the data with those obtained from their model. This enable them to decide on how
well their GARCH model fits the data. In addition, given the results on the existence
of the second moments, the practitioner can check what his/her estimates imply about
those moments. The fourth moment of the errors and the covariance structure of the
squared errors and of the conditional variance of the GARCH(p,q) model have already
been given in the literature (see Karanasos, 1999 a,e, hereafter K, and He and Terasvirta,
1997, hereafter HT.).

As economic variables are inter-related, generalisation of univariate models to the
multivariate set-up is quite natural-this is more so for the GARCH? models. The motiv-
ation for the multivariate GARCH models (MGARCH) stems from the fact that many
economic variables react to the same information, and hence, have nonzero conditional
covariances. Thus, multivariate GARCH-type models provide a natural framework for
analyzing the joint dynamic behaviour of volatility of financial assets and/or markets
and they are particular useful in multivariate financial models (such as the CAPM or
dynamic hedging models). In the MGARCH models the conditional covariance matrix
(ccm) depends non-trivially on the past of the process?.

From the many different multivariate functional forms the diagonal GARCH model

'The ARCH model was originally proposed by Engle (1982), whereas Taylor (1986) and Bollerslev (1986),
hereafter B, independently of each other, presented the generalised ARCH model.

2The first paper on multivariate GARCH models was written by Engle, Granger and Kraft (1984). They used
a bivariate ARCH(1) process to combine forecasts in two models of US inflation.

3The MGARCH model specifies the conditional variances/covariances as a linear function of squared innova-
tions and past conditional variances/covariances. Although the processes themselves are nonlinear, the conditional
variances and covariances are linear. This modeling strategy leads to two major problems: on the one hand we
must establish sufficient conditions to ensure the positive definiteness (pd) of the ccm, while on the other, to make
the estimation of the model feasible we must find a parsimonious representation of the data with a reasonable
number of parameters to be estimated. For these reasons various alternative representations have been proposed
in the literature.



originally suggested by Bollerslev, Engle and Wooldridge (1988), hereafter BEW, and the
constant conditional correlation (ccc) GARCH put forward in B (1990), have become
perhaps the most common. BEW specified that the conditional variances/covariances
depend only on its own lagged errors and lagged values*. In B’s representation the ccm
is time varying, but the conditional correlations are assumed to be constant®.

The preceding models appear often in the literature of the late eighties early nineties
though usually without any theoretical discussion. In particular, various cases of the
diagonal representation of the MGARCH model (with various mean specifications) have
been applied by many researchers. For example, it has been used by BEW (1988) for their
analysis of returns on bills, bonds and stocks, by Engel and Rodrigues (1989) to test the
international CAPM, by Kaminsky and Peruga (1990) to examine the risk premium in
the forward market for foreign exchange, by McCurby and Morgan (1991) to test the
uncovered interest rate parity, and by Baillie and Myers (1991) to estimate optimal hedge
ratios in commodity markets. B (1990) illustrated the validity of the ccc MGARCH model
for a set of five nominal European U.S. dollar exchange rates following the inception
of the European Monetary System. The ccc MGARCH model has also been used by
Cecchetti, Cumby and Figlewski (1988) to estimate the optimal future hedge, McCurby
and Morgan (1989) to examine risk premia in foreign currency futures market, Schwert
and Seguin (1990) to analyze stock returns, Baillie and Bollerslev (1990) to model risk
premia in forward foreign exchange rate markets, Kroner and Claessens (1991) to analyze
the optimal currency composition of external debt, Ng (1991) to test the CAPM, and
Kroner and Sultan (1993) to estimate futures hedge ratios.

Although the MGARCH models were introduced almost a decade ago and have been
widely used in empirical applications , its statistical properties have only recently been
examined by researchers. EK(1995) examined the identification and maximum likeli-
hood estimation of the vec, diagonal and BEKK representations of the MGARCH model.
Lin (1997), hereafter L, provided a comprehensive analytical tool for the impulse re-
sponse analysis for all the aforementioned representations of the MGARCH model. Tse
(1998) developed the Lagrange multiplier test for the hypothesis of constant correlation
in Bollerslev’s representation whereas Jeantheau (1998), and Ling and McAleer (1999)
investigated the asymptotic theory of the quasi maximum likelihood estimator for an
extension of the ccc MGARCH model.

However, the analysis of the covariance structure of the MGARCH model has not been
considered yet. This article attempts to fill in this gap in the GARCH literature. The
focus will be on the fourth moment of the errors and on the theoretical acf of the squared
errors and of the conditional variances/covariances. In this context, the paper generalizes
the results for the univariate GARCH model given in K (1999 a,e) and HT(1997) to
various multivariate GARCH models.

In Section 2 we present the covariance structure of the conditional variances/covariances

“These restrictions are intuitively reasonable and reduce the large number of parameters in the vec MGARCH
model (introduced by Engle and Kroner (1995), hereafter EK). Moreover, in the vec representation, and even
in the diagonal representation, the conditions to ensure that the ccm are positive definite (pd) a.s. for all t are
difficult to impose and verify. Therefore, EK (1995) proposed a new parametrisation (they refer to it as the
BEKK representation) that easily imposes these restrictions.

5This assumption greatly simplifies the computational burden in estimation, and conditions for the ccm to be
pd a.s. for all t are also easy to impose.



and of the squared errors for the S-GARCH® process (this is the sum of n processes
which follow a diagonal MGARCH model). Our results include as a special case (when
n = 1) the covariance structure of the conditional variance and of the squared errors for
the GARCH(p,q) model presented in K (1999a), HT(1997) and K(1999¢). In Section 3
we contribute to the theoretical developments in the multivariate GARCH literature by
presenting the theoretical act of the conditional variances/covariances and of the squared
errors of the vec” and the ccc representations of the MGARCH models.

The goal of this article is to provide a comprehensive methodology for the analysis of
the covariance structure in multivariate GARCH models. First, it derives the VARMA
representations of the conditional variances/covariances and of the squared errors and it
gives general conditions for stationarity, invertibility and identifiability of these repres-
entations. Second, it provides the univariate ARMA representations of the conditional
variances/covariances® and of the squared errors. Third, it uses two alternative (and
equivalent) methods to obtain the autocovariances: (i) the Wold representation (wr) of
a stationary stochastic process (ssp) and (ii) the canonical factorization (cf) of the auto-
covariance generating function (agf) of a ssp?. It should be noted that we only examine
the case of distinct roots in the AR polynomials of the univariate ARMA representations
and we express the autocovariances in terms of the roots of the AR polynomials and the
parameters of the MA polynomials of the univariate ARMA representations.

6The S-GARCH model was introduced by Karanasos, Psaradakis and Sola (1999), hereafter KPS, who applied
it to option pricing.

"The vec representation includes the diagonal and the BEKK representations as special cases.

8The proof is not presented in this paper. For an analytical derivation of the univariate ARMA representations
see K(1999c).

9To our knowledge this is the first paper that applies the wr and the agf of a stochastic process to a multivariate
GARCH model. These have been widely used in the ARMA-VARMA literature (see, for example, Pandit (1973, p.
99), Nerlove, Grether and Carvalho (1979, pp. 30-43, 39, 70-85), Pandit and Wu (1983, pp. 87-89, 105, 129-130),
Brockwell and Davis (1987, pp. 87-89, 102-103, 180-182, 408-410), Reinsel (1993, pp. 7, 33-34), Hamilton (1994,
pp. 59-60, 61-63) and K(1999b)).



2 SUM OF GARCH MODELS

Let y; be equal to the sum of n processes

n
Yo = Zyita Yir = Mig—1 + €t (2.1)
i=1

The ¢;; ’s follow a diagonal multivariate GARCH process:

Et‘til ~ N(O, Bt), gt — . , ht e (2‘2)

Each h;; follows a GARCH(p;, ¢;) process

Bi(L)hy = wip + A;(L)é%,, where (2.3)
pi qi

Bl(L) = — ZﬁikLka Al(L) = ZaikLk, ﬂiO =-1 (23@)
k=0 k=1

For simplicity and without loss of generality we will assume that the conditional cov-
ariances are constant: hyp = Wmio, m,k=1---,n
Corollary 1a. The ARMA representations of the conditional variances (hy) are given

by
B (L)hiy = wip + Ai(L)viy, vie = €3, — hiy (2.4)
p;
Bf (L) = B;(L) — A;(L) = H(l — B.L), pf = maz(pi,q) (2.4a)
j=1

The v;’s are uncorrelated (although not independent) terms. The covariance matrix
of the v;’s is denoted by '°

g [ 2.5)

0The derivation of the covariances of the v;’s is presented in the next Section.



Proof. In (2.3) we add and subtract A;(L)h; and we get (2.4).

Assumption 1. All the roots of the autoregressive polynomials (Bf(L)) and all the roots
of the moving average polynomials (A;(L)) are lie outside the unit circle (Stationarity and
Invertibility conditions).

Assumption 2. The polynomials B} (L) and A;(L) (i,j = 1,---,n) are left coprime.
In other words the representation i((é)) 15 1rreducible.

Corollary 1b. The conditional variance of y; is equal to the sum of the n GARCH

processes hi't

he = Viei(ye) = wg + Z hit (2.6)

=1

The wj together with the proof is given in Appendix A.
Theorem 1. Under assumptions 1 and 2, the autocovariance generating function (agf)
of the preceding process (hy) is given by 2

= "= Ai(2)A;(2h)
— Z Foym(Z™ +27™) Z B 1)‘7“”’ where (2.7)
m=0 j=1 =1 ¢
GRR 5 ifm =0
km . —
= Y A + z A = { 0
e 1 otherwise (2.70)
m I \p; —1+m
=" , Gt = —p(f”) , (2.7b)
H (1 - z{l ]Ik) H ( z{l - zlk)
k=1 k=1

k£l

qj l]; m* q; qi
ij /'\c /\—c k,m_ / c 2m
)‘l,m - E :E :aida]',d-i-c(ﬁil) + E E :ajdaid-l-c(ﬁil) ) >‘ij E E a]dazd—i—c Jk

c=0 d=1 c=1 d=1 c=m+1 d=1
(2.7¢)
and
2 r_naX(pz-,qi)
g | _ |min(gi,q; —c) (.70
; min(g;, ¢; — c)
m* min(m, ¢;)

The proof of Theorem 1 is presented in Appendix A.

"'To our knowledge KPS (1999) were the first to analyze sum of GARCH processes.
12T6 our knowledge this is the first paper that uses the cf of the agf to analyse the covariance structure of the
MGARCH model. For an application of this method to the VARMA model see, for example, K (1999b).



3 MULTIVARIATE GARCH MODELS

3.1 Vec Representation

In what follows we examine the vec representation of the Multivariate GARCH(r,s) process

of order p [MGARCH(r,s,p)].

The general form of the MGARCH(r,s,p) model is given by

hi=Q+Y A&+ BRI}, where (3.1)
1=1 1=1
—hTt €y wy
_ : : 1
=] |, = = || =t (3.1a)
_h;*t ez*t_l C()p*
[at, allp* b bll’;)*
A [ DB | (3.10)
_a;f)*l e a;f,*p* bﬁ,’il bﬁ,tp*
and
hi, = - 3.1c
it {hlk,t ifi=1-p+k— U (3.1¢)
€, if 1 <p,
G?tfl = v . n(n+1) (31d)
’ €1,t—1€k,t—1 ifio=n-p+k— -
. . N ]-7"'7p_]-7
2—17 7p7k. — n_|_1,_._7p
An alternative expression for the MGARCH(r,s,p) is:
B"™hy = Q + A€, where (3.2)
1-BY .. -BY AL b,
BL* I , AL N , and
R o e o (3.20)
_Bp;kl ]_ - Bp:;) A‘p*l Ap*p*
r S
Bir=> b, AL =Y "alL! (3.20)



Corollary 2a. The VARMA representation of the conditional variances (and covari-
ances) for the MGARCH(r,s,p) model is given by

hf =Q+ ZlB hy , + ZZA oy, = maz(r,s) (3.3)
1=1 =1
where
Uf,t—l
B+ A ifl<rs )
B = lB* ifl,T > s, ?7;7[ = . (33@)
1A ifl,s >r h
Up*,tfl

v7,_; are uncorrelated (although not independent) terms. They are given by

€ 11— higi if 1<p
- _ n(n+1)
Vi = N (3.30)
’ Ent—1€k,t—1 — Nkt if {n=1,---,p—1
E=1--,p
Their covariance matrix is denoted by'3
O11,0 O1p* v
Gro | (3.30)

An alternative expression for the VARMA representation is given by:

BYh = Q + Ao}, where (3.4)
L L
1 - By By, o b +al, ifl<rs
po | B = L
_Bé*l ... 1— By =1 al), it [,s>r
(3.4a)

S

Proof. In (3.1) we add and subtract Y ;B* h¥ , to get (3.3).
i=1

'3The derivation of the yj,,’s is given in Appendix B.



Corollary 2a’. The VARMA representation of the squared errors for the
MGARCH(r,s,p) models is given by

,’,,I

& = ZZB €1 T ZZB* vy, or BY&; =Q+ B"oy, where (3.5)
=1 =0
Bl Bip:
BL. N R (35@)
By BpL**p*

Proof. In (3.1) we add and subtract Z 1B* €, (where ¢B* = —1I) to get (3.5).

Corollary 2b. The univariate ARMA representatwns of the conditional variances (and
covariances) are given by

P p* P
[[a-BL)n,=>"> BiLhv, (3.6)
=1 j:l =1

where p = p* x ' and p = (p* — 1) +s. The B)’s and Blij’s are given in Appendix B
(see eqs B.1-B.1b) and have been derived in K (1999c).
Corollary 2b'. The univariate ARMA representations of the squared errors are given

by

P
[[a-BiL)e, = Z ZA}'J’LZU;t (3.7)

=1 j=1 1=0

where p = (p* — 1)r' +r. The B/’s are as in (3.6). The A;”’s can be derived from (3.5)
in an analogous way to the B,”’s in (3.6).

Assumption 8. All roots of |B"| and all roots of |A"] lie outside the unit circle. These
conditions satisfy the stationarity and invertibility of the model.

Assumption 4. The polynomials BY and ALY have no common left factors other than
unimodular ones (this condition satisfy the irreducibility of the model) and satisfy other
identificiability conditions given in Dunsmuir and Hannan (1976), and Deistler, Dun-
smuir and Hannan (1978).



Theorem 2a. Under assumptions 3 and 4, the covariance between hy , and hy,
(ni,ng =1,--- ,p*) is given by:

na,t—m?

p* p* P

Yoy my = COU(Ry by ) ZZ Cfm)\n”n”azjyv, where (3.8)

j=1 i=1 f=1

Bﬁ*1+m
Cim = 5 ! 7 , Oijw = cov(vf;, v7) (3.8a)
[1(1—B;By) [1(By — By)
g=1 g=1
9#f

p P m* p— P P
R 9 WTCII RS 9) WL TR B DU e

=0 d=1 =1 d=1 e=m+1 d=1 (3.8b)

and m* = min(m,p). The proof follows immediately from the univariate ARMA
representations (3.6) and Theorem 1.

Assumption Sa. All roots of |BY| and all roots of |B**| lie outside the unit circle.
These conditions satisfy the stationarity and invertibility of the model.

Assumption 4a. The polynomials B* and B™ have no common left factors other
than unimodular ones (this condition satisfy the irreducibility of the model) and satisfy
other identificiability conditions given in Dunsmuir and Hannan (1976), and Deistler,
Dunsmuir and Hannan (1978).

Theorem 2a’. Under assumptions 3a and 4a, the covariance between €, , and €,
(ni, no =1,--+,p*) is given by

no,t—m

P P B
Vryma = COV(En 1Eno i ) Zcfm)\””"”am, where (3.9)
j=11i=1 f=1
P p—c m* p—c D
e =38 e+ S5 a3 S apa oy
=0 d=0 e=1 d=0 c=m+1 d=1 (3.9a)

and m* = min(m, p). The proof follows immediately from the univariate representa-
tions (3.7) and Theorem 1.
Corollary 20". The covariances between €2

ity and by, 4, can be derived by using the
following relations:

E(fil,tenmt—m) = E(hnl,tegm,t—m)? E(hny iy t-m) = E(eil,thnmt—m)
(3.10)

together with Theorems 2a-2a’.

10



Alternatively the above covariances can be derived by using Corollaries 2b-2b' (i.e. the
univariate ARMA representations of the squared errors and of the conditional variances)
and Theorem 1.

3.2 Constant Correlation Representation

Next, we examine the constant conditional correlation Multivariate GARCH(r,s) process
of order p [M.GARCH(r,s,p)].
The general form of the M.GARCH(r,s,p) model is given by

l_lt =0+ ZZA €1+ ZZB* E’t—la or BL*l_?,t =0+ ALgt, where (3].].)

=1 =1
hi €1,t—1 ! ! I
[ * I%
a1y A1y bT blp
7 _ _ . I B * I B
ht - . y €t—1 = . ) lA - ) lB -
[ [ % %
a a b b
1 1
Pt €pt p pp D pp

(3.11a)
and the BY* and A" are given by (3.2a)- (3.2b) (where now p* is replaced by p). The

conditional correlation between the errors is constant:

cov_1 (€it; €jt) hijit

= 15p5
\/vart,l(eft)vart,l (e?t) hiy by

Corollary 2c. The VARMA representation of the conditional variances for the
M.GARCH(r,s,p) model is given by

!

hy =Q+ ZZB he_; + ZlATJt_l, or BYhy = Q + A%, v = max(r, s)

=1 I=1 (3.12)
where
Vit
ZB*+ZA if l<7",8 .
B =< ,B* if Lr>s, U4y = : (3.12a)
1A if [,s>r
Up,t—l

and Bl is as in (3.4a) (where now p* is replaced by p).

11



The v;’s are uncorrelated although not independent terms and are given by v; =
E?t — hit-
Their covariance matrix is denoted by'*

Gy— | (3.120)

Proof. In (3.11) we add and subtract > ;A h; ; and we get (3.12).
=1
Corollary 2d. The univariate ARMA representations of (3.11) are given by

p

13 D
[[a =By =>"> B L'y, p=pxr', p=(p—1)r'+s (3.13)

=1 j=1 1=1

where the By’s and B)’’s are as in (3.6) (where now p* is replaced by p). The proof is
similar to that of the MGARCH(r,s,p) model.

Theorem 2b. Under assumptions 3 and 4, the covariance between hy, , and hy,—m,
(ni,ne =1,-+,p) is given by'®

P p P
%7;“1’% = cov(hn, 1, Pnyt—m) Cfm)(fllg?ﬂgij’v, where (3.14)
j=11i=1 f=1
Bﬁ—l-l-m
(fm == L (3.14a)
[1(1—ByBy) 1 (By — By)
9=1 g=1
g#f
b m* e poope
v =SS w5 i S S wny
=0 d— e=1 d=1 c=m+1 d=1 (3.14b)
and i, j,n1,n9 = 1,+-+ ,p.

The proof follows immediately from the univariate ARMA representations (3.13) and
Theorem 1.

MThe derivation of the 0ij»’s is given in Appendix B.
15The derivation of the covariances between the squared errors is omitted since it is similar to that of the vec
representation.

12



4 Concluding Remarks

Since the observed volatilities of asset returns are regarded as realisations of the under-
lying stochastic processes it is not surprising that so much effort has been lavished on
building models to measure and forecast them. The univariate and multivariate GARCH
models and its various generalisations have been very popular in this respect and have
been applied to various sorts of economic and financial data sets. However, they have
seen relatively fewer theoretical advancements. This paper has contributed to the the-
oretical developments in the multivariate GARCH literature. In Section 2 we presented
the autocovariance function of the S-GARCH model. Moreover, in Section 3 we presen-
ted the autocovariance function of the vec (note that the vec representation includes the
diagonal and the BEKK representations as special cases) and of the constant correlation
representations of the multivariate GARCH model. The techniques used in this paper
(i.e. the Wold representation and the autocovariance generating function of the univari-
ate ARMA representations of the conditional variances and of the squared errors) can be
applied to obtain the covariance structure of (i) more complex univariate GARCH models
like the component GARCH and the GARCH-M-X models'® (see K, 1999d) and (ii) the
multivariate GARCH in mean models!'”.
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Appendix

A PROOF OF COROLLARY 1b, THEOREM 1

From (2.1) and (2.3) we get

n

hy = Viei(y) = Vt—l(z €it) = By Z €+ 2 Z Zﬂtﬁkt] =

=1 k=I+1 I=1

Zhlt—FQZZhlkt—Zhlt—FQZzwlkg—wo—i—z:hd (Al)

k=I+1 [=1 k=I+1 I=1

IMA

The infinite moving average (ima) representations of the h;’s are given by!®

p mm ,ql

(B )+
hiyy = Zev,t r where e —Z Z ik, Gl :p;d—
=1 =1 k=1 l—l[( — {k) (A.2)

k=1
k#l
From the preceding equation we have
cov (i, hji—m) Ze’" e (A.2a)
After some algebra we get
pi
k, 0l
cov(hig, hj1—m) = (Z f ],Zl)\” Z sy kN )0ijw, where s) Z '
=1 k=1 (A.2b)

CO aj z m*
Oyll _ ]k —C
Cjk = 1- ) E : E :azday d+e(B)° + E ,E :agdaz d+e(B

k) =0 d=1 =1 d=1 (A.2c)

qi

qj
A=) 00Y ajaniare(B) T, (A.2d)

c=m+1 d=1

'8The ima representation of a GARCH model is given in K(1999a).
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and ¢; = min(q, ¢; — ¢), ¢; = min(g;, ¢; — ¢), m* = min(m, g;).
In the preceding equation, we use

1
[1(1 = B38)
k=1
to get
PZ m
cov(hig, hjt—m) = (Z ZT])\” Z ]",zz)\f]m )0ijw, where (i = — i
=1 J
[T(L—885%)
k=1
(A.2f)
Thus, we have
hy = Wi +tht = covy,(hy) = ZZCOU Pty Pjt—m)
i=1 7j=1 =1

n n

=1 i=

pi
m ! m km
(Z zl])‘J Z ik, z)‘z] Oijy (AQQ)
1 =1
[

AGF

From (2.3) we get

1 . 1 . ] l Clek
BB 7 ; 0020 D) vy Ty ey
- palla - gz =

=1 =1

(A.3)

g 9 4 %G 9
A; (Z)A] (2’71) = (Z az-rzr)(z aj,nz’r) = Z Z ajkaz-kﬂzl + Z Z aikaijz*l
r=1 r=1

1=0 k=1 I=1 k=1 (A.3a)

From the preceding equations we have
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4RAEY
(= 8521 — Bz )

1_” me [ (B)™ + M (B ™) 2 4 (N (8™ + N (B ™)z~

(A.3b)
Using
2l 1
Z Z = (A.3c)
k
b= ’ H(l— 0%k)
k=1
n (A.3)-(A.3b) we obtain
(2)A;(z7") n Aj(2)Ai(z7)
Bi(2)Bj(=') = Bi(2)Bf(z 1)
Pj pf o 0 Ny
= >, %[(Aifmwzl)m AT (B)™)
k=1 =1 m=0 ii”jk

0o P;

E:E:mzy E:mkm E:m]z E:mlm —-m
zly)‘ yszz] ( ik z>‘ zl])‘yz 2™ +z )

m=0 k=1

(A.3d)
Using the preceding equation we see that
ht—w*+zn:h-t:>g ZZ Z ZI)U =
— Wy () z 1 v
=1 j=1 i=1 Z Z Z )
n n o0 p;
> > G Z T Moo (2™ 2 (A.3¢)
j=1 i=1 m=0  [=1
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B PROOF OF THEOREM 2a

UNIVARIATE ARMA REPRESENTATIONS

The univariate representations of (3.3) are given by (in what follows B denotes matrix
whereas B denotes determinant)

Z B Lhz*t:H(l—Bl h;_zz B, L, =

= j=1 1=1
p* P N
~ NS B, (B.1)
7=1 [=1
where
- p* * * m *7 mi m
pB?m:Z%Iml,r’meame:H Z Hprk m fo=0
m=1 k=1 fo=fr_1+1 k=1 (B.1a)

where " B,, denotes the sum of the determinants of all the (m x m) submatrices of
the (p* X p*) matrix B. As an example, consider the case where p* = 3 and m = 2:

P* 5 35 3p12 | 3 bn b12 bii bz by bo3
B, = "By, ="B5+ B 3+ Sp23 —
2 12 2 bar  bao b31 b33 bsa b33
m . k=l /
’ . §le,’!" lfl = m, ... ,m X "“, % . H Umm[l_t;lgt_(m_k)’r]
mbr' 7 0 therwise » bt ey Ik
0 ko1 ge=maalli-[(m-k)r'+ ¥ gl

where R,,,;,» denotes the set of all the combinations of m numbers taking values from
1 to " and adding to 1. As an example, consider the case where ' =2 and m = 2:

) §R22,2 = ]-]-7 §R23,2 = ]-27 2]-7 §R24,2 =22

ml,r’ — Il 2 =

I} I} o {%2[72 lf l == 2, 3,4

0 otherwise
iikzmkmBm (ki =1,- ) denotes the ” B, sum of determinants where now the b’s
in the ith column (i = 1,---,m) are taken from the ,, B matrix. As an example, consider

the case where p* = 3 and m = 3:
12183 = — b%l ng b%a
b3, b3y s

When we multiply * *Bm by Ry, we get
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o _ o _
(ll"'lm)le +oot (ll---lm)me
where ([ - - - I;,) ; denotes the set of all the f different combinations of m numbers which

take values from 1 to p* and sum to 1. As an example, consider the case where p* = 3
and m =2, [ =3:

_ _ _ bt b? bt b? bk, b2
Ros0 B, = ?2B2+31B2 = b%l b%Q + b%l b%3 + b%Z b%3 ]+
21 029 31 033 32 033
b2 bl b2 bl b2 bl
oq%n Y1)y |91 Y1s| |92 U2
gy oh| T2y 0| T b2, bl
o p-l o o m p'—(m—k) m
P B = > Ry B " B =T1C Y VT BI D", fo =1
m=0 k=1 fp=fe_1+1 k=1 (B.1b)

where ?"/ B denotes a (p* x p*) matrix. It is obtained from matrix B by substituting
its ith column with the ith column of matrix A. As an example, consider the case where
pr=3, i1=3and j =1:

F; e Z;}

bs1 b3y as;

PYi B denotes a (p* X p*) matrix. It is obtained from matrix **¥ B by moving the
ith row (column) into the first row (column). As an example, consider the case where
pr=3,i=3and j = 1:

azr b3 bz
PR = lay by by
as bar by
Of all the (m + 1) x (m + 1) submatrices of the (p* x p*) matrix ?¥' B, P91 B
denotes the sum of those which include elements of its first row and column. As an
example, consider the case where p* =3, 1 =3, j=1and m = 1:

33 B, — {a:n b31] n |:a31 b32]

as  ba

Rl yrrs = élceI(m+1)l,r's if l=m+1,--- mr'+s
(m+1)Lr's 0 otherwise
m+1 min[l—kEIgt—(m+1—k*),r*] s T
§R(m+1)l,r’s = O o w1 Gkrs = / th i
k=1 9r*=max[ll—[(m+1-k*)r 4 21 at] " otherwise
t=
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R(m11)1,s denotes the set of all the combinations of (m+1) numbers which take values
from 1 to r' (except from the first one which take values from one to s) and sum to . As
an example, consider the case where ' =2, s =3, [ =6 and m = 2:

Ryg03 = 222, 312, 321

The proof is given in K(1999¢). B

The covariance matrix o,

Using Theorem 1 and expression (B.1) we can show that

/

P
hi, — hs = nyij,ov}’t, for i=1,---,p" where (B.2)

=1
!
hiy

The h},’s are given by

(E(hzzt) ifi<p
E(h? it >0 > L i=n- +k—M, ) )
hiy = (nk’t) b= b b 2 k n+1,---,p
. . * (1 * n* ]_ . e p*_]_
Ehn*h* ]f ,>Z> *, Z:n**+k*_n(n+1), ’ )
\ ( t kt) p = p p 2 k* = TL*—|—1,---,p*
(B.2a)
and the n* and k* are given by
N n* if n* <p,
n= : * * In(ln+1)
lp-my ifn* >p, n* =l,p+m, — 5.
L if k* < p, (B.25)
lk-mk ifk*>p, lkp—l—mk—w .
ln — ]_,"',p—2, lk} — ]_,...,p_]_

mp = ln+]-7"'7p7 mg = lk+177p

[e]
hiy
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The hj,’s are given by

[E(hit)]2 ifi <p,
hi = [E(hnk,t)]2 ifp*>i>p (B.2¢)
E(hn*t)E(hk*t) ifp' > i > p*, and E(hzt) — Buzil)

The n* and k* are given by (B.2a)-(B.2b).
a)pr>i>1

When p* > ¢ the 7;;,’s are given by

L iy s

> CroA7o if j <p,

-1

Yij,0 = ! » — 1 (B.2d)
23 CroNfo i g > pr, o= npt o+ k- e
f=1

p P p p—c p p—c

NR=23SBIBLB N =SS B BB+ S BE BB
c=0 d=1 c=0 d=1 c=1 d=1
B!
— !
Cro= > (B.2d'")
H(l—BfB)H(Bf—B)
g=1 g=1
g~ f
b) p' >i>p*

Whenp’2i>p*,i:n’p*+k’—w,n’zl,... =1k =n"+1---,p*
the v;50’s are given by

p k! 4 . .
f21< Y ifj <p*
iio=14"5 B.2e
7]a0 p n'k n*k* n'k' k*n* . ’ . " ( )
>~ Cro[Afg + A 7] ifp > >p
=1

p p—c p p—c
n'k';j n c k' pn c
Nl =N BB (B + Y Y BB (By) (B.2 ¢)
=0 d=1 e=1 d=1
o p p-c p p-c
N M =N By BER B+ Y Y BV By (By)* (B.2¢")
=0 d=1 =1 d=1
The n*, and k* are as in (B.2a)-(B.20).
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gt
Multivariate Normal Distribution

From the definition of the Multivariate ARCH model, proposed by EGK (1984) we
have

en=hltey, i=1,--p (B.3)

B 1(eness) = piy = —i04_ (B.3a)
t—1\Cittjt ng 1/2,1/2
hy hjt

Using the moment generating function of the multivariate normal distribution we
obtain the moments of the e;;’s'”:

Ey (e z2t62' ) =1+ 227?]' Ey_1(€}ejt) = 3pij
E, (e te]tem) = Djn + 2PijPin Ey 1 (eiejieniert) = DijPnk + DinPik + PikPjn(B.30)
Inserting the preceding equations in (3.3b) and using (B.3a) we get

var(vy) = 2E(h22t) var(vij.) = E(hithj) + E(hfj 2
cov(vig, vjt) = 2E(hfjt) cov(Vig, Vi) = 2E(h;hijz)
cov(Vit, Ujnt) = 2E(hiji - hiny)
cov(Vij, Ving) = E(hir - hjnyt) + E(hije - Ring)

cov(Vijt, Vnk,t) = E(Rige + hjng) + E(hing - hjr ) (B.4)

In what follows, using the preceding equations (B.4) we express the v},t’s as functions
of the h},’s:

i) p>
When p* > j then the v7,’s are given by
2E(h2,) = 2K}, if j <p,

vy = var(vig) = S var(vagy) = E(hnyg - hy) + E(hey,) =

, f > S
h‘lj*yt + h]t ' p - j p (B5)

where

n(n+1)

i=n. k—
J=n-p+ 5

k:n+17"'7p7 ]*:np*+k_

For the properties of the multivariate normal distribution see Kendall and Stuart (1977, pp. 372-392),
Muirhead (1982, pp. 2-20) or Anderson (1984, pp. 6-50).
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i) j>p*

If j > p*, where
n*(n*+1)
2 ?

we can distinguish three cases:

j=ntpt+ - =1 p =2 K =t

a) n*<p k*<p
If n* <p, k*<p, then the v} ’s are given by

vy = cov(vps g, V) = 2E(hl e ) = 2, (B.5a)

n*(n*+1)
2 ’

b) n*<p, kK >p

where j* = n*p + k* —

If n* <p, k* > p, where

(L + 1)

9 7lk:17"'7p_]-7 mk:lk+177p

k'*:lkp—ka—

then the v;,’s are given by

!

Yj

t— COU(UR*,t7 Ulkmk;t) = 2E(hn*,t ’ hn*mk:t) = 2h’;'*,t

¥ =n*(p* +p) +my —n*(n* +1) (B.5b)
(when [}, = n*)
, n'(n' +1
U;’t = COU(UTL*,ta Ulkmk;t) = 2E(hn*lk,t ) hn*mk,t) - 2h;’*,t Jr = n'p* + k' — ( 9 )
* * 1 * * 1

(B.5¢)
(when Iy, my # n*)
c) n*>p k*>p

If n* > p, k* > p, where

L, +1
n*:lnp—i_mn_% lna lk_]-a 7p_2

le(le + 1
k*:lkp‘i‘mk_% mn_ln+17 P

mp=1l,+1,---,p

24



then the vj,’s are given by
U;t = COU(Uannyt7 Ulkmk,t) = E(hlnlk,t ’ hmnmk:t) + E(hlnmk:t ’ hmnlkat) = h;*,t + h;'°,t
(B.5d)

(when 1,,, m,, # lg, my)
where

o o 1
Jr=npt+k° — % n® = min(n’, k"), k° = max(n', k')
L +1 Ll +1

!

Vit = €OV (Vs Oty t) = E (i hingmgt) + E (Pt b * igmyt) = 1y + Ry
(B.5e)

(when I, = 1,,)

where

I, +1 . °(n° +1
j*:lnp*+kl_ ( 2+ ) ]o:nop*+ko_n (TL2+ )
' +1 U +1
k':l;cp—km;c—k(k;_) no:l;p_i_mln_n(nQ—i_)
[e] [e] 1
k® =1lp+mj — 7lk(lk2+ ) l), = min(my,, my)
mj, = max(m,, mg) Il = min(l,, m,)
m! = max(l,, my,) Iy = min(l,, my,)
o — maxe e

Having the v7,’s as functions of the hj,’s we substitute (B.5)-(B.5¢) into (B.2) and we
express the hl,’s as functions of the hj,’s:

"-hy=h] = h,=,*-h] = hl, = Z%*jh;t, where (B.6)
j=1
, "is a p’ x p’ matrix. It’s mnth element is 7,,,,.
hi is a p' x 1 vector matrix. It’s m1th element is h; ;.

hy is a p’ x 1 vector matrix. It’s m1th element is A,.
Using Theorem 1 and expression (B.1) we get (3.8) where the 0;;,’s are given by (B.4).
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PROOF OF THEOREM 2b

The covariance matrix &,

Using Theorem 1 and expression (3.13) we obtain

*

P
I o P — .. , ) f— . e . *
hiy — hiy = E Vi, 0V -1, ¢ =1, D

7j=1
R,
The h},’s are given by
h/ _ E(h?t) ifs < p,
Y By - b)) ifp* >0 > p.

where

n(n+1)

i=n-ptk-——F— n=1--,p-1
k=n+1---,p
iy
The h;,’s are given by
hyy = {[E(hit)]Z etd y
T\ B Elhy) it > 0> p, and E(ha) = g
75,0
a)p>i>1

When p > ¢ > 1 the 7;;0’s are given by

p .
=

Yij = P
2 }; Crofyt ifp* > j > p.
where
j:n*p—l-k*—w, n=1,---,p—1, k*=1+n,---
and Aj}dji, )\%’ki and (o are as in (3.8a-3.80),
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b) p* >i>p
When p* > ¢ > p where

n(n+1) |,

i:n,p+k1_ 2 ,’[’L:]_,-..’p—]_’l{;lznl—'—]_,...,p

the ;0 ’s are given by

P 'k 4 . .
S CroNfy ifp>j>1
=1
77,‘],0 - fp Ik/ *k* Ik/ k* * . (B.7d)
DGy T Ay ] i pr > >p
f=1

where the )\?E)k”j and )\%k,’"*k* are as in (B.2¢- B.2¢e").
Moreover, from the definition of the constant conditional correlation Multivariate
GARCH model, proposed by B (1990), we have

€it = h;t/Qeita E,_i(ewejt) =pij, i=1,---,p (B.8)

Using the moment generating function of the multivariate normal distribution we
obtain the moments of the e;;’s:

Et—l(e?t‘f?t) =1+ 2]9@23' (B.8a)

Using the preceding equation and the definition of the v;’s we get

cov (v, V1) = 2p?jE(hi7thj7t) (B.9)
Using the preceding equation, we obtain the v}yt’s
, var(vj) = 2E(h§t) = 2h, if j <p,
V., = ’ . .
t cov(Un 1, Ukt) = 2P0 B (B - hie) = 2p2 bl ifp* > 5 > p. (B.10)
where
1
]:np_i_k_@, n:]_... ,p_]_’ k:n_i_]_,... ,p

Inserting the preceding equation in (B.7) we obtain

-
Johy=hy = hy=,%hy éh;tzz%*jh;t, where (B.11)
j=1
, " is a p* x p* matrix. It’s mnth element is ;.
h} is a p* x 1 vector matrix. It’s m1th element is h! .
hg is a p* x 1 vector matrix. It’s m1th element is h2,,.
Using Theorem 1 and expression (3.13) we get (3.14) where the o;;,’s are given by
(B.10-B.11).
|
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