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[Thisextract consistsof a paperon pages64 to 75 of MiscellaneousTracts..., which
is a slightly expandedversionof thepaperpublishedin PhilosophicalTransactionsof
theRoyal Societyof London49 (1755),82–93. Theoriginal pagination is shownin
square brackets. Thenotationis generally thesameas in theoriginal, exceptthat for
typographicalsimplicitya bar over an expressionis replacedby braces..., anda bar
overanexpressionjoinedto a followingvertical line is replacedbybracesfollowedby
a vertical line not joinedto them,as ...—.]

[64]

An ATTEMPTto shew theAdvantage,arising
by TakingtheMeanof aNumberof

Observations,in practicalAstronomy

ALTHOUGHthemethodpracticedby Astronomers.in orderto diminishtheerrors
arisingfrom theimperfectionsof instrumentsandof theorganof sense,by takingthe
meanof severalobservations,is of very greatutility, andalmostuniversallyfollowed,
yet it hasnot, thatI know of, beenhithertosubjectedto any kind of demonstration.

In thisEssay, somelight is attemptedto bethrown on thesubject,from mathemat-
ical principles: in orderto theapplicationof which, it seemednecessaryto lay down
thefollowing suppositions.
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1. Thatthereis nothingin theconstruction,or positionof theinstrument,whereby
the errorsare constantlymadeto tend the sameway, but that the respective
chancesfor their happeningin excess,and in deficit, areeitheraccurately, or
nearly, thesame.

2. That therearecertainassignablelimits betweenwhich all theseerrorsmay be
supposedto fall; which limits dependon thegoodnessof theinstrumentandthe
skill of theobserver.

Theseparticularsbeingpremised,I shalldeliverwhatI haveto offer onthesubject,
in thefollowing Proposition.

PROPOSITIONI.

Supposingthat theseveral chancesfor thedifferenterrors thatanysingleobserva-
tion canadmitare expressedby thetermsof theseries����� , ����� ����� , �	��
 , �	�� , ��� , ��� ,��
 , ��� , ����� ��� where theexponentsdenotethequantitiesandqualitiesof therespective
errors,andthetermsthemselves,therespectivechancesfor their happening;it is pro-
posedto determinetheprobability, or [65] odds,that theerror, by takingthemeanof
a givennumber(n) of observations, exceedsnotagivenquantity

��� ���
.

It is evidentfrom thelawsof chancethatif thegivenseries���������������	�������	��
���	���� ���!�"�#�$�%��
!�%���������&�"��� , expressingall the chancesin one observation,
be raisedto the ' th power, the termsof the seriestherebyarisingwill duly exhibit
all the proposed( ' ) observations. But in orderto raisethis power, with the greatest
facility, our given seriesmay be reducedto �����)( �*��+-,/.10	2�3��+ (by the known rule for
summingup thetermsof a geometricalprogression);whereofthe ' th power (making46587�9:� ; ) will be �	� � �<(>=	;@?A��9&BDC � (FEG;H?A��I�CJ� � ; which expanded,becomes�	� � �K? ' ��LM� � ��� � � � �#N �
 ��
1LM� � �	� � � � �#N �
 � �#N 
� ���1LM� � �	� &c. ( into ;�� ' �D� � � � ��N �
 � ��
#�� � � �#N �
 � ��N 
� ���O� � � � �#N �
 � ��N 
� � �#N �P � P � &c.

Now, to find from hencethe sumof all the chances,wherebythe excessof the
positive errorsabove thenegative ones,canamountto a givennumberQ precisely, it
will besufficient (insteadof multiplying the formerseriesby thewholeof the latter)
to multiply by suchtermsof the latteronly, asarenecessaryto theproductionof the
givenexponentQ , in question.

Thusthefirst term( ��� � � ) of the formerseries,is to bemultiplied by that termof
the secondwhoseexponentis ' 9R� Q , in orderthat the power of � , in the product,
maybe � � : but this term(putting ' 9H� Q 5TS ) will be

� � � �#N �
 � �#N 
� � �#N �P E/S#I , S being
thenumberof factors;andconsequently, that theproductunderconsiderationwill be� � �#N �
 � �#N 
� � ��N �P E/S#IU(<� � .

Again, thesecondtermof the formerseriesbeing ? ' ��LM� � � , theexponentof the
correspondingterm of the latter must thereforebe ?V4T� ' 9W� Q EX5YSZ?[4\I , and
the termit-[66]self,

� � � �#N �
 � �#N 
� E/SH?]4^I^(_�#`3��L ; which drawn into ? ' ��LM� � � , gives� � � �#N �
 � ��N 
� E/S^?�4\IV( ' � � for thesecondtermrequired.
In the like mannerthe third termof theproductwhosewholeexponentis Q , will

be found

� � � �#N �
 � �#N 
� EaS$?>7�4\I\( � � � � ��+ � . And thesumof all the terms,having the
same,givenexponent,will consequentlybe� ' ; � ' �[;7 � ' �>7b � ' � bc E/S#IU(<� �
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? ' ; � ' �[;7 � ' �>7b � ' � bc E/S^?�4\IV( ' � �� ' ; � ' �[;7 � ' �>7b � ' � bc E/S^?d7#4\IU( ' ; � ' ?>;7 � �? ' ; � ' �[;7 � ' �>7b � ' � bc E/S^? b 4\IU( ' ; � ' ?>;7 � ' ?e7b � � �
&c. &c.

From which generalexpression,by expoundingQ by f , �!; , ?�; , �@7 , ?g7 &c. suc-
cessively, the sumof the several chanceswherebythe differenceof the positive and
negative errorscanfall within the proposedlimits Eh� Q�i ? Q I will be found: which
dividedby the total of all thechances,or � � � � (e=	;\?>��9KBjC � (e=�;^?]�	BjC � � , will be
thetruemeasureof theprobabilitysought.Fromwhencetheadvantage,by takingthe
meanof severalobservations,might bemadeto appear:but this will be shewn more
properlyin thenext Proposition;which is betteradapted,andto which this is premised
asaLemma.

REMARK

If � betaken �!; , or thechancesfor thepositive,andthenegativeerrorsbesupposed
accuratelythe same;thenour expression,by expungingthe powersof � . will be the
very samewith that shewing thechancesfor throwing ' �[S pointsprecisely, with n
dice, eachdie having asmany faces( 4 ) as the resultof any singleobservation can
comeoutdifferentways.Whichmaybemadeto appear, independentof any [67] kind
of calculation,from thebareconsideration,thatthechancesof throwing,precisely, the
number Q , with ' dice, whereofthe facesof each,arenumbered?V9 , ����� ? b , ?g7 ,?�; , ? f , �!; , �@7 , � b ����� �\9 , mustbe the very sameas the chancesby which the
positiveerrorscanexceedthenegativeonesby thatprecisenumber:but theformerare,
evidently, thesameasthenumber=�9��k;�B$( ' � Q (or ' �AS ) with thesamen dice,
whenthey arenumberedin thecommonway, with thetermsof thenaturalprogression
1, 2, 3, 4, 5, andso on; becausethe numberon eachfacebeing,here, increasedby9H�[; , thewholeincreaseuponall the( ' ) faceswill beexpressedby =�9��[;�B$( ' ; so
that therewill be,now, the very samechancesfor the number =�9!�";�BR( ' � Q , as
therewasbeforefor thenumberQ ; sincethechancesfor throwing any facesassigned
will continuethesame,howeverthefacesarenumbered.

PROPOSITIONII.

Supposingtherespectivechancesfor thedifferenterrors,which anysingleobserva-
tion canadmitof, to beexpressedbythetermsof theseries�	���l�_7����3���l� b �������m�����G�=�9n�<;�B � ��� ����� b ������
j�:7#�����o���R��� (whereofthecoefficients,fromthemiddleone Ep9n�<;�I
decreasebothways,according to the termsof an arithmeticalprogression);it is pro-
posedto find the probability, or odds,that the error, by taking the meanof a given
numberEpqGI of observationsexceedsnota givenquantity

��� ���
Following the methodlaid down in the precedingproposition,the sum,or value

of the serieshereproposedwill appearto be
+�r�.�s&t3�3��+1.G0D2Gu�v ,w �3��+1x , (being the samewith

the squareof the geometricalprogression� 2, �y(>=�;g�z���z��
\�[��� �{�{�|�{� �[���	B�I . And
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the power thereofwhoseexponentis q (by making ' 5}7�q , and 4}5~9Z��; ) will
thereforebe �	�&�p�g(y=	;M?W��L�BDC � (Z=�;�?Z�	BjCJ� � 5z�	��L:? ' ��LM�&�p�M� � � � � ��
 ��
1LM���p��? &c.
into ;U� ' �\� � � .[68]

�#N �
 ��
V� � � � �#N �
 � �#N 
� ���U� &c. Which two seriesbeingthesame
with thosein theprecedingProblem(exceptingonly, that theexponentsin theformer
of themareexpressedin termsof q , insteadof ' ), it is plain, that, if S be hereput5�q�9�� Q (insteadof ' 9�� Q ) the conclusionherebroughtout will answerequally
here;andconsequentlythatthesumof all thechances,wherebytheexcessof positive
errors,above the negative errors,canamountto the number Q , precisely, will here,
also,betruly definedby� ' ; � ' �[;7 � ' �>7b � ' � bc E/S#IU(<� �? ' ; � ' �[;7 � ' �>7b � ' � bc E/S^?�4\IV( ' � �� ' ; � ' �[;7 � ' �>7b � ' � bc E/S^?d7#4\IU( ' ; � ' ?>;7 � �? ' ; � ' �[;7 � ' �>7b � ' � bc E/S^? b 4\IU( ' ; � ' ?>;7 � ' ?e7b � � �

&c. &c.

But thisgeneralexpression,asseveralof thefactorsin thenumeratorsanddenominat-
orsmutuallydestroy eachother, maybetransformedto anothermorecommodious.

Thusthequantity

� � � �#N �
 � �#N 
� E/S#I , in thefirst line, by breakingthenumeratorand
denominator, will become

'�� E ' �z;�I � E ' �]7�I � E ' � b I ����� S � EaS��z;�I � EaS��>7�I � EaS�� b I ������� EaS�� ' ?A;�I; � 7 � b � c ��������'�� E ' �[;�I � E ' �>7�I � E ' � b I ����� S
which,by equaldivision, is reducedto=�SV� ' ?A;#B � =�S�� ' ?e7DB � =�S�� ' ? b B �|�{�{� SU�z;; 7 b 5�� ?>;7 � � ?e77 � � ? bb E ' ?>;�I*�
supposing� 5�SV� ' 5zq�9@� Q � ' .

In thevery samemanner, by making S��m5�SH?�4 , and � �m5�S��K� ' EX5 � ?>4\I it
appearsthat

� � � �#N �
 � �#N 
� EaSO?W4\I [69] 5���� �o�� � ��� ��

 � ��� ���� E ' ?�;�I &c. Consequentlyour
wholegivenexpression(making� � ��5 � ?�7#4 , � � � ��? b 4 , &c.) will betransformedto�[� ?>;; � � ?e77 � � ? bb E ' ?>;�IU(<� ��[� �j?A;; � � ��?d77 � � �j? bb E ' ?>;�IU( ' � �� � � �j?A;; � � � �j?e77 � � � ��? bb E ' ?A;�I�( ' ; � ' ?A;7 � ��[� � � �j?A;; � � � � ��?e77 � � � � �K? bb E ' ?>;�I�( ' ; � ' ?>;7 � ' ?d7b � �

&c. &c.
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whichexpressionis to becontinueduntil someof thefactorsbecomenothingor negat-
ive;andwhich,with �H5 ; , is theverysamewith thatexhibiting thenumberof chances
for � points,precisely, on ' dice,eachhaving 4 faces.

And, in this case,wherethe chancesfor the errors in excessand in defectare
thesame,thesolutionis themostsimpleit canbe;since,from thechancesdetermined,
answeringto thenumber� precisely, thesumof thechancesfor all theinferiornumbers
to � , maybereadilyobtained,beinggiven(from themethodof incrementsequalto�z� ?A;; � � ?e77 � � ? bb E ' I�?A� � ?A;; � � � ?d77 � � � ? bb E ' ?>;�I�(�E ' IU( '�z� � ��?A;; � � � ��?e77 � � � �j? bb E ' IV( ' ; � ' ?A;7?>� � � �K?>;; � � � �J��?d77 � � � � �K? bb E ' IU( ' ; � ' ?>;7 � ' ?e7b � &c.

Thedifferencebetweenwhich andhalf ( 4 � ) thesumof all thechances(which differ-
enceI shalldenoteby � ) will consequentlybethetruenumberof thechanceswhereby
theerrorsin excess(or in defect)canfall within thegivenlimit ( Q ); sothat �2, L� will

bethetruemeasureof therequiredprobability, that theerror, by takingthemeanof q
observations,exceedsnot thequantity

� � proposed.
[70] But now, to illustrate this by example,from whencethe utility of the method
in practicemayclearlyappear, it will benecessary, in the first place,to assignsome
numberfor 9 , expressingthe limits of theerrorsto which any observation is subject.
Theselimits indeed(ashasbeenobserved)dependon thegoodnessof theinstrument,
andtheskill of theobserver: but I shallheresuppose,thatevery observationmaybe
reliedon, to five seconds;andthatthechances,for theseveralerrors ?g�#� � , ? c � � , ? b � � ,?g7 � � , ?�; � � , f � � , �!; � � , �@7 � � , � b � � , � c � � , �@� � � includedwithin thelimits thusassigned,are
respectively proportionalto thetermsof theseries1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1. Which
seriesis muchbetteradapted,thanif all the termswereto beequal;sinceit is highly
reasonableto suppose,thatthechancesfor therespectiveerrorsdecrease,in proportion
astheerrorsthemselvesincrease.

Theseparticularsbeingpremised,let it benow requiredto find whatprobability, or
chancefor anerrorof 1, 2, 3, 4, or 5 secondswill be,when,insteadof relyingonone,
themeanof theobservationsis taken.

Here 9 being 5�� , and q@5�� , we shall have ' EX5�7�qGI�5�;�7 , 4�Eh5�9!� ;�I�5�� ,
and � Eh5�q�9R� ' � Q IR5 c 7�� Q ; but the valueof Q , if we first seekthe chances
wherebytheerrorexceednot onesecond,will be foundfrom theequation

� � 5��!; ;
whereeithersign may be used(the chancesbeingthe same)but the negative one is
commodious:from whencewehave Q EX5�?VqGIO5�?�� ; andtherefore� 5 b � , � ��5 b f ,� � �&5k7 c , &c.

Whichvaluesbeingsubstitutedin thegeneralexpressionabovedetermined,it will
become�1�� � � P
 � �-�� � EG;�7�IM? 
-�� � 
1�
 � 
1�� E�;�7�I�(�;�7V� 
-�� � 
-

 � 
*�� EG;�7�I�( ���^? ���� � ��¡
 � �G�� E�;�7�IO(7�7 f 5k7#¢�¢��	£�� b ��¤ : andthissubtractedfrom1088391168( 5 �
 (U� �G
 ) leaves78881480,
for thevalueof � corresponding:thereforetherequiredprobability that theerror, by
takingthemeanof thesix observations,exceedsnotasinglesecond, will betruly meas-
uredby thefraction �-�1�-�3� P �G����3�1�-�1�*�-��¡-� ; andconsequentlytheodds[71] will beas78881480to
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299576368or nearas 7 �
 to1. But theodds,or proportion,whenonesingleobservation
is taken,is only as16 to 20,or as ���� to 1.

To determine,now, theprobabilitythattheresultcomeswithin two secondsof the
truth, let

� � bemade 5�?g7 ; soshall Q Eh5�?g7�qGIg5�?�;�7 ; therefore� 5 b f , � ��5�7 c ,� � � 5¥;�¤ , &c. andour generalexpressionwill herecomeout = 36079407;whence� 5¦; f ��7 b ;�;�£��K; . Consequently���-�-
1�*�-���-¡3����-�-�1�-�*�1�G¡1� will be the true measureof the prob-
ability sought: andthe odds,or proportionof the chances,will thereforebe that of
1052311761to 36079407,or as29 to 1, nearly. But theproportion,or odds,whena
singleobservationis taken,is only as2 to 1: sothatthechancefor anerrorexceeding
two seconds,is not ���� th partsogreat,from themeanof six, asfrom onesingleobser-
vation.And it will befoundin thesamemanner, thatthechancefor anerrorexceeding
threesecondsis not here ����1�-� th partsogreatasit will be from oneobservationonly.
Uponthewholeof which it appears,that,thetakingof themeanof anumberof obser-
vationsgreatlydiminishesthechancesfor all thesmallererrors,andcutsoff almostall
possibilityof any largeones:whichlastconsiderationaloneis sufficientto recommend
theuseof themethod,not only to Astronomers, but to all Othersconcernedin making
experiments,or observationsof any kind, whichwill allow of beingrepeatedunderthe
samecircumstances.

In theprecedingcalculations,thedifferenterrorsto which any observationis sup-
posedsubject,are restrainedto whole quantities,or a certain, precise,numberof
seconds;it beingimpossible,from themostexactinstruments,to take off thequantity
of an angleto a geometricalexactness.But I shall now show how the chancesmay
be computed,whenthe error admitsof any valuewhatever, whole or broken,within
theproposedlimits, or whenthe resultof eachobservation is supposedto beexactly
known. [72][ ‘Fig. 20’ in the margin at this point] Let, then, the line AB represent
thewholeextentof thegiveninterval, within which all theobservationsaresupposed
to fall; andconceive the sameto be divided into an exceedinggreatnumberof very
small, equalparticles,by perpendicularsterminatingin the sidesAD, BD of an iso-
celestriangleABD formedby thebaseAB: andlet theprobabilityor chancewhereby
theresultof any observationtendsto fall within any of thesevery small intervalsN ' ,
beproportionalto thecorrespondingareaNM Q<' , or to theperpendicularNM; then,
sincethesechances(or areas)reckoningfrom theextremesA andB. increaseaccord-
ing to the termsof the arithmeticalprogression1, 2, 3, 4, &c. it is evident that the
caseis herethe samewith that in the latter part of Prop. II; only, as the number9 (expressingthe particlesin AC or BC) is indefinitely great,all (finite) quantities
joined to v, or its multiples,with the signsof additionor subtraction,will herevan-
ish, asbeingnothingin comparisonto 9 . By which meansthegeneralexpression�§ � ��� � � ��

 � � ���� E ' I�?���� ��� � ��� ��

 � ��� ���� E ' I�( ' �%��� � �o�� � ��� � ��

 � ��� � ���� E ' I�( '�� � �o�
 i-¨�©�� ª
there determined,will here become� � � � 
 � � � E ' Im? ���� � ���
 � �� � E ' Ig( ' , &c. 5 ��*« 
�« ��« P w � x (= � � ? ' � � � � '�� � �o�
 � � � � ? '�� � �o�
 � � ��
� � � � � , &c. (wherein� 5zq�9M¬ Q , � �&5 � ? Q , � � �&5� ?$7#9 , � � � ��5 � ? b 9 , &c.) andtherefore,thevalueof � in thepresentcasebeing �
 9 � ?��*« 
�« � w � x () � � ? '�� = � ?�9&BDC � � '�� � ��
 � = � ?e7�9&BDC � i &c. ® it is evidentthattheprobab-

ility
§ �2, � � ª of theerror’snotexceedingthequantity

� � (in takingthemeanof q obser-

vations)will truly bedeformedby ;	? 
�*« 
�« � w � x (  � � ?A; ®n¯¯
� ? ' (  ' (  � � ?A; ®�®�® C � �
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� � � � ��
 ( o� � ?e7 ® ¯¯
� i &c. whichmaywhichmayberepresentedby thecurvilineararea

CNFE,cor-[73]respondingto thegivenvalueor abscissaCN ( 5 � � ). Now, thoughthe
number9 , � , andQ are,all of them,heresupposedtobeindefinitelygreat,yetthey may
beexterminated,andthevalueof theexpressiondetermined,from theirknownrelation
to oneanother. For if thegivenratioof

� � to 9 of CN to CA, beexpressedasthatof ° to
1,or, whichis thesame,if theerrorin questionbesupposedthe ° partof thegreatester-
ror; thenQ being 5zq�9 ° , � ( 5Fq�9K¬ Q ) will be 5[q�9K¬^q�9 ° , andtherefore� � 5Fq#(V=	;�¬ ° B ;
which let be denotedby ± : then, by substitution,our last expressionwill become;�? 
�3« 
�« � w � x () ± � ? ' = ± ?>;�BDC � � � � � � ��
 � = ± ?e7DBjC � ? � � � � �o�
 � � ��
� � = ± ? b BjC � i &c. ®
whichseriesis to becontinuedtill thequantities± , ± ?e; , ± ?_7 , &c. becomenegative.

As anexampleof what is above delivered,let it benow requiredto find theprob-
ability, or oddsthat the error, by taking the meanof six observations,exceedsnot a
singlesecond;supposing(as in the former example)that the greatesterror, that any
observationcanadmitof, is limited to fiveseconds.

Hereq being 5[� , ' EX5k7�qGI�5 ;�7 , and° 5 �� , wehave ± Eh5zqD(^=�;K? ° B�I�5 c i ¤ ; and
thereforetheprobabilitywill beequalto ;O? 
�*« 
�« � w �G
-x ()=�= c i ¤jBjC �G
�?e=	;�7�( b i ¤�BDC ��
��=����$( 7 i ¤jBDC �G
m?]=�7�7$(�; i ¤�BDC ��
�� c ¢��$( fKi ¤jBjC �G
�B^5 f�i £#����¤ , nearly;sothattheodds,
thattheerrorexceedsnot a singlesecond,will beas0,7768to 0,2332;which is more
thanthreeto one.But theproportion,whenonesingleobservationis reliedon, is only
as36 to 64,or as9 to 19. In thesamemanner, taking ° 5 
� , it will befound,that[74]
theodds,of theerror’snot exceedingtwo seconds,whenthemeanof six observations
is taken,will beas0,985to 0,015,nearly, or as65 to 1; whereastheoddsononesingle
observation,is only as6 4 to 36, or as ���� to 1: so that thechancefor anerrorof two
secondsis not �
G� th partsogreat,from themeanof six, asfrom onesingleobservation.
And it will fartherappear, by making ° 5 b , that theprobabilityof anerrorof three
seconds,here,is not �� P �-� th partsogreatasfrom onesingleobservation:sothatin this,
aswell asin theformerhypothesis,almostall probabilitiesof any largeerroris cutoff.
And the casewill be found the same,whatever the hypothesisis assumedto express
thechancesfor theerrorsto whichany singleobservationis subject.

From thesamegeneralexpressionby which the foregoingpropertiesarederived,
it will beeasyto determinetheodds,thatthemeanof a givennumberof observations
is nearerto the truth thanonesingleobservation,taken indifferently. For, if ² beputEX5�;V? ° I_5�³� , and ´ 5 � � , then,y being 5Fq ² , thequantity7; � 7 � b E ' I (>µ ± � ? '�� = ± ?>;�BDC � � '�� ' ?A;7 � = ± ?e7DBjC � i &c. ¶
(expressingthe probability that the result falls within the distance² of the greatest
limit) will here,by substitution,become7�q �; � 7 � b E ' I ( µ ² � ? '�� = ² ? ´ BjC � � '�� ' ?>;7 � = ² ?d7 ´ BjC � i &c. ¶
which, in thecaseof onesingleobservation(when qm5�; , and ' 5k7 ) is barely ² 
 , and
its fluxion 7 ²V·² : therefore,if wenow multiply by 7 ²U·² , theproduct7#q �; � 7 � b E ' I (>µ ² �#N � ·² ? '�� = ² ? ´ BDC � � ²U·² � '�� ' ?>;7 � = ² ?d7 ´ BjC � ²U·²ji &c. ¶
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will givethefluxionof theprobabilitythattheresultof q observationsis fartherfromthe
truth,or nearerto thelimits, thanonesingleobservationtakenindifferently. And con-

sequentlythefluentthereof,whichis
P � ��3« 
�« � w � x into ¸ � 0�,�#N 
 [75] ? � � (\¹Uº « t ¸ � º u�v � 0D2�#N � � t ¸ � º u�v � 0�,��N 
 » �� � � � ��
 ( ¹ 
 º « t ¸ ��
 º u�v � 0	2�#N � � t ¸ ��
 º u�v � 0�,��N 
 » &c. will, when ² 5�; , bethetruemeasureof

theprobabilityitself which in thecaseaboveproposed,whereq�5%� and ' 5�;�7 , will
be found 5 fKi 7 c � , andconsequently, the oddsthat the meanof six, is nearerto the
truth thanonesingleobservation,as755to 245,or as151to 49.
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