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Abstract

This paper studies the role of the corporate governance systems
in cooperatives and in investor-owned enterprises. The difference be-
tween the two forms is reduced to the type of majority needed to take
decisions: one head one vote for cooperatives and proportional to cap-
ital invested in investor-owned firms. We show that the institutional
form chosen matters for the initial investment decision of the agents:
in particular we find that members of a cooperative invest less than
they would in an investor-owned enterprise. This finding tallies with
empirical evidence suggesting that cooperatives are undercapitalised.

1 Introduction

A non negligible portion of the economic activity in industrialised countries
is organised in cooperative firms.

In view of this, it is surprising that the theoretical literature on the organ-
isational forms of productive activity has devoted relatively little attention
to their costs and benefits vis-a-vis other organisational types'.

This paper performs an abstract comparison between a cooperative en-

terprise and a investor-owned enterprise’. We focus on the fundamental

*Department of Economics, University of York, YO10 5DD York, UK. E-mail:
asb107@york.ac.uk.

TDepartment of Economics, University of York, YO10 5DD York, UK, and C.E.P.R,
90-98 Goswell Road, London, EC1V 7RR, UK. E-mail: gd4@york.ac.uk.

IFor example, the excellent review by Holmstrém and Tirole (1989) does not, analyse
cooperatives. A notable exception is given by Hansmann’ book (1996).

2We borrow the term ‘investor-owned’ from Hansmann (1996) to indicate an organisa-
tional form where votes are apportioned according to the capital contributed to the firm
(one-share-one-vote rule).



constitutional difference between these two organisational forms, viz. the
mechanism to arrive at decisions. This is majority voting in both cases, but
in a cooperative each member has one vote, irrespective of her capital con-
tribution, whereas in a investor-owned enterprise a member’s voting power
is proportional to her contribution to the capital of the organisation.

We therefore deliberately rule out any other difference between these
two organisational forms; in particular, the technological possibilities and
the individual utility functions are unaffected, as are the prices which the
partnership faces®.

We study the problem faced by a group of individuals who can enter a
partnership to engage in a productive activity, and, beforehand, must choose
the institutional design which will govern their future interaction.

We take an incomplete contract approach: if the set of contracts that
individuals can write (and that the courts can costlessly enforce) were uncon-
strained then the choice of organisation would be irrelevant: the individuals
involved could simply specify what each has to do in every possible circum-
stance and there would be no need to devise rules to take decisions after
the initial contract has been agreed upon. Since we assume that complete
contracts are not feasible, the members of the organisation can only decide
on a way in which future decisions are to be taken: that is, they can design
the constitution.

The main result of our paper is that the constitution matter: individ-
uals are affected by the way in which the partners choose to take future
decisions, even in the highly stylised set-up we consider. We can in fact be
more specific, and use the model to illustrate the important under-investment
drawback cooperatives sufler in practice (see for example, Bonin et al (1993,
esp pp 1307-12). Because in our model an individual’s financial contribution
cannot be contracted upon, it must be individually rational for an individual
to contribute financial capital to the partnership. We show that, in almost
all circumstances, the equilibrium value of the combined individual contri-
butions is unambiguously higher in a investor-owned enterprise than in a
cooperative, and conversely that in no circumstances this value is unambigu-
ously higher in a cooperative than in a investor-owned enterprise.

The intuition for this finding is relatively subtle. In our model, the part-

3Thus it is not the case that workers behave differently in a cooperative, for example
by accepting lower wages or exerting more effort, nor that the agents choosing the organ-
isation form derive utility directly from the type of organisation they work in ("advocates
of workers ownership often suggest that participation in control of the firm through demo-
cratic processes is of value in itself, ... and a similar argument is sometimes made on behalf
of consumer cooperatives" Hansmann 1996, p. 43), nor that inputs can be bought more
cheaply in one particular organisation.



nership produces some local (to the partners) public good and a standard
free rider problem emerges: in a cooperative, partners who (ex-post) derive
low (private) benefit from the production of the public good are deterred
from (ex-ante) contributing to the production of this good. Why does the
investor-owned enterprise ameliorate this problem? Because it can happen
that a minority of partners can take decisions which are opposed by the re-
maining majority. This of course can happen so long as they have a majority
of the shares. This illustrates that there is a incentive for individuals to con-
tribute their financial capital in order to, as it were, ”buy the power to make
decisions”. This incentive counteract the free riding problem, which affects
the investor-owned enterprise as well as the cooperative.

Given this argument, it should therefore come as no surprise that when-
ever the partners contribute collectively more to a investor-owned enterprise
than they would to a cooperative, then their shareholding in the partnership
capital 1s asymmetrically distributed: with symmetric capital shares, there
is no circumstance in which voting can the differ in the two organisational
forms.

Existing theoretical arguments for underinvestmet in cooperatives rely on
the lesser ‘tradeability’ of their ownership rights*. Often the property rights
in cooperatives are associated with membership status and cannot be freely
traded in the market. Therefore, in assessing whether to contribute to the
venture, existing members will not maximise the actual value of the future
stream of profits. Instead they will consider whether their investment could
result profitable over the period they remain members. As a consequence,
the internal rate of return of investment in cooperatives must be higher than
in investor-owned forms in order to be member-financed®, resulting in a lower
capital/labour ratio.

Kremer (1997) presents a paper in which partners contribute a fixed
amount to the capital of a cooperative. Once they are members of the co-
operative they receive an ex-ante noncontractible shock to their ability, and
subsequently they decide on a wage schedule as a function of output. If
the ability of the median voter is lower than the average ability, the wage
schedule will tend to redistribute earnings from the high ability to the low
ability workers. High ability workers cannot walk out from the cooperative,
because they would lose their initial contribution. This model explains the
relative wage compression that exists in cooperatives compared compared
with investor-owned enterprises, and highlights a factor that may limit the

4For a survey of the literuature on workers’ owned cooperatives, see Bonin, Jones and
Putterman (1993).

° At the same time, extensive external financing of investment is hindered by the fact
that existing members could divert the resulting resourses to their own benefit.



presence of cooperatives in the economy. It does not address the issue of
investment levels in different organisational forms, because the initial contri-
bution is taken as given. Furthermore, a necessary condition for inefficiency
in cooperatives is the noncoincidence of the preferences of the median voter
with the average preferences®. In our paper we find that inefficiency may
arise even if mean and median preferences coincide’.

Hart and Moore (1998) also study the relative efficiency of organising
production in a cooperative and in a investor owned enterprise. There are
two major differences with our paper: firstly, they assume that if the enter-
prise is investor owned then the investor is an outsider, not a member, and
in this case the productive agents, instead of being members of a cooperative
are employees of the outside investor. Secondly, as Kremer, Hart and Moore
also take the extent of the initial contribution as given and do not, there-
fore, address the issue of underinvestement. Contract incompleteness causes
inefficiency both in our paper (in the form of underinvestement) and in Hart
and Moore’s (in the form of inefficient quality).

The paper is organised as follows. Section 2 presents the main assumption
of the model, while in section 3 we state the results in the first best (complete
contracts), and for the cooperative and investor owned organisational types.
Section 3.4 presents a comparison between the two organisational forms and
section 4 concludes.

2 The model

2.1 Technology.

Our model studies the choices of three agents who can engage in an eco-
nomic activity. These agents are (ex-ante) identical, own a limited amount
of financial resources. They can engage in production according to a tech-
nology which has two crucial features: firstly, the labour input of each of
three agents is necessary: their personal characteristics (skill, talent, etc.)
are indispensable for any production to take place at all. Secondly, the tech-
nology can be used to produce both a private, marketable good, and a local
public good. Local public good is taken here to mean that it is non-rival
and non-excludable only among the three partners, and it is furthermore not
marketable (i.e. it has no price for any other agent).

$Hart and Moore (1996) get to the same conclusion.

"This is because the members of the cooperative (and of the investor-owned enterprise)
choose ezx-ante an ineflicient capitalisation level, irrespective of the actual realisation of
their preferences.



There are a number of examples for this situation. One can think of med-
ical or legal partnerships, where the marketable good is given by the services
sold to client, while the local private good could be the social commitment of
the partnership, or the quality of the working environment. In research part-
nership, the marketable good is given by the research projects carried out for
third parties, and the public good by the contribution to academic research.
In a farming cooperative, the marketable good is simply the production of
the cooperative, and the public good the environmental protection of the
cultivated area. In a sport club that owns its own premises, the marketable
good is the rent of the facilities to the public, and the public good the quality
of the service enjoyed by the members of the club *.

The technology obeys a production function F(input, public good, mar-
ketable good) which we simplify as follows:

T—(E+X)=0 (1)

where T' is the amount of resources available to the enterprise, stemming from
the voluntary contributions of the agents, and E and X are respectively the
amount of public good and marketable good produced. We assume a linear
technology, and without further loss of generality, we normalise units so that
the marginal rate of substitution between input and output and between the
two inputs are both one.

2.2 Preferences

The preferences of the agents are described by a utility function whose argu-
ments are the local public good produced by their partnership and a hicksian
commodity. This utility function is affected by an idiosyncratic shock, w.
Thus we have:

UZ‘:U<CZ‘,E,CUZ'), 221,2,3

where ¢; is agent ’s (private) consumption of a hicksian commodity, F the
public good and w; the realisation of the stochastic taste variable for agent
.

We take an extremely simple characterisation of the function U; given
that our aim is to illustrate that investor-owned enterprise and cooperatives
differ in the amount of investment they choose because of their different
constitutional design, using the simplest possible utility function brings out
our conclusions more starkly. Thus we postulate linear preferences:

®Hart and Moore (1996) discuss at length this case.



I — c+ CUHE < €min (2>
o ¢+ wHemin + wj (E - emin) B Z €min ~ 0

where the shock w therefore measures the strength of an agent’s desire for
public good in excess of the minimum amount en;,. We assume that the
shock w can take one of only two values, w?, high preference for the public
good, and w?, low preference. w is subject to the probability distribution
(the same for the three agents):

Pr(w’ =wf)=p 3)
Prw’ =wh)=1-p
We assume furthermore that w? > p > w? > 0. Here p is the ratio

between the output and the input price. In view of the linearity of both
technology and preferences, there is no loss in generality in normalising this
ratio to one.

The relative preference between marketable and public good is thus in-
fluenced by uncertainty over the realisation of w: while all agents want in
any case to have at least ey, of the public good, each wants to have more
only with probability p. Fach agent wants to consume only the public good
if the realised value of his taste parameter is high, and just a quantity e,
if the realisation is low. We denote by wg , the realised value of w for agent 1,
with j = H, L, and i = 1,2,3. We note that (3) implies that the realisations
of the state of nature for the three agents are independent.

Finally, we assume that there is an exogenous ceiling M in the resources
each agent can invest. This may represent the maximum that the agent
is able to invest in the partnership, given the need to maintain a certain
consumption level for himself and his family.

2.3 The constitutional choice

Setting up a form of productive collaboration of the type we envisage here,
usually involves two types of decisions, which we can label the constitutional
design and the day-to-day running. The former is the design of a consti-
tution in the standard legal sense: the determination of the way in which
day-to-day decisions are to be taken. In many cases, for private productive
activities, individual agents are restricted in their choice of constitutional de-
sign to selecting from a given set of "pre-designed” constitutional designs’.

®This is to protect third parties: they need to know the basic rules governing the
organisation they are dealing with (decision making procedures, liability), and that these
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In our model we restrict the agents’ choice to selecting one of the following
alternatives, which differ with regard to the nature of the majority required
to reach decisions.

e Cooperative. In this case the voting principle is one member one vote,
irrespective of the amount each has contributed.

e investor-owned enterprises. Here each member has a share of the votes
equal to his share of the total private good contribution of the three
agents.

Given the choice between these two structures, it should become evident
that three is the minimum number of agents which is necessary to have in
order to obtain a meaningful choice: with two agents, the voting process
becomes trivially simple.

2.4 Timing

The timing of agents’ interaction is depicted in figure 1.

DATE 2 DATE4 DATE 6
Investment decision Production decision Distribution
| | | | |
DATE 1 DATE 3 DATE S DATE 7
Constitutional Preferences Production Consumption
design realised

Figure 1: the timing of the model.

The constitutional design occurs at date 1. Once the constitution is in
place, economic decision can be taken. At date 2, each agent, simultaneously
and independently of the other two, chooses how much of his endowment of
the private good to put into the partnership. We assume that any consti-
tutional rule can require each agent to contribute at least =8 to the part-
nership'’, and we denote this minimum quantity with m, so that m = cmin,

rules will be stable over time. This of course is unlike the constitutional design for political
decision making, which is free.

10This guarantees the resources necessary to produce the minimum amount of the public
good that the agents desire, and allows us to skip the consideration of free rider problems
that would arise in the case of no minimum contribution.



Formally, agent ¢ chooses t; € [m, M], i = 1,2,3. The total resources avail-
able to the enterprise are thus ' = Z?:1 t;, and the amount of the endowment
retained by agent 7 is M —¢; > 0.

Next, at date 3, the values of wg are realised, and observed by all three
agents. That is, agents learn their own and their partners’ preferences'!. In
a stylised example, each of the three partners is married, but neither has
any children at the time of the constitutional design (date 1). If at the time
the production decision is made, a partner has children (his realisation of w’
is w”, which occurs with probability 1 — p), he will want (need) to have as
high a level of the hicksian composite commodity as possible: therefore he
will want to produce only the marketable good. If instead he does not have
children (his realisation of w’ is w, which occurs with probability p), he will
want to devote the partnership resources to some “social” activity, such as
involvement in the local community.

Next, at date 4, the amount of resources to be devoted to the production
of the public good is selected, according to a vote which must of course be
taken in accordance to the constitutional design.

At date 5, production of the marketable good and the public good take
place,according to the decision taken in period 4 and the technological con-
straint (1), which can be written as:

3
E:Zti—X
=1

At date 6 the amount of money raised from the sale of the marketable
good produced is distributed to the participants in proportion to their initial
monetary contribution. Agent 7 thus receives:

t; F
i_—_TX_—til__T 4

Finally, at date 7 each agent can consume the hicksian commodity (recall

that we have set the ratio between the output and input price equal to one).
The ex-post utility for agent i is then:

U, = (M; — t;) + t; <1 — %) + [3wi'm 4 Wi(E — 3m)] (5)

' Because there is no subsequent opportunity for strategic signalling, the assumption
of symmetry of information entails little loss in generality, and maitains the model at a
tractable level of complexity.



The first two terms in (5) represent the utility deriving {rom the con-
sumption of the hicksian composite commodity (where the first term is the
initial wealth minus initial investment and the second is the share to agent 7
of the revenues for the production of the marketable good). The term in the
square brackets represents agent i’s utility deriving from the consumption of
the public good.

2.5 Contracting

It is natural to assume that, at the time of the constitutional design, the
partners cannot write a contract which conditions their (date 2) investment
decision on the realised values of the w’s. A reason for this is that to write
such a contract may prove too costly to the partners'? because it is not pos-
sible for a court or other contract enforcing agency to observe the realisation
of the taste parameters for the three agents'®.

The parties can of course agree to set a minimum investment required
in order to take part in the partnership. Note, however, that, in view of
the assumption that each partner’s individual participation is necessary for
any production to take place, it may not be incentive compatible to impose
a minimum above what each agent would be willing to invest irrespective
of his realisation of w’. This because each agent can simply deny having
the money. In other words, the individual contribution must be incentive
compatible, in the sense of constituting a Nash Equilibrium: since nothing
happens between date 1 and date 2, no rational agent would, at date 1, sign
an agreement committing him to contribute more than he would choose to
contribute at date 2.

It follows that there is relatively little contracting to do. The only thing
that a court can verify is whether any decision taken by the members has
respected the (internal) constitutional design. In practice whether the nec-
essary majority existed in favour of the decision taken.

12See for example Anderlini e Felli (1997).

3Indeed this asymmetry of information between the courts on the one side and the
parties (who share the same information set) on the other side forms the basis of the
recent literature on invomplete contracts.This approach has been critisised by Maskin and
Tirole (1998), who argue that if the partners are unboundedly rational and can committ
to no renegotiation of the contract, the inability of a court to enforce the contract becomes
irrelevant.



3 Results

3.1 The first best

As a benchmark, we consider first the case in which the constraints on con-
tracts imposed in section 2.5 do not hold: at date 1, the partners can write
contracts:

e they commit to any level of date 1 individual contribution;

e they can make the date 4 production decision dependent on the values
of their preference parameters realised at date 3.

We refer to this as the complete contracting situation, or first best!4.

With complete contracts constitutional design is irrelevant: there is no
need to specify the rules according to which decisions will be made. All
decisions can be made at date 0. The main results are stated in the following
proposition:

Proposition 1 Suppose it is possible to write a contract specifying each part-
ner’s initial contribution and the amount of the public good to be produced in
any state of the world. Then:

=M i=1,273

o 3m if wg:wf, 1=1,2,3 and wL<%
3M otherwise

That is, at the first best the investment of each agent is equal to the
maximum possible (L.e. t; = M, i = 1,2,3) giving total resources available
for production equal to I’ = 3k. The production of the public good is always
E = 3k, except for the case when all agents have low marginal utility of the
public good and w! < %, in which case I/ = 3m.

Proof. Since the partners can write a contract contingent on the realisa-
tion of the random variable w, they will command production of the public
good whenever the realisation of w is such that its ez-ante expected utility is
higher than for the production of the marketable good, and viceversa. As a
consequence it is always optimal ez-ante to contribute the maximum capital

of the organisation: t; = M, Vi. This proves the first part of proposition 1.

4 This is the set of allocations which could be chosen by a benevolent dictator whose
objective is the maximisation of the agents’ total utility.
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Next consider the case when w! > % Any partner’s utility (given by
equation 5) results is increasing in E both if w” and w! are the realised value
of w. Therefore the partners always want the maximum possible production
of the public good, 1.e. ¥ = 3M.

Now consider the case when w! < % The contract will provide for the
production of the public good if its ex-anie marginal utility is higher than the
marginal utility of the marketable good. The redistribution of the marketable
good among the agents can also be contracted ezr-ante. Let us denote with
{129,253} the quantities of the marketable good to the partners, which must
respect the technological constraint (1): E?:l z; =3M — E.

If the realisation of w is such that all three partners have the low marginal
utility of the public good w’, they clearly prefer to produce the marketable
good, since 1 > 3w’. Therefore production of the public good will be £/ = 3m
and production of the private good {1 xex3} = {M —m, M —m, M —m}.

If the realisation of w is such that one partner has the high marginal
utility of the public good w!! and the other two the low w’, ez-ante utility

for partner 7 is given by:

Us = % (W'E+ (M — ) + g (W"E + (M — z;))

Summing over the partners and using the constraint, we obtain:
3 H 1 L 2 H L
Z;IUZ:W E—gB+w'E = 2B = Bw +w 1)

Therefore the expected utility of the three partners is increasing in F|
and the contract will be £ = 3M and {z1 29 23} = {0,0,0}.

The same results apply a fortiori if two or three people have a high
marginal utility for the public good, completing the proof of proposition 1 m

The fact that contracts can be made dependent on the realisation of
the random variable w makes its probability distribution not relevant in the
agents’ decisions. This is not the case when complete contracts are ruled out,
as we shall see in the next section.

3.2 Investment and Voting in coops

In practice, the type of contracts which are necessary for the achievement
of the first best, requiring as they do the observability by an enforcer of the
realised value of the preference parameter, are not feasible. The main point
of the paper is to show that when contracts are incomplete, the allocation
of power within the enterprise and the rules for making decisions matter. In
this section we consider the one-head one-vote rule (simple majority voting)

11



that characterises cooperatives. The next section will deal with investor-
owned organisations, where the partner’s voting power is proportional to
their monetary investment (one-share-one-vote rule).

Consider date 4. At this time all decisions regarding contributions are
made, and the partners vote on the amount of public good the partnership
should undertake. After the vote is taken, everything is straightforward;
therefore, in order to decide how to vote, each agent simply calculates the
utility he receives for any feasible level of production of the public good (and
therefore of the marketable good). Given contributions {¢i,?,%3}, the set of
feasible levels of public good production is [0,¢; 4+t +t3]. In practice we can
restrict the choice to the interval [3m, ¢y +t3 + 3], since all agents, regardless
of the realisation of w’ strictly prefer 3m to any I/ < 3m. Agent i’s utility
as a function of the level of public good production (for £ > 3m) is given by
equation (5).

Taken as a function of E only, the right hand side of (5) always reaches
a maximum at a corner: either w * = w ¥, in which case the agent strictly
prefers £ = 3m, or w * = w ¥, in which case he strictly prefers £ = t; +
ty + t3. It is here that the simple structure of our model is seen to be very
useful, as there are only two possible patterns of voting: for any realisation
of (w{,w%, wé) either a strict majority or a strict minority of partners prefers
that all resources be invested in the public good.

In table 1 we summarise the production quantities and payoffs to the
agents for all realisations of the random variable, together with the associated
probability. The table shows the possible realisations of the random variable
w? for the three partners (column 1) and the associated probabilities (column
2). Column 3 and 4 show, for each case, the amount produced of the public
and the private good respectively and the last two columns report the payoff
associated with such production choice for an agent who has low (column 5)
or high (column 6) preference for the public good. As an example, consider
the case when realised preferences are {w” w® w#} (row 4). In this case,
which happens with probability (1—p)?p, the majority of the partners derives
a low marginal utility from the public good, and thus the minimum quantity
3m is produced. A quantity (¢; + to 4+ t3 — 3m) of the marketable good is

produced and partner 7 is allocated a share of her initial contribution.

ti
t1+to+is

The payoff for each of the three partners is thus (M; — t;)+t; (1 — t1+3t2n+t3) +

3wim.
Insert Table 1 about here

A more compact presentation of the results in table 1 can be obtained
by noting that from agent i’s point of view there are four possible cases:

12



he may have a high preference for the public good and be in the majority,
have a high preference for the public good and be in the minority, have a
low preference for the public good and be in the majority, and finally, he
may have a low preference for the public good and be in the minority. The
assoclated probabilities are shown in table 2.

Realised preference for agent 1
wt wH
w” is majority | (1—p)"+2p(1 —p)? | p(1 —p)?
w' is majority p*(1 —p) p* + 2p*(1 — p)

Table 2: probabilities of the possible outcomes for agent <.

Bearing this in mind, we can now go back to date 2 and compute the
utility for agent i as a function of the contribution level of all three partners,

e
given the correct anticipation of future voting decisions. Let EU, be the
expected utility for agent i after the cooperative form is chosen (date 1) and
before the contribution decision is made (date 2):

BU; = [1— 31201 2} My—t)+t; [1— — 2 ) 43,0
; (I=p)" +2(1—p)"p| |[(M;—1;) +1; L on) TRm
+ (1= p)p? [(M; — t;) + 3w m + (t1 + tg + ts — 3m) "]
3m
1—p)l2p |(M; —t;)+t; (1 — ———— ) + 38 6
= p =+ (1= ) 0

+ (20 =p)p* +0°) [(M; — t:) + (t1 + t2 + t3) W]

Simplifying we obtain

BU., = (1-3p2+20")[1 - ———— )¢ 7
t ( p—l—p)< t1—|-752—|-753>Z 9

+(t1+ta+t3—3m)p” [(1 —p)wl + (2—p) ] + (M —t;) + 3wm

The assumption of linear utility and production functions implies that
each individual invests either the minimum or the maximum amount possible,
thus considerably simplifying the analysis. To see this, we simply take the
second derivative of the utility function w.r.t. the decision variable ¢; (for
agent 7):

LU,
ot?

(t1+ta+1t3—1t;)

>0
(t1 +ta + t3)3

=6m ((1—p)°+3(1—p)’p)

13



Therefore any stationary point of the individual maximisation problem
is a minimum, and the solution can be only at the extreme points of the
interval, with t; € {m, M}. This implies that the date 2 decision can be
described (given the assumption that the players anticipated correctly future
actions) by a 2 action, 3 player normal form symmetric game (see figure 2).
This is shown in table 3, where player 1 chooses the row, player 2 the column
and player 3 the matrix. Let us denote with FU &kl) the expected utility of an
agent who has invested h in the cooperative when the other two have invested
k and I, with h k Il € {m, M}. The superscript C' denotes the cooperative
organisational form. For example, KU ]\Z(m M) denotes the expected utility of
an agent who has invested the maximum amount M when the other two have
invested m and M.

Player 1
Player 3: m m M
m EUCm(mm) ELFm(mm) ELFm(mm) EUCm(mM)‘ ELFM(mm)‘ ELpm(ml\/\)
Player 2
M EUCM(mm)' ELFm(mM)v ELFm(mM) EUCm(mM)v ELPM(mM)' ELFm(MM)
Player 1
Player 3: M m M
m EUCm(mM)‘ ELpm(ml\/\)‘ ELpM(mm) EUCm(MM)' ELFM(mM)‘ ELFM(mM)
Player 2

M EUCM(mM)' EUCm(MM)' EUCM(mM) EUCM(MM)' EUCM(MM)v EUCM(MM)

Figure 2: the normal form game in the cooperative case.

We begin by calculating the values of the different utilities. Substituting
in 7 the appropriate values of t; € {m, M} we have:

EUS iy = (M —m) +3wTm (8)
3m
C _ 2 3
BUg sy = m<1——2m+M> (1-3p* + 2p%) (9)

+(M —m)p* [(1 - p)w” + (2 = p)w"] + (M —m) + 3u"m

14



3m
EU¢ = M({1—-————)(1-3p2+2p° 10

92 [(1 = )t + (2= p)t] (M = m) + 35 m

3m

+2(M —m)p? [(1 —p)w’ + 2= p)w] + (M —m) + 3w m

3m
EUﬁ(mM) = M <1 — m) (1—3p*+2p°) (12)

+2(M —m)p® [(1—p)w" + (2—p)w’] +3w"m

EUS oy = M (1 - %) 1—3p” + 2p?) (13)

+3(M —m)p* [(1 —p)w” + 2 —p)w] +3w'm

A key parameter in our model is the ratio between the minimum amount
to be invested by each agent, m, and the resources available to each player,
M. We denote it by A = 2. Tt is clearly 0 < A < 1

The following proposition characterises the pure strategy equilibria exist-
ing for the cooperative:

Proposition 2 If the cooperative institutional form is chosen, there exists
p1 and py, whose values depend on the parameters of the model, with p; < pa,
such that:

if 0 < p < py the unique pure strategy NE is {m,m ,m};

if p1 < p < po there are two pure strategy NE: {m,m,m} and {M, M, M };

if po < p <1 the unique pure strategy NE is {M, M, M }.

Moreover, if A = 0, it is p1 = py and there is only one pure strateqy
equilitbrium in the game.

For the proof see appendix A.1.

An important consequence of proposition 2, which follows immediately
from a comparison with proposition 1, is that contract incompleteness in-
volves a lower investment in the firm when the cooperative type is chosen
with respect to the first best. Recall that in the first best ¢, = M, i=1,2,3
V A\, w!, wH. This is not the case in the cooperative organisational form.
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As an example, figure 3 shows the possible equilibria in the A, p space for
w!=0.1 and w? =1.9.

1

M, M, M}

Figure 3: equilibria sets in the cooperative case for w* = 0.1 and w = 1.9.

There are two reasons for this result. First of all, agents face the risk
of having a low preference for the public good at time 3 and being in the
minority (so that all the capital of the firm is used to produce the public
good). In equilibrium this induces less investment than in the complete
contract case if p is small enough. We call this uncertainty effect.

Furthermore, when the private good is produced (i.e. when the majority
has a low preference for the public good), the rule specified in (4) implies
redistribution from the players who invest most to those who invest less. To
see this, consider the situation in which one player makes an initial investment
of t; > m while the others invest just m. If the private good is not produced
at time 4, the share of the private good to player i according to (4) amounts
to x; = t;(1 — 3Tm) < t;(1 — m) while the other two players receive x_; =
m(l — 3Tm) > (. This redistribution effect is likely to discourage higher levels
of investment of an agent compared to the others.

In fact, no redistribution effect takes place in equilibrium in the coopera-
tive, since investment levels are always symmetric. However, the presence of
this effect influences the nature of the equilibria: if no redistribution is possi-
ble, the equilibrium of the game is always unique: {m,m,m} is p < p; = p
and {M, M, M} if p > p; = ps.

We can isolate the uncertainty effect by devising a distributional rule
that does not imply redistribution among agents in case the private good is
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produced. This is obviously the case if there is no minimum amount of the
public good to be produced for any realisation of the preferences (i.e. when
3m = 0 and consequently A = 0)'.

The intuition behind this case is straightforward. Since in the cooperative
the production decisions at time 4 are taken democratically, and thus do not
depend on the amount of resources invested by the players. If 3m = 0, the
resources invested by each player are influenced only by the probability of
having a high or low ex post valuation of the public good. This implies that
the optimal investment decision of agent 7 is independent from the investment
of the other agents (i.e. agent i has a dominant strategy that depends only on
the exogenous probability values of w’ and w# and on the probability p). The
problem faced by the other two agents is identical to that of agent 7, and thus
their optimal strategy is the same (this ensures symmetry). The cut off point
p1 = po gives the probability value (as a function of the other parameters
of the problem) for which the expected utility of a high initial investment
becomes higher than the expected utility of a lower initial investment. A low
investment equilibrium is due in this case purely to the uncertainty regarding
the realisation of the random variable w.

3.3 Investment and Voting in the investor-owned firm

In the investor-owned company the voting power of the members are weighted
according to their initial contribution to the capital of the organisation. The
median voter theorem still applies, but in this case the “median voter” is
the one who possesses the median share of the company’s capital, rather
than the median physical person. This implies that, unlike in the coop, the
investment decision of, say, agent 1 will generally depend on the investment
decision of agents 2 and 3 as well: as an individual’s contribution increases
or decreases, the identity of the median voter may change. If this happens,
the balance of power within the organisation shifts, with implications on the
nature of the equilibria of the game.

As for the cooperative, after the vote on production is taken, everything is
straightforward in the investor-owned firm. Therefore, each agent calculates
the utility he receives for any feasible production of the public and marketable
good. The set of feasible levels of public good production we are interested

5Tt is possible to imagine redistribution-neutral rules for the distribution of the private
good produced. For example, each agent could receive an amount proportional to her
initial contribution minus the minimum contribution. While qualitative results would not
change from the case where e = 0, it seems to us that such a rule does not describe
satisfactorily the distributive aggrements in partnerships.
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in is [3m, t1 + ty + £3]'%. Agent #’s utility as a function of the level of public
good production (for ' > 3m) is given by equation (5).

The sign of 8§gi in (5) is negative if w * = w ¥ (in this case agent i
strictly prefers £ = 3m), and positive if w * = w # (in case agent 7 strictly

prefers I& = ty 4ty + t3). There are three possible patterns of voting: for

%

any realisation of (w},w?, wé) either a strict majority or a strict minority or
exactly fifty per cent of the voting rights wants that all resources be invested
in the public good. In order to get rid of the indeterminacy determined by
an equal split of voting, we assume that whenever such a situation arises the
decision is based on the number of agents favouring a certain allocation of
the resources.

In the investor-owned organisation, however, the relevant majority is the
majority of the shares in the enterprise, rather than the majority of the
voters. Indeed, it is now necessary to consider the case where one person can
form the majority, by virtue of its larger holding. Table 5, which is analogous
to table 1 (cooperative case), shows production quantities and payoffs to the
agents for the realised values of the random variable w, taking into account
the types of majority that can emerge in the investor-owned organisation.
Take as an example the case where the realisation of the random variable
w? is {wk w¥ wf} which occurs with probability (1 — p)?p. In this case the
agent with a high marginal utility of the public good (say, agent 3) may or
may not hold the majority of the shares in the organisation'”. If he does not,
only the minimum amount of the public good is produced, and the payoffs
are as specified in row 2a. If he does, the maximum quantity of the public
good is produced and the payoff are as specified in row 2b.

Insert Table 5 about here

>From table 5 it is clear that the expected utility of each agent will
depend on the relative size of her investment compared to those of the other
partners. Let us consider the investment of, say, agent 1, taking as given iy
and t3 (and assuming, without loss of generality, t3 > t5). If t] + 1y < 3,
agent 3’s investment constitutes more than half of the total, and therefore
agent 3 has alone the power to decide over production: he is the ‘dictator’ in
the organisation. If {3 — ty < t; < 13 + £ no one member has alone a clear

I6Recall that all agents strictly prefer 3m to any E < 3m, regardless of the realisation
of wi.

L70f course, it may happen that the shares are distributed in such a way that no absolute
majority is formed, wereas fifty per cent of the voting rights are held by agents with a
high marginal utility of the public good and the other fifty by agents with a low utility of
the public good.
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majority of the votes, and the median vote coincides with the median voter.
If t1 > t9 + t3 agent one has absolute majority and is the dictator.

If the amount of public good the agents want to produce irrespectively of
their realisation of preferences in period 3 is sufficiently high, i.e. if 2m > M,
the first and third case above trivially do not apply, since it is always t; €
[t3 — L9, t3 + t3]. In this case the investor-owned institutional forms cannot
be distinguished from the cooperative form, since the median vote always
coincides with the median voter, and the analysis replicates that of section
(3.2). We therefore concentrate only on the more interesting case where
2m < M*®,

If 2m < M, the expected utility of the players has to be computed for
all three cases, in order to pick the relevant actions for the game to be
played. In appendix A.2 we show that it is still the case that there is no
internal maximum for the maximisation problem, and thus we can restrict
our attention to the binary choice between the minimum and the maximum
initial investment, i.e. ¢; € {m, M }. As for the cooperative case, let us denote
with EU,{D(M) the expected utility of an agent who has invested h when the
other two have invested k and I, with h kI € {m, M}. The subscript P
denotes the investor-owned organisational form.

The resulting game (figure 4) is very similar to the game for the cooper-

ative case.
Player 2
. m
Player 3: m M
m EUPm(mm)' Eupm(mm)' EUPm(mm) EUPm(mM)' EUPM(mm)' EUPm(mM)
Player 1
M EUPM(mm)' Eupm(mM)' Eupm(mM) EUPM(mM)' EUPM(mM)' EUPm(MM)
Player 2
Player 3: M m M
m EUPm(mM)' EUPm(mM)' EUPM(mm) EUPm(MM)' EUPM(mM)' EUPM(mM)
Player 1

M EUPM(mM)' EUPm(MM)' EUPM(mM) EUPM(MM)| EUPM(MM)' EUPM(MM)

Figure 4: the normal form game in the investor-owned case.

18 As a consequence, 0 < A < %
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In Appendix A.2 we show that Zi(mm) = Zg(mm), ZT]Z(MM) = ZE(MM),
Z]\]z,(mM) = Z]\C;,(mM), Zﬁ(MM) = Z]\C;,(MM). This is natural, since expected
payoff differ between the two organisational forms only if the majority of
votes is held by a single agent, and this happens only if one agent contributes
the maximum possible while the other two contribute the minimum.
However, the equilibria of the game will differ significantly. The next

proposition states our main result regarding the investor-owned case.

Proposition 3 If the investor-owned institutional form is chosen, there can
exist a variety of equilibria. There exist three points py, ps4, ps such that the
possible equilibria are:

o if ps < ps <pi, then

if 0 < p < ps the unique pure strategy NE is {m,m,m};

if ps < p < py there are two pure strategy NE: {m, m,m} and {m, M, M };
if ps < p < p1 the unique pure strateqy NE is {m, M, M};

if p1 < p <1 the unique pure strategy NE is {M, M, M }.

o if py <ps < p1, then

if 0 < p < py the unique pure strategy NE is {m,m,m};

if ps < p < ps the unique pure strategy NE is {m,m, M };
if ps < p < p1 the unique pure strateqy NE is {m, M, M};
if p1 < p <1 the unique pure strategy NE is {M, M, M }.

o if py < p1 <ps, then
if 0 < p < p4 the unique pure strategy NE is {m,m,m};
if ps < p < p1 the unique pure strategy NE is {m,m, M };

if p1 < p < ps there are two pure strategy NE: {m,m, M} and {M, M, M};
if ps < p < 1 the unique pure strategy NE is {M, M, M }.

® ifps <p1 <ps

if 0 < p < ps the unique pure strategy NE is {m,m,m};

if ps < p < py1 there are two pure strategy NE: {m, m,m} and {m, M, M };
if p1 < p < py there are two pure strategy NE: {m,m,m} and {M, M, M };
if ps < p <1 the unique pure strategy NE is {M, M, M }.

o ifp1 < ps <pa
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if 0 < p < py the unique pure strategy NE is {m,m,m};
if p1 < p < p4 there are two pure strategy NE: {m,m,m} and {M, M, M };
if ps < p < 1 the unique pure strategy NE is {M, M, M }.

o ifp1 <ps<ps

if 0 < p < py the unique pure strategy NE is {m,m,m};
if p1 < p < py there are two pure strategy NE: {m,m,m} and {M, M, M };
if p1 < p < ps there are two pure strategy NE: {m,m, M} and {M, M, M};
if ps < p < 1 the unique pure strategy NE is {M, M, M }.

For a proof, see appendix A.2.1. Note that p; is the same as in the
cooperative case.

Proposition 3 is rather pedantic. For what concerns our interest, it says
that if the investor-owned form is chosen, thare can be a greater variety of
equilibria with respect to the cooperative case. The possible equilibria sets
in the investor-owned case are:

e the unique pure strategy NE {m, m,m};

e the unique pure strategy NE is {m, m, M };

the unique pure strategy NE is {m, M, M };

the unique pure strategy NE is { M, M, M };

the two pure strategy NE: {m,m, M} and {M, M, M}

the two pure strategy NE: {m,m,m} and {M, M, M}

the two pure strategy NE: {m, M, M} and {m,m,m}

Also in the investor-owned case, contract incompleteness involves a lower
investment in the firm with respect to the first best, where t;, = M,i=1,2,3
VO wk Wi,

As an example, figure 5 shows the possible equilibria in the A, p parameter
space where w! = 0.1 and w? = 1.8.

9Cfr. proposition 1.
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Figure 5: equilibria set in the investor-owned case for w’ = 0.1 and
H
w® =19

The reasons for underinvestment are similar to those for the cooperative
case. On the one hand there is the uncertainty effect (agents face the risk
of having a low preference for the public good at time 3 and being in the
minority, so that all the capital of the firm is used to produce the public
good). On the other hand there is the redistribution effect: if the public
good is not produced above the minimum level 3m, an agent investing more
than the others will lose part of her contribution.

However, the strategic role of investment in shaping the majority in the
investor-owned firm, changes the relative importance of these two effect. In-
deed, while in the cooperative case there are only symmetric equilibria, in
the investor owned case it is possible to obtain asymmetric equilibria as well.
This is because in the latter case initial investment assumes a strategic di-
mension, related to the distribution of votes among the members.

In the equilibrium {m,m, M} just one agent invests the maximum M
while the other two invest just m, there is no uncertainty effect for the agent
investing M. This is because she has absolute majority of the votes in the
organisation, and thus is free to choose production according to her revealed
preference at date 4. However, the redistribution effect is still present: if the
realised present of the agent investing M is w¥, she will suffer a loss ex-post.
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The higher is A, the more costly this trade off, and the higher must be, ceteris
paribus, the probability of having high marginal valuation of the public good
to make the risk worthwhile (see fig. 5).

A slightly more subtle reasoning applies to the asymmetric equilibrium
{m, M, M}. Even if the investment levels are not symmetric, a(ny) majority
of two members out of three is needed to decide over production. In this case,
therefore, the reason to invest the maximum M does not depend directly on
the possibility of eliminating the uncertainty effect. In fact, it is exactly the
opposite argument that applies: an agent wants to invest M when the other
two invest m and M respectively, exactly to avoid that a clear majority of
one only arises. To do this, an agent is ready to suffer a potential loss due
to the redistribution effect in the case her revealed preference is wland she
is in the minority. Again, the higher is A, the more costly the trade off, and
the higher must, ceteris paribus, be the probability of having high marginal
valuation of the public good to make the risk worthwhile (see fig. 5).

We can somehow simplify the situation by setting 3m = 0, and thus
A = 0. In this case there is no redistribution effect. The following corollary
summarizes the results.

Corollary 4 Let A = 0. If the investor-owned form is chosen, there are two
point p1 and ps such that:

o ifpi <ps

Proposition 5 if 0 < p < p; the unique pure strategy NE is {m,m, M };
if p1 < p < ps there are two pure strategy NE: {m,m, M} and {M, M, M};
if ps < p < 1 the unique pure strategy NE is {M, M, M }.

o if ps < i

if 0 < p < ps the unique pure strategy NE is {m,m, M };
if ps < p < p1 the unique pure strateqy NFE is {m, M, M};
if p1 < p <1 the unique pure strategy NE is {M, M, M }.

For the proof see appendixA.2.2.

As it is to be expected, when there is no redistribution effect, the equi-
librium {m,m, m} never occurs. In fact any agent is better off investing M
when the other two invest m, in order to acquire the control of the organi-
sation. This is not the case in the cooperative case, where there is no link
between the amount invested and the decisional power.
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3.4 Comparison between organisational forms

In this section we want to carry out a comparison between the two organ-
isational forms studied in the previous sections. In particular, we want to
see how different constitutional design influences the investment decision and
the provision of the public good.

>From proposition 1 it is clear that the optimal level of initial investment
is always equal to the maximum, i.e. ¢; = M, 7 = 1,2 3. The comparison
is thus very simple: we can affirm that the organisational form that induces
the higher level of initial investment is, celeris paribus, more efficient.

The same can be said regarding the production of the public good. In
the first best, the only case in which production of the public good above
the minimum level £ = 3m is not optimal is when the realised preferences
are all for all 3 agents: {w’,w’, w!’}, while in all other cases optimal public
good production is £ = 3k. Since for any constitutional design production
of the public good is F = 3m when realised preferences are {w’ w’ wl}, we
can consider as more efficient the organisational type that induces a higher
production of the public good.

In order to simplify the comparison, we adopt the following criteria to
identify which equilibrium is chosen when there are multiple equilibria for
a given set of parameters’ value. We will assume that when, in case of
multiple equilibria, one Pareto-dominates the others, the Pareto dominant
equilitbrium is chosen. This assumption seems natural given the assumptions
of our model, and allows us to restrict our attention to a smaller set of
possible equilibria. If no NE Pareto-dominates the other, we will refer to the
multiple equilibria.

The following proposition states the results for the Pareto-dominant equi-
libria:

Proposition 6 o If the cooperative is formed, whenever in the equilibria
set there are the two pure strategy NE {m,m,m} and {M, M, M}, the
NE {M, M, M} is Pareto-dominating.

e If the investor-owned firm is formed:

whenever in the equilibria set there are the two pure strategy NE {m,m,m}
and {M, M, M}, the NE {M, M, M} is Pareto-dominating;

whenever in the equilibria set there are the two pure strateqy NE{m, M, M}
and {m,m,m}, the NE {m, M, M} is Pareto-dominating;

When in the equilibria set there are the two pure strateqy NE{M, M, M}
and {m,m, M}, the NE {m,m, M} is never Pareto-dominating. However,
there are parameter values for which {M, M, M} is not dominating either.
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For a proof., see appendix A.3.

From the comparison of propositions 2 and 6, it follows immediately that
if the cooperative institutional form is chosen, there exist only one Pareto-
dominant pure strategy NE. Furthermore, there exists a value pysuch that:

e if0 < p < p; the unique Pareto-dominant pure strategy NE is {m, m,m};

e if p; < p < 1theunique Pareto-dominant pure strategy NE is { M, M, M }.

Analogously, from the comparison of propositions 3 and 6, if follows that
is the investor-owned if formed the possible types of Pareto-dominant pure
strategy equilibria sets are:

e the unique pure strategy NE {m, m, m};

e the unique pure strategy NE is {m, m, M };
e the unique pure strategy NE is {m, M, M };
e the unique pure strategy NE is { M, M, M };

e the two pure strategy NE: {m,m M} and {M, M, M }.

The equilibrium set actually occurring is obviously a function of the pa-
rameters of the model: A, p,w®, wt.

We can now proceed to a graphical comparison between the two organi-
sational forms. To do so, we fix a given value for the utility parameters w’
and w!, and plot the resulting equilibria sets in the space, p, A.

Figure 6 shows the equilibria set for w* = 0.7 and w¥ = 1.6.
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Figure 6: comparison of equilibria sets for w* = 0.7 and w = 1.6.

It is possible to notice that whenever the unique dominant Nash equilib-
rium in the cooperative is { M, M, M}, the same equilibrium exists for the
investor owned organisation as well (white and black areas). This is a general
result of the model. However, the may be some parameter values for which
{M, M, M} is not unique in the investor-owned case: in the black area the
maximum investment equilibrium coexists with the equilibrium {M,m, m}.
The latter is not Pareto-dominated by the former since the agent who invests
M alone is in expected terms better off when he decides alone over produc-
tion allocation, then when investment levels are symmetric and decisions are
taken democratically. Investment levels will generally be equal to the first
best (although this may not be the case in the black area for the investor-
owned firm). However, production of the public good may not be optimal: if
the majority (or the only one investing m in the {m, m, M} equilibrium) but
not the totality of the members have a realised low preference for the public
good, its production is ex-post lower than in the first best case.

The most interesting cases arise when the only Pareto-dominant invest-
ment equilibrium in the cooperative is the minimum (grey areas). While
for the coopearive only the symmetric equilibrium {m, m,m} is possible, the
investor-owned organisation can present asymmetric equilibria that increase
total initial investment, with a result closer to the first best situation. The
possible unique Pareto-dominant Nash asymmetric equilibria are {m,m, M }
and {m, M, M}. Again, actual production levels of the public good depend
on the realised preferences.
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As the preference parameters w! and w! vary, the curves of figure 6 move,
and some equilibria may disappear, but the qualitative results are substan-
tially unchanged. If w® decreases, the curves tend to move towards the right,
and the area with lower investment levels become ceteris paribus larger. A
low w! deters investment, since the loss from a realised low preference of the
public good is potentially higher. Conversely, an increase in w* makes ceteris
partbus the investment more likely, since it increases the possible benefits of

the production of the public good.

4 Conclusions

In this paper we carry out an abstract comparison between a cooperative
and an investor-owned enterprise in a world with incomplete contracts. We
identify organisational forms with their decision making mechanism: one-
head-one-vote for cooperatives and one-share-one-vote for investor-owned.

Our main result is that constitutional design matters: different decision
making rules imply different equilibrium investment levels for the cooperative
and investor-owned institutional forms.

In both cases undeinvestment with respect to the first best occurs (this
is a more general consequence of contract incompleteness). However, the
investor-owned form seems to induce more investment than the cooperative
form. In fact, we show that the total investment in an investor-owned firm
is almost always unambiguously than in the cooperative, while it is never
unambiguously higher in the cooperative.

This is because initial investment has in the investor-owned case a strate-
gic role in shaping the majority of votes: an agent may wish to invest more
in order to gain control of the enterprise, or in order to prevent another agent
from gaining control.

This strategic role of investment gives rise to asymmetric pure strategy
Nash equilibria that do not arise in a cooperative, since the size of investment
does not influence control.

A Appendix

A.1 Proof of proposition 2
Dividing the equations & to 13 by M (recall that A = %) and defining

o _ BUgw )
Zh(kl) = ]\h/” we have:
Zmmy = (L= 2) + 3w (14)
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2041
+(1=NP[(1 —p)wh + (2 —p)w] + (1= N) +3wA

zg(mM) = A <1 A > (1 —3p” + 2p°) (15)

3A
Zitmm)y = <1 - m) (1—3p* + 2p%) (16)

+(1=2)p? [(L=p)w’ + (2 —p)w] +3wA

3\
Zoaany = A <1 — —> (1 —3p” + 2p°) (17)

3\
Zitmary = <1 - —> (1-3p* + 2p°) (18)
2

Zomny = 1= (1=3p" +20) +3(1 = V) p” [(1 —p) " + (2 —p) "] + 3012
(19)

The symmetric structure of the game depicted in table 3 implies that there

are only four possible Nash Equilibria in pure strategies, which are defined
by the number of agents who choose the maximum contribution: this can
be 0,1,2,3. The conditions for each of these type of equilibrium equilibria to
hold are shown in table Al.

NE Representative Representative Conditions
payoff vector strategy vector

1 Zzg(mmw ?g(mm)’ ?z(mm) im,m,m} ng(mm) > Z%(mm)
W mm)> Zmman)s Pmemany | Umm, M Zat(nm) Z Zantunm)

2 | zZ¢ zZ°¢ zZ¢ {m, M, M} grg(mM) i?\g(mM)
M(mM)» “m(MM)’ ~ M(mM) P M(mM) m(mM)
Zr?z(MM) > ZAC4(MM)
3 ZJ\C4(MM)7 ZJ\C4(MM)7 ZJ\C4(MM) {M, M, M} ZJ\C4(MM)7 > Zri(MM)’

Table Al: the Nash Equilibria of the game
Thus, for example, the equilibrium {Zg(mm), Zg(mm), ng(mm)} where all
players contribute the minimum amount obtains if nobody 1s better off by
contributing the maximum, given that the other two contribute the mini-

mum. Therefore it must be in this case: Zg(mm) > Z]\C}(mm).

28



Define the following functions (using equations 14 to 19):

Cen(wL7wH7,\7p) = ng(mm) _Z]%(mm) = (20)
A 2 3
(1—A)—<1—2A+1> (1—3p" +2p%)
2 [(1—p)ut +2—p) ] (1))
cef(wL,wH,/\m) = Z]%(MM)_ZTZ(MM):O_?)/\) (1—3p2+2p3) (21)
+3p” [(1 —p) w4+ (2 — p) ] — 3A <1 — /\3__;\2> (1 - 3p2 + 2p%)
—2(1=Np* [(1 -p)w" + 2 -p)f] - (1-N)
cem(wL’wH’/\’p) = Zr?z(mM) _Z]%(mM) = (22)
1 3 9.2 3 2701 L B HY(q
3A<1 2/\+1>(1 3p° +2p%) +p” [(1 —p)w” + (2 —p)w] (1 - 1)

+(1—/\)—<1—/\3—;\2> (1 —3p” + 2p°)

—2(1=A)p* [ —p)w" + (2 - p) "]
From table A.1 it is then clear that:
e {m,m,m} is NE if cen(w® v X p) < 0;
o {M,M, M} is NE if cef (w",w™ X, p) > 0;
o {m,m, M} is NE if cen(w® wf A p) < 0 and cem(w’, wf X p) > 0;
o {m, M, M} is NE if cef(w? w® A p) < 0 and cem(w® w¥ X p) <O0.

It is possible to find analytical solutions for p such that 20, 21 and 22
are equal to zero. It turns out that the functions have generally only one
real solution in p 2° (only for A = 0?! all three roots of the three equations
above are real, with two roots coinciding at p = 0 and the third at p > 0).
Call p; the value for which cef(w” wf A\ p) = 0, py the value for which
cen(w? ,w® X p) =0 and p3 the value for which cem(w” w¥# X p) = 0.

Note that cef(w? wf A p) > 0 for p > py, cen(w? wf A p) > 0 for
p < pp and cem(w” wf A p) > 0 for p < ps The conditions for the equilibria
thus result:

20We spare to the reader the analitical solution, which is quite cumbersome and does
not add much insight to the problem.
2IFor the case when A = 0 see below.
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o {m,m m}is NE if p < py;

o {M M, M} is NE if p > py;

o {m,m M} is NEif p > py and p < ps;
o {m, M M} is NE if p < p; and p > ps.

In order to prove proposition A.1 we need to show that p; < ps < pe. We
will first show analytically that ps < ps, and then resort to a complete scan
of the parameter range to show that it is always p; < ps.

A complete numerical scan of the parameter space shows that the curve
cen() is downward sloping in the neighbourhood of ps and that the curve
cef() is upward sloping in the neighbourhood of p;. To prove that ps < pe
we will show that cen(w® wf A p) > cem(w’, w? X\ p), Vp. If this is true,
cem/() crosses the horizontal axis to the left of cen() and therefore it is ps < ps.

We know from 20 and 22 that cen() icem() i 2 mmy = 2t mmy = Znmat) ~
> 7

Zttmarys 1€ Zotmmy T Ztimary Z Zamary T Z 51 (mm)-
Call p? (1 —p)wr + (2 — p)wy) = P and (1 — 3p? + 2p*) = @ (note that
it is always P > 0 and ) > 0) to obtain from 14 and 18 :

A = Zg(mm)+zjcw(mM):(1—A)+wHA+<1—A3—J§2>Q+2(1—A)P+3WHA:

B 3\ i
- <1—/\—+2>Q+(2P+1)(1—/\)+6w A

and from 15 and 16:

3\
B = Zg(mM)%—Zfﬂmm):/\(l—2/\+1>Q+P(1—/\)+(1—/\)

3\
+3wH N + <1 - /\—+1> Q4+ P(1—2)+3wA

[ 3\ 3\
B _/\<1_2/\+1>+<1_2/\+1>]Q
+2P (1= A) + (1 — A\) + 6w\

9\2 1 9\
6\ + 3 6\ + 3

= A=

]Q+(2P—|—1)(1—/\)—|—6wH/\
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Now subtracting the latter from the former and simplifying we obtain:

9\ 9N? 9\

-8 = [ty w9
- oty et ] e
L 0F2) T @+ T @20+ -

_ —3@A+n-4A+2ﬂzw+n+3MA+2y+aA+mAQ_
N (A+2) 2\ +1) N

__-ﬁA—3—zv—A—4A—2+3V+4u+3x+6M2_
N (A+2)(2\ +1) N
A —2X+1 (A—1)?

= eI YT o@D

AQ >0

The difference between the two functions is always positive, unless A = 0,
in which case they coincide. Therefore we have p3 < po.

A complete numerical scan of the parameter space shows that p; < po,
VA, wi Wl

We show now that when 3m = 0, and thus A = 0, p; = py, VA, ¥, wr.

For the equilibrium { M, M, M} to exist the condition cef(w’ w A p) =

ZA%(MM) — ZE(MM) > 0 must be respected. Substituting for A = 0 in 19 and
17 we obtain the following condition:

=3p2 + 20 +3p* (1 —p)wr + 2—plwy) =20 (1 —p)wr + (2—p)wgy) >0

D 2(1-wH)+(1-w”
which implies p > p; = (<1in))+(§wa))'

Similarly, for the equilibrium {0, 0, 0} to exist the condition cen(w’, w® A p) =
Zg(mm) — Z]\C;,(mm) > 0 must be respected. Substituting for A = 0 in 14 and
16 we obtain the following condition:

(1=3p*+20°) +p* (L —p)w "+ (2-p)w)-1<0

_oH —ok
which implies p < py = 2(<117wH))+4élwa))' Clearly, p1 = ps.

A.2 The investor-owned case

The game in the investor-owned case is slightly more complicated than in the
cooperative case, since we have to take into account the effect of investment
in shaping the majority of the votes.

We use the following notation: FEU! is the expected utility of, say,
agent 1 when ¢, € [m,t3 —ty), FU™ is the expected utility of agent 1
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when t; € [tz — ty, 13 + t5], and EU® is the expected utility of agent 1 when
ty € (ts + ty, M].

When t € [m,t3 — t3) the relevant lines of table 5 are: 1, 2b |, 3a, 4a, 5a,
6a, 7b, 8. Fxpected utility results:

EUM = [(1—p)3+2(1—p)2p+(1—p)p2} [(Ml—t1)+f1 <1—$>+3WH7”]

+ {(1 —p)’p+(1 —p)pQ} (M7 —t1) + 3w m + (41 + tg + t3 — 3m) w"]
+((1=p)p* + %) [(M1 = t1) + (b1 + 2 + t3) W]
Simplifying we obtain:

3t1m
FUPY = 1—-p) (M — ———— +3wim
( p)< Y Tty + >

+(L=p)p[(My —t1) + 3w m + (t1 + L + t5 — 3m) w"]
+p? [(My — t1) + (t1 + t2 + t3) W]

When ¢y € [t3 — tg,13 + t3] the relevant lines of table 5 are: 1, 2, 3, 4, 5,
6, 7, 8. Note that in this case the resulting expected utility is the same as in
the cooperative case (cfr. equation 6).

3m
EUP = [1— 343(1— 2} My—t)+4 (1 —2 ) 4 3,H
( p)—l- ( p)p ( 1 1)—|—1 PR + 3wm

+(1—p)p* [(M1 —t1) +3wTm + (t1 + 12 + t3 — 3m) W]
+ (20 —p)p* +1°) [(My = t1) + (t1 + L2 + t3) W]

Simplifying results:

3tim
EUP2 = (1—3p2+2p° <M——+3me>
( P p) ! t1 4+t 413

+(1=p)p? [(M1 — t1) + 3w m + (t1 + to + t5 — 3m) w"]
+ (2 —p)p2 [(Ml —t1) 4+ (t1 + Lo —I—tg)wH]

When ¢ € (t3 + ta, M| the relevant lines of table 5 are: 1, 2a ,3a, 4b, 5b,
6a, Ta, 8; and the resulting expected utility is:
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BUP = [(1—p)3—|—2(1—p)2p+(1—p)p2} [(Ml—t1)+t1 <1 3—m>+3me]

ottty 13
2 2 3 H
+[(1—p) p+2(1—p)p —I—p} [(My —t1) + (1 + o+ 13) "]

Simplifying:

3tim
EUP = (1- M ——+3me>
( 2 < ! t1 +1to+13

+p [(My —t1) + (t1 + t2 + t3) UJH}

Note that in all three cases the derivative of the expected utility of agent
1 with respect to his own investment depends only on the first term of the
right hand side. The sign of the second derivative is thus the same as the
sign of

d_22 <_ 3tim > — 6m to + 13 > 0
dty \ ti+ia+13 (t1 + to +t3)

Therefore any maximum of the expected utility has to be either at one of
the extremes or at a discontinuity point. The set of these point is given by
{m,t3 —tq9,ty + t3, M'}. However, it can be shown that the actual investment
will be in the subset t; € {m, M}.

We calculate now the values of the different utilities. Substituting in 7
the appropriate values of t; € {m, M} we have:

EU my = BU™ (m,m,m) = M —m + 3w"'m (23)
EUP = EUP (m,m, M) =m p__3m 1-p) (24)
m(mM) - 9 9 - 2m—|—M p

+ (M —m) [(1 - p)pw” + p*w] + (M —m) + 3wm
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3m
h R B _3m N\ - H H
BU S my = BUT (M, m,m) = M <1 2m+M> (L =p)+pM—m)w™ +3w"m
(25)
EUP = BUP(m,M,M)=m(1- _om_ (1 —3p* +2p%) (26)
m(MM) » m+2M
+2(M —m)p* [(1 —p)w” + 2 — p)w] + (M —m) + 3wm
EUE = BUP(M,m,M)=M (1-3p> +2p%) (1 - o (27)
M(mM) ] m + 2k
+2(M —m)p* [(1 —p)w” + 2 —p)w] +3w'm
EUL oy = BUT(M, M, M) = (1-3p> + 2p*) (M — m) (28)

+3(M —m)p* [(1 —p)w” + 2 —p)w] +3w'm

A.2.1 Proof of proposition 3

P
Dividing the above equations by M and redefining Z,];(kl) = EUJ\Z(“) we have
(recall that A = %)
Zmmy = (1 =) + 3w (29)
3A
Zpmary = /\<1—2/\+1>(1—p) (30)
+(1 =N [1=p)pw" + W] + (1 — ) + 3N
VAS (1o A (1—p)+p(1 =N + 3w (31)
Memm) =\ F T 9N Py
zk = 3\ 5 3p® + 2p° 32
m(MM) = ) (1-3p* +2p°) (32)

+2(1-Np[1—p)wh +2-p) W]+ (1 - ) +3wA
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A2
+2(1 =N p* [ —p)w” + (2 —p)w”] +3wA

3\
Doy = (1— 397 +25°) (1——) (33)

ZJ]\Z(MM) = (1 - 3292 + 2293) (1-=2) (34)
+3(1—\) p? [(1 —p)wL—I—(2—p)wH] + 3w

P _ C P _ C P _ C
Note that Zm(mm) = Zm(mm)’ Zm(MM) = Zm(MM)’ ZM(mM) = ZM(mM)’
Ay =7¢ )
M(MM) M(MM)

As for the cooperative, there are only four possible Nash Equilibria in
pure strategies, which are defined by the number of agents who choose the
maximum contribution This can be 0,1,2,3. The conditions for each of these
type of equilibrium equilibria to hold are shown in table A2.

NE Representative Representative Conditions
payoff vector strategy vector
P P P P P

Zri(mM) > Z]]\Z(mM)
Zri(MM)’ Z]]\Z(mM) {m, M, M} Z]]?[(mM) > Z]r?(mM)
2ty = Laranan
P P P P P
Table A2: the Nash Equilibria of the game in the investor-owned case.
zZ¢ and ZT]Z(MM) = ZE(MM), the condition for the full

2 | ZF

M(mM)>

. P
Since 7,

investment equilibrium {ZM(MM),ZM(MM),ZM(MM)} is the same between
the two organisational forms. However, the conditions for the other three
equilibria are different. Let us define the following function:

pen<wL7wH7 /\7p) = Zri(mm) - Z]\P}(mm) = (35)
3\
_ Hy _ _ _ _ H H
(1 —X)+3w"A [(1 2/\+1>(1 p)+p(l =N w” + 3w
pem(W W\ p) = Z5 o = Dhrmany = (36)
. . . . L 2 H .
<1 2A+1>(1 p)+ (1 =N [(1—p)pw” +p*wT] + (1 - )
3\
—(1-3p* +2p%) <1 — m) —2(1 =N p*[(1 —p)w” + (2 — p)w!]
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From table A2 it is then clear that:

o {m,m,m} is NE if pen(w’ wf X\ p) > 0;

o {M, M, M} is NE if cef (wh, wf X p) > 0;

o {m,m, M} is NE if pen(w” w? X p) < 0 and pem(w” wf X p) > 0;
o {m, M, M} is NE if cef (w?, w® A p) < 0 and pem(w’ w? A p) < 0.

It is possible to find analytical solutions for p such that 35 and 36 are
equal to zero. It turns out that the functions have generally only one real
solution in for 0 < p < 1. Let us denote with ps and ps the values of p for
which pen(w” w¥ A p) = 0 and pem(w” w® A p) = 0 respectively, in the
interval p € [0,1]. Recall from appendix 2 that p; is the value of p for which
cef(w? w® X p) = 0 in the interval p € [0,1]. A complete numerical scan
of the parameter space shows that the curve pen() and pem() are downward
sloping in the neighbourhood of p; and ps respectively. The following in then
true:

o {m,m m}is NE if p < py;

o {M M, M} is NE if p > py;

o {m,m M} is NEif py < p < ps;
o {m,M,M}isNEifps < p < p.

Proposition 3 results considering the possible orderings between pq, p4,
and ps.

A.2.2 Proof of corollary 4
Substituting A = 0 in 35, 36 and 21, we obtain:

pen(w”, W, p) = p (1 +w™)

pem(w, o p) = (1 = p)p” + p?o™ 4 3p” — 2p* — 2p” [(1 = p) " + (2 - p) "]
cef (Wl wf p) = ZA%(MM) - ZZ(MM) =p’ [-3+2p+(1-p)w"+(2-p)w]

It is easily seen that pen(wL,ijp) = 0 only for p = 0. Thus we have
ps = 0. Corollary 4 follows.
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A.3 Proof of proposition 6

We prove first that the equilibrium {M, M, M} always dominates the equi-
librium {m,m, m}.We can show this as a general result, and it will hold a
fortior: for the parameters for which multiple equilibria arise. To do so, we
just need to demonstrate that the payoff of any agent of contributing A when
the other two do the same is higher than contributing m when the other two
do the same.

This amounts to showing that ZA%(MM) > 7¢

m(mm) for the cooperative and

Z]\]}(MM) > Zi(mm) for the investor-owned firm. Note however that since

7¢ VAS and Z¢ VA

we need to demonstrate that the

M(MM) — M(MM) m(mm) :‘ m(mmc)v .
result holds in one case only. Consider 7 M) T Zm(mm):
Ziranny = Zammmy = (1 =2 (1=3p" +2p%) +3(1 =) p* [(1 —p) " + (2 — p) ]

+3wA = [(1 = \) + 3w
Simplifying we have:

Zirunty — Zammy =31 =X [(1 —p)w" + (2 —p)w —1] +2p(1 - )

which is always positive, given that (1 — p)w? + (2—p)wf > 1 and 1 > A.

To show that the equilibrium{m, M, M } always dominates {m,m, m} we
need to show first of all that an agent contributing m when the other two
contribute M is better off than contributing m when the others contribute the
same (l.e. Zg(MM) > Zri(mmﬁ and that an agent contributing M when the
other two contribute M and m respectively is better off than contributing
m when the others contribute the same (i.e. Z]\]z,(mM) > Zri(mm)) As for

Zri(MM) — Zri(mm), we have
3A
Zpinty = Fommy = A <1 - /\—+2> (1-3p" +2p%) +2(1 =N p* [(1 — p) " + (2 — p) W]

+(1=A) +3wA = [(1 =) + 3w )]

which is clearly always positive. Let us consider now pz¥ — pzprp

3
Zrt(maty = Zom(mmy = <1 - /\—+2> (1=3p" +2p%) +2(1 =N p* [(1 — p) " + (2 — p) "]
+3wN = [(1 = A) + 3wTA]

simplifying we obtain
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3A
+(1 =N {2’ [0 —p)" +(2-p) ] -1}

which is also always positive.

As for the multiple NE {m,m, M} and {M, M, M}, firstly we want to
show that an agent investing M when the other two invest the same may
is always better off than contributing m when the other two contribute
M and m respectively (this proves that {m,m, M} never Pareto-dominates
{M, M, M}). A complete numerical scan of the parameter space shows that
in the parameter range for which the multiple equilibria {m,m, M} and
{M, M, M} exist, it is always Zﬁ(MM) — Zri(mM). Secondly, we want to show
first that an agent investing M when the other two invest M may or may not
be better off than an agent investing M when the other two invest m (i.e.
VAY < zZF
{M, M, M}. Again, it can be numerically shown that in the parameter range
where the multiple equilibria exist it is in some cases 7 ]\Pﬂ My < A ]@(mm).

This result is not entirely surprising. The agent investing M when the
other two invest m retains the control of the organisation, and can decide

). This proves that {m,m, M} never Pareto-dominates

alone on the production allocation. This may for some parameters’ value
offset the higher risk of being affected by redistribution towards the other
agents if his preference for the public good is low, and thus make the lower
investment equilibrium preferable.
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Table 1 -Cooperative

Realised o | Probability | Public good | Private good Payoff to agent L Payoff to agent H
1| 0% 0% 0" | (1-p)° 3m t(1-22-) | -ty +t(1- wm ) +30"m —
2 | ot oot (1-p)%p 3m ti(1- t1+t2+t3) (ki —ti) +ti(1- wm ) +30"m | (ki—t) +ti(1- wm ) +3w"m
3| oo et | (1-p)%p 3m ti (l t1+t2+t3 ) (ki —ti) +ti<1 t1+t2+t3 ) +3w"m (ki —ti) +ti<1 t1+tz+t3 ) +30"'m
4 | ot ot o' (1-p)p? | t1+12+13 0 (ki—ti)+3con+(t1+t2+t3—3m)co (ki—ti)+(t1+t2+t3)co
5 oMot ot | (1-p)?p 3m (1-222) | i-t)+t(1-22-) +3e'm | k-t) +t(1- =22 ) + 30"m
6 oMo ot | 1-p)p? | ty+t2+1t3 0 (ki —ti) + 3o'm+ (ty +t2 + t3 — 3M)wt (ki —t)) + (t1 +t2 +t3)o"
7 oMo ot | 1-p)p? | ty+tx+13 0 (ki —ti) + 3o'm+ (ty +t2 + t3 — 3M)wt (ki —t)) + (t1 +t2 + t3)o"
8 | o', oM 0" p® t) +1tp +t3 0 —~ (ki —t)) + (t1 +t2 +t3)o"

Production quantities and payoffs to the agents for the realised values of the random variable w.




Table 5 -Plc

Readlised o | Probability | Magority | Publicgood | Private good Payoff to agent L Payoff to agentH
1 COL,COL,COL p3 3m i (1 t1+t2+t3 ) (k. —ti) +ti<l t1+t2+t3 ) +30w"m -
2a) b0t 0" | (1-p)%p [ti+tr>t3 3m t(1-222) | ki-t)+t(1-2=) +30'm | k-t) +t(1- =22 ) + 30"m
2b 1+t <tg| t1+tr+1t3 0 (ki—ti)+3con+(t1+t2+t3—3m)co (ki—ti)+(t1+t2+t3)co
3a| ot oMot | 1-p)%p ti+ts >t 3m t(1-222) | ki-t)+t(1-2-) +30'm | k-t)+t(1- =22 ) + 30"m
3b f1+tz3 <ty] t1+tr+1t3 0 (ki—ti)+3con+(t1+t2+t3—3m)co (ki—ti)+(t1+t2+t3)co
4a COL,COH,COH (1—p)p2 f1 <tzg+ty] t1+tr+1t3 0 (k. —ti)+3COHm+(t1+t2+t3—3m)COL (k. —ti)+(t1+t2+t3)COH
4b 1 > t3 +1 3m i (1 t1+t2+t3 ) (k. —ti) +ti<l t1+t2+t3 ) +3coH (k. —ti) +ti(l t1+t2+t3 ) +3coH
Ba| o™ 0l ot | (1-p)%p [t1 <ts+tp 3m t(1-222) | ki-t)+t(1-22=) +30'm | k-t) +t(1- =22 ) + 30"m
5b 1 >tz3+ty] t1+tr+1t3 0 (ki—ti)+3con+(t1+t2+t3—3m)co (ki—ti)+(t1+t2+t3)co
6a COH,COL,COH (1—p)p2 f1+t3 >ty t1+tr+1t3 0 (k. —ti)+3COHm+(t1+t2+t3—3m)COL (k. —ti)+(t1+t2+t3)co"'
6b t1+t3 <ty 3m '[i(l— —t1+3;r2n+t3 ) (ki —t;) +ti(l t1+t2+t3 ) + 3w"'m (ki —t;) +ti(l t1+t2+t3 ) + 3w"'m
7a COH,COH,COL (1—p)p2 1+t >t3] t1+tr+1t3 0 (ki—ti)+3con+(t1+t2+t3—3m)co (ki—ti)+(t1+t2+t3)co
7b t1 +tx < t3 3m ti<l—tl+3;%) (ki—ti)+ti<l t1+t2+t3)+3a)H (ki—ti)+ti<l m)+a)
8 COH,COH,COH p3 1+t +t3 0 - (ki—ti)+(t1+t2+t3)co

Production quantities and payoffs to the agents for the realised values of the random variable w.




