
CUBIC AND QUARTIC EQUATIONS

From the point of view of medieval mathematicians,thereareactually13 different
typesof cubicequationsratherthanjustone.Basicallythis is becausethey notmerely
did not admit imaginaryor complex numbers,but only consideredpositive realnum-
bers,soalsodid not admitnegativenumbersor zero.Thusto them ���������	� wasa
differenttypeof equationfrom ���
�����
� . Now wecanwrite ageneralcubicequation��� � ���������������������
(in which ������ or theequationis notgenuinelycubic)in theform� � ����� � ��������� �!�
afterdividing by aconstant.Thecasewhere� �!� leadsto aninadmissibleroot �"�#�
andanyway is easilysoluble,sowegetdifferentcasesas

� $� % �'& � $� % �(& � $� % �
leadingto 18cases.However, thecases�)���)�!�'&*� $ ��)���)�!�'&*� % �
arenot taken seriouslyas cubic equations(and indeedthe first hasno real positive
solution),while evidently thecases� $ �'&*� $ �(&+� $ ��)�!�'&*� $ �(&+� $ �� $ �'&*�,���(&+� $ �
haveno realpositivesolution.This leaves13casesto beconsidered.

Thecaseof thecosaandthecube,in modernnotationthecase���-�����.��� where� and � arepositive, wassolvedby Scipionedel Ferro(1465–1626)early in the six-
teenthcentury. He taughthis methodto his pupil Antonio Maria Fior (Florido) (dates
unknown),whohadacontestwith Nicolò Tartaglia(1500–1557)whichresultedin the
latter’s discovery of the methodfor solving this particulartype. GirolamoCardano
(JeromeCardan)(1501–1576)persuadedTartagliato tell him the solution,first in a
cryptic verseandthenwith a full explanation,afterswearinghewould keepthesolu-
tion secret.But, afterhehadfoundthesolutionin theposthumouspapersof delFerro,
Cardanfelt free to publish,which hedid in his Ars Magna (1545). However, Cardan
wentfurtherthanhispredecessorsbecauseheconsideredall 13 formssuccessively.

We can expressCardan’s approachin moderntermsas follows. We first define�
�����0/ , sothattheequationbecomes1 �.23/�4 � ��� 1 �.23/'45����� 1 �
26/'47�������(8
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If wetake /"�!�:9<; , thecoefficientof � � vanishessothattheequationcanbewrittenin
theform � � �>=�����?����'8
Now write �@�!A ��B , sothatA � ��B � � 1 = ��;CADB'4 1 AE��B(4F��?��!�'8
Clearly A and B will satisfythisequationifA � ��B � �	2,?ADBG�	2H=I9<;'8
SettingJ �KA � and L �!B � theseequationsamounttoJ � L �	2,?J�L �	2H= � 9NMCO
andsolutionsof theseequationscanbefoundby consideringthequadraticP �-��? P 2@= � 9NMCO����
sothatwecantake J and L as

2 ?M.Q R S ?MFT � � S = ;7T � 8
As J and L enterinto theproblemsymmetrically, wemayaswell take J astheexpres-
sionwith the � signand L astheexpressionwith the 2 sign.We canthentakeA
�VUW JBG�	2H=I9<;CAF8
Finally wecanfind � as A���B , thatis as�
�VUW J �XUW L 8

If wesupposetherootsare �IY , � � and � � , thentheequationmustbeequivalentto1 �Z2[�\Y]4 1 �Z2[� � 4 1 �Z23� � 4^�!�
sothat �\Y^��� � ��� � �#�� � � � ��� � �\Y^���\Y_� � �`=�IY�� � � � �a2,?
andhenceit canshown thatbc1 �\Y�2[� � 4 1 � � 2[�\Y:4 1 � � 23� � 4ed � �f2)g]= � 20MCON?<�
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(cf. Chapter5, h 6 of the book by Birkhoff andMacLanequotedbelow). The latter
quantityis oftenreferredto asthediscriminant anddenotedi . We seethattheabove
expressionsfor J an L canbewrittenas2,?j9NM Q!k 2 i 9ml:�Cn
sothat �
� UW J � UW L � Uo 2,?j9jM�� k 2 i 9mlp�jn)� Uo 2,?j9NM
2 k 2 i 9�l:�Cnm8
This is thecelebratedformulaof Cardan.

Thereis adifficulty in thissolutionwhichwasfirstobservedbyCardan,althoughhe
didnotseethewayroundit. Whentherootsof thecubicareall realanddistinct,then i
is realandpositive,sothattheaboverootsfor A and B arecomplex. Thismeansthatthe
realrootscanbeexpressedin termsof thecuberootsof complex numbers.However,
thesereal rootscannotbeobtainedby algebraicmeans,that is, by radicals.This case
wascalledirreducible byTartaglia.(Forexample2,� is arootof �D�
���C;N�q�Zlp�CM which
Cardan’sexpressionderivesas Uk n(l-��;C� W 2,;-� Uk n'l)2`;j� W 2,;r� 1 2,;-�`M W 2,;j4D�1 2,;E2�M W 2,;C4 .) In fact theArs Magna includedseveralcomplex rootsof quadratics,
but Cardansaysof them,“So progressesarithmeticsubletytheendof which,asis said,
is asrefinedasit is useless”(ChapterXXXVII). Cardanalsodiscussedthenumberof
rootsto beexpectedin a cubicandbeganthestudyof symmetricfunctions.

Sinceevery numberhasthreedistinctcuberoots,we have evidently obtainedsev-
eralvaluesof � . This is asit shouldbe,for a cubicequationusuallyhasthreedistinct
roots. But at first sight it appearsthat therearenine,or eveneighteen,possibilitiesin
the formula,sincealternative solutionsexist for squarerootsandalsofor cuberoots.
As for squareroots,a glanceshows thatthesignsarefixed—onemustbepositiveand
onenegative.Accordinglyweconsiderthecuberoots.

Let thedistinctrootsof � � 2�l
��� be lj&ts,&5s � , sothat

l-�0s��0s � ���(& s��	2 lM ��u W ;M & s � �f2 lM 23u W ;M 8
Then s����vl andwe canreplaceA by s�wxA and B by szy:B where u�&x{.�vlj&|M'&}; . Now A
and B wereconstructedto satisfy A � ��B � �a2,?A�BG�a2H=I9<;
but while 1 s w A�4 � � 1 s y B'4 � �a2,?
for any u�&e{ , theequation 1 s w A�4 1 s y B'4^�f2H=\9N;
holdsonly if u\�3{ ~!���"����; , reducingusto threepossibilities.

Givenaquartic(or biquadratic)equation���m�-����� � �������-���j�������#�
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(where � is not necessarilythe baseof naturallogarithms)in which �	���� , we can
dividethroughby aconstant,sothatwecanactasif �"�	l . We thendefine�
�#���6/ ,
sothattheequationbecomes1 �.23/�45�-��� 1 �.23/�4 � ��� 1 �.23/�4t����� 1 �
26/'47�����!�'8
If we take /"�!�:9�g , thecoefficientof ��� vanishessotheequationcanbewritten in the
form �(����=(�D�-��?��"�0�r�#�(8
Now theleft-handsideof � � ��=(� � �	2,?��G2[�
containstwo of the termsof the squareof � � ��= . Completethe squareby adding=(� � ��= � to eachsideto get1 ������=D4t���#������M�=(�D���>=D���0=����-��=���2`?��.2[�<8
Wenow introduceanotherunknown for thepurposeof convertingtheleft-handsideof
thethis equationinto

1 � � �3="���m4 � . This is doneby adding M 1 � � �6=D45����� � to each
side,andleadsto1 � � �>= ���m4 � ��=(� � �>= � 2[?��.2[�,��M 1 � � �>=\45�
��� �� 1 = ��MN�m4�� � 2`?���� 1 = � 23�,��M�=������ � 4�8
The problemnow reducesto finding a valueof � that makes the right-handside, a
quadraticin � , a perfectsquare.This will be the casewhenthe discriminantof the
quadraticis zero;thatis, when?<�
��g 1 = ��MN�m4 1 =D��23�,��M�=��������:4�&
whichrequiressolvingacubicin � , namelynj� � ��Mj�_=D� � � 1 l:�]= � 2`nN�N45��� 1 g]= � 2[g]=���20? � 4^�!�'8
Thelastequationis known astheresolvent cubic of thegivenquarticequation,andit
canbesolvedasdescribedabove. Therearein generalthreesolutionsof theresolvent
cubic,and � canbedeterminedfrom any oneof themby extractingsquareroots.Once
avalueof � is known, thesolutionof theoriginalquarticis readilydeduced.

An expressionfor thequarticdiscriminantis givenby Turnbull in equation(12)on
p. 123of thebookquotedbelow.

Thesolutionof thequarticwasfirst givenby Ludovico Ferrari(1522–1565).
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