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Abstract

Macroeconomic and bond yield data seem to be influenced by unit roots or near-

unit roots that are related to the underlying rate of inflation. This situation is very

familiar to macroeconomic modelers but poses difficult problems for the standard

homoscedastic macro-finance model of the term structure. That is because asymp-

totic (ultra-long maturity) yields are not well-defined if the short term interest rate

is influenced by a random walk (a homoscedastic unit root process). However, this

paper is based upon the empirical observation that the unit root drives the volatility

as well as the central tendency in these data. Technically, this process is a mar-

tingale (a unit root process that may be heteroscedastic) and can be handled by

the general affine term structure specification developed by Duffie and Kan (1996).

This is now standard in the mainstream finance literature, and I show that it has

regular asymptotic properties even in the presence of unit roots. The empirical ver-

sion of this model provides a much better explanation of the data than the standard

∗Department of Economics and Related Studies; ps35@york.ac.uk. I am grateful to Karim
Abadir, John Hutton, Peter Smith, Andy Tremayne Mike Wickens and Tao Wu for helpful comments
on a similar paper.

1



macro-finance model. This research opens the way to a much richer term structure

specification, incorporating the best features of both macro-finance and mainstream

finance models.
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1 Introduction

This paper develops a macro-finance model of the US macroeconomy and the Trea-

sury bond market and uses it to analyze the way in which they are influenced by

monetary policy and the economy. Like earlier studies, this specification is based on

the ‘central bank model’ originally developed by Svensson (1999); Smets (1999) and

others, which represents the behavior of the macroeconomy in terms of the output

gap (gt), inflation (πt) and the short term interest rate (rt). This provides a basic

dynamic description of an economy in which the central bank controls inflation using

a Taylor rule, which determines the policy interest rate in terms of inflation and the

output gap.

As the name suggests, the macro-finance approach to the term structure allows

bond yields to reflect these macroeconomic variables. Bond yields also inform the

model of the macroeconomy, yielding important new insights into the operation of

monetary policy. In particular, macro-finance studies reveal that although macro-

economic variables provide a good description of the behavior of short rates they do

not provide an adequate description of long term yields (Kozicki and Tinsley (2001)).

This suggests that the central bank model is itself mis-specified. That is because in

an arbitrage free world, variables can influence (non-defaultable) bond yields if and

only if they influence the short term interest rate and the macroeconomy. In order

to allow for this phenomenon, macro-finance studies have used the Kalman filter to

model the effect of latent variables on inflation, the short rate and hence bond yields.

As Kozicki and Tinsley (2001) and Dewachter and Lyrio (2006) observe, these

data are characterized by a non-stationary common trend which seems to be ex-

plained by market perceptions of the underlying rate of inflation. This situation is

very familiar to macroeconomic modelers but poses difficult problems for term struc-
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ture research. That is because asymptotic (long maturity) forward rates and yields

are not properly defined if the short term (spot) interest rate is driven by a random

walk. This phenomenon has long been recognized as a theoretical curiosity (see for

example the textbook example of Campbell, Lo, and MacKinlay (1996), Chapter 11),

but did not emerge as a practical problem until macroeconomic data were used in

yield curve research.

The basic problem is that if equilibrium real interest rates are constant and the

underlying inflation trend follows a random walk, the expected spot rate has a vari-

able asymptote (or limit as time goes to infinity), which moves up or down one-for-one

with the trend. However, as Dybvig, Ingersoll, and Ross (1996) show, in an arbitrage-

free framework ‘the limiting forward interest rate, if it exists, can never fall’. In other

words the forward rate must either fail to converge with maturity, or must converge

upon a constant. Since it cannot move up and down with the spot rate asymptote

the risk premium must act as a wedge between the two asymptotes. Campbell, Lo,

and MacKinlay (1996) show that when the spot rate follows a random walk, long

term forward rates and yields fall without any limit.

With the notable exception of Dewachter and Lyrio (2006), macro-finance mod-

elers have largely avoided the unit root problem by assuming that the underling

inflation variable follows a near-unit root (AR(1)) rather than a unit root (I(0))

process (Ang and Piazzesi (2003),Rudebusch and Wu (2003)). However in this case

the forward rate is very badly behaved and its asymptote, although finite, assumes

an extremely large negative value. (The results for M0 in Chart 5 provide an illustra-

tion.) Moreover, if this variable is stationary, it eventually mean-reverts to a constant

rather than the variable end-point suggested by unit root macroeconomic models. As

Dewachter and Lyrio (2006) note, this means that it cannot be interpreted as a long

run inflation expectation. In this kind of model, inflationary expectations are ul-
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timately anchored to a constant which cannot be influenced by monetary policy.

Forward rates asymptote to a similar constant. While it is not possible to rule this

behavior out a priori, this is not consistent with the overwhelming evidence of unit

roots in macroeconomic models.

In contrast, in their (2006) paper, Dewachter and Lyrio proceed by distinguishing

the historical (or state) probability measure P which drives the macroeconomic data

from the the risk-neutral measure Q which determines asset prices. To do this,

they employ the ‘essentially affine’ model of Duffee (2002), which assumes that the

difference between the two measures is due to the effect that the variables of the

model have on ‘the price of risk’: the expected excess returns that the market offers

for exposure to different risks. They assume that the underlying inflation variable

follows a random walk under the historical measure but is mean reverting under Q.

This risk adjustment drives a wedge between the two asymptotes, so that the spot rate

asymptote is a random walk under P, but is constant under Q. This conveniently

makes the forward rate (and yield) asymptote a constant. However, for this to

happen it is necessary to to assume that a shift in the inflationary trend moves the

associated price of risk and the risk premium in the opposite direction. Although

it is not possible to rule this behavior out a priori, this should arguably be tested

empirically rather than assumed a priori.

Even if the data exhibit a near-unit root rather than a unit root under Q, it is

still difficult to model long maturities using the standard homoscedastic (constant

volatility) macro-finance model. Although the asymptotic forward rate is constant

in this specification, it adopts an extremely large negative value when there is a root

close to unity. These nonsensical results reflect the basic mathematical problem with

the homoscedastic framework: it allows yields to become negative. For that reason

the mainstream finance literature typically uses heteroscedastic (variable variance)

5



interest rate models such as the general affine model of Duffie and Kan (1996).

This paper adapts the Duffie and Kan (1996) model that can be used directly

with discrete time macroeconomic data. This specification is based upon the em-

pirical finding that the common stochastic trend drives the volatility as well as the

central tendency in these data. Technically, this trend is a martingale (a unit root

process that can exhibit heteroscedasticity) but not a random walk (a homoscedastic

martingale). In this framework, the trend affects the risk premia through its effect

on volatility not the price of risk. Consequently it can generate a sensible forward

rate asymptote without placing constraints on the roots of system or the price of

risk. The mathematical properties of this model are very different from those of the

homoscedastic one, as is well known. In remarkable contrast to the latter, in which

the behavior asymptotic forward rate is dominated by the behavior of the stochastic

trend, I show that there the trend has no effect on the asymptotic forward rate in

the heteroscedastic model.

To investigate these issues empirically, this paper develops a new macro-finance

specification which conditions both the central tendency and the variance structure

of the model on a nominal stochastic trend, modelled as a latent variable. A second

latent (but mean-reverting) variable is introduced to handle unobservable real rate of

return influences. This model is the macro-finance analogue of EA1(N): the preferred

model of Dai and Singleton (2000), which as they say: ‘builds upon a branch of the

finance literature that posits a short-rate process with a single stochastic central

tendency and volatility’. The stochastic trends are estimated using the Extended

Kalman Filter, which is also standard in the finance literature. This specification

can accommodate unit and near unit roots under both measures while generating

admissible variance & asymptotic term structures. It encompasses the standard

macro-finance model (EA0(N)), which is decisively rejected by the data. My results
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show that for US Treasury data, the proportional volatility specification of Cox,

Ingersoll, and Ross (1985) is an acceptable simplification of the general model Duffie

and Kan (1996).

Besides providing a sensible model of the term structure, the empirical results

reported here reveal further insights into the working of the monetary system and

the macroeconomy. From a policy perspective, the most important is the remarkable

degree of the conditional heteroscedasticity revealed in US macroeconomic data. This

is consistent with the well-established finding in univariate models (Chen, Karolyi,

Longstaff, and Sanders (1992), Ait-Sahalia (1996), Stanton (1997) and others) that

the spot rate is heteroscedastic. (The volatility in these models is driven by the spot

rate itself rather than by a stochastic trend.) It is also consistent with the observa-

tion of Friedman (1977) that the variability of macroeconomic variables appears to

be related to the rate of inflation, a phenomenon that has been investigated both the-

oretically and empirically by (Ball (1992), Brunner and Hess (1993), Holland (1995),

Caporale and McKiernan (1997) and others. There is also an emerging literature on

the effect of declining macroeconomic volatility on the equity risk premium (Lettau,

Ludvigson, and Wachter (2004), Brandt and Wang (2003)). However, this paper is

the first to analyze the effect of conditional heteroscedasticity in the bond market.

The paper is set out as follows. The next section describes the macroeconomic

model and its stochastic structure, supported by appendix 1. Section 3, supported by

appendix 2, derives the bond pricing model. Section 4 discusses the problems posed

by the unit root in the basic EA0(N) specification and shows how these are avoided

in the EA1(N) framework. The two respective empirical models are compared in

Section 5. Section 6 offers a brief conclusion.
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2 The macroeconomic framework

The macro-model is based on the specification developed by Svensson (1999); Rude-

busch (2002); Smets (1999) and others. It represents the behavior of the macroecon-

omy in terms of the output gap (gt); the annual CPI inflation rate (πt) and the 3

month Treasury Bill rate (r1,t). These are part of an n−vector zt of macroeconomic

variables driven by the difference equation system:

zt = Φ0yt +Σ
L
l=1Φlzt−l +Gηt (1)

where G is a lower triangular matrix, ηt is an n−vector of orthogonal errors and yt

is a k−vector of latent factors. These follow the first order process:

yt = θ + Ξyt−1 + εt (2)

where εt is an k−vector of orthogonal errors and Ξ = Diag{ξ1,...,ξk}1 . It is assumed

that zt is observed without measurement error and that yt is known to the monetary

authorities and markets but has to be inferred by the econometrician. I do this using

the Extended Kalman Filter (Harvey (1989), Duffee and Stanton (2004)) as described

in appendix 3 . The specific model developed in this paper defines zt = {πt, gt, r1,t}

and yt = {y1,t, y2,t} (with n = 3 and k = 2). Preliminary data analysis suggested

l = 3, giving N = 11. I assume that y1,t is related to the underlying rate of inflation.

Specifically, in this model it determines the inflation asymptote: π∗. I interpret y2,t

as an exogenous real interest rate variable. I enforce the equilibrium conditions

1Diag{y} represents a matrix with the vector y in the diagonal and zeros elsewhere. Ia denotes
an a2 identity matrix and 0a,b the zero matrix of dimension a× b.
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π∗t = y1,t; g
∗
t = 0 and r∗t = y1,t + y2,t by imposing a set of restrictions on (1):

Φ0 = (I − ΣLl=1Φl)R; where: R =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0

0 0

1 1

⎤⎥⎥⎥⎥⎥⎥⎦ (3)

to give the steady state solution z∗t = (I − ΣLl=1Φl)−1Φ0yt = Ryt.

This system can be consolidated by defining xt = {y0t, z0t}0; vt = {ε0t, η0t}0; and

combining (1) and (2) to get the l−th order difference system:

xt =

⎡⎢⎢⎣ θ

Φ0θ

⎤⎥⎥⎦+ΣLl=1Γlxt−l + wt (4)

where:

wt = Γvt; Γ =

⎡⎢⎢⎣ Ik 0k,n

Φ0 G

⎤⎥⎥⎦ ;

Γ1 =

⎡⎢⎢⎣ Ξ 0k,n

Φ0Ξ Φ1

⎤⎥⎥⎦ ;Γl =
⎡⎢⎢⎣ 0k2 0k,n
0n,k Φl

⎤⎥⎥⎦ ; l = 2, ..., L.

The yield model employs the state space form, obtained by arranging this as first

order difference system describing the dynamics of the state vector (see appendix 1):

Xt = Θ+ΦXt−1 +Wt (5)

where Xt = {yt, zt, ..., zt−l} is the state vector, Wt = CVt;Vt = {εt, ηt, 0N−k−n} and

Θ,Φ & C are defined in appendix 1. Xt has dimension N = k + nl.

The macroeconomic data were provided by Datastream and are shown in chart
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1. πt is the annual CPI inflation rate and r1,t the 3 month Treasury Bill rate. The

output gap series gt is the quarterly OECD measure, derived from a Hodrick-Prescott

filter. The yield data were taken from McCulloch and Kwon (1991), updated by the

New York Federal Reserve Bank2. These have been extensively used in the empirical

literature on the yield curve. To represent this curve I use 1,2,3,5,7,10 and 17 year

maturities, the longest maturity for which a continuous series is available. These

yield data are available on a monthly basis, but the macroeconomic data dictated a

quarterly time frame (1961Q4-2004Q1, a total of 170 periods). The quarterly yield

data are shown in chart 2. The 17 year yield is shown at the back of the chart, while

the shorter maturity yields are shown at the front.

These inflation and interest rates all exhibit a high degree of persistence. But is

this the result of slow mean reversion; unit roots or of structural breaks? Table 1

shows the means, standard deviations and first order autocorrelation coefficients of

these data, as well as KPSS and ADF test results. The KPSS statistics for inflation

and 1-10 year interest rates are only significant at the 10% level, suggesting that

the null hypothesis of stationarity may (just) be acceptable. In other words. these

rates could be characterized by near-unit root processes as assumed in the standard

macro-finance model. However, the KPSS statistic for the 17 year rate is close to

being significant at the 5% level. Moreover, Fama (2006) argues persuasively that

the long upswing and downswing in rates evident in the charts was the result of

a succession of permanent shocks which were on balance positive until 1981 and

negative thereafter. He shows that the behavior of forward rates indicates that

market participants thought the upward inflation shocks were permanent and were

then surprised when the Federal Reserve won the ‘long odds game’ of managing a

fiduciary currency to bring about low inflation. The ADF test show that we cannot

2 I am grateful to Tony Rodrigues of the New York Fed for supplying a copy of this yield dataset.
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reject the null hypothesis of non-stationarity for these variables at the 5% level,

supporting his unit root hypothesis. Alternatively, these results could be the effect

of structural breaks (Perron (1989), Hamilton (1988)). But again, Fama is persuasive.

He argues that it is difficult to allow for several changes in regime and in this case a

simple and more flexible model works best: he characterizes the spot rate as reverting

quickly to a non-stationary mean. In this paper, I take the results of the ADF test

at face value, following Dewachter and Lyrio (2006) and Fama (2006) in analyzing a

macroeconometric model characterized by a stochastic trend.

2.1 The stochastic structure

The macroeconomic model described in the previous section can be estimated in-

dependently of the bond market model3, but in this paper I follow the new macro-

finance literature and estimate these jointly. Estimates of model parameters derived

from the joint macro-yield model (described in section 5) are reported in table 3. As

the introduction argues, we need to pay particularly careful attention to the specifi-

cation of the stochastic structure when doing this.

The standard macro-finance model EA0(N) assumes that the volatility structure

is homoscedastic and Gaussian: Wt+1 ∼ N(0N,1,Ω). However, mainstream finance

models usually assume that volatility is stochastic. In the affine model developed

by Duffie and Kan (1996) and Dai and Singleton (2000) & (2002), conditional het-

eroscedasticity in the errors is driven by square root processes in the state variables4 .

In the ‘admissible’ version of this specification developed by Dai and Singleton (2000),

regularity or admissibility conditions are imposed to ensure that the variance struc-

ture remains non-negative definite. Variations in the risk premia depend entirely

3This stand-alone specification was used to obtain consistent starting values for the parameters
of the joint models.

4Preliminary tests showed no significant evidence of Autoregressive Conditional Heteroscedastic-
ity (ARCH) in this quarterly data set.
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upon variations in volatility in these models. In the ‘Essentially Affine’ model of

Duffee (2002) state variables can affect risk premia through the price of risk as well

as through volatility. In the notation of Dai and Singleton (2002) an admissible es-

sentially affine model with N state variables and m independent square root factors

conditioning volatility is classed as EAm(N). Thus the standard macro-finance model

(which is ‘essentially affine’ and homoscedastic) is denoted EA0(N).

This paper compares EA0(N) with the EA1(N) specification: a model with a

single stochastic volatility term. Both of these generate affine yield models. That is

because the probability distributions underpinning these models are all ‘exponential-

affine’ in the sense of Duffie, Filipovic, and Schachtermayer (2003). They define a

process as exponential-affine under any measureM if the conditional Moment Gen-

erating Function (MGF) for Zt+1 (LM[u, Zt] = EMt [exp[u
0Zt+1] | Zt], which is the

Laplace Transform of the density of Zt+1 where u is a vector of Laplace coefficients)

is an exponential-affine function of Zt. This makes bond prices exponential-affine

and yields affine in the state variables. For example for EA0(N), it is assumed that

ε1,t is normally distributed with mean zero and standard deviation δ01 and we use

the formula for the MGF of a normal variable:

Et[exp[ν.y1,t+1|y1,t]] = exp[ν(θ1 + ξ1y1,t) +
1

2
ν2δ201] (6)

which is familiar from the expression for the expected value of a lognormally distrib-

uted variable.

In EA0(N), volatility is driven by the first latent variable y1,t which is independent

of the other state variables. This is the single factor specification of Cox, Ingersoll,

and Ross (1985). Using this to drive the of the remaining (k+n− 1) volatility terms

makes the model admissible in the sense of Dai and Singleton (2000) and (2002).
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Letting y1(t) represent a continuous time process and substituting it for r(t) in Cox,

Ingersoll, and Ross (1985) equation (17):

dy1 = κ(µ− y1)dt+ σ
√
y1dw; κ, µ ≥ 0. (7)

where dw is a Wiener process5 . Setting s = t + 1 and replacing r(s) by y1,t+1 and

r(t) by y1,t in their equation (18) we see that y1,t+1 has a non-central χ2 conditional

distribution:

y1,t+1 ∼ χ2[2cy1,t+1; cθ1; 2ξcy1,t] (8)

where:

ξ1 = e−κ; c =
2κ

σ2(1− ξ1)
; θ1 = µ(1− ξ1)

and where 2c is the scale factor, 2ξ1cy1,t is the non-centrality parameter and cθ1

shows the degrees of freedom. This process is of the exponential-affine class because

(as shown by Johnson and Kotz (1970)) its conditional Moment Generating Function

(MGF) is an exponential function of y1,t:

Et[exp[ν.y1,t+1|y1,t]] = exp[
νξ1y1,t
1− ν/c

− cθ1 ln[1−
ν

c
]] (9)

provided that: ν < c. Et+1 denotes the expectation under the measure P describing

the state price density. Differentiating the MGF (9) w.r.t. ν once, twice and then

setting ν to zero gives the conditional mean and variance:

5A shift-constant or ‘translation variable’ can be added to y1 to generalise the specification to
that of Duffie and Kan (1996) and Dai and Singleton (2002). This construct st = υ/σ2 + y1,t is
then assumed to follow the same continuous time process as the spot rate r(t) in Cox, Ingersoll,
and Ross (1985): ds = κ(µ− s)dt+ σ

√
sdw (so that dy1 = κ(µ− υ2/σ2 − y1)dt+ υ + σ2y1dw).

With a unit root (κ = 0, ξ1 = 1) this modification just has the effect of introducing an intercept
constant υ into the martingale variance (13). However, experiments with this model showed υ to
be statistically insignificant.
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Et[y1,t+1|y1,t] = θ1 + ξ1y1,t; Vt[y1,t+1|y1,t] = δ201 + δ211y1,t; (10)

where : δ201 = θ1/c, δ
2
11 = 2ξ1/c.

The empirical models are estimated using ξ1, δ
2
01&δ

2
11 as structural parameters, but

θ1 = 2ξ1δ
2
01/δ

2
11 and c = θ1/δ

2
01 provide a convenient shorthand.

In the context of a macroeconomic model, we need to investigate the limiting case

of a unit root. In this case the degree of freedom parameter is zero, the situation

studied by Seigel (1979) and (in the case of the non-central Gamma distribution)

Gourieroux and Jasiak (2002). In the limit:

κ = 0; ξ1 = 1; θ1 = δ201 = 0; c = σ−2 = 2/δ211. (11)

The MGF simplifies to:

Et[exp[ν.y1,t+1|y1,t]] = exp[
νy1,t
1− νσ2

] (12)

and (10) & (12) simplify to:

Et[y1,t+1|y1,t] = y1,t; Vt[y1,t+1|y1,t] = σ2y1,t. (13)

This process is a martingale: the expectation of any future value is equal to the

current value. However, unlike the random walk model, the error variance is also

proportional to this value. Models (10) and (13) can be represented as a discrete

first order process:

y1,t+1 = θ1 + ξ1y1,t + w1,t+1 (14)

14



In EA1(N), this stochastic trend also conditions the volatility of the other vari-

ables. It is ordered as x1,t = y1,t, the first variable in xt. The other contempo-

raneous variables are put into an n − 1 vector (x2,t) : xt = {y1,t, x02,t}0. Similarly:

vt = {w1,t, v02,t}0 and wt = {w1,t, w02,t}.0 I partition (4) conformably and write Γ as:

Γ =

⎡⎢⎢⎣ 1 01,(k+n−1)

Γ21 Γ22

⎤⎥⎥⎦ =
⎡⎢⎢⎣ Ik 0k,n

Φ0 G

⎤⎥⎥⎦
Γ22 is an (k + n − 1)2 lower triangular matrix with unit diagonals and Γ21 is a

(k + n− 1) column vector. The remaining errors are specified as:

w2,t+1 = Γ21w1,t+1 + Γ22v2,t+1 (15)

where v2,t+1 are orthogonal and Gaussian.:

v2,t+1 ∼N(0(k+n−1),∆
2
02 +∆

2
12

q
y1,t);

∆s2 =Diag[δs2, ..., δsn]; s = 0, 1.

Similarly, writing Xt = {y1,t,X 0
2,t}0 and partitioning Wt,Θ,Φ, C conformably

(appendix 1), (5) becomes:

⎡⎢⎢⎣ y1,t+1

X2,t+1

⎤⎥⎥⎦ =
⎡⎢⎢⎣ θ1

Θ2

⎤⎥⎥⎦+
⎡⎢⎢⎣ ξ1 01,N−1

Φ21 Φ22

⎤⎥⎥⎦
⎡⎢⎢⎣ y1,t

X2,t

⎤⎥⎥⎦+
⎡⎢⎢⎣w1,t+1

W2,t+1

⎤⎥⎥⎦ (16)

In this paper subscripts 1 and 2 denote partitions of N (or n) dimensional vectors and

matrices into 1 and N −1 (or n−1). The stochastic structure for this representation

(54) is described in appendix 1.

This model is admissible in the sense of Dai and Singleton (2000). That is because
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y1,t, the variable driving volatility has a non-central χ2 distribution and is non-

negative, keeping the variance structure non-negative. It is estimated by quasi-

maximum likelihood and the Extended Kalman filter. At the estimation stage it

is assumed that y1,t is approximately normal (appendix 3). Using the mean and

variance given by (10) or (13):

y1,t+1 ∼ N(θ1 + ξ1y1,t, δ
2
01 + δ211y1,t) (17)

This Gaussian specification is also used (with δ211 = 0) in place of (9) to generate the

bond prices in the EA0(N) model (6).

3 The bond pricing framework

The aim of this paper is to use this framework to model the macroeconomy and the

yield curve jointly. The macro model is naturally defined under the state proba-

bility measure P, but assets are priced under the risk neutral measure Q. This is

obtained by adjusting the state probabilities multiplicatively by a state-dependent

subjective-utility weight Nt+1 (with the logarithm nt+1) known technically as the

Radon-Nykodym derivative (RND):

EQt [Xt+1| Xt] = Et[Nt+1Xt+1| Xt] (18)

where EQt denotes the expectation under Q. The standard choice for the RND is:

−nt+1 = ωt+λ0tvt+1. λt is an (k+n)×1 vector of coefficients related to the prices of

risk associated with shocks to xt+1. In the basic affine model these are constant and

in the ‘essentially affine’ specification of Duffee (2002) they are linear in x. I define

the N × 1 deficient vector Λt = [λ0t, 01,N−(k+n)]0 and partition this conformably with
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(16): ⎡⎢⎢⎣λ1,t
Λ2,t

⎤⎥⎥⎦ =
⎡⎢⎢⎣λ01
Λ02

⎤⎥⎥⎦+
⎡⎢⎢⎣λ11 Λ12
Λ21 Λ22

⎤⎥⎥⎦
⎡⎢⎢⎣ y1,t

X2,t

⎤⎥⎥⎦ (19)

and use the model:

−nt+1 = ωt + λ1,ty1,t + Λ
0
2,tC22V2,t+1 (20)

Admissibility under Q in EA1(N) requires Λ12 = 01,N−1. I follow Dewachter and

Lyrio (2006) in using this restriction in the EA0(N) model as well, to save degrees

of freedom and help nest it within EA1(N). λ11 is redundant in EA1(N) since the

effect of y1,t on the risk premia comes through volatility not the price of risk. Setting

this to zero:

λ1,t = λ01. (21)

.

3.1 The Generating Function

The MGF for measure P is Et[exp[ν
0Xt+1] | Xt] where ν is a vector of Laplace

constants. Using (18) allows us to shift to Q:

L[ν, Xt;Λ] =EQt [exp[ν
0Xt+1] | Xt] (22)

=Et[exp[nt + ν0Xt+1] | Xt]

where Λ contains the relevant parameters of Λt. The stochastic processes of the

previous section are exponential-affine under measure P. Recall that the defining

characteristic of these processes is that the MGF for Xt+1 is an exponential-affine

function of Xt. Appendix 2 shows that (20) and (21) preserve this property under
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measure Q:

L[ν, Xt;Λ] = exp[a(ν;Λ) + b(ν;Λ)0Xt] (23)

Setting Λ to zero gives the MGF under P:

L[ν, Xt; 0] =Et[exp[ν
0Xt+1] | Xt] (24)

= exp[a(ν; 0) + b(ν; 0)0Xt]

Appendix 2 specifies the functions for the EA0(N) and EA1(N) models. I now show

how the MGF of an exponential-affine process can be used to generate the parameters

and risk premia of the model, as well as its moments.

3.2 The coefficients of the adapted dynamic process (θQ,ΦQ)

First (22) can be used as a moment generating function to find the expected value

of Xt under Q. This is generated by an adapted process resembling (16):

⎡⎢⎢⎣ y1,t+1

X2,t+1

⎤⎥⎥⎦ =
⎡⎢⎢⎣ θQ1

ΘQ2

⎤⎥⎥⎦+
⎡⎢⎢⎣ ξQ1 01,N−1

ΦQ21 ΦQ22

⎤⎥⎥⎦
⎡⎢⎢⎣ y1,t

X2,t

⎤⎥⎥⎦+
⎡⎢⎢⎣wQ1,t+1

WQ
2,t+1

⎤⎥⎥⎦ (25)

For EAm(N) these parameters are denoted with a superscript Qm : m = 0, 1. Ap-

pendix 2 shows that for EA0(N):

θQ1 = θQ0
1 = θ1 − δ201λ01; (26)

ξQ1 = ξQ0
1 = ξ1 − δ201λ11

ΘQ2 =Θ
Q0
2 = Θ2 − Σ0Λ02 − δ201λ01C21

ΦQ21 =Φ
Q0
21 = Φ21 − Σ0Λ21 − δ201λ11C21

ΦQ22 = (Φ22 − Σ0Λ22);
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This model can be arranged in the form (5) as: Xt = Θ
Q + ΦQXt−1 +WQ

t ; where:

ΘQ0 = Θ− Ω0Λ0; ΦQ0 = Φ− Ω0Λ and WQ0
t ∼ N(0,Ω0). For EA1(N):

θQ1 = θQ1
1 =

θ1
1 + λ01/c

; (27)

ξ1 = ξQ1
1 =

ξ1
(1 + λ01/c)2

(28)

ΘQ2 =Θ
Q1
2 = FQ1

2 +
θ1

(1 + λ01/c)
C21

ΦQ21 =Φ
Q1
21 =

∙
C21ξ1

(1 + λ01/c)2
− Σ0Λ21

¸
;

where : FQ1
2 = (Θ2 − C21θ1 − Σ0Λ02);

provided that:

c+ λ01 > 0. (29)

Recall from (10) that c = 2ξ1/δ
2
11, θ1 = 2ξ1δ

2
01/δ

2
11 and note that Φ

Q
22 is the same in

both models.

3.3 The bond price coefficients (γτ ,Ψτ)

Exponential-affine stochastic processes generate exponential-affine bond pricing mod-

els. If we assume:

Pτ,t = exp[−γτ −Ψ0τ Xt]; τ = 1, ...,M. (30)

the MGF can also be used to generate the parameters of this model. To do this we

substitute the risk neutral expectation (18) into the pricing kernel or discounted risk

neutral expectation (Campbell, Lo, and MacKinlay (1996), Cochrane (2000)) :

Pτ,t = e−r1,tEQt [Pτ−1,t+1| Xt]; τ = 1, ...,M. (31)
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Using (30) to replace Pτ−1,t+1in (31) represents Pτ,t by (22) or (24) with ν = −Ψτ−1:

Pτ,t = e−r1,tEQt [exp[−γτ−1 −Ψ0τ−1 Xt+1]| Xt];

= e−γτ−1−rtL[−Ψτ−1, Xt;Λ] (32)

= exp[−γτ−1 − J
0

rXt + a(−Ψτ−1;Λ) + b(−Ψτ−1;Λ)0Xt]. (33)

where Js = {j1,s, J 02,s} is a selection vector:

xs,t = J 0sXt; s = 1, ...,N.

Equating the intercept and slope coefficients in the exponent with those in (30) gives

a recursion relationship for the parameters:

Ψτ = Jr − b(−Ψτ−1;Λ)

γτ = γτ−1 − a(−Ψτ−1;Λ)

τ = 2, ...,M.

Since −pτ,t = r1,t for τ = 1, the coefficients of this system have the starting values:

γ1 = 0; Ψ1 = Jr. (34)

Appendix 2 specifies the recursions for the EA0(N) and EA1(N) models. It is

convenient to partition Ψτ conformably with (54) as Ψτ = {ψ1,τ ,Ψ02,τ}0. This system

is time-recursive. It is also recursive in the sense that Ψ2,τ does not depend upon
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ψ1,τ−1 (or γτ−1). This sub-structure is common to both models:

Ψ2,τ = (Φ
Q
22)

0Ψ2,τ−1 + J2,r (35)

= (I − (ΦQ22)0)−1(I − ((ΦQ22)0)τ )J2,r

with the asymptote:

Ψ∗2 = limτ→∞Ψ2,τ = (I − (ΦQ22)0)−1J2,r (36)

ΦQ22 is defined in (26). In EA0(N), the first slope coefficient follows the recursion:

ψ1,τ = ξQ0
1 ψ1,τ−1 +Φ

Q0
12 Ψ2,τ−1. (37)

This allows the slope coefficients to be represented by another first order linear dif-

ference system:

∙
ψ1,τ

¸
=

⎡⎢⎢⎣ ξQ0
1 ΦQ0

12

0N−1,1 (Φ
Q
22)

0

⎤⎥⎥⎦
⎡⎢⎢⎣ψ1,τ−1
Ψ2,τ−1

⎤⎥⎥⎦+
⎡⎢⎢⎣ 0

J2,r

⎤⎥⎥⎦ (38)

where ΦQ0
12 = (Φ

Q0
21 )

0. The intercepts follow the recursion:

∆γτ = γτ − γτ−1 = Ψ
0
2,τ−1Θ

Q0
2 + ψ1,τ−1θ

Q0
1 −

1

2
Ψ02,τ−1Σ0Ψ2,τ−1 −

1

2
δ201[ψ1,τ−1 +Ψ

0
2,τ−1C21]

2

τ = 2, ...,M. (39)

with the parameters defined in (26). The EA0(N) system may also be written as:

Ψτ = Jr + (Φ
Q)0Ψτ−1; γτ = γτ−1 +Ψτ−1Θ

Q − 1
2Ψ

0
τ−1Ω0Ψτ−1.
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In the EA1(N) model, the linear recursion (37) is replaced by a non-linear one:

ψ1,τ =
ξ1[ψ1,τ−1 + λ01 +Ψ

0
2,τ−1C21]

1 + [ψ1,τ−1 + λ01 +Ψ02,τ−1C21]/c
− ξ1λ01
1 + λ01/c

−Ψ02,τ−1Σ0Λ21−
1

2
Ψ02,τ−1Σ1Ψ2,τ−1

(40)

(provided that (29) holds and : [ψ1,τ−1+λ01+Ψ
0
2,τ−1C21]+c > 0). For the intercept:

γτ −γτ−1 = FQ10
2 Ψ2,τ−1−

1

2
Ψ02,τ−1Σ0Ψ2,τ−1+cθ1 ln[

c+ ψ1,τ−1 + λ01 +Ψ
0
2,τ−1C21

c+ λ01
].

(41)

The coefficients Ψτ and γτ of (30) are functions of (Θ
Qi ,ΦQi) in both specifica-

tions, i = 0, 1. They determine the τ−period discount yield:

rτ,t =−pτ,t(ΘQi ,ΦQi)/τ (42)

= ατ (Θ
Qi ,ΦQi) + β0τ (Θ

Qi ,ΦQi)Xt; where :

ατ = γτ (Θ
Qi ,ΦQi)/τ ; βτ = Ψτ (Θ

Qi ,ΦQi)/τ.

The slope coefficients of the yield system βτ are known as ‘factor loadings’ and

depend critically upon the eigenvalues of the adapted macroeconomic system (25).

Stacking them yield equations (42) and adding an error vector et gives a multivariate

regression model for the m -vector of yields rt :

rt = α(ΘQi ,ΦQi) +B(ΘQi ,ΦQi)0Xt + et (43)

= α0(Θ
Qi ,ΦQi) +B0

0(Θ
Qi ,ΦQi)yt +Σ

L
l=1B

0
l(Θ

Qi ,ΦQi)zt+1−l + et (44)

et ∼N(0, P̄ );

P̄ =Diag[ρ1, ρ2, ..., ρm].

where et is an error vector. The standard assumption in macro-finance models is
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that this represents measurement error which is orthogonal to the errors Wt in the

macroeconomic system (5).

3.4 The risk premia (ρ)

Next, (23) can be used to generate the risk premia. These depend upon the gross ex-

pected rate of return, which is obtained by taking the expected payoff on a τ−period

bond after one period Et[Pτ−1,t+1] and dividing by its current price Pτ,t. Tak-

ing the natural logarithm expresses this as a percentage return and subtracting

the spot rate r1,t then gives the expected excess return or risk premium: ρτ,t =

logEt[Pτ−1,t+1] − log[Pτ,t] − r1,t. Setting Et[Pτ−1,t+1] = e−γτ−1L[−Ψτ−1, Xt; 0]

(using (24) and (30)) and substituting (32) into the second term shows that this

depends entirely upon Λ, which determines the difference between the two measures

:

ρτ,t = logL[−Ψτ−1,Xt; 0]− logL[−Ψτ−1,Xt;Λ] (45)

= a(−Ψτ−1; 0)− a(−Ψτ−1;Λ) + (b(−Ψτ−1; 0)− b(−Ψτ−1;Λ))0Xt

τ = 1, ...,M.

The EA0(N) model premia are:

ρτ,t =Ψ
0
2,τ−1[(θ − θQ0) + (Θ−ΘQ0)Xt] (46)

=−Ψ02,τ−1(Σ0Λ02 + δ201λ01C21 + (Σ0Λ21 + δ201λ11C21)y1,t +Σ0Λ22X2,t)(47)

− ψ1,τ−1δ
2
01(λ01 + λ11y1,t)

The last term is the product of ψ1,τ−1 (which shows the exposure of the τ−maturity

log price to unanticipated shocks to y1,t) and the associated factor risk premium (the
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excess return that investors expect for bearing this exposure): ρ1t = −δ201(λ01 +

λ11y1,t) . Dividing by the standard deviation δ01 gives the price of risk associated

with the stochastic trend: −δ01(λ01 + λ11y1,t). The is the reward/risk ratio of a

portfolio which is constructed so that it is only exposed to this type of risk. If ξQ0
1 is

close to unity, this portfolio is closely approximated by a long term bond, since ψ∗1

is extremely large relative to Ψ∗2 in this situation.

The risk premium for the EA1(N) model is:

ρτ,t =−Ψ02,τ−1(Σ0Λ02 +Σ0Λ22X2,t +Σ0Λ21y1,t) (48)

+cθ1 ln

Ã
c
¡
c+ ψ1,τ−1 + λ01 +Ψ

0
2,τ−1C21

¢
(c+ λ01)

¡
c+ ψ1,τ−1 +Ψ

0
2,τ−1C21

¢!

−{
ξ1cλ01

¡
Ψ02,τ−1C21 + ψ1,τ−1

¢ ¡
2c+ λ01 +Ψ

0
2,τ−1C21 + ψ1,τ−1

¢¡
c+ λ01 +Ψ02,τ−1C21 + ψ1,τ−1

¢
(c+ λ01)

¡
c+ ψ1,τ−1 +Ψ

0
2,τ−1C21

¢}y1,t

The linear term shown on the first line is the compensation for the bond’s exposure

to shifts in X2,t, while the non linear terms on the other two lines compensate for

exposure to shifts in y1,t. The first effect is negligible for a portfolio or security like

an ultra-long bond with a price that mimics y1,t. The non-linear effects disappear

if λ01 = 0. They are positively related to the inflationary trend if λ01 ≤ 0; and

negatively related if λ01 ≥ 0 since:

d2ρt
dy1,tdλ01

= −c2
C21Ψ

0
2,τ−1 + ψ1,τ−1

(c+ λ01)
2

2c+ 2λ01 + C21Ψ
0
2,τ−1 + ψ1,τ−1¡

c+ λ01 + C21Ψ02,τ−1 + ψ1,τ−1
¢2 ≤ 0

given (29).
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3.5 Forward rates (f)

Finally, defining the τ -period ahead forward interest rate as fτ,t = pτ,t − pτ+1,t, and

substituting (30) gives the forward rate structure:

fτ,t = γτ+1 − γτ + [Ψτ+1 −Ψτ ]0Xt; τ = 1, ...,M. (49)

The asymptotic characteristics of the yield curve follow immediately: if the slope

coefficients Ψτ converge upon a constant vector Ψ∗ = limτ→∞Ψτ , then so does the

forward rate (and hence the discount and coupon bond yield):

f∗ = limτ→∞fτ,t = ∆γ
∗
τ = limτ→∞(γτ+1 − γτ ). (50)

where ∆γ∗τ is determined by substituting the asymptote Ψ
∗ into (39) or (41).

4 Unit roots and the yield curve

Now suppose that the sub-model for the stochastic trend y1 has a unit root (θ1 =

0, ξ1 = 1). Assuming that the other roots of the system are stable, the remainingN−1

equations may be regarded as cointegrating vectors. This situation is very familiar to

macroeconomic modelers but poses difficult problems for the EA0(N) macro-finance

specification. The problem is that when the matrix ΦQ determining the dynamic

responses under Q (25) has a unit root, so does its transpose, which determines

the behavior of the slope coefficients in the EA0(N) model (38). Consequently, the

asymptote ψ∗1 and hence (given (49)) the forward rates f
∗ (50) are not well-defined6.

In the specification of Dewachter and Lyrio (2006), y1 has a unit root under P

6 Specifically, substituting (36) into (37) gives the limiting behaviour limτ→∞(Ψ2,τ+1−Ψ2,τ ) =

01,N−1; limτ→∞(ψ1,τ+1 − ψ1,τ ) = ΦQ0
12 (I − (Φ

Q
22)

0)−1J2,r. This means that the asymptotic be-
haviour of the forward rate is determined by that of ψ1,τ , which grows in line with τ. The forward
rate is then dominated by the final term (-) 1

2
δ201τ

2 in (39), which grows in line with τ2.
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(θ1 = 0, ξ1 = 1) but is mean-reverting under Q: (
¯̄̄
ξQ0
1

¯̄̄
= |ξ1 − δ201λ11| < 1). In

this case, y1 obeys a near-unit root process and Ψ∗ = (I − (ΦQ)0)−1Jr and f∗ =

Ψ∗ΘQ − 1
2Ψ
∗0Ω0Ψ

∗ and are well-defined. However, the empirical research reported

below shows that because ξQ0
1 is close to unity, ψ∗1 and f

∗ adopt very large numerical

values (respectively positive and negative). Moreover, this specification requires the

restriction λ11 > 0. Inspection of (46) shows that this restriction implies a negative

relationship between the inflation asymptote y1,t and the associated inflationary risk

premium (−δ201(λ01 + λ11y1,t)). In other words a long term bond portfolio which is

exposed to this risk and falls when the underlying inflation rate increases also suffers

a fall in its expected rate of return. This restriction seems hard to justify a priori

and ideally it should be tested in a framework that does not require it as a regularity

condition.

One of the theoretical attractions of the heteroscedastic model EA1(N) is that

it generates a well-defined yield curve asymptote without any such restrictions on

Φ, ΦQ or the risk premia. Unit roots are certainly not a problem in EA1(N).

Indeed, in marked contrast to EA0(N) in which f∗ is dominated by the behavior of

ψ∗1, the asymptotic forward rate structure is determined independently of this slope

coefficient in the unit root EA1(N) specification. That is because (11) implies θ1 = 0,

making the intercepts (41) and hence f∗ independent of ψ∗1:

f∗ = ΘQ10
2 Ψ∗2 −

1

2
Ψ∗02 Σ0Ψ

∗
2 (51)

where Ψ∗2 = (I − (ΦQ22)0)−1J2,r); (using δ01 = 0 and FQ1
2 = ΘQ1

2 = Θ2− Σ0Λ02).

Moreover, as Campbell, Lo, and MacKinlay (1996) note in a similar heteroscedastic

yield curve model, the slope parameter ψ∗1 is determined by a quadratic rather than

a linear equation and is well-defined even if
¯̄̄
ξQ1
1

¯̄̄
≥ 1. Substituting (36) into (40)
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gives ψ∗1 as the solution to:

ψ∗1 =
ξ1(ψ

∗
1 + λ01 +Ψ

∗0
2 C21)

1 + (ψ∗1 + λ01 +Ψ∗02 C21)/c
− ξ1λ01
1 + λ01/c

−Ψ∗02 Σ0Λ21 −
1

2
Ψ∗02 Σ1Ψ

∗
2 (52)

which may be arranged as:

0 = ϕ2 + ϕ(c(1− ξ1)− ζ)− cζ

where: ϕ = ψ∗1 +λ01+Ψ
∗0
2 C21; ζ =

λ01(1−ξ1)+λ01/c
1+λ01/c

+Ψ∗02 (C21−Σ0Λ21)− 1
2Ψ
∗0
2 Σ1Ψ

∗
2.

The intercept term cζ shows the product of the roots and is a very large negative

number empirically. Consequently, one root is a large negative and the other a large

positive number. Phase analysis reveals that the recursion (40) selects the positive

root.

5 Specification tests

Preliminary tests indicated the presence of a unit root in the macroeconomic and yield

data as well as suggesting a third order lag structure for (1). Consequently this re-

search focussed on the EA1(11) and EA0(11) specifications, and followed Dewachter

and Lyrio (2006) by imposing ξ1 = 17 . The first of these (M1 for short) is the

discrete time equivalent of Dai, Le, and Singleton (2005). It uses 73 parameters

(∆0(4),∆1(5),Λ02(4),Λ21(4),Λ22(16), P (7), G(3),Φ(28), θ2 and λ01) and has a log-

likelihood of 666.9. The model parameters are reported in tables 2 and 3. The

restriction δ201 = 0 follows from the unit root assumption (11). The times series

behavior of the two latent variables is shown in Chart 3. The second model (M0 for

short) is the discrete time equivalent of Dewachter and Lyrio (2006). This has 3 more

7Relaxing this restriction had pratically no effect on the likelihood statistics for both M0 and
M1.

27



degrees of freedom than M1 because it employs 5 additional restrictions (∆1 = 01,5)

but uses two additional parameters (δ201and λ11). However, the loglikelihood of M0

is much lower: 591.2.

Models M0 and M1 are non-nested, but an encompassing model can be formed

by first adding an intercept constant υ into the variance of the stochastic trend.

As noted earlier this generalizes the CIR model to that of Duffie and Kan (1996).

This parameter plays a role similar to that of δ201 in M1. λ11 can be allowed or by

adding a constant into the left hand side of (40)to mimic the effect of −δ201λ11ψ1,τ−1.

This gives model M2, which has 75 parameters and a loglikelihood of 667.8. A

standard χ2(2) likelihood ratio test of M1 against M2 shows that M1 is acceptable

(p = 0.41). However, comparing M0 with M2, the χ2(5) likelihood ratio test statistic

(χ2(5) = 153.2, p = 0) indicates an overwhelming rejection of M0, the standard

macro-finance model.

5.1 The empirical yield model

This rejection reflects the theoretical problems discussed in the previous section. The

standard homoscedastic macro-finance model finds it difficult to cater simultaneously

for the behavior of (US) macroeconomic data, which are characterized by a unit root

or near-unit root and the behavior of long term rates, which are well behaved. For

the forward rates to be well behaved, ξQ1 must be well below unity, either because ξ1

is below unity or because λ11 is sufficiently negative. However, the first effect is not

consistent with the behavior of US macroeconomic data, and the second forces the

risk premia on ultra-long rates to vary inversely with the inflation trend. In this data

set I found that ξ1 and ξQ1 were both close to unity. This means that the correlation

between the long risk premia (shown for the 17 year maturity in Chart 4) and the

stochastic trend is relatively weak, but the long term forward rates (shown in Chart

28



58) are badly behaved. Specifically, the asymptote ψ∗1 is extremely large, so that f
∗
1 ,

though finite, is a large negative number. The EA0 specification is particularly poor

at explaining the behavior of the 17 year yields and would presumably find it difficult

to represent the behavior of longer yields in the presence of unit or near-unit roots.

This is an important practical consideration given the recent resumption of 30 year

funding in the US and the introduction of 50 year government bond issues in France

and the UK.

As we have seen, the unit root variant of the EA1 specification (M1) is not prone

to these problems because ψ∗1 does not affect the forward rate asymptote (51). In

this model, λ01 = −8.944 has a significantly negative value. This means that the risk

premia vary positively with y1,t but the asymptotic forward rates are nevertheless

sensible. The parameters (Tables 2 & 3) imply the values ψ∗1 = 193 and f
∗ = (−)211

basis points. In contrast, the equilibrium forward rates implied by M0 (shown in

Chart 5) are negative over the 1-17 year maturity range of the data and then move

to implausibly large negative values over the extrapolated 18-30 year range (and

beyond). Chart 4 shows the time series behavior of the 17 year risk premia for these

models. The effect of the real rate of return variable (y2) is clearly evident in these

models (compare the previous chart). At this maturity, y1,t has a negligible effect

on the premia in M0, but has a significant positive effect in M1. The effect of the

macroeconomic variables on the premia, which depends upon variations in the price

of risk, is weak. This reflects the parameters of the matrix Λ22 shown in table 2

which as in previous macro-finance models are generally poorly determined9.

Chart 6 shows the factor loadings in model M1 as a function of maturity (ex-

8The equilibrium forward rates are derived by setting the macro variables (and the two latent
variables) in line with their sample averages.

9This problem can always be side-stepped by arbitrarily excluding some of these parameters
from the model as in earlier macro-finance studies, but this procedure does not affect the other
parameters of the model.
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pressed in quarters). Those for M0 are quite similar and are not reported separately.

The first panel shows the loadings on y1,t (broken line) and y2,t (continuous line).

The second panel shows the loadings on π (broken line), g (dotted line) and the spot

rate (continuous line). The spot rate is of course the link between the macroeconomic

model and the term structure. Since it is the 3 month yield, this variable has a unit

coefficient at a maturity of one quarter and other factors have a zero loading. The

spot rate loadings then tend to decline rapidly with maturity, reflecting the rela-

tively fast adjustment process. In contrast, the martingale describing the y1,t means

that its loading increases with maturity over this range. The other loadings have a

humped shape, but are relatively small for output and inflation.

5.2 The empirical macroeconomic model

M1 also outperforms M0 because the US macroeconomic data are heteroscedastic10 .

Nevertheless, the dynamic parameters for M0 are very close to those of M1, shown in

table 3 and are not reported separately. The dynamic parameters are generally well

determined. The dynamics of the model can be seen in terms of (a) its eigenvalues and

(b) impulse responses. The autoregressive coefficient associated with y1,t is obviously

unity, but the other roots are stable. Three pairs of roots are sinusoidal, reflecting

the cyclical nature of the macroeconomic data.

These cyclical effects are seen more clearly in the impulse responses, which show

the dynamic effects of innovations in the macroeconomic variables on the system.

Because these innovations are correlated empirically, we work with orthogonalized

innovations using the triangular factorization defined in (4). The orthogonalized im-

pulse responses show the effect on the macroeconomic system of increasing each of

these shocks by one percentage point for just one period using the Wald representa-

10This effect is also highly significant in estimates of (5) and (??) that are estimated independently
of the bond market and are available upon request.
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tion of the system as described in Hamilton (1994).

This arrangement is affected by the ordering of the macroeconomic variables in

the vector xt, making it sensible to order the variables in terms of their likely degree

of exogeneity or sensitivity to contemporaneous shocks. The unobservables yt are

supposed to reflect exogenous expectational influences and are ordered first in the

sequence. This means that ηt (which are orthogonal to yt) can be interpreted as

surprises in inflation, output and interest rates - shocks that are not anticipated by

the bond market or the monetary authorities. Following (Hamilton (1994)) inflation

is ordered before the output gap, on the Keynesian view that macroeconomic shocks

are accommodated initially by output rather than price. Interest rates are placed

after these variables on the view that monetary policy reacts relatively quickly to

disturbances in output and prices.

Chart 7 shows the results of this exercise. The continuous line shows the effect of

each surprise on the spot rate, the dashed line the inflation effect and the dotted line

the output effect. Elapsed time is measured in quarters. Panel (i) shows that a shock

to the stochastic trend increases output, inflation and interest rates immediately.

Real interest rates increase initially. By construction, there is a one-for-one effect on

inflation and interest rates in the long run, no effect on output. The latent variables

both act as leading indicators for output, inflation and interest rates. In the case of

y2,t the output effect reverses after the first year in response to an increase in real

rates, setting up a damped cyclical variation. The system is back close to its initial

level after 10 years.

The other panels show similarly fast responses. Panel (iii) shows the effect of an

inflation surprise. The initial effect on the spot rate is muted, so real interest rates

fall. However output falls back, reflecting real balance effects. The fall in output then

has the effect of reversing the rise in inflation, setting up cycles in these variables.
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Panel (iii) indicates that the real interest rate increases in response to an output

surprise. Together with the contractionary real balance effect of higher inflation, this

moderates the expansionary impulse. The effect of a rise in the spot rate is shown

in the final panel. The initial effect is to depress output, and then inflation responds

with a short lag. Indeed, the lower inflation and interest rates apparently boost

output after three years.

Taken together, these responses give a plausible description of the macroeconomic

dynamics, in contrast to many VAR-type results (Grilli and Roubini (1996)). Its

use of Kalman filters to represent the effect of unobservable expectational influences

seems to solve the notorious price puzzle - the tendency for increases in policy interest

rates to anticipate inflationary developments and apparently cause inflation. The

nominal filter dictates the long run equilibrium of the macro-model, but does not

influence the asymptotic forward rate. This effect is persistent, but the responses of

the macroeconomic variables to deviations between inflation and its long run trend

(πt−y1,t) as well as surprises in output and interest rates are remarkably rapid. They

are largely exponential in nature, suggesting that monetary policy has been effective

in securing its objectives quickly, without significant policy reversals or cycles.

6 Conclusion

This model aligns the new macro-finance literature with the mainstream finance spec-

ification, handling the asymptotic problems posed by the unit root using a latent

inflation trend with stochastic first and second moments. A second latent variable is

used to handle real influences on the rate of return and the economy. This provides

a sensible model of the term structure without restraining the parameters dictating

the dynamic responses, under either historical or risk-neutral measures. This het-

eroscedastic specification gives a much better representation of the behavior of the
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economy and the bond market than does the homoscedastic macro-finance model,

which is decisively rejected by the data. This reflects the heteroscedastic nature of

the macroeconomic data as well as the mathematical structure of the yield model.

Compared to the standard finance model of the bond market, it can use a relatively

large number of factors (11) because the parameters of the model are informed by

macroeconomic as well as yield data (with a total of 1700 data points). The empirical

results reveal important insights into the working of monetary policy and the macro-

economy, notably the importance of conditional heteroscedasticity. This research

opens the way to a much richer term structure specification, incorporating the best

features of both macro-finance and mainstream finance models.
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7 Appendix 1: The state-space representation of the model

Stacking (4) puts the system into state space form (5), where :

Θ0 = {θ,Φ0θ, 0N−k−n,1}; (53)

Φ=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ξ 0k,n ... 0k,n 0k,n

Φ0Ξ Φ1 ... Φl−1 Φl

0n,k In .. 0n2 0n2

0n,k 0n2 ... In 0n2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎣ ξ1 01,N−1

Φ21 Φ22

⎤⎥⎥⎦ .
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where the last matrix partitions Φ conformably with (16). Similarly:

C =

⎡⎢⎢⎢⎢⎢⎢⎣
Ik 0k,n 0k,(N−k−n)

Φ0 G 0n,(N−k−n)

0(N−k−n),k 0(N−k−n),n 0(N−k−n)2

⎤⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎣ 1 01,N−1

C21 C22

⎤⎥⎥⎦ .

where the last matrix partitions C conformably with (16). Comparing this with the

partition (53), note that Φ21 = C21ξ1. The error structure of (16) follows from (15)

as:

W2,t+1 =C21w1,t+1 + C22V2,t+1; (54)

V2,t+1 ∼N(0N−1,1,D
2
02 +

√
y1,tD

2
12).

where: Ds2 = Diag[δs2, ..., δs,(k+n), 01,N−k−n]; s = 0, 1. This implies the conditional

MGF:

Et[exp[ν
0
2C22V2,t+1|y1,t]] = exp[

1

2
[ν02Σ0ν2 + y1,t(ν

0
2Σ1ν2)] (55)

where: Σs = C22 Ds2C
0
22; s = 0, 1. Similarly for EA0(N) :

Ω0 =CD2
s0C

0; (56)

D0 =Diag[δ01, δ02, ..., δ0,(k+n), 01,N−k−n]. (57)

8 Appendix 2 : The EA0(N) and EA1(N) specifications

This appendix shows how the MGF (22) can be used to derive the adapted dynamic

systems, bond prices and risk premia for models EA0(N) and EA1(N).

Firs, write the probability density of Xt+1 as the product of the marginal density

of y1,t+1 and the conditional density of X2,t+1| y1,t+1, obtained by substituting (54)
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into (16):

X2,t+1 =Θ2 +Φ21y1,t + C21w1,t+1 +Φ22X2,t + C22V2,t+1

=F2 + C21y1,t+1 +Φ22X2,t + C22V2,t+1 (58)

(using C21ξ1 = Φ21) where F2 = Θ2 − C21θ1. Putting (20) and (58) into (22) and

noting that the conditional errors V2,t+1 are independent of y1,t+1 :

L[ν, Xt;Λ] =Et[exp[−(ωt + λ1,ty1,t+1 + Λ
0
2,tC22V2,t+1)

+ν1y1,t+1 + ν02(F2 + C21y1,t+1 +Φ22X2,t + C22V2,t+1)]

= exp[−ωt + ν02(F2 +Φ22X2,t)]

×Et[exp[(ν2 − Λ2,t)0C22V2,t+1]]

×Et[exp[(ν1 − λ1,t + ν02C21)y1,t+1| y1,t] (59)

In EA0(N) these errors are both Gaussian and are evaluated using (??) and (55):

L[ν, Xt;Λ] = exp[−ωt + ν02(F2 +Φ22X2,t)] + (ν1 − λ1,t + ν02C21)(θ1 + ξ1y1,t)]

× exp[1
2
[(ν2 − Λ2,t)0Σ0(ν2 − Λ2,t) +

1

2
δ201[ν1 − λ1,t + ν02C21]

2] (60)

The probability density integral L[0N , Xt;Λ] is normalized to unity using: ωt =

1
2 (Λ

0
2,tΣ0Λ2,t +

1
2δ
2
01λ

2
1,t) −λ1,t(θ1 + ξ1y1,t). This restriction simplifies the MGF to:

L[ν, Xt;Λ] = exp[ν
0
2(F2 +Φ22X2,t)− ν02Σ0Λ2,t + (ν1 + ν02C21)(θ1 + ξ1y1,t)

+
1

2
ν02Σ0ν2 +

1

2
δ201[ν1 + ν02C21]

2 − δ201λ1,t[ν1 + ν02C21]] (61)
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Differentiating w.r.t. {ν1, ν2} and setting these parameters to zero gives the

dynamic system under Q1 reported at (25) and (26). This uses the risk adjustments

(19). The price coefficient systems (38) and (39) follow by substituting ν = −Ψτ−1

and (19) into (61), putting this in (32) and equating the coefficients of Xt in the

exponent with those in (30).

For the EA1(N) model, the density of y1,t+1 is given by (9). Using this to evaluate

the expectation in the last line in (59):

L[ν, Xt;Λ] = exp[−ωt + ν02(F2 +Φ22X2,t)] (62)

× exp{1
2
[(ν2 − Λ2,t)0Σ0(ν2 − Λ2,t) + y1,tν

0
2Σ1ν2]}

× exp{[ ξ1[ν1 − λ1,t + ν02C21]y1,t
1− [ν1 − λ1,t + ν02C21]/c

]− cθ1 ln[1− [ν1 − λ1,t + ν02C21]/c]}.

This probability density is normalized using:

ωt =
1

2
{Λ02,tΣ0Λ2,t −

λ1,tξ1y1,t
1 + λ1,t/c

− cθ1 ln[1 + λ1,t/c]}. (63)

Substituting this back:

L[ν, Xt;Λ] = exp{[ν02F2 +
1

2
ν2
0Σ0ν2 − Λ2,t0Σ0ν2 − cθ1 ln[1− [ν1 − λ1,t + ν02C21]/c]

+cθ1 ln[1 + λ1,t/c] + ν02Φ22X2,t (64)

+y1,t

∙
ξ1[(ν1 − λ1,t + ν02C21]

1− [ν1 − λ1,t + ν02C21]/c
+

λ1,tξ1
1 + λ1,t/c

− ν02Σ1ν2 +
1

2
ν2
0Σ1ν2

¸
}.
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Substituting (19) then yields:

L[ν, Xt;Λ] = exp{ν02F2 +
1

2
ν2
0Σ0ν2 − Λ020Σ0ν2 − cθ1 ln[1− (ν1 − λ01 + ν02C21)/c]

+cθ1 ln[1 + λ01/c] + ν02(Φ22 − Σ0Λ02)X2,t (65)

+y1,t

∙
ξ1(ν1 − λ01 + ν02C21)

1− (ν1 − λ01 + ν02C21)/c
+

ξ1λ01
1 + λ01/c

− Λ210Σ1ν2 +
1

2
ν2
0Σ1ν2

¸
}.

Differentiating w.r.t. {ν1, ν2} and setting these parameters to zero gives the dynamic

system under Q1 reported as (25) and (27). The price coefficient systems (35), (40)

and (41) follow by substituting ν = −Ψτ−1, into (22) substituting this into (32) and

equating the coefficients of Xt in the exponent with those in (30). The risk premia

follow by substituting this into (48) and obtaining L[ν, Xt;Λ] by setting the risk

coefficients to zero.

9 Appendix 3 : The Kalman filter and the likelihood function

In this model the unobservable variables are modelled using the Extended Kalman

Filter with (2) (Harvey (1989), Duffee and Stanton (2004)). This assumes that the

revisions are approximately normally distributed:

εt+1 ∼N(0, Qt)

where : Qt = Q0 +Q1y1,t

Qi =Diag{δ2i0, δ2i1}; i = 12.

I represent expectations conditional upon the information available to the econome-

trician with a ‘hat’ (so that ŷt = Êt ϕt) and define the covariance matrices:
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P̂t = Êt(yt − yt)(yt − yt)
0; (66)

P̂t+1,t = Êt(yt+1 − yt+1,t)(yt+1 − yt+1,t)
0 (67)

=ΞP̂tΞ
0 +Qt;

where:

yt+1,t = Êtyt+1 = θ + Ξyt. (68)

Similarly, using (1):

zt+1 = ẑt+1,t +Gηt+1 +Φ0(yt+1 − yt+1,t) (69)

where:

ẑt+1,t = Φ0yt+1,t +Σ
L
l=1Φlzt+1−l; (70)

and using (43):

rt+1 = r̂t+1,t +B0
0(yt − yt+1,t) +B0

1(zt+1 − ẑt+1,t) + et+1 (71)

where:

r̂t+1,t = α+B0
0yt+1,t +B1

0ẑt+1,t +Σ
L
l=2Bl

0zt+2−l. (72)

The t−conditional covariance matrix for this system is:

⎡⎢⎢⎢⎢⎢⎢⎣
P

rr

P
rz

P
ryP0

rz

P
zz

P
zyP0

ry

P0
zy

P
yy

⎤⎥⎥⎥⎥⎥⎥⎦ = Êt

⎡⎢⎢⎢⎢⎢⎢⎣
rt+1 − r̂t+1,t

zt+1 − ẑt+1,t

yt+1 − yt+1,t

⎤⎥⎥⎥⎥⎥⎥⎦ .
∙
rt+1 − rt+1,t zt+1 − zt+1,t yt+1 − yt+1,t

¸

(73)
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where:

X
rr
= P̄ +B1StB

0
1 + (B1Φ0 +B0)P̂t+1,t(B1Φ0 +B0)

0 (74)X
rz
=B1St + (B1Φ0 +B0)P̂t+1,tΦ

0
0 (75)X

ry
= (B1Φ0 +B0)P̂t+1,t (76)X

zz
=Φ0P̂t+1,tΦ

0
0 + St (77)X

zy
=Φ0P̂t+1,t (78)X

yy
= P̂t+1,t (79)

St =G[S0 + S1yt,t]G
0 (80)

where Si = Diag{δ2i1..., δ2in}; i = 0, 1. This allows the expectations to be updated

as:

yt+1 = yt+1,t +

∙P
yr

P
yz

¸⎡⎢⎢⎣
P

rr

P
rzP

zr

P
zz

⎤⎥⎥⎦
−1 ⎡⎢⎢⎣rt+1 − r̂t+1,t

zt+1 − ẑt+1,t

⎤⎥⎥⎦ (81)

P̂t = P̂t+1,t −
∙P

yr

P
yz

¸⎡⎢⎢⎣
P

rr

P
rzP

zr

P
zz

⎤⎥⎥⎦
−1 ⎡⎢⎢⎣

⎡⎢⎢⎣
P

yrP
yz

⎤⎥⎥⎦
⎤⎥⎥⎦ (82)

The (log) likelihood for period t+ 1 is thus:

Lt+1 = k−1
2
ln

⎛⎜⎜⎝Det

⎡⎢⎢⎣
P

rr

P
rzP

zr

P
zz

⎤⎥⎥⎦
⎞⎟⎟⎠−12

∙
rt+1 − rt+1,t zt+1 − zt+1,t

¸⎡⎢⎢⎣
P

rr

P
rzP

zr

P
zz

⎤⎥⎥⎦
−1 ⎡⎢⎢⎣rt+1 − r̂t+1,t

zt+1 − ẑt+1,t

⎤⎥⎥⎦ .
(83)

The loglikelihood for the full sample follows by iterating (67), (68), (81) and (82)

forward given suitable starting values; substituting (70) and (72) then summing (83)

over t = 1, ...T.
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