MATRIX DERIVATION OF " n*

Considetheformulae
2 1t =14+41+61%2+4.13
3120 =14+42+622+4.2°
4t —3'=1+43+632+4.3°

nt—n-1)*=1+4n-1)+6.(n—1)% +4.(n - 1)
By additionwe seethat
n*=n+481(n—1) +3+6S2(n — 1) +4S3(n — 1)

where

andsimilarly we getthegeneraresult
n"=n+ (T)&(n—l)—i— ( " )Sg(n—1)+---+ ( " )STl(n—l).
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Theequations
n=n

n?>=n+Si(n-1)

n® =n+3S1(n—1) +3S8(n —1)

n* =n4+4S(n—1) +6Sy(n — 1) +4S3(n — 1)

n® =n+ 581 (n —1) +10S2(n — 1) + 10S3(n — 1) + 5S4(n — 1), etc.
canbewrittenin matrix form as

n 10 0 0 0O n

n? 120 0 00 Si(n—1)
n? 133 000 Sa(n —1)
n* |= 14 6 4 00 Sz(n —1)
n® 15 5 1 Sa(n —1)

[y
[en}
N
o

Sincethis matrix of coeficientsis triangular it maybereadilyinvertedto give

n 1 0 0 0 0 n
Si(n —1) -1/2 1/2 0 0 0 n?
Sy(n — 1) 1/6 -1/2 1/3 0 0 n?
Sy(n—1) | = 0 1/4 -1/2 1/4 0 n?
54( ) TL5

-1/30 0 1/3 -1/2 1/5



To obtainthesumsto n termsinsteadof n — 1 weuseS,.(n) = S,(n — 1) +n", which
hastheeffect of addinglsto thenumbersmmediatelybelov the maindiagonalof the
matrix, turningeach—1/2 into 1/2. Thefinal resultis then

n 1 0 0 0

0 n
Sy (n) 12 12 0 0 0 n?
Sa(n) 1/6 1/2 1/3 0 0 n?
Ssn) [ =| 0 14 1/2 1/4 0 nt
Sy(n) /5 n®

-1/30 0 1/3 1/2 1

Thenumbersn thefirst columnof this matrix areknown asthe “Bernoulli numbers”.
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