Abraham deMoivre

IN interestingandvaluablecommunicationgo Biometrika of thefinal issuesfor
1924and1925,Karl Pearsorsetforth certainfacts(notall new) which will doubtless
resultin AbrahamdeMoivre occupying amoreimportantplacethanbeforein thehisto-
ry of mathematicsTheresultsarereachedy a carefulstudyof (a) “JamesBernoulli's
Theorem,and(b) a publicationof Moivre datedNovemberl2, 1733. Regardingthis
publicationPearsomalkescertainstatements/hichrequirecommentsincefrom them
wronginferencesnightreadilybedrawvn.

This publicationis entitled: “Approximatioad SummariTerminorumBinomi (a +
b)™ in Seriemexpansi”’andwasfoundboundwith onecopy of Moivre’s “Miscellanea
Analytica; 1730.Pearsomemarks:

“Many copiesof this work have attachedo thema Supplementurwith separate
paginationgendingin atableof 14 figurelogarithmsof factorialsfrom 10! to 900! by
differencesf 10. But only avery few copies|P. tells of only the one]have a second
supplementalsowith separatgagination(pp. 1-7) anddatedNov. 12,1733. This
secondsupplementouldonly beaddedo copiessoldthreeyearsaftertheissueof the
original book, andthis accountdor its rarity. Dr. Todhunterin writing his History of
theTheoryof Probabilityappearso have usedthe 1730issueof Miscellane&nalytica,
andsonever cameacrosghis supplement.

Pearsorhereappearso make two slips: (a) in assuminghatbecausehis “second
supplement’is boundat the endof a copy in the University College Library, it really
was a secondsupplement;(b) in statingthat this publicationwas not consideredn
Todhunters “History.” Curiously enough,in the latter part of his first article, after
having indicatedthe resultsof the ‘secondsupplement,Pearsorremarks:“The same
matteris dealtwith twenty-threeyearslaterin theeditionof TheDoctrine of Chances
pp.243-250.Todhunteiin his History of the Theoryof Probability, Arts. 324and335,
passeaverthetopic mostsuperficially’ Did Pearsoroverlookthatatranslatiorof his
‘supplementwasthusdealtwith in 1756by Moivre andin 1865by Todhunter?That
thistranslationappearedlsoeighteeryearsbheforewasmanifestlynot recognised.

Moreover, Moivre prefaceshis translationwith the statemeniwhich Todhunter
quotes):l shallheretranslatea Paperof minewhichwasprintedNovemberl2,1733,
andwascommunicatedo someFriends put neveryetmadepublic,reservingo myself
theright of enlagingmy own thoughtsasoccasiorshallrequire”’ Hencaeit is clearthat
the publicationin questionwasnot a 'secondsupplementto Moivre’s “Miscellanea
Analytica; but wasfirst 'madepublic, andin English,in 1738. A facsimileof this
pamphlets to appeain anearlynumberof Isis. It would beinterestingo learnif any
othercopy of Moivre’s original pamphleis in existence.

RAYMOND CLARE ARCHIBALD.
Brown University,
ProvidenceR.I.,
February22.



| am glad that Prof. Archibald’s letter enablesme to returnto the subjectof De
Moivre’sclaimto bethefirst discosererof thenormalcurve of errorsusuallyattributed
to Laplaceor Gauss.

I do not think from what Prof. Archibald haswritten thathe canhave seenwhat
hethinks— andpossiblymay be—the uniquecopy of the“Approximatioad Summam
TerminorumBinomi.” It is in the sametype andhasthe samecharacteristicpecieof
tailpieceasthe “MiscellaneaAnalytica’ It hasthe sameunusualform of pagination
asthefirst “Supplementum?jt is printedon the samepaperandis of the sameformat
asthe first “Supplementum’andthe “Miscellaned. About half the known copiesof
the“MiscellaneaAnalytica” have notthefirst supplementandl think it quiteprobable
thatthe “Approximatio” wasonly boundup with a few lastcopiesof the“Miscellanea
Analytica” issuedafter Novemberl733. At ary rate,thatis wherel shouldseekfor it
first. | saidin my paperthat De Moivre treatedof the samesubjectin his “Doctrine of
Chances$,1756,becaus¢hatwastheeditionl wasworking with. Prof. Archibaldsays
thatit wasalsotreatedf in the1738edition,andthenspeakssif thematterin the1738
“Doctrine of Chances’andagainin the 1756 edition was a meretranslation“except
for minor changes$. This is not correct;for the history of statisticsmostimportant
additionsweremadein boththe 1738andthe 1756editions. The importantprinciple
of the *activating deity’ maintainingthe stability of statisticalratios doesnot appear
in the 1733"“Approximatio”; it first appeargentatively in the 1738“Doctrine;” where
the seven lines of Corollary X areincreasedo nearlyfifty lines, while in the 1756
“Doctrine” this corollary aloneoccupiessomefour pagesor about160lines. Indeed
the 6 pagesof the “Approximatio” becomesll% pages(of morelines) in the 1756
“Doctrine” As De Moivre appropriatelyobsenres, he hasresered to himself “the
right of enlaging my own thoughts. That enlagement,developing Newton's idea
of anomnipresentctivating deity, who maintainsmeanstatisticalvalues formedthe
foundationof statisticaldevelopmenthroughDerham,Slissmilch Niewentyt,Priceto
QueteletandFlorenceNightingale. Thesemay be mathematicallyminor’ points,but
they arevital for the history of statistics,and my referenceto theseadditionsin the
penultimatgaragraplof my papemighthave shovn Prof. Archibaldthatl wasaware
of the differencedetweerthe original “Approximatio” andthe samedealtwith in the
“Doctrine of Chances$. My errorlay in not recognisingthatin the 1738“Doctrine;
theG% pageshadgrownto alittle over8,to becomell% pagesighteeryearslater

As to Dr. Todhunter| have nothingwhateser to retractin my judgement.In his
Art. 335hemissesentirelythe epoch-makingharacteof the“Approximatio” aswell
asits enlagemenin the“Doctrine” He doesnot say“Here s theoriginal of Stirling’s
Theoremhereis thefirst appearancef the normalcurve, hereDe Moivre anticipated
Laplaceasthelatteranticipatedsauss He doesnot evenreferto the manneiin which
De Moivre expandedhe Newtoniantheologyanddirectedstatisticsinto the channel
down which it flowedfor nearlya century Almost everywherein his “History” Tod-
hunterseizesa smallbit of algebraout of a really importantmemoirandoften speaks
of it asaschoolexercise whereaghememoirmayhave exertedby theprinciplesinvol-
vedareallywideinfluenceonthedevelopmenbf themathematicatheoryof statistics,
andultimatelyon statisticalpracticealso.

Todhunterfails almostentirely to catchthe drift of scientificevolution, or to treat
that evolution in relationto the currentthoughtof the day, which influencesscience



asmuchasscienceinfluencesgeneralthought. The causeswvhich led De Moivre to
his “Approximatio” or Bayesto his theoremwere moretheologicaland sociological
than purely mathematicaland until onerecognizeghat the post-Nevtonian English
mathematicianareremoreinfluencedoy Newton’s theologythanby his mathematics,
thehistoryof sciencen the eighteenttcentury—in particularthatof the scientistavho
werememberof theRoyal Society- mustremainobscure. KARL PEARSON.

March18,1926.

Nature 117 (1926April 17),551-552.



A Rare Pamphlet of Moivre and some of his Discoveries

As aresultof two recentstudiesby KARL PEARSON! valuableinformationis at
handfor forming atrue estimateof theimportantpositionwhich ABRAHAM DE MoOI-
VRE occupiesn thehistoryof mathematicsThesestudiesarebasednaconsideration
of : (a) part4 of JEAN BERNOULLI's Ars Conjectandi, which containswhatis proper
ly called <« Bernoulli's Theorems; and(b) a pamphletof MoivRE datedNovember
12,1733.

The chief purposeof this paperis to summarizesomeof PEARSON’S results,to
remove misapprehensiowhich oneof his pamphletsnay causeandto presentafac-
simile of the MoIvRE pamphletwhichis entitled: Approximatioad SummanTermi-
norumBinomii (a + b)™ in Seriemexpansi.

PEARSON openshis articleasfollows:

< It is usualto attribute the discovery of the Normal curve of errorsto GAUSS.
Thisis solelydueto thefactthatL APLACE’s Theorie analytiquedesProbabiliteswas
publishedin 1812,andto this mostwriters have referred. But LAPLACE'S Mémoie
surlesProbabilittswaspublishedn the Histoire del AcacemiedesScienceén 1778,
andthis memoircontainsthe normal curve function, and emphasizeghe importance
of takulating the probability integral. Nay, we go further andsaythat (Mémoies. .
. présengsT. 1v. p. 6) whendiscussingBAYES' Theoremhadalsoreachedhe expo-
nentialcurve of errorsasanapproximatiorto thehypegeometricateries All GAusS'
work fallsin the 19thcentury His Theoriamotuscorporumcoelestiunwaspublished
in 1809,histheoryof leastsquaresndhistheoryof combinatiorof obsenationsbeing
of a still laterdate. Thereis, | think, not a doubtthat LAPLACE'S nameoughtto be
associateavith the normalcurve andthe probabilityintegral beforeGau ss'.

» Butin studyingDE MoOIVRE | have comeacrossa work which long antedates
bothLAPLACE andGAuUSS.

» Thematteris averysingularonehistorically DE M oIVRE publishedn 1730his
MiscellaneaAnalyticg still a mine of hardly fully exploredwealth. Many copiesof
thiswork have attachedo thema Supplementumwith separat@aginationgendingin a
tableof 14 figurelogarithmsof factorialsfrom 10! to 900! by differencef 10. But
only a very few copies[PEARSON found only one!] have a secondsupplementalso
with separatgagination(pp. 1—7) anddatedNov. 12, 1733. This secondsupplement
couldonly beaddedo copiessoldthreeyearsaftertheissueof the original book,and
this accountdor its rarity. Dr. TODHUNTER in writing his History of the Theoryof
Probability appears$o have usedthe 1730issueof MiscellaneaAnalyticg andsonever
comeacrosghis supplement:

In this last paragrapfPEARSON malkes statementsvhich might readily mislead:
firstly, in suggestinghat becausehis « secondsupplement is boundat the end of
a copy of MiscellaneaAnalyticain the University College, London, it really wasa
supplement secondlyin assertinghatthis publicationwasnot consideredn TobD-

1K. Pearson! Historical note on the origin of the normalcurve of errors,” Biometrika vol. 16, pp.
402-404Dec.,1924;" JAMES BERNOULLI’'STheorem,” Biometrika vol. 17,pp.201-210Dec.,1925.

2publishedhtBaslein 1713 eightyearsafterBERNOUL LI’sdeathpy hisnephe NiCOLASBERNOULLI.
Pearsorshaws that « ParsQuarta> of the Ars Conjectandihasnot the importancewhich hasoften been
attributedto it.



HUNTER’s History. As a matterof factthis « secondsupplement appearedn Eng-
lish, exceptfor minor changegqseebelaw), in both the secondand third editionsof
MolVRE's Doctrine of Chanced. TODHUNTER considershis in paragraph824and
3350f his History*. Moreover MolVRE prefaceshis translatiorwith the statement |
shallheretranslatea Paperof mine which wasprintedNovemberl2, 1733,andcom-
municatedto someFriends,but never yet madepublic, reservingto myself the right
of enlaging my own Thoughts[°] asoccasiorshallrequire.Henceit is clearthatthe
publicationin questionwasnot a « secondsupplement- to MoIVRE's Miscellanea
Analyticabut wasfirst « madepublic > in 1738. Anothercopy of Moivre’s original
pamphletis in the Preussich&taatsbibliothekBerlin.
PEARSON givespriority to MOIVRE in ;

1. Presentinghe first treatmentof the probability integral, and essentiallyof the
normalcurve;

2. FormulatingandusingthetheoremjmproperlycalledStirling’stheorem;

3. Enunciatingthe theoremthat the measureof accurag dependson the inverse
squareroot of the size of the sample,so often called BERNOULLI'S theoreni
althoughit is entirelydueto MOIVRE.

Moreoverfor thistheoremM o1V RE appreciatedheimmenseaangeof application.
<« For himit wasatheologicalproblem hewasdetermininghefrequeng of irregulari-
tiesfrom the Original Designof the Deity. Withoutgraspinghis sideof thematterit is
impossibleto understandhe history of statisticsSfrom DE M oIVRE throughDERHAM
andSUssMILCH to QUETELET, culminatingin themodernprincipleof the stability of

3Secondedition, London, 1738, pp. 235-242:third edition, 1756, pp. 243-250after translation(pp.
250-254334)is interestinghewv material.

4Curiouslyenoughin thelatter partof hisfirst article, afterhaving indicatedthe resultsof the « second
supplements, PEARSON remarks. « The samematteris dealtwith twenty-threeyearslaterin the edition
of 17560f the Doctrine of Chancespp. 243—250.TODHUNTER in his History of the Theoryof Probability,
Arts, 324 and 335, passedver this topic mostsuperficiallys> Did Pearsoroverlook it was a translation
of his « supplements thatwasdealtwith in 1756by MoIVRE, andin 1865by TODHUNTER? Thatthis
translationappeare@lso18 yearsbeforewasmanifestlynotrecognizedn thearticlesin question.

5[In the 1738translatiorthereis practicallyno changerom the original beforecorollary 4, wherethere
is aslight alterationin thefirst clause; corollary5 is morethandoubledin lengthby the additionof a third
paragraph additionshave beenmadenearthefirst andlastof corollary6 andthe odds* 792ad1 proxime
" have beenchangedo “369 to 1 nearly”; by additionslemma2 hasbeenmorethantrebledin length;
corollary9 is slightly, but corollary 10 greatly extended.]

6A correctstatemenbf Bernoulli's theorem given on page236, of Ars Conjectandiis asfollows : Sit
igitur numeruscasuunfertilium ad numerumsteriliumvel praecig, vel proxime in rationer /s, adeoquead
numerumomniumin rationer /(r + s) seur/t, quamrationemterminentlimites (r + 1)/t (r — 1)/t.
Ostendunest, tot possecapi experimentaut datisquotliber(putac) vicibus, versimiliusevadut,numerum
fertilium obserationumintra hos limites quam extra casurumesse h.e. numerumfertilium ad numerum
omniumobserationumrationemhabiturumnec majoremquam (r + 1)/t, necminoremqua (r — 1)/t.
[Therefore et the numberof fertile casego the numberof sterilecasese exactly or approximatelyin the
ratior to s, andhencetheratio of fertile casego all thecaseswill ber/(r + s) or r/t, whichis within the
limits (r + 1)/t and(r — 1)/t. It mustbe shavn thatso mary trials canbe run suchthatit will be more
probablethanary giventimes(e.g.,c times)thatthe numberof fertile obserationswill fall within these
limits ratherthanoutsidethesdimits —i.e., it will bec timesmorelikely thannot thatthe numberof fertile
obserationsto the numberof all the obserationswill bein aratio neithergreaterthan(r + 1)/t norless
than(r — 1)/¢.]



statisticalratios. No onehadary trueinkling of theideasof probabledeviation of the
statisticalratiobeforeDE MOIVRE ».

Pearsorconcludesis secongaperasfollows: « BERNOULLI saw theimportance
of acertainproblem; sodid PTOLEMY, but it would beratherabsurdo call KEPLER'S
or NEWTON'’s solutionof planetarymotionby PTOLEMY’s name!Yetanerrorof like
magnitudeseemdo me madewhenDE MoIVRE’'s methodis discusseavithout refe-
renceto its author undertheheadingof « BERNOULLI's Theorems. Thecontribution
of the BERNOUL LIS to mathematicés considerablebut they have beenin morethan
oneinstancegreatlyexaggeratedThe Pars Quartaof the Ars Conjectandhasnot the
importancewnhich hasbeenattributedto it. >

Now asto a secondtheoremfor which MoIVRE deserescredit,namelythe one
wrongly associateavith the nameof STIRLING, M oIVRE findsthe ratio of the maxi-
mumtermsof abinomialto thetermat a distancex from themaximum.

«<He supposesis power solarge,thatwe may practicallyuse

m! = const.x /me~"m™.

He determineghe constantwhich he calls B by the theoremthatthe hyperbolicloga-
rithm of B is givenby :

log, B=1-1/12+1/360 — 1/1260 + 1/1680, etc,

which giveslog B = .399, 2235 to thetermswrittendown, or B = 2.5074.
Thus

m! = 2.5074 x /me ™m™. »

Then MOIVRE states. « Whenl first beganthatinquiry, | contentedmyselfto
determineat large the Valueof B, which wasdoneby the additionof someTermsof
theabove-writtenSeries;but asl percey’d thatit cornvergedbut slonly, andseeingat
thesamdimethatwhatl haddoneanswereany purposdolerablywell, | desistedrom
proceedindurther, till my worthy andlearnedrriendMr. JAMES STIRLING, who had
appliedhimselfto thatinquiry, foundthatthe quantity B did denotethe Square-rooof
the Circumferencef a Circle whoseradiusis unity > PEARSON remarksvery rightly
: < | considerthat the fact that STIRLING shaved that DE MoIVRE's arithmetical
constantvasy/2r doesnotentitlehim to claimthetheoremandit is erroneouso term
it STIRLING's Theoren{’]

7J. STIRLING, MethodusDifferentialie London1730,p. 137; Englisheditionby F. Holliday, London,
1749,p. 121.While STIRLING gave, in effect, theformula,a beingthereciprocalof NAPIER’slogarithmof
10:

a a

+
2.12.(z + 3)  8.360(z + 1)3

1 1 1 1
Logz! = 510g27r + (z + i)log(:c—k 5) —(z+ E)a —

with thelaw for the continuationof the seriesMoivre expressedheresult,in effect, in themorecorvenient
form (compareC. TWEEDIE, JamesStirling, Oxford,1922,p. 119,203-205)

lo w'—llo 27r—|—(.7:+l)10 :cfx—l—ﬂl—kéi—k
ET= g8 2/ %8 127 3428 7

B; , B3 denotingthe BERNOUL LI numbersBut in spiteof thefactthatit wasM o1VRE, andnot STIRLING,



A facsimilecopy of the original pamphlefollows®.
(BrownUniversity, ProvidenceR.1.) R. C. ARCHIBALD

Isis 8 (1926),671-683.

[Thetext of the Supplementuncanbefoundin A De Moivre, The Doctrineof Chances
(2nded.),London: H Woodfall 1738,reprintedLondon: Cass1967,or A De Moivre,
The Doctrineof Chanceg3rd ed.),London: A Millar 1756, reprintedNew York, NY:
Chelseal 967with a biographicalarticle from ScriptaMathematic (4) (1934),316-
333,by H M Walker. It is alsoreprintedin D E Smith,A SourceBookin Mathematics
2 vols, New York, NY: McGraw-Hill 1929, reprintedNew York, NY: Dover 1959,and
in Appendids of F N David, GamesGodsandGambling London: Griffin 1962.]

who gave the series

B; 1 B3 1

1.2z 3423
this serieshasbeencalled STIRLING's seriesby Godefry, Théorie élementaie desSeries Paris, 1903, pp.
224-228 andothers.CompareEncylog@die der mathematideenWssenshaften vol. 1, part2, 1900-1904,
p. 931.

8] amindebtedo the Librarianof University College, London,for his courtesyin allowing a photostatic

copy to bemade. Shouldary readerknow of othercopiesof the original, he would confera favor on the
writer by informing him wherethey maybefound.



