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Abstract

We discuss the local Whittle estimation of the order of integration of a frac-
tional process that may be subject to a break in the dynamics of the zero-mean
stochastic component. We show that the estimate is robust to instability in the
short term dynamics, while in presence of a break in the long term dynamics only
the highest order of integration is consistently estimated. We propose a test to
detect that break: the limit distribution of the test statistic under the null is not
standard, but it is well known in the literature. We also propose a procedure to
estimate the location of a break when it is present.
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1 Introduction

As Lucas (1976) remarked, the assumption that the data generating process remains
stable over time is often questionable: the economy is subject to structural shifts and
to changes in policy regimes that may alter the dynamics of the target variable or the
structure of a macroeconomic relationship.
We discuss the e¤ects of changes over time of dynamics of a zero-mean, fractionally

integrated process.
We distinguish between changes in the long term dynamics, that we associate to the

lowest frequencies and summarise with the order of integration �, and changes in the
short term dynamics, that we associate to the remaining frequencies.
Changes in the order of integration are often important in policy evaluation because

ceteris paribus a reduction of the order indicates a tighter control of the variable of
interest (provided that the process is mean reverting, at least after the change), and a
weaker control otherwise. Changes that only a¤ect the medium and high frequencies
are often less important, because they leave the long run rate of reversion to the mean
una¤ected.

Potential changes in persistence and in long term dynamics had often been considered
in the applied literature, but the evidence is largely anecdotal and restricted to integer
orders only.
A formal approach was proposed by Kim (2000) who introduced a ratio-based sta-

tistic to test the null that � = 0 in the whole process against the alternative that a shift
between � = 0 and � = 1 took place. Kim, Belaire-Franch and Badilli-Amador (2002)
and Busetti and Taylor (2004) proposed some corrections and further developments, but
they did not alter the original structure. Harvey, Leybourne and Taylor (2004) remarked
that with that design the case � = 1 and no breaks can be confused with the presence
of a break, so those tests are not very informative. Harvey et al. (2004) then proposed
a modi�cation of the test statistic to make it such that the critical values would be
the same (although the limit distribution would still be di¤erent) regardless of whether
� = 0 or � = 1.
Yet it is often argued that the restriction to integer � is too strong, because it

leaves no alternative between fast reversion to the mean and no reversion at all: this
is much more the case when a potential change in integer � is discussed, because with
that restriction it is implicitly assumed that the process jumps between the two extreme
situations avoiding all the intermediate ones, while important variations in the long term
dynamics may be represented with relatively small changes in (fractional) �.
A second drawback, more speci�cally related to the approach introduced by Kim

(2000), is the sensitivity of the test to instability in the short term dynamics of the
process: even simple changes like the shift of the variance in an independent sequence can
be detected by the test and confused with a change in �. This seems quite unappealing,
because it requires an assumption, the stability of the short term dynamics, that is not
directly related to the object of the analysis, and it is particularly unfortunate in this case
because in practice it is at least doubtful that such an assumption can be imposed when
the long term stability is being tested. Indeed, in applied work the reverse is more often
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assumed: Kim and Nelson (1999) for example discussed the change in volatility of the
GDP, while Hansen (2003) found instability in the short term dynamics of the interest
rates. Neither the Dickey-Fuller nor similar tests can provide a reliable indication in
this situation because, as Hamori and Tokihisa (1997) showed in the particular case of
a volatility shift, it may be sensitive to short term instability.
We propose to address these two issues simultaneously, using the local Whittle esti-

mation procedure. This removes the constraint to integer � by allowing for a fractional
model for the order of integration, and it also avoids the sensitivity to the short term
dynamics because it only uses a band of frequencies degenerating towards 0.

In Section 2 we present the asymptotic theory, in Section 3 we analyse the small
sample properties with a Monte Carlo exercise and in Section 4 we analyse in�ation in
the euro-area. We conclude in Section 5; the proofs of the theorems are to be found in
the Appendix.

2 Local Whittle estimation in presence of a poten-
tial break

We formalise our model by introducing the process xt, observed at t = 1; :::; n, which we
describe as the sum of two unobservable processes x1t and x2t,

xt = x1t + x2t (1)

such that

x1t =

8<: �1t if t � [� 0n]

0 otherwise
, x2t =

8<: �2t if t > [� 0n]

0 otherwise
(2)

for a constant � 0 2 (0; 1). The process �1t is stationary and invertible and has autoco-
variance �1 (s) and spectral density f�1 (�), so that

�1 (j) =

Z �

��
f�1 (�) e

i�jd�. (3)

In a similar way, �2t has autocovariance �2 (s) and spectral density f�2 (�) and, introduc-
ing the covariance �12 (s) = E(�1t�2;t+s), we indicate the cross-spectrum with f�12 (�),
so that �12 (j) =

R �
�� f�12 (�) e

i�jd�.
The processes �1t, �2t are characterised by spectral densities having

f�1 (�) s G�1��2�1, f�2 (�) s G�2��2�2 as � �! 0+, (4)

so they can be fractionally integrated.
We do not make any other assumption on �1t and on �2t, thus encompassing several

cases: for example they may be independently distributed, but they may also be actually
the same process (in which case there is no break).
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We indicate with Fx (�), the discrete Fourier transform of xt,

Fx (�) =
1p
2�n

nX
t=1

xt, (5)

and in the same way, we use Fx1 (�) and Fx2 (�) for the Fourier transforms of x1t and
x2t respectively. Finally, we indicate with Ix (�), the periodogram of xt,

Ix (�) = Fx (�)Fx (��) , (6)

with Ix1 (�) and Ix2 (�) the periodograms of x1 and x2; and with Ix12 (�) the crossperi-
odogram between x1 and x2, so that Ix12 (�) = Fx1 (�)Fx2 (��).

2.1 The periodogram of a process potentially subject to a break

The processes x1t, x2t are not stationary, and the bound for the expectation of the
periodogram provided by Robinson (1995a) cannot be directly applied. Yet we �nd that
the same result can be quickly derived: introduce

�4 = [�n]=n, (7)

and the following assumptions:
Assumption A.1. For a 2 f1; 2g there exists G�a 2 (0;1), �a 2 (�1=2; 1=2), and

� 2 (0; 2] such that

f�a (�) = G�a�
�2�a +O

�
���2�a

�
as �! 0+. (8)

Assumption A.2. For a 2 f1; 2g, in a neighbourhood (0; ") of the origin f�a (�),
f�12 (�) are di¤erentiable and����@f�a (�)@�

���� = O ��1�2�a� , ����@f�12 (�)@�

���� = O ��1��1��2� as �! 0+. (9)

Assumption A.3. Letting R12 (�) = f�12 (�) =
p
f�1 (�) f�2 (�), then for some �g 2

(0; 2],
jR12 (�)�R12 (0)j = O

�
��g
�
as �! 0+. (10)

Assumptions A.1 to A.3 were introduced by Robinson (1995a) and are also dis-
cussed therein. In accordance with the semiparametric approach to the problem, all the
assumptions are local to 0. Assumption A.1 imposes a rate of convergence to the approx-
imation of f�a (�) =G�a�

�2�a to 1 and it was introduced because Robinson formulated his
result for I�a (�j) =G�a�

�2�a
j so the additional approximation of f�a (�) by G�a�

�2�a had
to be taken into account; it also imposes stationarity, the extension to the nonstation-
ary process having been discussed by Velasco (1999a). Assumption A.2 is a common
smoothness condition and it is also present, for example, in the Whittle estimation of
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a fully parametric model; Assumption A.3 is automatically met when �1t and �2t are
observed from the same process, while the situation in which the spectral density matrix
for (�1t,�2t)

0 is not singular is discussed by Robinson (1995a), where he also mentions
that these conditions are met, for example, from standard ARFIMA processes.
We then have the following
Theorem 1. Let Assumptions A.1, A.2 and A.3 hold and introduce

vx1 (�) =
Fx1 (�)q
�40 G�1�

�2�1
, vx2 (�) =

Fx2 (�)r�
1� �40

�
G�2�

�2�2
(11)

For a, b 2 f1; 2g, for any positive integer sequence j (n) with j=n! 0,

E (va (�j) vb (��j)) = 1(a = b) +O
�
ln j

j
+

�
j

n

���
, (12)

and, with j > k, k positive integer,

E (va (�j) vb (��k)) = O
�
ln j

k

�
. (13)

Since
Ix (�) = Ix1 (�) + 2Re Ix12 (�) + Ix2 (�) , (14)

it follows from Theorem 1 that, for j > 0,

E (Ix (�j))

= �40 f�1 (�j) +
�
1� �40

�
f�2 (�j) +O

�
(f�1 (�j) + Re f�12 (�j) + f�2 (�j))

�
j�1 ln j

��
(15)

as j=n ! 0. When the process xt is not subject to any break, then, clearly, f�1 (�) =
f�2 (�) = f�12 (�), and the orders of magnitude in (15) are the same as those given in
Robinson (1995a).
If a break in � took place, so that, for example,

�1 > �2 (16)

(which we can assume without loss of generality), the process xt behaves like a long
memory process with parameter �1, but subject to an unobservable disturbance with
memory of order �2, and the stochastic order of magnitude of the periodogram, for
j > 0, is

E (Ix (�j)) = �
4
0 G�1�

�2�1
j +O

�
��2�1j

ln j

j
+ ��2�1j

�
j

n

��
+ ��2�2j

�
(17)

as j=n! 0.
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The term ��2�2j in the bound in (17) is not necessarily negligible: indeed, considering
j proportional to n' for a certain ', it is of order bigger than ��2�1j

ln j
j
for ' large enough

(' > (1 + 2 (�1 � �2))�1 2 (�1 � �2) ).
It is interesting to compare (17) to the expected value of the periodogram of a process

in which the stochastic component is corrupted by a deterministic component that acts
as a noise and obscures the signal, as discussed by Iacone (2006). The situation is
clearly reversed: while with a time-varying deterministic component the signal is mainly
obscured at the lowest frequencies, from (17) we see that here those are the frequencies
in which the signal is more clear. Breaks in the mean and in the memory parameter
have then the opposite e¤ect when analysed in the frequency domain.
The expectation in (15) is also useful to observe the e¤ect of a break in the short

term dynamics. In that case,
�1 = �2 = �, (18)

so the expectation becomes, for j > 0,

E (Ix (�j)) =
�
�40 G�1 +

�
1� �40

�
G�2

�
��2�j

�
1 +

ln j

j
+

�
j

n

���
(19)

as j=n! 0, and there is then no e¤ect on the slope of the expectation of the periodogram

at low frequencies. Since the term
�
�40 G�1 +

�
1� �40

�
G�2

�
is only a scaling factor, we

can already anticipate that the local Whittle estimate is robust to changes in the short
term dynamics. This is hardly a surprising result, given that the local Whittle estimate
does not actually require any speci�cation of the short term dynamics at all, but it
is important to state it explicitly because it provides a strong argument in favour of
semiparametric estimates, such as the local Whittle or the log-periodogram regression
ones, when these are compared to other estimates that may even be more e¢ cient (in
the sense of having a faster rate of convergence, as for example is the case of the fully
parametric Whittle estimate), but are sensitive to other breaks as well.

We conclude the subsection by discussing

zt = xt, z1t (�) =

8<: xt if t � [�n]

0 otherwise
, z2t (�) =

8<: xt if t > [�n]

0 otherwise.
(20)

In z1t the second block of observations is supplemented with zeros, while in z2t the design
is reversed: z1t and z2t are the processes that are going to be used in the recursive Chow
test.
FromTheorem 1 we already have a bound forE (Iz (�j)); forE (Iz1 (�j)) andE (Iz2 (�j))

however, we only have it when �4 = �40 . Yet using the same arguments it is also im-
mediate to show that, under (16) and under the assumptions stated for Theorem 1,
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j > 0,

if �4 < �40 ,

E (Iz1 (�j)) = �4G�1�
�2�1
j +O

�
��2�1j

�
ln j

j
+

�
j

n

����
(21)

E (Iz2 (�j)) =
�
�40 � �4

�
G�1�

�2�1
j +

�
1� �40

�
G�2�

�2�2
j +O

�
��2�1j

�
ln j

j
+

�
j

n

����
(22)

and if �4 > �40 ;

E (Iz1 (�j)) = �40 G�1�
�2�1
j +

�
�4 � �40

�
G�2�

�2�2
j +O

�
��2�1j

�
ln j

j
+

�
j

n

����
(23)

E (Iz2 (�j)) =
�
1� �4

�
G�2�

�2�2
j +O

�
��2�2j

�
ln j

j
+

�
j

n

����
(24)

as j=n! 0.
When �1 > �2, the order of magnitude of the expectation of the periodogram of

z1t always depends on �1; for the periodogram of z2t on the other hand, the conclusion
depends on the position of � with respect to the break � 0: when all the observations
with the highest memory are removed, the dominating term depends on �2, otherwise
on �1. Intuitively then, the slopes of two periodograms are very di¤erent when � is set
large enough, and a test can be realised simply by comparing them.

2.2 The estimate when a break in the memory parameter is
present

We analyse the e¤ects of the break using the Local Whittle estimate: this is computed
by minimising the loss function

R(d;m; I) = ln

(
1

m

mX
j=1

�2dj I(�j)

)
� 2d 1

m

mX
j=1

ln(�j): (25)

This is the same loss function discussed by Robinson (1995b), but we included in the
notationR(d;m; I) the references tom and I in order to explicitly state that the estimate
depends on the dataset, of which I (�j) is the periodogram, and on m, a user chosen
bandwidth parameter. We introduce

b� = arg min
d2��(�1=2;1=2)

R(d;m; Iz) (26)

b�1 (�) = arg min
d2��(�1=2;1=2)

R(d;m; Iz1) (27)

b�2 (�) = arg min
d2��(�1=2;1=2)

R(d;m; Iz2): (28)

b� is the estimate when the whole dataset is used, and we are interested in it because
we can then see what happens when the data are subject to a break in the memory
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parameter; b�1 (�) and b�2 (�) are the estimates computed using only the �rst or the
second part of the sample for given � , and are used to detect a change in � with the
Chow test.
In order to get their limits in probability we introduce a set of assumptions
Assumption 1. For a 2 f1; 2g, as �! 0+;

f�a (�) � G�a��2�a (29)

where G�a 2 (0;1) and �a 2 [�1;�2], where �1=2 < �1 < �2 < 1=2:
Assumption 2. For a 2 f1; 2g, in a neighbourhood (0; �) of the origin, f�a(�);

f�12 (�) are di¤erentiable and

d

d�
ln f�a(�) = O(�

�1);
d

d�
ln f�12(�) = O(�

�1) as �! 0+: (30)

Assumption 3. For a 2 f1; 2g, the sequence �a;t is such that

�a;t =
1X
j=0

�a;j"a;t�j,
1X
j=0

�2a;j <1 (31)

where
E("a;tjza;t�1) = 0, E("2a;tjza;t�1) = 1, a.s., t = 0;�1; ::: (32)

in which za;t is the ���eld generated by "a;s, s � t, and there exists a random variable
� such that E(�) <1 and for all � > 0 and some C > 0, P (j"a;tj > �) � CP (j�j > �).
Assumption 4. As n!1,

1

m
+
m

n
! 0. (33)

These are the same assumptions as those of Robinson (1995b), augmented to take
f�12 (�) into account as well. These are semiparametric in the sense that Assumptions
1 and 2 are only de�ned for � ! 0+. Assumption 3 is a very general speci�cation: the
linear structure is ensured by the Wold representation theorem so the assumption is only
about the second moments of the martingale di¤erence sequences of innovations "a;t.
Notice that we do not require �1 = �2, so we can discuss the consequences of a break

in �.
Following Robinson (1995b) we can then show:
Theorem 2. Under (16) and Assumptions 1, 2, 3, 4, then, as n!1,

b� !p �1 (34)

and

if � < � 0: b�1 (�)!p �1, b�2 (�)!p �1; (35)

if � = � 0: b�1 (�)!p �1, b�2 (�)!p �2; (36)

if � > � 0: b�1 (�)!p �1, b�2 (�)!p �2: (37)
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Notice that here and after we formulate the theorem for � because �4=� ! 1 as
n!1.
The Local Whittle estimate b� then converges in probability to the largest of the

two memory parameters, con�rming the intuition from Theorem 1 that the process
with lower order of integration acts like a disturbance: neither the value of the lower
order of integration, nor the fraction of observations with lower memory as opposed to
those with higher memory, matter. This result depends on the fact that the estimate
is semiparametric and it only uses the frequencies where the features of the spectral
density are dominated by the long term component: had all the frequencies been used,
as in the Whittle estimate, it would converge to a point intermediate between �1 and �2,
the exact location depending also on the fraction of observations with lower memory.
The same considerations apply to b�1 (�) and b�2 (�), but for some � it may happen that

only observations with lower memory are used, and in that case the estimate converges
to that (lower) level instead.

Robinson (1995b) also showed that the Local Whittle estimate is root-m consistent
and the limit distribution is zero-mean, asymptotically normal. In case of a break, root-
m consistent estimation of the largest memory parameter depends on how large the
gap

# = j�1 � �2j (38)

is. Introduce the following assumptions:
Assumption 1�. For a 2 f1; 2g and some � 2 (0; 2]

f�a (�) � G�a��2�a(1 +O(��)) as �! 0+; (39)

where G�a 2 (0;1) and �a 2 [�1;�2], where �1=2 < �1 < �2 < 1=2:
Assumption 2�. For a 2 f1; 2g, in a neighbourhood (0; �) of the origin, �a(�) is

di¤erentiable and
d

d�
�a(�) = O

�
j�a(�)j
�

�
as �! 0+ (40)

where �a(�) =
P1

l=0 �a;le
i�l.

Assumption 3�. Assumption 3 holds and also

E("3a;tjza;t�1) = ca;1, E("4a;tjza;t�1) = ca;2, a.s., t = 0;�1; ::: (41)

for some �nite constants ca;1 and ca;2.
Assumption 4�. As n!1,

1

m
+
m1+2� ln2m

n2�
! 0: (42)

Assumption 5�. As n!1, if �2 6= �1, letting # = j�1 � �2j,

m2#+1=2

n2#
! 0. (43)
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Assumptions 1� to 4� replicate those in Robinson (1995b): the information on the
shape in (39), that was not already provided in Assumption 1, is necessary to de�ne
whether the approximation of the density with G��2� may generate a lower order bias:
since that approximation is less precise at high frequencies, the highest ones must be
removed, as required in Assumption 4. The weakest upper bound is for � = 2, a class
that also includes the case in which �t is an ARFIMA.
Assumption 5�on the other hand has been introduced precisely to treat the case in

which a change in � took place. We postpone the discussion to after Theorem 4, where
the consequences of not meeting it are presented. It is su¢ cient here to notice that it
removes the highest frequencies, and that it is stronger the smaller # is. Whether it
is more or less restrictive than Assumption 4�depends on # and on �: for the popular
case � = 2, and indeed for any � > 1, Assumption 5�is stronger than 4�, the reverse
happening when � is very close to 0.

Theorem 3. (i) Under Assumptions 1�, 2�, 3�, 4�, as n!1,

if � � � 0: 2
p
m�(b�1 (�)� �1)!d N(0; 1) (44)

if � � � 0: 2
p
m (1� �)(b�2 (�)� �2)!d N(0; 1); (45)

(ii) Under (16) and Assumptions 1�, 2�, 3�, 4�, 5�, as n!1,

2
p
m� 0(b� � �1)!d N(0; 1) (46)

if � > � 0: 2
p
m� 0(b�1 (�)� �1)!d N(0; 1) (47)

if � < � 0: 2
p
m (� � � 0)(b�2 (�)� �1)!d N(0; 1). (48)

This is the same result as the original paper of Robinson (1995b): we simply have to
replace m by m� (or by m (1� �), m� 0, m (� � � 0) according to the situation), to take
into account that only a fraction of observations has a higher memory (this may well be
�2, when no observations with �1 are present, as in (45)).
The statement of the theorem is divided into two parts according to whether the

break in the memory parameter is included in the sample or not. In the �rst part it is
not: the two time series are both composed of a stationary process padded with 0, and
we veri�ed that in such a case the results of Robinson (1995b) did not change.
In the second part of the Theorem on the other hand the data have been subject to

the shock, and we need Assumption 5�as well, to make its e¤ect negligible.
When Assumption 5�is not met, consider instead
Assumption 6�. As n!1, if �2 6= �1, letting # = j�1 � �2j,

m2#+1=2

n2#
!1. (49)

Theorem 4. Under (16), Assumptions 1�, 2�, 3�, 4�and 6�, as n!1,�
n2#m�2#� �b� � �1�!p �

1

2

1� � 0
� 0

G�2
G�1

(2�)2#
2#

(1 + 2#)2
(50)
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and

if � < � 0:
�
n2#m�2#� �b�2 (�)� �1�!p �

1

2

1� � 0
� 0 � �

G�2
G�1

(2�)2#
2#

(1 + 2#)2
;

(51)

if � > � 0:
�
n2#m�2#� �b�1 (�)� �1�!p �

1

2

� � � 0
� 0

G�2
G�1

(2�)2#
2#

(1 + 2#)2
:

(52)

When Assumption 5�is not met but it is replaced by Assumption 6�, the estimate is
subject to a lower order bias. Intuitively this happens because the term �2dj in the loss
function has to accommodate both Ix1 (�j) and Ix2 (�j): at the lowest frequencies the
latter is irrelevant, but for higher frequencies the stochastic orders of magnitude of the
two periodograms get closer and the estimate is then contaminated by �2.
In Theorem 2 then, Assumption 4 ensures that such a contamination is always of a

lower order, and in Theorem 3, Assumption 5�is su¢ cient to have that order smaller
thanm�1=2, so root-m consistent estimation of �1 still follows, but here we see that when
Assumption 5�is not met then the root-m consistency fails.
Notice that Theorem 4, by requiring Assumption 6�, implicitly sets a limit on � in

Assumption 1�: indeed if Assumption 4� is more restrictive than 5�(as it happens for
very small �) then the assumptions of Theorem 4 cannot be met.
The "jump" # a¤ects the limit in two ways: the value of the potential bias increases

with #, but its order of magnitude gets smaller the larger #. Larger # should overall
deliver smaller bias because the order of magnitude should prevail, but it is still possible
that in small samples the reverse happens.
The fact that the bias from �1 gets smaller the more distant �2 is, may seem counter-

intuitive: if, for example, we used fully parametric Whittle estimation, we would expect
that the estimate converges to a point intermediate between �1 and �2, and that it would
be further away from �1 the bigger #. The result we obtained here depends crucially
on m=n ! 0, so Ix2 (�j) is always dominated by Ix1 (�j), and the gap in the stochastic
orders is bigger the bigger #. Indeed, setting m proportional to n, the bias induced by
the break (disregarding then the bias due to the approximation of the spectral density
as in Assumption 1�), would then be bigger the larger #, as we conjectured before for
the fully parametric Whittle estimate.
When m is set as

m = c�n
� (53)

for some � 2 (0; 4=5) and ck > 0, Assumption 5�requires

# >
1

4

�

1� � : (54)

we can see then that if � = 0:8 � " (for some " > 0) is set, then no combination of �1,
�2 in a closed subset of (�1=2; 1=2) is available to eliminate the bias, con�rming that
when � = 2 in Assumption 1�then Assumption 5�requires the elimination of more of
the intermediate frequencies.
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2.3 Tests for parameter instability and estimation of the break-
point

Theorem 4 is also very interesting for its potential application to detect the presence
of a break. Since the bias increases with the bandwidth m, a test can be realised by
comparing two estimates for two di¤erent bandwidths, if these are properly chosen,
because the estimate computed with the smaller bandwidth should be less subject to
the lower order bias. More formally, de�ningb�� = argmin

�
R (d; l; Iz (�j)) (55)

with
l=m! 0 as n!1, (56)

and introducing et = p4l �b�� � b�� , (57)

we have the following theorem.
Theorem 5. Let Assumptions 1�, 2�, 3�, 4�, 6�hold, and 1=l+ l=m! 0 as n!1.

Then as n!1, 8<:
et!d N (0; 1) if # = 0

et!1 if # > 0.
(58)

The statistic et can then detect the presence of a break even when # is so small that
both b�� and b� are subject to the lower order bias, because the bias is smaller in the �rst
case.
Since if there is a break then et should be positive, a one sided alternative should

be preferred in order to have more power. We then suggest to compute et and then to
reject H0 : f# = 0g if the realisation of the test statistic exceeds the critical value 1.65
(assuming of course a 5% size).
Notice that this test requires Assumption 6�, that is, a certain smoothness on � in

Assumption 1�as we saw when discussing Theorem 4: the test then cannot be used
for very small �, but it is still valid for the � associated to the more popular models
(including the ARFIMA).
A more important comment has to do with the power of the test. This may be

very small, for two reasons: because the slower rate of convergence l1=2 has to be used,
and because the test is only consistent because of the lower order bias. Therefore the
performance of the test in small samples may be less than satisfactory.

For a more powerful test, we introduce

bt (�) =p4� (1� �)m�b�1 (�)� b�2 (�)� . (59)

Theorem 6. (i) Under Assumptions 1�, 2�, 3�, 4�, �1 = �2, as n!1,

2

s
� 1 (1� � 2)
1 + � 1 � � 2

m
�b�1 (� 1)� b�2 (� 2)�!d N (0; 1) ; � 2 � � 1 (60)
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and bt (�)2 !d �
2
1 (61)

for given � ;
(ii) under Assumptions 1�, 2�, 3�, 4�, �1 > �2 and � � � 0, as n!1,

bt (�)2 !1; (62)

(iii) under Assumptions 1�, 2�, 3�, 4�, 6�, �1 > �2 and � < � 0, as n!1,

bt (�)2 !1: (63)

Of course the same result holds, replacing �1 > �2 and � � � 0 with �1 < �2 and
� � � 0 in (ii) and replacing �1 > �2 and � < � 0 with �1 < �2 and � > � 0 in (iii), so bt (�)2
can be used to detect any break.
In part (i) of Theorem 6 we derive the limit distribution under the null: the estimatesb�1 (� 1) and b�2 (� 2) when � 2 � � 1 are asymptotically independent.
In parts (ii) and (iii) we verify that the test statistic diverges under the break. We

then suggest to compute bt (�)2 and eventually to reject H0 : f# = 0g if the realisation
of the test statistic exceeds the critical value 3.84 (again, assuming of course a 5% size).
This is a simple Wald test, and it only requires the estimation of b�1 (�) and b�2 (�).
Notice that if Assumption 6�is met then the test is consistent even if we computebt (�)2 in points di¤erent than � 0; otherwise, it requires knowledge of the location of � 0.

Yet in (iii) the test is only consistent because of the lower order bias, so the power may
be rather low when computed for � < � 0, and in (ii) with � 6= � 0 b�1 (�) is still subject
to a lower order bias, so the power should be higher in � = � 0.
Given the potential sensitivity of the power to the distance from � 0, bt (�)2 seems to

be particularly useful when preliminary knowledge of � 0 is given, as it happens when
analysing a shift in persistence originated by a change of policy.
If the location of the break is unknown, the test statistic should be analysed in any

potential � in a closed subset of (0; 1):

bt2 = sup
�2[� l;�h]�(0;1)

bt (�)2 . (64)

Recalling the notation B (�), � 2 [0; 1], for a standardised Brownian motion on [0; 1],
then
Theorem 7. Under Assumptions 1�, 2�, 3�, 4�, 6�, as n!1,8<:

bt2 ) (B(�)��B(1))2
4�(1��) if # = 0

bt2 !1 if # > 0.
(65)

The limit process is a standardised tied down Bessel process and references for
that are already in Andrews�(1993) work, where he also discussed what happens when
[� l; �h] = [0; 1]. Critical values can be tabulated, and indeed Andrews (1993) provided
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them: the critical value for the 5% test is 8.85 when [� l; �h] = [0:15; 0:85], and 9.31 when
[� l; �h] = [0:1; 0:9]; we used 9.01 when [� l; �h] = [1=8; 7=8], interpolating as described in
the original paper.

We conclude by proposing an estimate of the location of the break when there is one:
letting b� = arg min

�2[� l;�h]�(0;1)
bQn (�) = �b�1 (�) + (1� �)b�2 (�) (66)

Theorem 8. Under Assumptions 1, 2, 3, 4 with �1 6= �2,b� !p � 0. (67)

3 A Monte Carlo exercise

We investigate the validity in small samples of the theoretical results with a little Monte
Carlo exercise. We considered the models:

Model 1 (M1): no break in �, xt 2 I (0:4);
Model 2 (M2): no break in �, the variance doubles in the second part of the sample,

xt 2 I (0:4);
Model 3 (M3): break � 0 = 1=2: x1t 2 I (0:4), x2t 2 I (0);
Model 4 (M4): break � 0 = 1=3: x1t 2 I (0:4), x2t 2 I (0);
Model 5 (M5): break � 0 = 1=2: x1t 2 I (0:2), x2t 2 I (0).

Model 1 is the standard design, and we use it as a benchmark. It also provides us with
a reference for b�1 (�) and b�2 (�), which are not discussed in Robinson�s original paper,
and for the statistics based on them, including the ones used to test for the presence of
the break.
Model 2 is included to verify that changes in the short term component do not a¤ect

the quality of the estimation in small samples either. We decided to model the break in
the short term dynamics with a change in the variance because, as we reviewed in the
introduction, the problem received some applied and theoretical attention. We can then
observe here how sensitive our techniques are to that change.
Models 3 to 5 are the ones with a break. We intend to evaluate the precision of

the estimates b� and b�� thus appreciating the sensitivity of the bias to the bandwidths
m and l, to the location of the break � 0 and to the di¤erence #. We also compare the
performance of the tests to detect the presence of a shift in �, et and bt2, when � 0 is
unknown, and discuss the reliability of b� as an estimate of the location of the break.
We generated 64, 128, 256, 512 and 1024 observations, using the Davies and Harte

(1987) algorithm; for each cell we simulated 1000 runs. We set m = 0:75n0:79 and
l = 0:75n0:49 and estimated b��, b�, b�1 (1=4), b�2 (1=4), b�1 (3=4), b�2 (3=4). According to the
design, three outcomes are possible: root-m or root-l consistent, asymptotically normal
estimation of �1, root-m consistent, asymptotically normal estimation of �2, consistent
estimation of �1 with lower order bias. These are summarised in Table 1.
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Table 1: Limit properties of the estimates used in the Monte Carlo exerciseb�� b� b�1 (1=4) b�2 (1=4) b�1 (3=4) b�2 (3=4)
M1 A A A A A A
M2 A A A A A A
M3 A X A X X B
M4 A X A X X B
M5 X X A X X B

A: root-m or root-l consistent and asymptotically normal estimation of �1;
B: root-m consistent and asymptotically normal estimation of �2;

X: consistent estimation of �1, lower order bias.

For each estimate we computed the average of the di¤erence between the estimates
and the theoretical limit value, indicating it as "bias" in Table 4. We also computed the
sample standard deviation as a measure of the dispersion, presenting it in Table 5: for
comparison, in Table 6 we report the standard deviation prescribed by the asymptotic
theory as from Theorem 3.
Comparing the bias and the standard deviation gives a preliminary indication of the

reliability of the limit normal approximation, but we also analyse it by counting the
number of occurrences in which the standardised t statistic exceeded the critical value
of a two sided 5% test: these are in Table 7. These t statistics are infeasible in the case
of a break, because its location is actually unknown, but here we are only interested in
appreciating the precision of the approximation as stated in Theorem 3, to see when the
e¤ect of a change in � is really negligible. In the same way, in Table 8 we analyse the
limit normal approximation of b�1 (1=4)�b�2 (1=4), b�1 (1=4)�b�2 (3=4), b�1 (3=4)�b�2 (3=4):
when there is no break, root-m consistency and limit normality follow from Theorem 6
part (i).
Under a break, however, the same test statistics should diverge, as from Theorem

6 part (ii). We observe this e¤ect in the second part of Table 8. We also discuss the
detection of a shift in � using the test statistics et (this one using a one sided alternative)
and bt2 (for which we considered � 2 [1=8; 7=8]): the size and power of the tests are in
Table 9. Finally, in the last two columns of that table we present bias, dispersion and
selected quantiles of the estimate of the break b� .
In the two models without breaks in �, the standard local Whittle estimate b� was

more precise than the other estimates, having similar bias and smaller sample standard
deviation. This is consistent with the asymptotic theory, because more information
(either in terms of more frequencies or of more observations) is used.
In all the cases without breaks in � the bias was negligible; the dispersion broadly

accorded with the asymptotic one, with a couple of exceptions: b�1 (1=4) and b�2 (3=4) and,
even more, b��, especially when n was very little. It is possible that in these cases the
samples or the number of frequencies used were so small that the asymptotic approxima-
tion was very poor: indeed with n = 64, b�1 (1=4) and b�2 (3=4) used only 16 observations,
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while for b�� the bandwidth was l = 3. In all the cases, the dispersion got closer to the
theoretical value in larger samples. The empirical size of the 5% test, which we regard
as the best indicator to summarize the properties of the estimates, was often slightly
higher than predicted by the theory, but the only case in which the limit approximation
was too poor was for b�� with few observations (n = 64 and n = 128), where it was
above 20%. We conclude this part of the discussion by commenting on the fact that
the performances were very similar both in Model 1 and in Model 2, and any di¤erence
appeared to be randomly generated: this is very important because it con�rmed that the
semiparametric procedure is robust to short term dynamics instability, which is often
thought to be more frequent in real cases.

In Models 3 to 5, only b�1 (1=4) and b�2 (3=4) are una¤ected by the break, the former
estimating �1 = 0:4 or �1 = 0:2, the latter always �2 = 0. Not surprisingly then their
performances were in every respect comparable to their counterparts under Models 1
and 2.
In the other cases, Assumption 5�is only met by b��, and only when �1 = 0:4. The

asymptotic theory (eq. (46)) prescribes a bigger dispersion for b�� under Model 4, but the
same rate of convergence: we indeed found a slightly bigger variance in the second case,
but we also found a certain bias, at least for � 0 = 1=3 in the smallest samples. Although
not accounted for in the asymptotic theory, we can hardly consider it as unexpected:
the result stated in Theorem 3 rests on the presence of some observations with higher
memory, but it is possible that in the smallest sample their number was just negligible,
� 0 being so small. Notice anyway that this bias disappeared in moderately sized samples,
like those where n = 512 or above.
In any case, the approximation of the limit distribution was not hampered by the

break, as indeed predicted by Theorem 3: the size was still slightly too large, but
not more than under Models 1 and 2, and actually, possibly thanks to a more precise
approximation of the variance, it was even marginally better.
When on the other hand Assumption 5�was not met, the lower order bias was a

dominant feature. Consider, in particular, b�� under Models 3 and 5: the two cases
only di¤er for #, but have the same � 0 and l, and we found a much bigger bias when
Assumption 5�was not met, regardless of the fact that �1 was much closer to �2 in Model
5 than in Model 3.
The e¤ect of a change in # was less clear when Assumption 5�was not met anyway:

for b�, b�2 (1=4) and b�1 (3=4) the bias happened in our exercise to be roughly the same
both in Model 3 and in Model 5.
Contrary to the case of b��, the di¤erent � 0 between Models 3 and 4 should give a

bigger bias in the second case, as from Theorem 4, and this proved indeed to be the
case.
One can also appreciate this e¤ect within each model, by comparing b�2 (1=4), b� andb�1 (3=4): the lowest proportion of observations with high � was in the �rst estimate, the

biggest in the last one, and the bias is ranked accordingly.
It is worth noticing that when Assumption 5�was not met, then the lower order bias

still had a strong e¤ect even with 1024 observations, its reduction proceeding only rather
slowly as n increased.
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Finally, we compare the bias between b�� and b�: according to the theory, given that
Assumption 5�is not met for b�, it should always have a bigger bias. This, anyway, only
appeared in Models 3 and 4, while no clear ranking emerged for Model 5.
Overall, the lower order bias was more important the smaller the sample and the

larger the percentage of frequencies with �2 compared to �1; in most of the cases it was
also larger the bigger the bandwidth, while only in a few cases the di¤erence # mattered.
In all these cases it was also su¢ cient to cause a clear failure of the normal approx-

imation of the t statistic, the e¤ective size depending on the comparison between the
bias and the dispersion; this was more clear for b�, where the bias was very large with
respect to the standard deviation, and much less for b�� when � = 0:2, where the variance
was so large anyway that no size distortion at all could be appreciated.

In the last block of results we deal with detecting and estimating a break in �.
We begin again discussing the case in which there is no break in �. The limit

distribution of b�1 (� 1)�b�2 (� 2) should then be normal, as per Theorem 6 (i), and indeed
in all the three combinations it resulted in being compatible with the theory. The
empirical size only exceeded 5% slightly, if at all: it reached a maximum of 11%, and the
approximation improved quickly with the dimension of the sample. A similar pattern
emerged for the approximation of the limit distributions of the two statistics et, bt2: the
latter anyway was more precise, the empirical size being closer to the theoretical 5%. The
worse performance in terms of size of et probably depended on the poor approximation
of the variance of b��, which had too big a dispersion. Notice, again, that neither of these
statistics was sensitive to breaks in the short memory component.

Under the break in �, all the test statistics diverged, albeit the performances were
rather di¤erent.
All the three di¤erences b�1 (� 1)�b�2 (� 2) detected the presence of the break satisfac-

torily or well. One can view the case � 1 = � 2 6= � 0 as the case in which the researcher
has some information about the breakpoint, but that is not exact: as we saw when dis-
cussing Theorem 6, the test statistic may then diverge either because b�1 (� 1) estimates
the higher �1 while b�2 (� 2) estimates the lower �2 (Theorem 6, (ii)), or because although
both the estimates converge to �1, one of them is subject to the lower order bias (Theo-
rem 6, (iii)), and in our result this di¤erence was relevant, as can be seen by comparing
the cases � = 1=4 and � = 3=4. Also notice that when the guess about the location of
the break was more precise, as in Model 4 compared to Model 3, the power was higher.
It is better to try to choose � in such a way that the two estimates converge to

di¤erent limits, as in Theorem 6, (ii): one way of doing it is by setting � 1 6= � 2 and by
keeping them very distant (we put � 1 = 1=4, � 2 = 3=4, but one could consider 1=8 and
7=8 instead). Yet of course the researcher has to trade o¤ this with the larger variance
associated with the fact that many fewer observations are used: notice that even with
the rather moderate 1=4, 3=4 split, the power is less than if bt2 is used.
The test based on et performed badly, the power being at most 35% even in the

largest sample. This is far from surprising: even for Models 3 and 4, where we did
actually observe a certain di¤erence between b�� and b�, the di¤erence was still relatively
small, and always well within one standard deviation (this can be found in Table 6 in the
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case Model 1). That test fared even worse when �1 was so small that b�� too was subject
to the lower order bias: in that case the test had nearly no power at all. As a result
we then think that a test based on et should only be preferred in very large samples,
when the power can be reliable and the burden to compute the test based on bt may be
excessive. In samples of dimension comparable to the ones we used, a rejection of the
null of no break in � based on et could depend on a particularly poor estimate b�� (recall
how much the sample variance exceeded the theoretical one) as easily as on an e¤ective
break in �.
Finally, the test based on bt2, of which the elements b�1 (� 1)� b�2 (� 2) are the building

blocks. The power of the bt2 test was higher the larger the gap #, and it increased with
the sample size. Not surprisingly, given that the test statistic is computed for each � , the
test was not sensitive to the location of � 0. As we already conjectured in the discussion
of Theorems 6 and 7, the bt2 test proved to be the most powerful when the location of
the break is unknown, especially when the sample was small or the gap # little.

When evidence of a break has been established, its location may be estimated by b� .
We report, as usual, the bias and the sample standard deviation of b� . Anyway, since
we did not derive the limit distribution of b� , nor we established existence of the second
moment, we supplement this information with three nonparametric measures: the �rst
and last 5% quantile and the median.
The median was always centred on the correct location of the breakpoint, and the

distribution collapsed on it rather quickly. It can be suspected that the estimation of the
location of the break is more di¢ cult when # is relatively small, and indeed the range
between the top and last 5% quantile was bigger in our experiment when �1 = 0:2 than
when �1 = 0:4; the position of � 0 on the other hand did not a¤ect the estimates.
This information is mirrored in the bias and standard deviation. Indeed, if we were to

compute the �rst and last 5% quantile using the sample averages and standard deviations
as if under normality we would get approximately the same intervals.
Overall, b� seemed satisfactory unless the sample was very small or the gap very little

(although in this last case it does not seem to be a big loss, because the mistake made
using the wrong � is relatively small).

4 In�ation persistence in the euro-area

In this section we study the persistency in in�ation over the years 1972-2004 for the
countries that constitute the European Monetary Union (EMU).
A number of events that could have potentially caused a structural change in the

long term dynamics of in�ation took place during these years.
Some of these are indeed changes of policy regimes. The �rst European Exchange

Rate Mechanism (ERM) was established in March 1979, and the central parities had
often been revised over time; the whole ERM actually changed, increasing the number of
countries participating in it: some of the current members of the euro-area were not even
members of the European Union in 1979, let alone of the ERM. Moreover, monetary
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policy was managed locally by the national central banks, so other potential breakpoints
could be considered, each one di¤erent for each country.
Other potential structural changes did not originate from monetary policy decisions:

the two oil shocks, or the major exchange rate crisis in 1992, might have a¤ected the
persistence of the long term dynamics of in�ation; again, local, country speci�c shocks,
intervened as well.
Undoubtedly also other countries experienced potential shocks in the past, so we

motivate our preference for this particular example with the peculiarity of the Eurosys-
tem itself: its whole existence depends on the assumption that it can do a better job at
controlling in�ation than the banks that conferred their powers to it. Several arguments
could be proposed to explain it: �rst, by fostering the integration of the markets, the
monetary union should favour the transmission of policy impulses; second, the institu-
tion of a single authority implicitly removes the possibility of con�icting policies between
di¤erent countries (and the incentive to do so); third, it is often argued that some of
the monetary authorities that the Eurosystem replaced lacked the credibility (or the
appetite) for strong control of in�ation.
The Eurosystem seems to be well aware of the importance of studying in�ation

persistence in the euro-area, and it stimulated applied research on the topic. The results,
however, are apparently inconclusive: Angeloni, Aucremanne, Ehrmann, Gali, Levin and
Smets (2004) associated in�ation persistence with unstable monetary regimes (in which
case less persistence should be found in the last part of the sample, especially after 1999),
but O�Reilly and Whelan (2004) argued that persistence remained fairly stable and the
institution of the Eurosystem did not per se reduce it.
We then analysed the in�ation �gures for these years considering the potential break-

points as unknown, but allowing for a major change in policy in 1999, when the authority
to decide monetary policy was transferred from the local central bank to the Eurosys-
tem. We used January 1999 for Greece as well, although it only joined the EMU the
following year: it can be argued that Greece already bene�ted from increased stability
at that point, because in 1999 it was clear it was about to join the EMU soon anyway;
besides, as we saw when discussing Theorem 6, the test detects the presence of a break
consistently even computed at � 6= � 0.

We analysed monthly in�ation in eleven of the countries constituting the EMU:
these are Portugal (PT), Spain (ES), France (FR), Ireland (IR), Italy (IT), Belgium
(BE), Netherlands (NL), Germany (BD), Finland (FN), Greece (GR) and Austria (OE)
(within brackets we indicated the way we shortened the names in the �gures and in
the tables). The data were computed from price indices collected from Datastream:
these have codes PTCONPRCF, ESCONPRCF, FRCP....F, IRCONPRCF, ITCON-
PRCF, BGCONPRCF, NLCONPRCF, BDCONPRCF, FNCONP95F, GRCONPRCF,
OECP..96F. We did not include Luxembourg because not enough data were available.
The dataset covers the years 1972-2004 (inclusive), so n = 395 when levels of in�ation

were considered, and n = 394 when �rst di¤erences were computed. The starting date
depended on the availability of data for France on Datastream: we preferred to have all
the samples covering the same period to make comparison easier.
The plots of in�ation are in Figures 1 to 3.
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Figure 1: In�ation: BD, NL, OE, BG
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These �gures have been obtained by transforming the frequency to quarterly, where
for each quarter the price index was obtained by averaging the monthly index for each
country: we then computed the growth rate by taking �rst di¤erences of the logarithms,
and then multiplied the result by 400 in order to get a measure of the in�ation at annual
rate. This was only done in order to remove from the �gures some short term volatility,
thus making it simpler to observe the long run dynamics: we used monthly data in the
empirical analysis, in�ation being computed as the �rst di¤erence of the logarithm of
the price index.
We analysed the data by estimating b�� and b�, by computing the test statistics et andbt2 to detect a break and eventually by estimating b� . We kept � 2 [1=8; 7=8], so we

searched for a break approximately between 1976 and 2000.
We also estimated b�1 (� 99), b�2 (� 99) and then computed bt (� 99)2, where � 99 is the �

to test for a break in January 1999. This point was already in the set in which we
considered a potential break, but by using bt (� 99)2 we treated it di¤erently because we
then assumed that the potential breakpoint was known: the limit distribution of bt (� 99)2
is a simple �21, with a much smaller critical value.
Contrary to the Monte Carlo exercise, we set a rather conservative bandwidth, m =

0:28n0:79 = 31 and l = 0:28n0:49 = 5, in order avoid the in�uence of short term dynamics,
especially considering the strong seasonal component betweenm = 32 andm = 33. Since
the estimated order of integration was in some cases potentially high, we also analysed
the �rst di¤erences of the data.
All the results are presented in Table 2.

Notice that if in�ation has a non-zero mean, the estimation of � (�) from data in levels
may be subject to a lower order bias because, by truncating the sample and padding it
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Figure 2: In�ation: FR, FN, IR
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with zeros, we induced a change in the mean. This could have been corrected by taking
mean-di¤erences before truncating the sample, but we think it was not necessary in our
example: as discussed in Iacone (2006), the potential lower order bias is going to be a
problem only when � is relatively small, a case that, judging on the full sample estimatesb�, we can safely exclude.
The estimates b� of the orders of integration ranged between 0.48 for Germany and

0.83 for Italy and Finland. Germany was also the only country with all the estimates (b�,b��, b�1 (� 99) and b�2 (� 99)) below 0.5, thus not requiring �rst di¤erences to be considered.
In general, we used level or �rst di¤erences according to whether the estimated value was
in the interval (-0.5,0.75) or not, because this is the range for which Robinson (1995b)
and Velasco (1999b) established root-m consistency and limit normal distribution; in
the cases in which we had to confront estimates, as in the tests bt2, bt (� 99)2 and et, the
decision to refer to either levels or �rst di¤erences also depended on the other estimates,
and we then considered levels only for Greece and Austria, besides the aforementioned
Germany.

Overall, it seems that in�ation persistence remained stable over time, rather than
showing the decay that the Eurosystem might have expected. Indeed, the only country
for which the hypothesis of stability was rejected with the Andrews-type test bt2 at the
5% size was Italy, although for France too the test statistic was very high, and actually
signi�cant at 10% size (we used 7.33 as the critical value, interpolating it from the
tables in Andrews (1993)). Notice that neither for Italy nor France did we consider
the test statistic computed for the levels of in�ation, because the point estimates b�
were quite above 0.75. The interpretation of the estimates was less straightforward for
Ireland and Belgium, because on the basis of the estimated values b� one could conjecture
� 2 (1=2; 3=4) if there is no break, so the results should have been similar whether levels
or �rst di¤erences are applied, but in the case of the bt2 test they were con�icting. We
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Figure 3: In�ation: IT, PT, ES, GR
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decided to consider the possibility of a break anyway, and we estimated the location of
the potential breakpoint for these two countries too.
The point estimates of the breaks, b�n, were all concentrated in the �rst part of

the sample: mid 1982 for Italy, late 1983 for Ireland and late 1984 for France and
Belgium. Notice these were not actually discussed in Section 2, where we only derived
consistency of b� but not the rate of convergence to � . Yet we think that the estimation
and comparison of the estimates before and after the potential break may still be of
interest on occasions, especially when, as in this case, additional information is available.
It is generally agreed that if a change in � took place, this was for a reduction of
persistence: even if the location of the break was not correctly estimated, then, one
should have expected b�1 (�) > b�2 (�). We present the results in Table 3: in all the
cases the break was indeed associated with a reduction in the order of integration and,
especially for France and Italy, with a rather large one.

The test for a break in 1999 was only signi�cant for Italy (at 10%) and France (at
5%), but whether it really re�ected a change in � at that point or responded to the same
break detected by the bt2 statistic cannot be concluded on the basis of Table 2 alone.
Table 3 however provided an additional piece of relevant information: the estimated
persistence after the 1982/1984 break was approximately the same as that in the sample
for 1999 onwards only, so one should not expect another break in 1999.
Regardless of this we proceeded to repeat the analysis for France and Italy, solely on

the sample 1985-2004 and still testing for a break in January 1999: again the reliability
of the test depends on the precision of the estimation of the month of the break, but
notice that given the assumption of a non increasing �, if the actual break took place
before 1985 then b�1 (� 99) still estimated � correctly, while if the break took place after
that date then b�1 (� 99) overestimated �2 and then yielded a larger bt (� 99)2, thus making
the rejection of the null of no change in persistence more likely. Setting m = 19 (slightly
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Table 2: Estimates of persistence and stability tests for EMU countries

b�� b� b�1 (� 99) b�2 (� 99) bt2 (� 99) bt2 et b�n
BD levels 0.26 0.48 0.47 0.46 0.00 2.09 -0.95 342

�rst di¤. -0.37 -0.34 -0.70 -0.20 4.27 9.79 -0.11 345
IT levels 0.93 0.83 0.87 0.71 0.39 2.47 0.44 124

�rst di¤. -0.04 -0.12 -0.13 -0.59 3.56 13.60 0.39 122
FR levels 0.96 0.80 0.84 0.66 0.53 5.51 0.73 154

�rst di¤. -0.10 -0.26 -0.27 -0.76 4.09 7.87 0.74 153
PT levels 0.99 0.53 0.55 0.86 1.64 3.91 2.07 258

�rst di¤. -0.76 -0.48 -0.50 -0.10 2.66 6.58 -1.25 49
ES levels 1.47 0.62 0.66 0.72 0.05 1.35 3.80 170

�rst di¤. 0.45 -0.39 -0.32 -0.29 0.01 5.03 3.75 60
NL levels 0.53 0.79 0.84 0.51 1.92 6.74 -1.17 118

�rst di¤. 0.05 -0.29 -0.32 -0.17 0.35 3.17 1.52 341
FN levels 0.59 0.83 0.80 0.53 1.27 7.26 -1.04 221

�rst di¤. -0.64 -0.30 -0.30 -0.53 0.84 7.07 -1.55 72
IR levels 0.61 0.57 0.61 0.70 0.16 4.25 0.16 117

�rst di¤. -0.37 -0.42 -0.36 -0.40 0.02 8.43 0.23 142
GR levels 0.84 0.47 0.49 0.43 0.05 0.93 1.62 340

�rst di¤. -0.15 -0.48 -0.52 -0.64 0.28 6.86 1.47 67
OE levels 0.52 0.54 0.60 0.71 0.20 2.92 -0.09 139

�rst di¤. -0.59 -0.54 -0.66 -0.23 3.13 7.12 -0.25 237
BG levels 0.44 0.67 0.75 0.43 1.76 8.81 -1.03 153

�rst di¤. -1.04 -0.52 -0.41 -0.27 0.32 1.28 -2.33 83

stronger than m = 0:28n0:79, but necessary to exclude the peak of seasonality), the
realised bt (� 99)2 statistics were 0.01 and 0.12 for levels and �rst di¤erences for Italy, and
0.31 and 0.42 for levels and �rst di¤erences for France, so the hypothesis of a break in
1999 was clearly rejected.

Turning to et (see again Table 2), given the very small bandwidth (l = 5 only) and
the small power in the Monte Carlo exercise, we did not expect the test statistic to be
signi�cant for any country. It was on the contrary signi�cant at 5% for Portugal and
Spain, and it was just below the critical value for Greece (although well above the 10%
critical value). This is even more surprising considering that the more powerful test bt2
failed to detect any change in persistence in these cases. We then interpreted the results
in a di¤erent way. Greece Portugal and Spain were the countries characterised by the
highest volatility and average in�ation, within the sample: the plot of their in�ation
shows a remarkably strong drop in the levels, from about 20% or more to 4% or less.
Taking into account the analysis of Iacone (2006) on the e¤ect on low frequencies of a
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Table 3: Estimates of persistence on selected periodsb�1 (� b) b�2 (� b)
IT �rst di¤. 0.91 0.65

�rst di¤ -0.14 -0.48
FR level 0.91 0.49

�rst di¤ -0.22 -0.69
IR level 0.63 0.57

�rst di¤. -0.39 -0.53
BG level 0.91 0.36

�rst di¤. -0.23 -0.44
The breakpoint � bn is 122 for Italy,

153 for France and Belgium, 142 for Ireland.

time-varying deterministic component, then, we think that et detected that drop in the
mean rather than a change in �.

Summarising, according to our results there has been a certain reduction in the
persistence of the shocks to in�ation after 1972, but this seems to be more related to
the initial in�ation stabilisation than to the centralisation of the monetary policy under
the Eurosystem.

5 Discussion

We have studied the local Whittle estimate of the memory parameter in the presence of
a structural break in the stochastic component.
We have found that the semiparametric design has the advantage of being robust to

any form of instability in the short memory component. When the order of integration
itself changes, the highest one is estimated; the lower order of integration may at most
induce a lower order bias, which can be avoided by removing the highest frequencies.
We have proposed two tests to detect a change in the long term dynamics, but the
Monte Carlo exercise and the empirical application both showed that only the Chow-
type test with unknown breakpoint is really reliable, the one based on the comparison of
estimates with di¤erent bandwidths having low power and being too sensitive to time-
varying deterministic components. Upon having knowledge of a break in �, we have also
proposed a consistent estimate of the breakpoint.

1. We only considered a Type I integrated process, but we expect that all the results
carry through for a Type II as well. Also, we focused on the range of � more
often considered in the literature, but we think that a wider range for � could be
treated, following Velasco (1999b): indeed we assumed this result when discussing
the empirical example. Finally, we discussed the local Whittle estimate, but we
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also think that the same results apply for the log-periodogram regression estimate.
Contrary to the case of a time-varying mean, though, we do not expect that the
results discussed in this chapter apply to fully parametric estimates: we think that
this di¤erence may really motivate a preference for the semiparametric approach
in some cases.

2. The theoretical literature seems to treat the two problems of detecting a break
and of estimating its location as distinct: Andrews (1993) for example discussed
the former but not the latter. We have followed the same approach: we have only
proposed a consistent estimate of the breakpoint � . It would be interesting to
provide a rate of convergence for b� , and possibly to compare it to the maximum
likelihood estimate of the breakpoint discussed by Bai and Perron (1998).

6 Appendix

Proof of Theorem 1. Consider E (I�1 (�j)) �rst. The expectation is

E (I�1 (�j)) = E
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[�0n]X
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�1 (t� s) ei�j(t�s) (68)

where �1 (k) is the autocovariance. Since �1 (k) =
R �
�� f�1 (�) e

�i�kd�,
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which we rewrite as0@Z �
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(f�1 (�)� f�1 (�j))
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The term in (71) is
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1

2�n
[� 0n] 2� = �

4
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where we used
R �
�� e

�i(���j)rd� = 0 for any r 6= 0. To show that (70) is O
�
j�1 ln j��2dj

�
we notice that, since the absolute value of the Dirichlet kernel is bounded by O

�
j�j�1

�
at any non-zero frequency, we can still follow the proof of Robinson (1995a).
The same argument can be applied for E (I�2 (�j)).
Finally, for E (I�12 (�j)), this is

E (I�12 (�j)) = E
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and notice that (76) is 0 because f�12 (�j)
P�0n

t=1

Pn
s=�0n+1

R �
�� e

i(�j��)(t�s)d� = 0 since
t > s. The result then follows using

��P�
s=u e

is�
�� = O �j�j�1� as for example in Robinson

and Marinucci (2001), Lemma 3.2, and following again the proof in Robinson (1995a).

Proof of Theorem 2. We consider Plim b�2 (�) when � < � 0, the other cases
can be treated in the same way. We follow the proof in Robinson (1995b), Theorem 1,

replacing H � 1=2, H0 � 1=2 and G0 by d, �1 and
�
�40 � �4

�
G�1 respectively; we refer

to the original article for a de�nition of �1 and �2 and of S (d). Introduce

�2t =

8<: �1t if [�n] + 1 � t < [� 0n]

0 otherwise
(77)

and
g�2 (�j) =

�
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�
G�1�

�2�1, (78)
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and consider the set �1 �rst. We can follow the proof in the original paper up to
Robinson�s equation (3.13): when � = �1 then b�2 (�)!p �1 as n!1 if

6
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is op (1). We then Rewrite (3.14) of Robinson as
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where

�1j =
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l=0 �1le
i�j l; f�2 (�) =
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f�1 (�) and I" (�) = jF" (�)j2 ; (81)

"t =

8<: "1t if [�n] + 1 � t < [� 0n]
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(82)

Notice that f�2 (�) is not actually a spectral density because �2t is not stationary. The
result

E
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for a generic, positive �nite constant C still follows using (22), so
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for any � > 0. Next rewrite
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where I�2 (�) is the periodogram of �2t and I�2x2 (�) = F�2 (�)Fx2 (��).
The contribution of I�2 (�j)�j�1jj2 I" (�j) can be discussed as in equation (3.17) from

Robinson, using the same argument as in Theorem 1 to show that
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following the same steps of Robinson. We are then left with
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which we bound using
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and all the elements in (92) are op (1) using �2 < �1 and m=n ! 0 (also notice that
�1 < �+ 1=2). In a similar way
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To deal with the �nal contribution, we notice that
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while for the second term
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which is exactly the term in the proof of Robinson so the rest of his argument applies
without modi�cations.
If �2 is empty, this implies that b�2 (�) !p �1. If �2 is not empty, we have also to

show that
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Following the proof in Robinson,
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which goes to zero because the argument of (108) converges in probability to 0. We
show this discussing each term separately: �rst,����� 1m

mX
j=1

�2�1j I�2(�j)

����� = Op

��m
n

�2(�1��2)�
= op (1) ; (109)����� 2m

mX
j=1

�2�1j Re (I�2�2 (�j))

����� = Op

�
lnm

m

�m
n

��1��2�
= op (1) ; (110)

while for the two remaining terms,

1

m

mX
j=1

aj�
2�1
j (2Re I�2�2 (�j)) =

= Op

 
1

m

pX
j=1

�
j

p

�2(���1)� j
n

�2�1 � j
n

���1��2 ln j
j

+
1

m

mX
j=p

�
j

p

�2(�1��1)� j
n

�2�1 � j
n

���1��2 ln j
j

!

=

8>>>><>>>>:
Op

��
1
n

��1��2 � 1
m

�2(���1)+1 + �m
n

��1��2 lnm
m

�
if 2�� �1 � �2 < 0

Op

��
m
n

��1��2 ln2m
m

�
if 2�� �1 � �2 = 0

Op

��
m
n

��1��2 lnm
m

�
if 2�� �1 � �2 > 0

(111)

30



and

1

m

mX
j=1

aj�
2�1
j I�2 (�j) =

= Op

 
1

m

pX
j=1

�
j

p

�2(���1)� j
n

�2�1 � j
n

��2�2
+
1

m

mX
j=p

�
j

p

�2(�1��1)� j
n

�2�1 � j
n

��2�2!
= Op

�
(m=n)2(�1��2)

�
= op (1) . (112)

The probability in (108) then goes to 0. The probability in (106) can be bounded by
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which Robinson showed to tend to 0.

Proof of Theorem 3. As before, we discuss b�2 (�) when � < � 0. Robinson (1995b),
Theorem 2, considered the expansion based on the mean value theorem�b�2 (�)� �1� = � �@2R2 (�)
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Decomposing Iz2 (�j) = I�2 (�j) + 2 jRe I�2�2 (�j)j + I�2 (�j) as before, we can rewrite
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Making use of (80) and of the decomposition following (4.11) in Robinson, (118) is0@2 m�1=2�
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s=[�n] "1sct�s replaces zt in the original proof of Robinson but the

rest follows in the same way, so m�1=2P[�0n]
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N (0; (� 0 � �)).
The result then holds if the two remaining terms are negligible: using Theorem 1 the
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which is only negligible under Assumption 5�.

Proof of Theorem 6 (i). Clearly b�1 (�)� b�2 (�) is asymptotically normal, being it
the sum of two normally distributed random variables; the variance is
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To compute the last element, we use the same decomposition as in Theorem 2.3,

m1=2
�b�1 (� 1)� �� =

�
1

4
+ op (1)

�0@2m�1=2

�41

[�1n]X
t=1

qt + op (1)

1A (1 + op (1))
(123)

m1=2
�b�2 (� 2)� �� =

�
1

4
+ op (1)

�0@2 m�1=2

1� �42

nX
t=[�2n]+1

qt + op (1)

1A (1 + op (1)) ,
(124)

where here �1 = �2 = � because we assumed no break. The qt in (123) and (124)

are martingale di¤erences so Cov
�b�1 (� 1) ,b�2 (� 2)� = 0 because � 2 � � 1. Therefore, as

n!1,
mV ar

�b� (� 1,� 2)�! 1

4� 1
+

1

4 (1� � 2)
=
� 1 + 1� � 2
4� 1 (1� � 2)

. (125)

Proof of Theorem 8. As before we only discuss the case �1 > �2.
The proof follows from the standard argument for implicitly de�ned extremum esti-

mates as for example in Newey and McFadden (1994), Theorem 2.1. Let

Q0 (�) = ��1 + (1� �) (�11 (� < � 0) + �21 (� � � 0)) , (126)
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clearly � 0 = argminQ0 (�) and [� l; �h] is a compact set. Su¢ cient conditions for consis-
tency are (i) upper semicontinuity of (�Q0 (�)), (iia) pointwise convergence of the loss
function in � 0, i.e. bQn (� 0)!p Q0 (� 0) ; (127)

and, (iib), that as n!1, for " > 0,

P
��
� bQn (�)� < (�Q0 (�)) + "�! 1 for all � 2 [� l; �h] . (128)

Upper semicontinuity can be easily checked, and pointwise convergence (127) is also
immediate. To prove (128), we show the equivalent statement that

P
��
� bQn (�)� > (�Q0 (�)) + "�! 0. (129)

We bound the expression (129) as

P
��
� bQn (�)� > (�Q0 (�)) + ", � 2 [� l; �h]�

� P
�
Q0 (�)� bQn (�) > ", � 2 [� l; � 0)� (130)

+P
�
Q0 (�)� bQn (�) > ", � 2 [� 0; �h]� : (131)

Notice that, for � 2 [� l; � 0),

Q0 (�)� bQn (�) = �1 � �b�1 (�) + (1� �)b�2 (�) : (132)

The probability in (130) can be bounded by

P
�
�1 � �b�1 (�) + (1� �)b�2 (�) > ",���b�1 (�)� �1��� < "=2, ���b�2 (�)� �1��� < "=2; � 2 [� l; � 0)� (133)

+P
����b�1 (�)� �1��� > "=2, � 2 [� l; � 0)� (134)

+P
����b�2 (�)� �1��� > "=2; � 2 [� l; � 0)� (135)

and (134) and (135) go to 0 from Theorem 2, while (133) is bounded by

P
�
�
���b�1 (�)� �1���+ (1� �) ���b�2 (�)� �1��� > ",���b�1 (�)� �1��� < "=2, ���b�2 (�)� �1��� < "=2; � 2 [� l; � 0)� (136)

= 0:

With a similar argument (131) goes to 0 too.
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Notes on Tables 4 - 9 below

Notes on Tables 4 - 7:
z : Consistent for �1 = 0:4 or 0:2 but subject to a lower order bias;
y : True value �2 = 0:

Notes on Tables 7 and 8:
the columns represent t tests, so each estimate actually refers to the number of

occurrences in which the standardised t test exceeded the critical value:b��: ���2pl �b�� � �1���� � 1:96,
b�: ���2pm� 0 �b� � �1���� � 1:96,
b�1 (1=4): ���2pm(1=4)�b�1 (1=4)� �1���� � 1:96,
b�2 (1=4): ���2pm (� 0 � 1=4)�b�2 (1=4)� �1���� � 1:96,
b�1 (3=4): ���2pm� 0 �b�1 (3=4)� �1���� � 1:96,
b�2 (3=4): ���2pm (1=4)�b�2 (3=4)� �2���� � 1:96,
b�1 (1=4)�b�2 (1=4): ���2q1=4(1�1=4)

1+1=4�1=4m
�b�1 (1=4)� b�2 (1=4)���� � 1:96,

b�1 (1=4)�b�2 (3=4): ���2q1=4(1�3=4)
1+1=4�3=4m

�b�1 (1=4)� b�2 (3=4)���� � 1:96,
b�1 (3=4)�b�2 (3=4): ���2q3=4(1�3=4)

1+3=4�3=4m
�b�1 (3=4)� b�2 (3=4)���� � 1:96.

Also, notice the di¤erence between Table 7 and 8: in Table 7 we assumed knowledge
of the probability limit of the estimate, while in Table 8 we assumed that b�1 (� 1) andb�2 (� 1) had the same probability limit, which was incorrect under the break in �.
Note on Table 9:
the columns represent t tests, so each estimate actually refers to the number of

occurrences in which the standardised t test exceeded the critical value:bt2: bt2 � 9:01et: 2
p
l
�b�� � b�� � 1:65
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Table 4: Monte Carlo bias: estimates on the whole sample and on selected sections only
(� = 1=4 and � = 3=4)

Model n b�� b� b�1 (1=4) b�2 (1=4) b�1 (3=4) b�2 (3=4)
64 -0.0517 -0.0283 0.0243 0.0177 0.0143 0.0250
128 -0.0239 -0.0166 0.0351 0.0148 0.0171 0.0218

1 256 -0.0210 -0.0116 0.0351 0.0120 0.0139 0.0225
512 -0.0071 -0.0053 0.0305 0.0099 0.0121 0.0213
1024 0.0021 -0.0026 0.0231 0.0104 0.0091 0.0249
64 -0.0340 -0.0208 0.0243 0.0183 0.0171 0.0250
128 -0.0217 -0.0145 0.0351 0.0136 0.0183 0.0218

2 256 -0.0208 -0.0100 0.0351 0.0115 0.0153 0.0225
512 -0.0032 -0.0040 0.0305 0.0096 0.0136 0.0213
1024 0.0082 -0.0008 0.0231 0.0107 0.0107 0.0249
64 -0.0058 -0.1177z 0.0270 -0.1767z -0.0621z -0.0307y
128 0.0036 -0.1014z 0.0358 -0.1595z -0.0501z -0.0286y

3 256 0.0077 -0.0901z 0.0372 -0.1490z -0.0451z -0.0196y
512 0.0337 -0.0795z 0.0321 -0.1288z -0.0388z -0.0119y
1024 0.0161 -0.0782z 0.0205 -0.1240z -0.0400z -0.0106y
64 -0.0786 -0.1774z 0.0270 -0.3234z -0.1333z -0.0307y
128 -0.0476 -0.1578z 0.0358 -0.3035z -0.1142z -0.0286y

4 256 -0.0355 -0.1423z 0.0372 -0.2792z -0.1024z -0.0196y
512 -0.0008 -0.1308z 0.0321 -0.2605z -0.0937z -0.0119y
1024 -0.0063 -0.1255z 0.0205 -0.2459z -0.0897z -0.0107y
64 -0.1146z -0.1059z -0.0419 -0.1410z -0.0773z -0.0307y
128 -0.0937z -0.0958z -0.0277 -0.1316z -0.0654z -0.0286y

5 256 -0.0730z -0.0801z -0.0090 -0.1196z -0.0526z -0.0196y
512 -0.0546z -0.0737z -0.0055 -0.1092z -0.0466z -0.0119y
1024 -0.0547z -0.0714z -0.0055 -0.1054z -0.0444z -0.0107y
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Table 5: Monte Carlo standard deviation: estimates on the whole sample and on selected
sections only (� = 1=4 and � = 3=4)

Model n b�� b� b�1 (1=4) b�2 (1=4) b�1 (3=4) b�2 (3=4)
64 0.4643 0.1533 0.2817 0.1604 0.1673 0.2885
128 0.3000 0.1115 0.2156 0.1199 0.1178 0.2222

1 256 0.2346 0.0762 0.1616 0.0863 0.0855 0.1625
512 0.1826 0.0552 0.1096 0.0638 0.0627 0.1172
1024 0.1415 0.0409 0.0894 0.0465 0.0468 0.0858
64 0.4803 0.1535 0.2817 0.1643 0.1767 0.2885
128 0.3080 0.1168 0.2156 0.1253 0.1254 0.2222

2 256 0.2442 0.0801 0.1616 0.0890 0.0901 0.1625
512 0.1880 0.0571 0.1096 0.0649 0.0662 0.1172
1024 0.1448 0.0424 0.0894 0.0477 0.0496 0.0858
64 0.4702 0.1726z 0.2922 0.1991z 0.1839z 0.2667y
128 0.3363 0.1350z 0.2215 0.1684z 0.1402z 0.2009y

3 256 0.2873 0.1015z 0.1589 0.1289z 0.1053z 0.1504y
512 0.2277 0.0708z 0.1099 0.0962z 0.0738z 0.1102y
1024 0.1800 0.0539z 0.0838 0.0746z 0.0559z 0.0799y
64 0.4907 0.1849z 0.2922 0.1768z 0.2004z 0.2667y
128 0.3680 0.1470z 0.2215 0.1586z 0.1561z 0.2009y

4 256 0.3138 0.1120z 0.1589 0.1312z 0.1171z 0.1504y
512 0.2584 0.0815z 0.1099 0.1097z 0.0852z 0.1102y
1024 0.2100 0.0618z 0.0838 0.0922z 0.0637z 0.0799y
64 0.4479z 0.1531z 0.2816 0.1697z 0.1687z 0.2667y
128 0.3151z 0.1141z 0.2168 0.1317z 0.1226z 0.2009y

5 256 0.2634z 0.0857z 0.1518 0.0971z 0.0941z 0.1504y
512 0.2080z 0.0574z 0.1003 0.0699z 0.0640z 0.1102y
1024 0.1567z 0.0442z 0.0794 0.0529z 0.0496z 0.0799y
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Table 6: St. dev. from asymptotic theory: estimates on the whole sample and on
selected sections only (� = 1=4 and � = 3=4)

Model n b�� b� b�1 (1=4) b�2 (1=4) b�1 (3=4) b�2 (3=4)
64 0.2236 0.1118 0.2236 0.1291 0.1291 0.2236
128 0.1768 0.0857 0.1715 0.0990 0.0990 0.1715

1 256 0.1508 0.0651 0.1302 0.0752 0.0752 0.1302
512 0.1291 0.0493 0.0985 0.0569 0.0569 0.0985
1024 0.1066 0.0374 0.0747 0.0432 0.0432 0.0747
64 0.2236 0.1118 0.2236 0.1291 0.1291 0.2236
128 0.1768 0.0857 0.1715 0.0990 0.0990 0.1715

2 256 0.1508 0.0651 0.1302 0.0752 0.0752 0.1302
512 0.1291 0.0493 0.0985 0.0569 0.0569 0.0985
1024 0.1066 0.0374 0.0747 0.0432 0.0432 0.0747
64 0.3162 0.1581z 0.2236 0.2236z 0.1581z 0.2236y
128 0.2500 0.1213z 0.1715 0.1715z 0.1213z 0.1715y

3 256 0.2132 0.0921z 0.1302 0.1302z 0.0921z 0.1302y
512 0.1826 0.0697z 0.0985 0.0985z 0.0697z 0.0985y
1024 0.1508 0.0529z 0.0747 0.0747z 0.0529z 0.0747y
64 0.3873 0.1936z 0.2236 0.3873z 0.1936z 0.2236y
128 0.3062 0.1485z 0.1715 0.2970z 0.1485z 0.1715y

4 256 0.2611 0.1127z 0.1302 0.2255z 0.1127z 0.1302y
512 0.2236 0.0853z 0.0985 0.1707z 0.0853z 0.0985y
1024 0.1846 0.0647z 0.0747 0.1295z 0.0647z 0.0747y
64 0.3162z 0.1581z 0.2236 0.2236z 0.1581z 0.2236y
128 0.2500z 0.1213z 0.1715 0.1715z 0.1213z 0.1715y

5 256 0.2132z 0.0921z 0.1302 0.1302z 0.0921z 0.1302y
512 0.1826z 0.0697z 0.0985 0.0985z 0.0697z 0.0985y
1024 0.1508z 0.0529z 0.0747 0.0747z 0.0529z 0.0747y
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Table 7: Empirical sizes of 5% t tests: estimates on the whole sample and on selected
sections only (� = 1=4 and � = 3=4)

Model n b�� b� b�1 (1=4) b�2 (1=4) b�1 (3=4) b�2 (3=4)
64 31.4 14.6 12.1 12.0 13.1 12.2
128 22.8 13.4 12.0 11.0 8.7 13.2

1 256 18.9 9.6 11.3 8.9 8.6 12.0
512 16.4 8.0 8.6 8.3 8.2 10.3
1024 13.8 7.4 11.1 7.1 7.4 9.7
64 32.0 16.6 12.1 11.7 15.1 12.2
128 24.3 14.1 12.0 12.5 11.7 13.2

2 256 21.2 11.0 11.3 9.4 10.4 12.0
512 17.5 10.0 8.6 9.0 10.3 10.3
1024 15.3 9.0 11.1 9.2 11.0 9.7
64 15.8 13.9z 13.6 10.2z 10.8z 11.2y
128 13.9 15.5z 14.3 15.1z 11.4z 9.5y

3 256 14.3 19.2z 11.4 20.9z 11.9z 9.2y
512 11.6 21.4z 8.8 23.7z 10.9z 8.5y
1024 9.4 32.3z 9.3 37.5z 13.5z 7.6y
64 12.2 13.7z 13.6 0.9z 11.6z 11.2y
128 11.1 17.6z 14.3 3.6z 13.4z 9.5y

4 256 10.2 23.9z 11.4 9.4z 15.0z 9.2y
512 8.6 33.4z 8.8 26.7z 20.5z 8.5y
1024 8.9 48.2z 9.3 47.3z 28.0z 7.6y
64 15.5z 10.4z 11.4 3.4z 8.9z 11.2y
128 12.3z 11.7z 12.1 7.3z 9.6z 9.5y

5 256 12.1z 12.3z 9.2 7.8z 9.7z 9.2y
512 10.1z 13.4z 6.5 11.4z 8.6z 8.5y
1024 6.8z 23.1z 6.9 21.6z 11.1z 7.6y

38



Table 8: Empirical sizes of 5% t tests: di¤erences of estimates on selected sections
(� = 1=4 and � = 3=4)

Model n b�1 (1=4)�b�2 (1=4) b�1 (1=4)�b�2 (3=4) b�1 (3=4)�b�2 (3=4)
64 8.9 10.4 11.0
128 8.7 9.2 10.3

1 256 8.9 9.3 8.7
512 6.3 8.1 8.0
1024 7.1 8.0 6.3
64 9.4 10.4 11.0
128 8.5 9.2 10.1

2 256 9.2 9.3 8.4
512 6.9 8.1 7.4
1024 6.8 8.0 6.0
64 19.1 35.0 32.4
128 22.1 49.8 46.1

3 256 27.6 63.2 66.1
512 31.4 85.3 86.6
1024 40.7 96.7 98.3
64 32.7 35.0 27.7
128 42.2 49.8 38.9

4 256 55.1 63.2 52.3
512 69.6 85.3 74.4
1024 78.6 96.7 93.7
64 12.7 15.9 16.1
128 14.0 15.8 15.6

5 256 14.2 25.0 23.0
512 16.7 33.4 32.3
1024 24.3 49.6 48.7
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Table 9: Empirical sizes of 5% tests to detect a break and sample statistics for b�
Model n bt2 et b� , bias b� , st. dev. b� , low 5% b� , median b� , up 5%

64 14.1 16.9
128 13.9 13.0

1 256 10.4 10.1
512 7.6 10.9
1024 7.7 10.4
64 13.8 18.4
128 14.7 13.7

2 256 11.9 11.1
512 8.8 11.2
1024 8.7 10.5
64 45.3 25.2 -0.0259 0.1908 0.1406 0.4688 0.8438
128 58.0 24.9 -0.0294 0.1548 0.1875 0.4844 0.7813

3 256 78.7 26.4 -0.0283 0.1173 0.2461 0.4844 0.6875
512 94.7 30.6 -0.0186 0.0721 0.3438 0.4941 0.5703
1024 99.7 31.5 -0.0145 0.0445 0.4150 0.4951 0.5293
64 42.4 23.5 0.0733 0.2107 0.1406 0.3281 0.8438
128 58.0 25.2 0.0354 0.1725 0.1484 0.3203 0.7969

4 256 74.6 30.4 -0.0008 0.1238 0.1641 0.3203 0.6016
512 93.0 33.9 -0.0155 0.0629 0.2207 0.3242 0.4180
1024 99.8 41.2 -0.0103 0.0420 0.2607 0.3291 0.3682
64 23.1 17.5 -0.0209 0.2318 0.1250 0.4688 0.8594
128 25.2 14.0 -0.0320 0.2138 0.1406 0.4531 0.8438

5 256 32.0 15.0 -0.0403 0.2080 0.1484 0.4531 0.8398
512 41.1 15.7 -0.0356 0.1722 0.1641 0.4688 0.8145
1024 61.4 12.4 -0.0319 0.1316 0.2246 0.4746 0.7314
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