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in the general case to obtain a pair of equivalent observations. It will be
noticed that the parameters we have been concerned with are parameters
of groups acting transitively on the space of the observations ; when we come
to generalise the theory to the greatest possible extent, without introducing
concepts such as ‘approximate equivalence’ of observations, we find that
something like this group property is essential.
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The 17 plane symmetry groups
R. L. E. SCHWARZENBERGER

Several modern mathematics courses contain a description of the 17 distinct
‘wallpaper patterns’. Others contain the definition of “group” and “iso-
morphism”, together sometimes with a vague statement that these con-
cepts can be used to justify the fact that there are precisely 17 patterns. But
neither the passive contemplation of wallpaper patterns, nor the passive
contemplation of abstract definitions, is mathematics: the latter is above
all an activity in which definitions are used to obtain concrete results. For
this reason I have often been asked by teachers what is needed to give a
rigorous proof that there are precisely 17 patterns. This article is an expo-
sition of such a proof which is on the one hand elementary, using only
basic properties of groups and well known facts about rotations and re-
flections, but which on the other hand uses methods which are not special
to the plane and can be applied also in higher dimensions. The proof suffers
from one great defect: there are no pictures. This is intended to emphasise
the fact that the proofis a rigorous piece of group theory, and also to persuade
the reader to draw pictures of typical patterns to illustrate the central ideas
for himself.

1. Symmetry groups

The elements of a symmetry group G will be written in the form (v, @)
where v € R? is a translation vector and ¢ is a linear transformation of R?
which preserves distance. We assume as known the fact that such a linear
transformation is either a rotation about the origin or a reflection in a line
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through the origin. By definition, the symmetry (v,) sends a point x to
(v, 0) x=v+ ox.

Group multiplication in G is composition of symmetries; thus
(@, 9).(w,¥)) x = (0, )W + ¥x) = v+ oW + QYx

and therefore

®,@).(w,¥) = (v + ow, py). (*)
We use this formula to obtain four invariants of the group G.

(i) The lattice T. Let 1 denote the identity linear transformation. By ()
we have (s,1).(¢,1) = (s + ¢£,1), and therefore the set

T={teR*(t,1)e G}

of translation vectors which are also symmetries in G may be regarded both
as a subgroup of R? (by addition of translation vectors) and as a subgroup
of G (by composition of symmetries).

(ii) The point group H. By (*) the set

H={p:(v,9) € G for some v € R?}

is a group. Note that every ¢ € H is either a rotation or a reflection, and that
the set of all rotations in H is a subgroup H, of H.
(iii) The action of Hon T. If t € T and ¢ € H then by (¥)

(pt,)=@+ot—0v,00) =@+ 0t,0).(—¢p7 v,07")
=(,9).(t,1).(v,p)™"

is in G and therefore ¢f e T. The resulting homomorphism ¢:7T-T is
called the action of ¢ on 7.

(iv) The shift vectors. Let ¢ € H be of finite order ¢q. Then (v, ¢) € G for
some v € R? and @? =1, so by (*)

0@ =@+ov+...+ 00,09 = (a,1),

where a € T. The formula shows that pa = a. If v’ is another choice for v,
then
0,0).(V,0) " =(0,0).(—07 'V, 0™ = (v -0,1)

and therefore v — v’ is a vector ¢ € T. The formula shows that, if v is replaced
by v’, then a is replaced by a — (t + ¢t + ... + @27 1f). The vectors which
arise in this way are called the shift vectors of ¢.

Remark. In the remaining paragraphs, properties of the four invariants
are established in sections correspondingly numbered (i), (ii), (iii), (iv).
Theaim is to prove that these four invariants are actually sufficient to classify
the groups G in certain cases. Since the above definitions are somewhat
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abstract, it may help to keep in mind the following informal description.
Think of G as the group of symmetries of a two-dimensional pattern or ofa
three-dimensional crystal, and suppose that the pattern or crystal is formed
by juxtaposition of identical building blocks placed in parallel. The lattice
T is obtained by choosing a vector ¢ at the centre of each building block.
Some symmetries in G do not merely translate the blocks but also include
a rotation or reflection. The point group H is the collection of all rotations
and reflections ¢ which occur in this way. The shift vectors of ¢ measure the
extent to which ¢ must be combined with a translation not in T to obtain
a symmetry of G. This occurs, for example, if ¢ is a reflection which contri-
butes to a two-dimensional or three-dimensional glide transformation, or
if ¢ is a rotation which contributes to a three-dimensional screw transform-
ation.

2. Plane groups

In this paragraph we define precisely which symmetry groups will be
classified. It is possible to give a weaker definition and then—with some
hard work—to deduce that given here as a consequence. The latter is in
any case very natural: it corresponds to the idea that 7’ must not be too small
(as would be the case if G were the group of all symmetries of a ‘rose’ or
‘frieze’ pattern), and that H must not be too large (as would be the case if G
were the group of all symmetries of the plane).

DEFINITION. G is a plane group if there are linearly independent vectors
t,, t, such that the lattice of G has the form

T={n,t, + n, t,:n,,n, integers}

and if moreover the point group H of G is finite.

This definition has some immediate consequences which limit severely
the invariants which can occur.

(i) The lattice T must contain a non-zero vector t of minimum length |t|.
This follows from the definition because, for any ¢ > 0, there are only finitely
many pairs of integers (ny,n,) such that |n,t; + n,t,| <c. Note that ¢
is not unique, since |z| = |¢¢| for all ¢ € H; we assert merely that there is
no s € Twith 0 < |s|<|¢].

(ii) The point group H contains only elements of finite order, and the
subgroup H, is cyclic with generator a rotation 0 through 2n/q for some
integer g > 0. This follows from the fact that H, and hence also H,, is finite;
therefore every element is of finite order and H, contains a rotation 0
through an angle o = 27/q for which g is a maximum. If ¢ € H, is a rotation
through an angle o + f (where j is an integer and 0 < f§ < o) then the fact
that ¢ is a maximum implies that =0 and ¢ = 0’. Therefore H, is cyclic
with generator 0.
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(iii) The subgroup Hy is of orderq=1,2,3,40r6.Ifqg= 3,4 0r 6 thereis a
vector t such that

T={n,t+ n,0t:n,n, integers}

where 0 is a rotation through 2mn/q. These facts, which essentially describe
the action of H on T, can be proved by considering a non-zero vector t€ T’
of minimum length, as in (i), and the generator 0 of Hy, as in (ii). We usc
the fact that the angle between two non-zero vectors ¢,, ¢, of minimum
length must be at least }n (if the angle were less, then ¢, — ¢, would be a
shorter vector). If ¢ = 2i + 1, take the two vectors to be —¢ and ¢, so that
g < 3. If g=2i, take the two vectors to be ¢ and 0¢, so that g < 6. This
proves that g =1, 2, 3, 4 or 6 (a fact known to physicists as the “crystallo-
graphic restriction”).

The vector n, t + n, 0t is always in T. If not every vector of T has this form,
and if ¢ > 2, then there must exist real numbers x;, x, with 0 < x;,x, <%
for which x,¢+ x,0t€ T. Such a vector would have length

(ef + x3 + 2x,x; cos(2n/g)) 1] < (h + 4 + S eos(2n/q))* (1],

which is <[¢| with equality only if g=2 and x; =x,=%.Ifg=3,4 or 6
this contradicts the fact that ¢ is of minimum length.

(iv) The shift vectors of ¢ € H are easily described, since every suchae T
must satisfy @a =a. If ¢ #1 is a rotation then this implies a=0. If ¢ is
reflection in a line /, then it implies that a € /, and any two shift vectors of ¢
must differ by ¢ + ¢t for some ¢ € T (note that z + ¢t is always on / for any
t € T because ¢(t + ¢t) =t + ¢t). To describe the various situations which
can arise, consider a non-zero vector » € T which lies on / and which, among
such, is of minimum length: either r is of the form ¢ + ¢t with ¢t € T (we call
this situation 1) or it is not (situation 2). The latter breaks up into two,
giving the following possibilities :

Situation 1. In this case any two vectors of 7" on / differ by a vector of
the form ¢ + ¢t. Therefore every a € T on [ is a shift vector of ¢ (note that
this is always the situation if ¢ = 3 (take ¢t = —0r) or if ¢ = 6 (take ¢ = 6r)).

Situation 2. Now r + @r = 2r, so that any two shift vectors of ¢ differ
by an even multiple of the vector r. There are two further possibilities ac-
cording as the shift vectors are even or odd, so that this situation breaks
up into:

Situation 2(m). We can choose v so that a = 0.

Situation 2(g). We can choose v so that a = r.
In crystallography the three situations 1, 2(m), 2(g) are described as centred
(cm), primitive with mirror (pm) and primitive with glide (pg) respectively.
However, when g =3 or 6 it is also permissible to refer to situation 1 as
primitive.



THE 17 PLANE SYMMETRY GROUPS 127

3. Egquivalence of plane groups

Before proving the classification we must state precisely when two plane
groups are to be regarded as equivalent. The remarks at the beginning of
Section 2 apply to this definition also.

DEFINITION. Two plane groups G, G’ with lattices T, T’ are equivalent
if there is an isomorphism G — G’ which maps the subgroup T onto T".

Once again we examine the consequences of this definition for the four
invariants defined in Section 1. These consequences may be summarised
by saying that the definition of equivalence implies a relationship between
the invariants of G and the invariants of G’ which is so specific that it shows
clearly how to prove conversely that, if the invariants of G and G’ are
related, then G and G’ are equivalent.

(i) The restriction of an isomorphism G—G' to the subgroup T of G
is a homomorphism which is both one-one and onto. Therefore it gives
an isomorphism A:7—T7". But T and T' each contain a pair of linearly
independent vectors, so that there are corresponding linear transformations
A and 17! of R2. :

(ii) If (v, ) € G is mapped to (v',¢") € G’ then

(ot,) = ©,0).(t,1).(v, )"

must be mapped to (v',¢").(At,1).(v',0')"! = (¢’ At,1), and therefore Apt =
¢’ At for all ¢ € T. But T contains a pair of linearly independent vectors and
therefore ¢’ = ApA~1. We conclude that the point groups H, H' of G, G’
are related by H' = AHA™!; the subgroups H,, H, of all rotations in H,
H' similarly satisfy H = AH,A™1.

(iii) The same argument shows that the action of ¢’ = ApA~t on T’ = AT
is defined by composition with the action of ¢ on 7.

(iv) If @ is of order g then so is ¢' = ApA~L. Let (v, ) € Gmap to (v',¢’) €
G'. Thus (a,1) = (v, p)? implies (Aa,1) = (v, ¢')%, and if a € T is a shift vector
of ¢ then Aa € T" is a shift vector of ¢'.

4. Classification theorems

The 17 equivalence classes of plane groups may be conveniently obtained
in three stages: there are 5 for which the point group contains no reflections,
3 for which the point group contains a single reflection, 9 for which the
point group contains more than one reflection. The method is to prove
that the invariants (i), (ii), (iii), (iv) determine the equivalence class of G
uniquely.

THEOREM. There are 5 equivalence classes of plane group G whose point
group contains no reflections.

PROOF. In this case, (ii) and (iii) of Section 2 show that the point group H
is cyclic with generator a rotation 0 through 27n/q where g =1, 2, 3, 4 or 6.
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Let G and G’ be two plane groups with the same point group. To show that
they are equivalent, we first construct an isomorphism A:7—T" such that
04 = A0 (for g =1, 2 any isomorphism will do; for ¢ =3, 4, 6 use (iii) of
Section 2 and define At =¢' and 10'¢t = 6*¢’, where ¢, t’ are non-zero vectors
of minimum length in T, T”). Then A defines a linear transformation of R?
such that A0' = 0'Afori=0,1,...,q — 1. Write each of the groups G, G’ as a
union

G=T.0,1) UT.(v,0)U...UT.(v,0)%!
G'=T.0,)UT.0,0)U...UT .(t/,0)?

of g cosets. Now define G—G' by sending (2,1).(v,0)" to (At,1).(v’,0)". The
fact that this is a homomorphism follows from the equations

(v,0).(t,1) = (0't,1).(v,0)',
', 0).(At,1) = (6 21,1).(v', 0)" = (A6'1,1).(v', )",

and the fact that, by (iv) of Section 2, the shift vectors ae T, @’ € T’ of 8
are zero. Therefore G—G' is a homomorphism. Since it obviously has an
inverse and maps T onto 7", the groups G and G’ are equivalent. We there-
fore have one equivalence class for each value of ¢; in crystallography the 5
classes are denoted pl, p2, p3, p4, pb.

THEOREM. There are 3 equivalence classes of plane group G whose point group
contains a single reflection.

PROOF. In this case the point group H of G is of order 2 with generator the
reflection p in a line /. As in (iv) of Section 2, there is a non-zero vector r € T
which lies on / and among such is of minimum length. A similar trick shows
that there is a non-zero vector s € T which is perpendicular to / and among
such is of minimum length (the trick is to observe that for any ¢ € T the
vector ¢ — pt is perpendicular to / because p(t — pt) = — (¢ — pt)). The three
situations become:

Situation 1. There is t € T such that ¢ + pt = r; it must necessarily be
possible to choose ¢ = 4r + 4s, so that the pair r, ¢ can be chosen as the basis
for the (centred rectangular) lattice 7.

Situation 2(m). The pair of vectors r,s can be chosen as the basis for the
(primitive rectangular) lattice 7" and there is v € R? such that (v, p) € G and
a=v+pv=0.

Situation 2(g). The pair of vectors r,s can be chosen as the basis for the
(primitive rectangular) lattice T and there is v € R? such that (v, p) € G and
a=v+pv=r.

Now let G’ be a plane group which yields the same of the above three
situations as G. Thus G’ has lattice 7' and point group H' generated by a
reflection p’ in a line /’. Construct r', s', a' € T as above, and define A by
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Ar=r', As =", Then p’A = Ap and, since both groups yield the same situa-
tion, a’ = Aa. Write each group as a union

G=T.0,))UT.(v,p)
G'=T.0,)UT.v'p)

of two cosets, and define G— G’ by sending (2,1). (v, p) to (At,1).(v", p')* for
i=0,1. That this is a homomorphism follows from the equations

@,p0).,0=(o1,1).(v,p), (@, p)*=(a),
@, p).Ct,)=(pt,1).(v',p"), @',p)=(d,1).

Since it obviously has an inverse and maps T onto 7", the groups G and
G' are equivalent. The three situations yield three equivalence classes which
are denoted cm, pm, pg respectively.

THEOREM. There are 9 equivalence classes of plane group G whose point
group contains more than one reflection.

PROOF. If a point group H contains two reflections p,o in lines /,m then it
also contains the product po which is a rotation. We may therefore choose
generators p,o for H such that § = pg is the rotation through 2n/q which
generates the group H, of all rotations in H. Then the lines /,m make an
angle 7/q, and the reflections p, s determine shift vectors @ =v + pv on [
and b = w + ow on m. The proof consists in showing that there are 9 possible
combinations of point groups and shift vectors; that each combination
yields a single equivalence class is proved as in the previous theorems.
Let r,s be non-zero vectors in T which lie on /,m and which among such
are of minimum length. If g =2, then as in the previous theorem either
4r 4+ 4s € T (in which case both p and o yield situation 1) or r,s gives a basis
for T (in which case there are three possibilities: both p and ¢ yield situation
2(m), or both yield 2(g), or one yields 2(m) and one yields 2(g)). Note that
in the foregoing discussion r,s are interchangeable and cannot be distin-
guished by any property of G, so that we have 4 possible combinations of
invariants when g = 2. If ¢ = 3, then a similar argument implies that either
3r+3se T orr,sis a basis for T, giving 2 combinations (both situation 1).
If g = 4 or 6, then r, s must necessarily form a basis and one of them (without
loss of generality say r) is a non-zero vector of minimum length so that
s =r+ 0r =r+ or. If g = 4 then situations 2(m) and 2(g) are the only possi-
bilities for p, while situation 1 is the only possibility for ¢; if g = 6 then only
situation 1 can occur. In all we therefore have 4 +2 42 + 1 =9 combina-
tions which are summarised in the table overleaf.

To complete the proof, suppose that G and G’ are two plane groups which
determine lattices 7" and T with vectors a,b,r,se T and a',b’,r',s' € T’
which yield the same combination in the table. Let A be the linear
transformation defined by Ar=r’, As=s". Then p’A=Ap, ¢’ = Ao and
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a' = Ja, b’ = Ab. These equations imply, by the same argument as in the
previous theorems, that there is an isomorphism G—G' which sends the
generator (z,1) to (4¢,1), the generator (v, p) to (v’, p), and the generator
(w, 6) to (w’,6"). We conclude that the plane groups G and G’ are equivalent.

q Properties of T’ Shift vectors | Notation
r+4seT - a=b=0 cmm B
o a=b=0 pmm
| R e | amnb=0 |

form n,r+ n,s _ _
(n,, n, integers) a=0,b=s

a=r,b=s pgg

r+iseT p3lm

r, s form basis

1
s=r+6r=r+or p3m

r, s form basis a=b=0 p4mm

4
s=r+0r=r+or
a=r,b=0| pdmg
r, s form basis
6 s=r+60r=r+or

r=6r+ pbr a=b=0 pé6mm
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find the number s, of equivalence classes of n-dimensional space groups.
The conjecture that s, is always finite was made by Hilbert (1900) and a
proof was given by Bieberbach (1910). Before this the joint efforts of
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with a slightly different definition of equivalence, 230) and this description
of the three-dimensional space groups can be found in most textbooks on
crystallography. The fact that s, = 17 is of course implicit in this descrip-
tion; it is also to be found in the work of Fricke and Klein (1897) on auto-
morphic functions. It was stated explicitly by Polya and Niggli (1924)
who gave detailed information and pictures of patterns for each of the 17
groups, but did not publish a proof of the classification theorem. A full
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Rooks inviolate
D. F. HOLT

One of the oldest and best known of chessboard problems is to place the
largest possible number of similar pieces on the board such that no two of
these pieces are attacking each other. In his book Amusements in mathe-
matics [1], Dudeney considered this problem on a generalised square chess-
board containing n? cells, and proved that for rooks, queens and bishops
this maximum number is equal to #, n and 2n — 2 respectively.

A related problem is to find out the number of different ways in which the
pieces may be arranged on the board, subject to the ‘non-attacking condi-
tion’. In the case of rooks, it is necessary to have exactly one rook in each
row and in each column, and it is not difficult to see that the number of
ways of achieving this is n!. If, however, we insist that two arrangements are
essentially the same whenever one can be transformed into the other by a
rotation or reflection of the board, then the problem becomes much more
difficult, and was solved by Dudeney only for small values of n. The corre-
sponding problems for queens and bishops are slightly easier, and are
discussed at length in [2] and [3].

In this paper the problem will be solved, in the rook case, by an applica-
tion of a result from the theory of groups of transformations. Although
the proof of this result (the lemma below) is rather technical, it has applica-
tions to a wide range of combinatorial problems. The present case is a good



