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quodque folum, certa nitri figna prebere, fed plura
concurrere debere, ut de vero nitro produdto dubium

non relinquatur,

LII. An Effay towards folving a Problem in
the Doflrine of Chances. By the late Rev.
Mpr. Bayes, F. R. S. communicated by Mr.
Price, in a Letter to John Canton, A. M.
F.R.S. |

- Dear Sir,

Read Dec. 23, J Now fend you an effay which I have

1763 I found among the papers of our de-
ceafed friend Mr. Bayes, and which, in my opinion,
has great merit, and well deferves to be preferved.
Experimental philofophy, you will find, is nearly in-
terefted in the fubject of it; and on this account there
feems to be particular reafon for thinking that a com-
munication of it to the Royal Society cannot be im-
proper.

He had, you know, the honour of being a mem-
bet of that illuftrious Society, and was much eftecem~
ed by many in it as a very able mathematician. Inan
introduéion which he has writ to this Effay, he fays,
that his defign at firft in thinking on the fubje of it
was, to find out a method by which we might judge
concerning the probability that an event has to hap-
pen, in given circumftances, upon fuppofition that we
know nothing concerning it but that, under thp fame

: circum-
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circumftances, it has happened a certain number of
times, and failed a certain other number of times,
He adds, that he foon perceived that it would not be
very difficult to do this, provided fome rule could be
found according to which we ought to eftimate the
chance that the probability for the happening of an
event perfectly unknown, fhould lie between any two
named degrees of probability, antecedently to any ex-
periments made about it ; and that it appeared to him
that the rule muft be to fuppofe the chance the fame
that it fhould lie between any two equidifferent de-
grees ; which, if it were allowed, all the reft might
be eafily calculated in the common method of pro-
ceeding in the doétrine of chances. Accordingly, I
find among his papers a very ingenious folution of this
problem in this way. But he afterwards confidered,
that the poffulate on which he had argued might not
perhaps be looked upon by all ‘as reafonable; and
therefore he chofe to lay down in another form the
propofition in which he thought the folution of the
roblem is contained, and in a fcholium to fubjoin the
reafons why he thought {o, rather than to take into
his mathematical reafoning any. thing that might ad-
mit difpute.- This, you will obferve, is the method

which he has purfued in this eflay. :
Every judicious perfon will be fenfible that the
problem now mentioned is by no means merely a
curious fpeculation in the dotrine of chances, but ne-
ceflary to be folved in order to a fure foundation for all
our reafonings concerning paft faéts, and what is likely
to be hereafter, Common fenfe is indeed fufficient
to thew us that, from the obfervation of what has in

former inftances been the confequence of a certain
5 - caufe
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caufe or aftion, one may make a judgment what is

likely to be the confequence of it another time, and

that the larger number of experiments we have to
fupport a conclufion, fo much the more reafon we

have to take it for granted. But it is certain that we

cannot determine, at leaft not to any nicety, in what

degree repeated  experiments confirm a conclufion,

without the particular difcuffion of the beforementi-

oned problem ; which, therefore, is neceflary o be con-

fidered by any one who would give a clear account of
the ftrength of analogical or indutlive reafoning ; con-

cerning, which at prefent, we feem to know little more

than that it does fometimes in faé convince us, and

at other times not’; and that, as it is the means of
cquainting us with many truths, of which otherwife

we muft have been ignorant; foitis, in all proba-
bility, the fource of many errors, which perhaps

might in fome meafure be avoided, if the force that
this fort of reafoning ought to have with us were more
diftinétly and clearly underftood. :

Thefe obfervations prove that the problem enquired
after in this effay is no lefs important than it is cari-
ous. It may be fafely added, I fancy, that it is alfo
a problem that has never before been folved. Mr.
De Moivre, indeed, the -great improver of this part
of mathematics; has in his Laws of chance *, after Ber-
noulli, and to a greater degree of exaltnefs, given
rules to find the probability there is, that if a very
great number of trials be made concerning any event,

* See Mr. De Moivre's Dodtrine of Chances, p. 243, &e. He
has omitted the demaonftrations of his rules, but thefe have been
fince fupplied by Mr. Simpfon at the conclufion of his treatife
on The Naturs and Laws of Chance. : ' "

' the
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the proportion of the number of times it will hap-
pen, to the number of times it will fail in thofe tri-
als, thould differ lefs than by fmall afligned limits
from the proportion of the probability of its happen-
ing to the probability of its failing in one fingle trial.
But I know of no perfon who has thewn how to de-
duce the folution of the converfe problem to this;
namely, < the number of times an unknown event
“ has happened andfailed being given, to-find the
¢ chance that the probability of its happening thould
“ lie fomewhere between any two named degrees of
« probability.” What Mr. De Moivre has done
therefore cannot be thought fufficient to make the
confideration of this point unneceflary : efpecially, as
the rules he has given are not pretended to be rigo-
roufly exalt, except on fuppofition that the number
of trials made are infinite ; from whence it is not ob-
vious how large the number of trials muft be in or-
der to make them exa& enough to be depended on
in praltice. L _

Mr. De Moivre calls the problem he has thus olv-
ed, the hardeft that can be propofed on the fubje&
of chance. His folution he has applied to a very
important purpofe, and thereby fhewn that thofe
a remuch mittaken who have infinuated that the Doc-
trine of Chances in mathematics is of trivial confe-
quence, and cannot have a place in any {erious enqui-

*, The purpofe I mean is, to fhew what reafon
we have for believing that there are in the conflitution
of things fixt laws according to which events happen,
and that, therefore, the frame of the world muit be

* See his Da&_rine of Chances, p. 252;' &e. o
Vor. LI, Ccc the
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the effe& of the wifdom and power of an intelligent
caufe; and thus to confirm the argument taken from
final caufes for the exiftence of the Deity. It will be
eafy to fee that the converfe problem folved in this
effay is more directly applicable to this purpofe ; for
it thews us, with diftinétnefs and precifion, in every
cafe of any particular order or recurrency of events,
what reafon there is to think that fuch recurrency or
order is derived from ftable caufes or regulations inna«
ture, and not from any of the irregularities of chance.

The two laft rules in this effay are given without
the deductions of them. I have chofen to do this
becaufe thefe deduftions, taking up a good deal of
room, would fwell the effay too much ; and alfo be-
caufe thefe rules, though of confiderable ufe, do not
anfwer the purpofe for which they are given as per-
feGily as could be withed. They are however
ready to be produced, if a communication of them
thould be thought proper. I have in fome places
writ fhort notes, and to the whole I have added an
application of the rules in the eflay to fome particu~
lar cafes, in order to convey a clearer idea of the na-
ture of the problem, and to fhew how far the folu-
tion of it has been carried.

1 am fenfible that your time is fo much taken up
that I cannot reafonably expe& that you fhould mi-
nutely examine every part of what I now fend you.
Some of the calculations, particularly in the Appen-
dix, no one can make without a good deal of labour.
I have taken fo much care about them, that [ believe
there can be no tnaterial error in any of them ; but
thould there be any fuch errors, I am the only per-
fon who ought to be confidered as anfwerable for
them,

Mr.



[ 375 ]

Mr. Bayes has thought fit to begin his work with
a brief demonfiration of the general laws of chance.
His reafon for doing this, as he fays in his introduc-
tion, was not merely that his reader might not have
the trouble of fearching elfewhere for the principles
on which he has argued, but becaufe he did not know
whither to reféer him for a clear demonfiration of
them. He has alfo made an apology for the peculiar
definition he has given of the word chance or g)ra&d-
bilsty. His defign herein was to cut off all difpute
abont the meaning of the word, which in common
language is ufed in different fenfes by perfons of difa
ferent opinions, and according as it is applied to paff
or future falts. But whatever different fenfes it may
have, all (he obferves) wiil allow that an expe@ation
depending on the truth of any paff fa&k, or the hap-
pening of any future event, ought to be eftimated o
much the more valuable as the fa& is more likely to
be true, or the event more likely to happen. Inftead
therefore, of the proper fenfe of the word probabi-
lity, he has given that which all will allow to be its
roper meafure in every cafe where the word is ufed.
ut it is time to conclude this letter. Experimental
philofophy is indebted to you for feveral difcoveries
and improvements; and, therefore, I canmot help
thinking that there is a peculiar propriety in direct-
ing to you the following eflay and appendix. That
your enquiries may be rewarded with many further
fuccefles, and that you may enjoy every every valuable
blefling, is the fincere with of, Sir,
your very humble fervant,

Newington-Green : : . ‘e v
Nov.g;o, 1763, ? . ' Rl_ChaI'd_ Price.

Ccec2 SEC-
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PROBLEM,

Grven the number of times in which an unknown
event has happened and failed: Reguired the chance
that the probability of its happening in a fingle trial
lies fomewhere between any two degrees of pro-
bability that can be named.

SECTION L

EFINITION 1. Several events are za-
confiffent, when if one of them happens, none
of the reft can.

2. T'wo events ate contrary when one, or other of
them muft; and both together cannot happen..

3. Anevent is. faid to fai/, when it cannot hap-
pen; or, which comes to the fame thing, when its con-~
trary has happened.

4. An event is faid to be dctermmcd when it has
either happened or failed.

5. The probability of any event is the ratio between
the value at which an expeation depending on the
happening of the event ought to be computed and
the value of the thing expected upon it’s happening.

6. By chance I mean the fame as probability.

. Events are independent when the happening of '
any one of them does neither increale nor abate the
probability of the reft.

PROP. 1.

When feveral events are inconfiftent the probabil-
ty of the happening of one or other of them is the
fum of the probabilities of each of them.

. ' Suppofe



Suppofe there be three fuch events, and which ever
of them happens I am to receive N, and that the pro-
bability of the 1ft, 2d; and 3d are refpeively %
% qu Then (by the definition of probability) the va-
lue of my expeftation from the 1ft will be 4, from
the 2d 4, and from the 3d ¢. Wherefore the value
of my expeftations from all three will be 24- 4 4- c.
But the fum of my expeltations from all three is in
this cafe an expeétation of receiving N upon the hap-
pening of one or other of them. Wherefore (by de-
finition g) the probability of one or other of them is

a_i;Jr - or §+%+F}' The fum of the proba-~

bilities of each of them.

Corollary. If it be certain that one or other
of the three events muft happen, thene -4+ ¢
== N.  For in this cafe all the expeétations to-
gether amounting to a certain expetation of re-
ceiving N, their values together muft be equal
to N.  And from hence it is plain that the proba-
hility of an event added to the probability of its fai-
lure (or of its contrary) is the ratio of equality. For
thefe are two inconfiftent events, one of which ne~
ceflarily happens. Wherefore if the probability of
' N-P

5

: . P ) ] .
an event is — that of it’s failure will be

N
PROP 2

If a perfon has an expeétation depending on the
happening of an event, the probability of the event
is to the probability of its failure as his lofs if it fails to

his gain if it happens.
Suppofe a perfon has an expeétation of receiving
N, depending on an event the probability of which
1§
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is ;-. Then (by definition 5) the value of his ex-
pedtation is P, and therefore if the event fail, he lofes
that which in value is P ; and if it happens he re-
ceives N, but his expectation ceafes. His gain there-
fore is N—P. Likewife fince the probability of the

ev;?i :ri; %, that of its failure (by corollary prop. 1)
N
the probability of the event is to the probability of it’s
failure, as his lofs if it fails to his gain if it happens.

1s

P, N-—-P . .
Butﬁ-xs to —— as P is to N—DP, 1 e

PROP 3.

The probability that two fubfequent events wiil
‘both happen is a ratio compounded of the probabi-
lity of the 1ft, and the probability of the 2d on fup-
pofition the 1t happens.

Suppofe that, if both events happen, I am to receive

N, that the probability both will happen is % , that
the 1ft will is _I% (and confequently that the 1t will
not is E;T_f) and that the 2d will happen upon fup-
pofition the 1t doesis & Then (by definition 5) P

will be the value of my expectation, which will be-
come 4 if the 1ft happens. Confequently if the 1t
happens, my gain by it is &P, and if it fails my lofs

is P. Wherefore, by the foregoing propofition, ﬁ- isto
Eﬁ——a, i.e. aisto Ne—z as P is to &~P. Where-
fore (componendo inverfe) aisto N as P isto .
But the ratio of P to N is compounded of the ratio
of P to 4, and that of & to N. Wherefore the

5 fame
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fame ratio of P to N is compounded of the ratio of
2to N and that of & to N, i.e. the probability that
the two fubfequent events will both happen is com-
pounded of the probability of the 1ft and the proba-
bility of the 2d on fuppofition the 1ft happens.
Corollary. Hence if of two fubfequent events the

probability of the 1ft be —;-:I—, and the probability of
both together be %—, then the probability of the 2d
on fuppefition the it happens is -E.

PROP 4.

If there be two fubfequent events to be determined
every day, and each day the probability of the 2d is

I% and the probability of both é, a_ndI_ani__ to re-

ceive N if both the events happen the 1ft day on
which the 2d does; I fay, according to thefe con-
ditions, the probability of my obtaining N is . For
if not, let the probability of my obtaining N be %

and let y be to ¥ as N—~to N. Then fince % is the

probability of my obtaining N (by definition 1) x is
the value of my expeCtation. And again, becaufe ac-
cotding to the foregoing conditions the 1{t day I have
an expetation of obtaining N depending on the hap-
pening of both the events together, the probability of
which is ;—, the value of this expectation is P. Like-
wife, if this coincident fhould not happen I have an
expectation of being reinftated in my former circum-
ftances, i.e. of receiving that which in value is x de-

' pending
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pending on the failure of the 2d event the probability
of which (by cor. prop. I). is ¥ orJ—;, becaufe y is
to x as N—5 to N. Wherefore fince x is the thing
expected and'é the probability of obtaining it, the

value of this expettation is y. But thefe two laft ex-
pedations together are evidently the fame with my
original expetation, the value of which is x, and
therefore P {- y —=x. But y is to x as N—é is to N.

Wherefore x is to P as N is to 4, and %(thc
probability of my obtaining N) is E

Cor. Suppofe after the expetation given me in the
foregoing propofition, and before it is at all known
whether the 1ft event has happened or not, I fhould
find that the 2d event has happened ; from hence I
can only infer that the event is determined on which
my expeéiation depended, and have no reafon to
efteem the value of my expectation either greater or
lefs than it was before. For if I have reafon to think
it lefs, it would be reafonable for me to give fomething
to be reinftated in my former circumftances, and
this over and over again as often as I fhould be in-
formed that the 2d event had happened, which is evi-
dently abfurd.  And the like abfurdity plainty follows
if you fay I ought to fet a greater value on my expec-.
tation than before, for then it would be reafonable for
me to refufe fomething if offered me upon condition
I would relinquith it, and be reinftated in my former
circumftances ; and this likewife over and over again
as often as (nothing being known concerning the 11t
event) it thould appear that the 2d had happened.
Notwithftanding therefore this difcovery that the 2d

_ : event
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event has happened, my expe&ation ought to be
cfteemed the fame in value as before, i. e. x,
and confequently the probability of my obtaining
N is (by definition §) flill & or > * But after this
difcovery the probability of my obtaining N is the pro-
bability that the 11t of two fubfequent events has hap-
pened uponthe fuppofition that the 2d has, whofe pro-
babilities were as before {pecified,. But the probability
that an event has happened is the fame 2s the proba-
bility 1 have to guels right if I gue(s it has happened,
Wherefore the following propofition is evident.

PROP. ;.
If there be two ﬁibfeqlient events, the probability

of the 2d Z-and the probability of both together =,

and it being 11t difcovered that the 2d event has hap-
pened, from hence I guefs that the 1t event has al-

fo happened, - the probability I am in the-z.'ight.'_.isg'f--
' PR OP

* What is here {aid may perhaps be a littie illuftrated by con-
fidering that all that can be loft by the happening of the 2d event
is the chance I thould have had of being reinftated in my former:
circumftances, if the event on which my expeétation depended had.
been determined in the manper exprefled in the propofition, Bue
this chance is always as much again/f me as it is for me, If the
1& event happens, it is 4gainfl me, and equal to the chance for
the 2d event’s failing. If the 1ft event. does not bappen, it is
Jor me, and equal alfo to the chance for the 2d event’s failing.
The lofs of it, therefore, can be no difzdvantage.

+ What is proved by My, Bayes in this and the preceding pro-
pofition is the fame with the anfwer to the following quettion,

What is the probability that a certain event, when it happens, will
Vor. LIII, Ddd e
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PR OP. 4.

The probability that feveral independent events
thall all happen is a ratio compounded of the proba-
bilities of each. '

For from the nature of independent events, the
probability that any one happens is not altered by the
happening or failing of any of the reft, and confe-
quently the probability that the 2d event happens on
fuppofition the 1ft does is the fame with its original
probability ; but the probability that any two events
happen is a ratio compounded of the probability of the
11t event, and the probability of the 2d on fuppofition
the 1fthappens by prop. 3. Wherefore the probability
that any two independent events both happen is a ra-
tio compounded of the probability of the 1t and the
probability of the 2d. And in like manner confidering
the 1it and 2d event together as one event ; the proba-
bility that three independent events all happen is a ratio
compounded of the probability that the two 1ft both,
happen and the probability of the 3d. And thus you

be accompanied with another to be determined at the fame time ?
In this cale, as one of the events is given, nothing can be due
for the expeltation of it; and, confequently, the value of an cx-
peétation depending on the happening of both events muft be the
- fame with the value of an expeétation depending on the happen-
ing of ane of them. In otber words; the probability that, when
one of two events happens, the other will, is the fame with the
prabability of this other. Call » then the probability of this

other, and if fTr be the probability of the given event, and %
the probability of both, bccaufe{? =g Xaya = £ — thepro-

5
bability mentioned in thefe propofitions.
may
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may proceed if there be ever fo many fuch events;
from whence the propofition is manifeft.

- Cor, 1. If there be feveral independent events, the
probability that the rft happens the -2d fails, the 3d
fails and the 4th happens, &c. is a ratio compound-
ed of the probability of the 1ft, and the probability
of the failure of the 2d, and the probability of the
failure of the 3d, and the probability of the 4th, &c.
For the failure of an event may always be confidered
as the happening of its contrary. -

Cor. 2. If there be feveral independent events, and |
the probability of each one be 4, and that of its fail-
ing be 4, the probability that the 1ft happens and the
2d fails, and the 3d fails and the 4th happens, &c.
will be adéa, &c. For, according to the algebraic
way of notation, if # denote any ratio and 4 another,
abba denotes the ratio compounded of the ratios
a, b, b, a. This corollary therefore is only a particular
cafe of the foregoing, : _

Definition. - If in confequence of certain data
there arifes a probability that a certain event thould .
happen, its happening or failing, in confequence
of thefe data, I call it's happening or failing in
the 1ft trial. And if the fame data be again re-.
repeated, the happening or failing of the event in
confequence of them 1 call its happening or failing
in the 2d trial ; and o on as often as the fame data
are repeated.  And hence it is manifelt that the hap-
pening or failing of the fame event in {0 many diffg..
trials, is in reality the happening or failing of fo
many diftin® independent events exactly fimilar to
each other. '

Ddd 2 PR OP,
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PROP. ~

If the probability of an event be a, and that of its
failure be & in each fingle trial, the probability of its
happening p times, and failing ¢ times in p} ¢ trials
is E g' 4 if E be the coefficient of the term in which
occurs &' & when the binomial z -3}t is ex-
panded. '

For the happening or failing of an event in differ-
ent trials are fo many independent events, Where-
fore (by cor. 2. prop. 6.} the probability that the event
happens the 1ft ¢rial, fails the 2d and 3d, and hap-
pens the 4th, fails the gth, &ec. (thus happening and
failing till the number of times it happens be p and
the number it fails be ¢) is abbab &e. till the
number of 4’s be p and the number of &'s be ¢, that
is; ’tis &' #. In like manner if you confider the event
as happening p times and failing ¢ times in any other

‘particular - order, the probability for it is #° 4'; but
the number of different orders according to which an
event may happen or fail, {o as in all to happen p
times and fail ¢, in p -+ ¢ trials is equal to the num-
ber of permutations that 2eaa 544 admit of when
the number of &'s is p, and the number of #'s is ¢.
And this number is equal to E, the coefficient of the
term in which accurs 4 4 when 2 - ) PF1ig exa
panded. The event therefore may happen p times
and fail ¢ in p 4 g trials E different ways and no
more, and its happening and failing thefe feveral dif-
ferent ways are fo many inconfiftent events, the pro-

bability for each of which is 4# 47, and therefore by
prop.



[ 385 ]

prop. I. the probability that fome way or other it
happens p times and fails ¢ times in p -}-g¢ trials is
E af 44

SECTION IL

Poftulate. 1. T Suppofe the fquare table or plane
ABCD to be fo made and levelled, that if either
of the balls ¢ or W' be thrown upon it, there fhall
be the fame probability that it refls upon any one
equal part of the plane as another, and that it muft
neceffarily reft fomewhere upon it. _

2. 1 fuppofe that the ball W (hall be 1t thrown,
and through the point where it refts a line o5 thall be
drawn parallel to AD, and meeting CD and AB in
s and ¢; and that afterwards the baill O fhaill be
thrown p 4 ¢ or n.times, and that its refting between
AD and os after a fingle throw be called the hap-
pening of the event M in a fingle trial, Thefe things
fuppoted,

- Lem. 1. The proba-c Fe SHI Kel:
bility that the point o : :

will fall between any
two points in the line
A B 15 the ratio of the
diftance between the
two points to the whole

line AB. :

Let any two points E I
be named, as fand s | 1} i |, '
in the line AB, andB B Qe o C,{:_ A,

through them parallel EANEI S _
to AD draw fF, 6L | \{ 7o
meeting CD in Fand Wl N/ i/

L. Then if the re@- e

angles Cf, F4, LA are come
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commenfurable to each other, they may each be di-
vided into the fame equal paris, which being done,
and the ball W thrown, the probability it will reft
fomewhere upon any number of thefe equal parts
will be the fum of . the probabilities it has to reft upon
each onc of them, becaufe its refling upon any differ-
ent parts of the plane A C are fo many tnconfiftent
events ; and this fumn, becaufe the probability it fhould
reft upon any one equal part as another is the fame, is
the probability it thould reft upon any one equal past
multiplied by the number of parts. Confequently, the
probability there is that the ball W thouid reft fome-
where upon F 4 is the probability it has to reft upon one
equal part multiplied by the number of equal parts in F4;
and the probability it refts fomewhere upon Cf or LA,
i.e, thatit dont reft upon F 4 (becaufe it muft reft fome-
where-upon A C) is the probability it refts upon one
equal part multiplied by the number of equal parts in
C# LA taken together. Wherefore, the probability
it refts upon F& is to the probability it dont as the
number of equal parts in ¥'2 is to the number of
equal parts in Cf, L A together, oras Fb to Cf,
L A together, or as f 4 to Bf, Ab together. Where-
fore the probability it reft upon F 4 1s to the proba-
bility it dontas 4 to Bf, AJ together. And (com-
ponends inverfe) the probability it refts upon F 4 is to
the probubility it refts upon F 4 added to the proba-
bility it dont, ‘as f4 to A B, oras the ratio of f4 to
A B to the ratioof AB to AB. But the probabi-
lity of any event added to the probability of its failure
s the ratio of equality ; wherefore, the probability it
reft upon F 4 is to the ratio of equality as the ratio of
fb to AB tothe ratioof AB to AB, or the ratio

of equality; and therefore the probability it reft upf?rz
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F b istheratio of /6 to AB. But ex byputhefi ac-
cordmg as the ball W falls upon F 4 or not the
point -0 will lie between Jand 4 or not, and there-
fore the probability the point o will lie between f and
&is the ratio of f4 to AB.

Again; if the reQangles Cf, F§, LA are not
commenfurable, yet the laft mentioned probability.
can be neither greater nor lefs than the ratio of f4 to
AB; for,if it bele(s, letit be the ratio of fe to AB,
and upon the line 4 take the points p and ¢ fo
that p# fhall be greater than f¢, and the three lines
Bp, pt, £ A commenfurable (which it is evident may
be always done by dividing A B into equal parts lefs
than half ¢4, and taking p and # the neareft points
of divifion to f and ¢ that lie upon f2). - Then
“becaufe Bp, p#, £ A are commenfurable, {0 are the
reCtangles Cp, Dz‘ and that upon p 7 compleatmg
the fquare AB. Wherefore, by what has been faid,
the probability that the point o will lie between p and
¢ is the ratio of p£to A B. But if it lies between p
and ¢ it muft lie between f and 4. Wherefore, the
probability it fhould lie between f and 4 cannot be
lefs than the ratio.of p/ to A B, and therefore muft
be greater than the ratio of fc to AB (fince p# is
greater than f¢). And after the fame manner you
‘may prove that the forementioned probability cannot
be greater than the ratio of f4 to A B, it muft there~
fore be the fame.

Lem. 2. The ball W having been thrown, and
the line o drawn, the probability of the event M
in a fingle trial is the ratio of Ao to AB.

For, in the fame manner as in the foregoing lem-

ma, the probability that the ball ¢ being thrown {hall
. reft



[ 388 ]

reft fomewhere upon Do or between AD and so is
is the ratio of Ao to AB. But the refting of the
ball ¢ between AD and se after a fingle throw is
the happening of the event M in a fingle trial.
Wherefore the lemma is manifeft. :

PROP &

If upon BA you ereft the figure BghikmA
whofe property is this, that (the bafe BA being di-
vided into any two parts, as A, and B4 and at the
point of divifion 4 a perpendicular being erected and
terminated by the figure in m; and y, x, » repre-
fenting refpectively the ratio of bm, Aé, and Bé to
A B, and E being the the coefficient of the term in
which occurs @ 4% when the binomial 24177 is

expanded) y =E x? #%. I fay that before the ball W
is thrown, the probability the point ¢ thould fall be-
tween f and 4, any two points named in the line
A B, and withall that the event M thould happen p
times and fail ¢ in p -4~ ¢ trials, is the ratio of
fghikmb, the part of the figure BghikmA in-
‘tercepted between the perpendiculars fg, bm raifed
upon the line A B, to CA the {quare upon A B.

DEMONSTRATION.

For if not; 1ft let it be the ratio of D a figure
greater than fghikmb to CA, and through the
points ¢, d, ¢ draw perpendiculars to f4 meeting the
curve AmigB In 4,7, &; the point 4 being fo
placed that 4+ {hall be the longeft of the perpendi-

5 culars



[ 389 ]

culars terminated by the line f4, and the carve
AmigB; and the points ¢, 4, ¢ being fo many and
{o placed that the rectangles, 4%, ¢z, ¢i, fb taken
together thall differ les from fghikmb than D
does ; all which may be eafily done by the help of the
equation of the curve, and the difterence between D
and the figure fghikmb given. Then fince 47 is
the longeft of the perpendicular ordinates that infift
upon f4, the reft will gradually decreafe as they are
farther and farther from it on each fide, as appears
from the conftruction of the figure, and confequently
eb is greater than g f or any other ordinate that in-
fifts upon ¢ £ :

Now if Ao were equal to Ae, then by lem. 2.
the probability of the event M in a fingle trial would
be the ratio of Ae.to A B, and confequently by cor.
Prop. 1. the probability of it's failure would be the
ratio of Be to AB. Wherefore, if x and » be the
two forementioned ratios refpetively, by Prop. 7. the
probability of the event M happening p times and
failing ¢ in p ¢ trials would be Ex? »?, But x
and r being refpedtively the ratios of -A¢ to AB
and Beto AB, if y is theratio of ¢bto AB, then,
by conftrution of the figure A7 B, y == Ex? 7,
Wherefore, if Ao were equal to Ae the probability
of the event M happening p timesand failing ¢ in
p ¢ trials would be y, or the ratio of ¢b to A B,
And if Ao were equal to Af, or were any mean be-
tween Ae and Af, the laft mentioned probability
for the fame reafons would be the ratio of fg or fome
other of the ordinates infifting upon ¢f, to AB. But
¢ b is the greatelt of all the ordinates that infitt upon

¢ f- Wherefore, upon fuppofition the point thould lie

Vor. LIII. Eece any
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any where between f and ¢, the probability that the
event M happens p times and fails g in p 4-¢ tri-
als can’t be greater than the ratio of ¢4 to AB.
There then being thefe two fubfequent events, the
it that the point ¢ will lie between ¢ and £ the
2d that the event M will happen p times and fail ¢
in p -} ¢ trials, ‘and the probability -of the it (by
lemma 1ft) is the ratio of ¢/ to A B, and upon fup-
pofition the r1{t happens, by what has been now
proved, the probability of the 2d cannot be greater
than the ratio of ¢4 to A B, it evidently follows (from
Prop. 3.) that the probability both together will hap-
pen cannot be greater than the ratio compounded of
that of ¢f to AB and thatof ¢b to A B, which
compound ratio is the ratio of f4 to CA  Where-
fore, the probability that the point o will lie between
f and e, and the event M happen p times and fail
g, Is not greater than the ratio of 5 to CA. And
in like, manner the probability the point o will lie be-
tween e and 4, and the event ‘M happen and fail as
before, cannot be greater than the ratio of ¢7 to CA.
And again, the probability the point o will lie between
d and ¢, and the event M happen and fail as before,
cannot be greater than the ratio of ¢7 to C A. And
laftly, the probability that the point o will lie between
¢ and 4, and the event M happen and fail as before,
cannot be greater than the ratio of 44 to CA. Add
now all thefe feveral probabilities together, and their
fum (by Prop. 1.) will be the probability that the point
will lie fomewhere between £ and 4, and the event
M happen p times and fail ¢ in p -} ¢ trials. Add
likewife the correfpondent ratios together, and their
fum will be the ratio of the fum of the antecedents
to
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to their common confequent, i. e. the ratio of 4,
ei, ¢i, bk together to CA; which ratio is lefs
than that of D to CA, becaufc D is greater
than fb, ¢f, ci, bk together. And therefore, the
probability that the point ¢ will liec between £ and 4,
and withal that the event M will happen p tumes
and fail ¢ in p. 4 ¢ trials, is /eft than the ratio of
D to CA; buat it was fuppofed the fame which is
abfurd. And in like manner, by mfcnbmg rectangles
within the figure, as eg, db, d, ¢ m, you may prove
that the laft mentioned probablhty is greater than the
ratio of any figure lefs than fghikmb to CA.

Wherefore, that probability muft be the ratio of
Sabikmb to CA,

Cor. Before the ball W is thrown the probability
that the point o will lic fomewhere between A and B,
or fomewhere upon the line AB, and thhal that the
event M will happen p times, and fail g in p ¢
trials is the ratio of the whole figure AzB to CA
But it is certain that the point ¢ will lie {omewhere
upon AB. Wherefore, before the ball W is thrown
the probability the event M will happen p times and
fail ¢ in p - ¢ trials is the ratio of A7B o CA.

PROP. o

If before any thmg, is difcovered concernmg the
place of the pointo, it thould appear that the event
M had happened p times and failed ¢ in p - g trials,
and from hence T guefs that the point ¢ lies between
any two points in theline AB, as fand 4, and con-
fcquent!y that the probability of the event M in a fin-
gle trial was lomewhere between the ratio of Adto
i Bandthatof A fto A B: the probability I am in

Eee 2 the
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the right is the ratio of that part of the figure A7/B
defcribed as before which is intercepted between
perpendiculars ereted upon A B at the points f
and 4, to the whole figure A 7 B. o

For, there being thefe two fubfequent events,
the firft that the point ¢ will lie between fand 4;
the fecond that the évent M {hould happen p times
and fail g in p -}- ¢ trials; and (by cor. prop. 8.} the
original probability of the fecond is the ratio of
A 7B to C A, and (by prop. 8.) the probability of
both is the ratio of fghiméb to C A; wherefore
{(by prop. 5) it being fielt difcovered that the fecond
has happened, and from hence T guefs that the
firft has happened alfo, the probability I am in
the right is the ratio of fgbhimé to A:B, the
point which was to be proved.

Cor.: The fame things fuppofed, if I guefs that
the probability of the event M lies fomewhere be-
tween o and the ratio of A 4 to A B, my chance
to be in the right is the ratio of A 4 m to A7 B.

ScHOLIU M.

From the preceding propofition it is plain, that
in the cafe of fuch an event as I there call M, from
the number of times it happens and fails in a cer-
_tain number of trials, wi_tﬁbut knowing any thing
more concerning it, one may give a guefs where-
abouts it’s probability is, and, by the ufual methods
computing the magnitudes of the areas there menti-
oned, fee the chance that the guefs is right. And that
the fame rule is the proper one to be ufed in the cafe
of an event concerning the probability of which

_ we
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we ablolutely know nothing antecedently to any
trials made concerning tt, feems to appear from the
following confideration ; viz. that concerning fuch
an event I have noreafon to think that, in a certain
number of trials, it fhould rather happen any one
pofitble number of times than another. For, on
this account, I nay juftly reafon concerning it as if
its probability had been at firtt unfixed, and then
determined in fuch a manner as to give me no reafon
to think that, in a certain number of trials, it thould
rather happen any one poflible number of times
than another. But this is exadtly the cafe of the
event M. For before the ball W is thrown, which
determines it’s probability in a fingle trial, (by cor.
prop. 8.) the probability it has to happen p times
and fail ¢ in p -} ¢ or #z trials is the ratio of A7/ B to
C A, which ratio is the fame when p - ¢ or z is
given, whatever number p is; as will appear by
computing the magnitude of A i B by the method
* of fluxions. And confequently before the place
of the point o is dilcovered or the number of times
theevent M has happened in # trials, I can have no
reafon to think it fhould rather happen one pof-
fible number of times than another.

- In what follows therefore I thall take for granted
that the rule given concerning the event M in
prop. g. is alfo the rule to be ufed in relation to any
event concerning the probability of which nothing

% It will be proved prefently inart. 4. by computing in the
method here mentioned that A i B contralted in the ratio of E
totisto CAastto n+1xE: from whence it plainly follows
that, antecedently to this contraltion, A i B muft be to C A in
the ratio of Ito #+- 1, whichisa conftant ratio when n isgiven,
whatever p is,

at
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st all is known antecedently to any triais made or ob-
ferved concerning it.  And fuch an event { fhall call
an unknown event.

Cor. Hence, by fuppofing the ordinates in the fi-
gure AzB to be contracted in the ratio of E to one,
which makes no alteration in the proportion of the
parts of the figure intercepted between them, and
applying what is faid of the event M to an unknown
event; we have the following proooﬁtion, which gives
the rules for rlnding the probability of an event from
the number of times it actually happens and fails.

PR OP. 10

If a figure be defcribed vpon any bafe AH (Vid.:
Fig.) having for it’s equation y=x’ 77, where y,
x, » are refpectively the ratios of an ordinate of the
figure infifting on the bafe 2t right angles, of the
{fegment of the bafe intercepted between the ordinate
and A the beginning of the bafe, and of the other
fegment of the bafe lying between the ordinate and
the point H, to the bafe as their common confequent.
1 fay then that if an unknown event has happened
p times and failed ¢ in p -}~ ¢ trials, and i the bafe
AH taking any two points as f and ¢ you erect the
ordinates f¢, #F at right angles with it, the chance
that the probability of the event lies fomewhere be-
tween the ratio of Af to AH and that of Af to
A H, is the ratio of ¢F C/, that part of the before-
deferibed figure which is intercepted between the two
ordinates, to ACFH the whole figure infifting on
the bafe A H.

This is evident from prop. g. and the remarks made
in the foregoing fchoftum and corollary,

5 ' Now



Now,in order to 0
reduce the forego-
ing rule to practice,
we muft hnd the

value of the area ' N

of the figure de- F C
fcribed and the fe- ; N
veral parts of it fe- . [ I
parated, by ordi- = t F

nates perpendicu-

lar to its bale. For

which purpofe, fuppofe AH — 1 and HO the
fquare upon A H likewife =1, and Cf will be =y,
and A f==x, and H f =7, becaufe y, x and 7 denote
the ratios of Cf, A/, and Hf refpeclively to AH,
And by the equation of the curve y =&’ and (be-

canfe A f 4+ fH== AH) r - x = 1. Wherefore
41 t2
y_uxf’x:-x?zx"—-gxp-kgx g—I X xp --g_

X g~1 %Xg=2 X X + &c. Now the abfcifle being

et
x and the ordinate «  the correfpondent area is x

(by prop. 10. cafl 1. Quadrat, Newt.) ¥ and the ordl-
#1 2
nate being gx  the area is g.xf ; and in like man-

P42

* Tis very evident here, without having recoutfe to Sir Ifzac
Newton, that the fluxion of the area ACf being y# "'xPx—-

pr P42 41
gx i+ ng—r x & &c. the fluent or area itlelf is prd

Pt
-4 x.xp+ +g><q-—t x 13 g
P2 2 p+3

IEr
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ner of the reft.  Wherefore, the abfciffe being x and
) ? Pt
the ordinate y ot ¥ —gx 4= 8. the correfpondent
. bt p+2 p+3
areais ¥ =gXx g Xg-IXx —~gxg=1X
PHI pt2 2 P43 2

b4 | |
g~2xx 4= &c. Wherefore, if x == Af = Af,

3 r+4 - AH
| | | P
and y = Cf=C/f, then ACf =ACf=x_
AR | WO~ 47
Pt P+3 .
—g XX - gXg-IX ¥~ &,
Pt 2 p+3

From which equation, if ¢ be a fmall number, it is
eafy to find the value of the ratio of ACf to HO.
and in like manner as that was found out, it will ap-

g+t
pear that the ratioof HCf to HO is »  —px
o o
g¢t+2 §+3 7+4 -
r dpxp-Ixr  —pxp-rixp-axr &

L ]

g+2 2 ¢+3 2 3 g+4
which' feries will confift of few terms and therefore
is to be ufed when p is {mall.

2. The fame things fuppofed as before, the ratio of

prT Pt
ACfto HOisx r? J-gxux " 4 g X

PET Pt pt2 P+t
p+3 | P4
g~txx 77 hg xg-t xgaxx 34

P+2 2+3 pt1 pr2 P43 pt4
| &e.





































































